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Abstract. As known, when structural members and components perform motion with acceleration they are
subjected to influence of inertia terms. These terms play an important role when assessing different aspects of the
behavior of engineering structures. This paper treats the problem of the lengthwise fracture behavior of continuously
inhomogeneous bars which move in horizontal direction and at the same time rotate around a longitudinal axis.
Particular attention is paid to the problem of determining the inertia terms that act upon the bars. Since the bars under
consideration are continuously inhomogeneous in both longitudinal and transversal directions, the mass per unit area
change continuously along the length and thickness of the bars. The inertia terms also change continuously in the
length and thickness directions. The bars have non-linear elastic behavior. The parameters of the non-linear
constitutive law used in this paper change continuously along the bars length and thickness. The integral ./ is applied
for analyzing the lengthwise fracture in the bars under the forces of inertia. The strain energy release rate (SERR) is
derived for verification of the integral J. The effects of the parameters of the laws for motion of the bars on the
lengthwise fracture are evaluated and reported in form of diagrams presenting the change of the integral J.
Assessments of the influence of the change of the mass per unit area and the parameters of the constitutive law along
the length and thickness of the bars on the lengthwise fracture are made too.

Keywords: acceleration; inertia terms; law of motion; lengthwise crack; material inhomogeneity; moving
bar

1. Introduction

Significant advances in developing of new structural materials that have been achieved by
engineering community around the globe in the recent decades are very important for expanding
our technological capabilities and improving the quality of life. It is worth nothing that the quick
progress in various areas of modern engineering depends on creating of novel and efficient
composite materials with desirable properties. In this respect, continuously inhomogeneous
materials like the functionally graded ones thanks to their unique and superior properties take a
very important place in the group of up-to-date composites materials (Tutuncu 2007, Yildirim and
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Tutuncu 2019). For instance, these materials have high performance capacities since their
properties change smoothly in a desired way which is one of their most important advantages over
traditional engineering materials like metals or fibre reinforced composites. Currently, the use of
continuously inhomogeneous materials for manufacturing of various structural members and
mechanical components is increasing rapidly worldwide (Celebi and Tutuncu 2011, Djillali
Mokhefi et al. 2024, Gasik 2010, Hedia et al. 2014, Hirai and Chen 1999, Mahamood and
Akinlabi 2017, Markworth et al. 1995, Miyamoto et al. 1999, Nemat-Allal et al. 2011, Rezaiee-
Pajand et al. 2018, Rezaiee-Pajand et al. 2018). This fact accelerates the research in the field of
mechanics and technology of these novel composites (Mokhtar Ellali et al. 2024, Rezaiee-Pajand
and Masoodi 2019, Tutuncu and Ozturk 2001, Tutuncu and Temel 2013). The substantial advance
made in the area of theory, modeling, analysis, design, application and processing of functionally
graded materials and structures is clearly indicated by the high number of scientific publications
on this subject (Benferhat Rabia et al. 2023, Cetin et al. 2024, Hung et al. 2023, Hung et al. 2024,
Phung-Van et al. 2023, Phung-Van et al. 2024, Rezaiee-Pajand et al. 2022, Rizov 2017, Rizov and
Altenbach 2019, Rizov 2022). Although the diverse investigations that have been performed in the
recent decades contribute significantly for ongoing progress in the science and technology of
continuously inhomogeneous materials, there are many unsolved problems in this area. In
particular, a variety of issues related to the strength and fracture of structural members and
components made by continuously inhomogeneous materials with non-linear elastic behavior have
not been studied sufficiently.

For example, observations of the failure behavior of various inhomogeneous structural
members and components including the moving ones in many cases reveal existence of lengthwise
cracks, i.e., cracks located in longitudinal direction. The origin of the lengthwise fracture
phenomena lies in the technologies used for manufacturing of continuously inhomogeneous
(functionally graded) materials and structural members. One of these technologies in essence
represents building-up the structural members layer-by-layer (Mahamood and Akinlabi 2017).
Namely this generates conditions for appearance of lengthwise cracks. Lengthwise fracture
phenomena certainly depend on many factors like structural member geometry, material
parameters (in particular, for continuously inhomogeneous materials, the distribution of the
material properties in a structural member play an important role), character of the external
loading, boundary conditions, material non-linearity, etc. (Dolgov 2005, 2016, 2024, Dowling
2013, Rizov 2021, 2024, 2025). The lengthwise cracks induce a significant weakness of the
structural members and components. As a result of this, the load carrying capacity of the structures
reduces considerably. Besides, very often the structural collapse is triggered by lengthwise cracks.
Assessing the safety of a continuously inhomogeneous structural system necessitates development
of analyses of its lengthwise fracture behavior which take into account a variety of factors and
parameters. Many structural members and components perform motion with acceleration that
induces inertia terms which affect different aspects of the behavior of structures including
lengthwise fracture. Therefore, there exists a demand for approaches for analysis of lengthwise
fracture in continuously inhomogeneous structures which are acted upon by forces of inertia.

In this paper, our attention is focused on the lengthwise fracture problem in continuously
inhomogeneous moving bars. In particular, we consider bars that move in horizontal direction
simultaneously with rotation around a longitudinal axis. The bars are continuously inhomogeneous
in both length and thickness. The mechanical behavior of the bars material is treated by using a
non-linear stress-strain constitutive law. The mass per unit area and the parameters of the
constitutive law change continuously along the length and thickness of the bars due to the material
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Fig. 1 Moving bar with a lengthwise crack

inhomogeneity. The length to thickness ratio of the bars treated here is high. Special attention is
paid to determination of inertia terms. As known, these terms are functions of the mass and
acceleration. In the case under consideration the inertia terms change continuously along the bar
length and thickness since both the mass per unit area and the acceleration are continuous
functions of the two coordinates, x and z. The lengthwise fracture in the bars under the inertia
terms is analyzed by the integral J. The analysis is confirmed by deriving the SERR. The influence
of the parameters of the laws for motion of the bar, the change of the mass per unit area and the
parameters of the constitutive law along the length and thickness of the bars on the lengthwise
fracture is assessed. The results are presented in forms of diagrams illustrating the change of the
value of the integral J.

2. Lengthwise fracture analysis of bars under forces of inertia

Consider the horizontal bar depicted in Fig. 1. The length and thickness of this bar are denoted
as [ and h, respectively. The bar is rectangular (its cross-section is depicted in Fig. 2). There is a
lengthwise crack in portion, D; D,, of the bar as depicted in Fig. 1. This bar movies in horizontal
direction leftward according to the law, s, defined by formula (1).

s=pt’, @)

where t istime, 8 and & are parameters. The axis, s, is depicted in Fig. 1.
Likewise, the bar rotates around the horizontal axis, f, according to the law, ¢, defined by (2),
e
p=A, 2
where ¢ is the angle of rotation, A is a parameter. The axis, f, and the angle of rotation are
depicted in Fig. 1.
The bar is continuously inhomogeneous along its length and thickness. The mass per unit area

of the bar is denoted by m. Due to material inhomogeneity, m is a continuous function of the
coordinates, x and z, i.e.

m=m(x,z). 3)

The coordinate axes, x and z, are depicted in Fig. 1. In this paper, the change of m along the
length and thickness of the bar obeys the laws defined by formulas (4), (5) and (6).
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m = m|ft + rghln Ift X;] , (4)

m W m u h “
My = My, + %(E + zj : (5)

m,, — Mg, h g
Mgy = My + h—Pp(E + z) : (6)

where
0<x<lI, )
h h

——<z<—. 8
5 5 (8)

In the above formulas, m;s; and m,.g, are the masses per unit area in the left-hand and right-
hand ends of the bar, my,,, and my,, are the values of m;s; in the upper and lower vertex in the
left-hand end of the bar, m,,,, and m,,, are the values of m,. g, in the upper and lower vertex in
the right-hand end of the bar, n, 1 and p are parameters.

In order to derive the inertia terms, we calculate the acceleration in an arbitrary point, B, of the
bar with coordinates, x and z. For this purpose, first we treat the motion of the bar in horizontal
direction. By differentiating of the law of motion (1) for time, we obtain the following expressions
for the velocity, v, and acceleration, a,

v, = T, ©)
a, = o612, (10)

Both v, and a, are directed leftward. The velocity (9) and the acceleration (10) are the same in
each point of the bar.

Next, we treat the rotation of the bar around the axis, f. The first and second derivatives of the
law of rotation (2) with respect to time are expressed by formulas (11) and (12), respectively.

o=, (11)



Taking into account the inertia terms in lengthwise fracture analysis of moving bars 399

a=0. (12)

Here, w and a are the angular velocity and angular acceleration of the bar. The normal
acceleration, a,,, of an arbitrary point of the bar is found by the next formula.

h
a =w’|l——1z|, 13
n w(z ] (13)
where
h h
——<z<—. 14
5 5 (14)

The normal acceleration (13) is directed downward. The accelerations, ag and a,, of an
arbitrary point, B, in the bar are depicted in Fig. 1.

The accelerations, a; and a,,, are used to derive the inertia terms by applying D’Alembert’s
principle. Hence, the densities of the forces of inertia, g, and g,,, associated with accelerations, a,
and a,,, are derived by formulas (15) and (16), respectively.

g, =—ma,, (15)
g, =—-ma,. (16)

By taking into account expressions (10) and (13), formulas (15) and (16) are transformed as
given below.

g, =-mpBs(s -1, (17)

d, =—mw2(g_ z). (18)

The densities of the forces of inertia, g5 and g,,, in an arbitrary point, B, of the bar are depicted
in Fig. 1. It should be specified that g and g,, are continuous functions of the coordinates because
m is a continuous function of x and z. Besides, a,, is also a continuous function of z.

The elementary forces of inertia, d®,; and d®,,, are presented by the following formulas:

do = q,dxdz, (19)
do,, =q,dxdz. (20)

Dependences (17) and (18) are inserted in formulas (19) and (20). Thus, the elementary forces
of inertia are expressed as given below.

dd,, =-mpBs(s —1)t° *dxdz, (21)
do,, =-—me’ (g —~ z)dxdz. (22)

Form view point of its mechanical behavior, the bar under consideration is non-linear elastic.
The non-linear constitutive law used for treating the bar mechanical behavior is presented in
formula (23) (Tsankov 1996).
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o=Hg -Te?, (23)

where o is the stress, € is the strain, H, y, T and ¢ are parameters. Because of the continuous
material inhomogeneity of the bar, H, y, T and ¢ change smoothly along the length and thickness
of the bar. This change is described by the laws presented in the next formulas.

H,— H

H=H, +—'9:WH X (24)

Hy = Hy,p + %(g + ZTH : (25)
Hogo=Hpp + %(% + ZJZH : (26)
Y =y T " AN 27)

Vit =V + % (g + zjgy , (28)
Vegh = Vrup + %(g + zj% , (29)
T =Tyt (30)

T = Tip +%(g+ ZT, (31)
T =T+ %(g . zr | @)
b=+ w X", (33)

G = B +%(g+ zj%, (34)
B = Brup + %[2 + zjh : 35)

where
o<x<lI, (36)
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h h
> <z< > (37)

In formulas (24)-(35), Hs: and H,.4p, are the values of H in the left-hand and right-hand ends of
the bar, Hy,, and Hy,;,, are the values of Hz, in the upper and lower vertex in left-hand end of the
bar, H,,;, and H,.,,, are the values of H,.;, in the upper and lower vertex in right-hand end of the
bar, ;¢ and y,4, are the values of y in the left-hand and right-hand ends of the bar, y;,,;, and v,
are the values of y;¢, in the upper and lower vertex in left-hand end of the bar, y,,;,, and y,, are
the values of y,.4p, in the upper and lower vertex in right-hand end of the bar, T;s; and T4, are the
values of T' in the left-hand and right-hand ends of the bar, T, and Ty, are the values of Tz in
the upper and lower vertex in left-hand end of the bar, T, and T, are the values of T4, in the
upper and lower vertex in right-hand end of the bar, ¢;¢, and ¢, are the values of ¢ in the left-
hand and right-hand ends of the bar, ¢, and ¢, are the values of ¢, in the upper and lower
vertex in left-hand end of the bar, ¢, and ¢,,,, are the values of ¢, 45, in the upper and lower
vertex in right-hand end of the bar, ¥y, Oy, xu, ¥y, 0y, Xy, Y1, 07, X1, ¥y, 6, and x,, are
parameters.

The aim of this paper is to analyze the lengthwise fracture when the bar is acted upon by the
forces of inertia. For this purpose, the integral J is applied (Broek 1986). This integral is solved
along the contour of integration, L, L, L. Since the contour has three segments, L,, L, and L3, as
depicted in Fig. 1, the solution of J is derived as given below.

J=J,+J3,+J5, (38)

where J;1, /12 and J;5, are the solutions in the integration contour segments, L,, L, and L,
respectively.
J11 1S written as given in formula (39).

ou ov
J . =||Uy,Ccoscx,, — —tL 4 —HdL 39
L1 J‘{ o COS @y (pxcrl_l o Pyera o H L (39)

cr cr

where w4 is the specific strain energy calculated by formula (40), i.e.
UoLs = j ode . (40)

Here, o is function of ¢ (refer to (23)).
agq IS the angle between the outward normal vector of the segment, L,, of the integration
contour and axis, x.. Formula (41) is used for determining of cos as., i.e.

cosag, =—1. (41)
The other components of J;; are derived by the next formulas.

Pyerr =0 (42)

My, (43)

OX

cr
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Pyers = 0, (44)
dy, =dz,, (45)

where u,; is the horizontal component of the displacements of the integration contour, pyc,.4 IS
the vertical component of the stress along the integration contour, dL, is an elementary portion of
the integration contour, z; is the vertical centric axis of the crack lower arm. Apparently
h2 h2
—2<z <2, (46)
2 'T 2
where h, is the thickness of the crack lower arm (Fig. 1).
The quantities, o and &, involved in formulas (40), (42) and (43) are analyzed by considering
the equilibrium of the crack lower arm under the forces of inertia. For this purpose, Egs. (47) and
(48) are used.

N =b [odz, (47)
hy
2

M=b j oz,dz, , (48)
h,

2

where N and M are the axial force and the bending moment, b is the bar width. Formulas (49) and
(50) are applied for deriving the axial force and the bending moment (these formulas are obtained
by considering the equilibrium of the crack lower arm under the forces of inertia).

hy

N =bj( T—mﬁ5(5—1)t“dzl de, (49)
M =bi{ j; { ~mps(5 - 11 %z, + mwz[% - zl)(a ~X) }dz1 }dx, (50)

where a is the length of the crack.
The strain that is involved in Egs. (47) and (48) via the constitutive law (23) is treated by the
formula given below.

&€= Kl(zl — 14 ) , (51)

where

h, h,

2<7 <2 52
, Shs5 (52)



Taking into account the inertia terms in lengthwise fracture analysis of moving bars 403

Here, Kk, and z; are the curvature and the coordinate of the neutral axis in the cross-section of
the crack lower arm, respectively. x; and z; are determined from Eqs. (47) and (48) by the
MatLab. Then, the integral in formula (39) is solved by the MatLab.

J12 is derived by using formula (53).

ou oV
J LZZI {uou Cosa, - ( Preri2 KLZ + Pyeriz ﬁﬂdl-z ) (53)
where

UoL = J.Gdeng ’ (54)
Cosa , = 1, (55)
Pyere = OLas (56)

ou
6XI: =& (57)
Pyere =0, (58)
dL, =—dz,. (59)

Here, z, is the vertical centric axis of the cross-section of the intact portion, D, D3, of the bar. It
is obvious that

h h
——<z,<—. 60
2° %72 (60)

The quantities, oy, and ;,, involved in formulas (54), (56) and (57) are analyzed through Eqgs.
(61) and (62).

N,=b

N | T

o0z, , (61)

Nz

N | T

M, =b|o,z,dz,, (62)

N

where g, is related to €, by replacing of € with g, in law (23). The strain, €;,, is written as
given below.

2 =K, (22 - Zzn)i (63)

where k, and z, are the curvature and the coordinate of the neutral axis in section, L.
The axial force, N;,, and the bending moment, M,,, are determined by considering the
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equilibrium of the bar portion, D, D,, under the forces of inertia, i.e.

a

h
N, =bj( j -mBs (s - 1t°dz, jdx, (64)
h

0

h

al 2
M, =bj{ j{ —mps(s -t 2z, + ma)z(g— zzj(a ~X) }zzdzz }dx. (65)
h
’ 2
The curvature and the coordinate of the neutral axis are obtained from (61) and (62) by the
MatLab. Then, integration in (53) is carried-out by the MatLab.
Formula (66) is applied for deriving J; 5.

J LBZI {um CoOSar 5 — ( PyerLs % + Pyeris %Hdg : (66)
where
Ugs = J.GLgdgL3 : (67)
cosa ,=-1, (68)
Preris =013 (69)
(Zif =i (70)
Pyeris =0, (71)
dL, = dz,, (72)
—% <z, < % . (73)

Here, h, is the thickness of the crack upper arm, z5 is the vertical centric axis. The curvature
and the coordinate of the neutral axis of the cross-section, L;, of the crack upper arm are
determined from Eqgs. (74) and (75).

N L3 = b JULSdZS ’ (74)

2
M, =b IaL323dz : (75)
b

2
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where the axial force and the bending moment are obtained by analyzing the equilibrium of the
crack upper arm under the forces of inertia, i.e.

N, :bj(

=
=

o._.,,\,\

—mpBs (5 —1t°dz, jdx : (76)

N

M —bj{ I{ —mps(5 -1z, + mo (h +h2 j(a—x) }zsdzs }dx. (77)

The integral in (66) is solved by the MatLab. Then, J is found by inserting of J,;, J;» and J; 5 in
formula (38).

The integral J solution is confirmed by deriving the strain energy release rate (SERR) for the
moving bar in Fig. 1. The SERR, G, is extracted from the complementary strain energy, U
cumulated in the bar by using formula (78), i.e.

du”
=—, 78
bda (78)
where
U’ = U;1D2IW+ U;2D3 +U;1D2up . (79)

The complementary strain energies in the crack lower arm, the intact portion of the bar and the
crack upper arm are determined by formulas (80), (81) and (82), respectively.

UI;lDZIwz ” u;mmlwdv* (80)
(VD1D2|W)
U ;2D3: _Uj ugozosdv ’ (81)
(Vo2pe)
D1D2up _[_” u0D1D2up (82)
(Voipaw)

where Vp1p2iw: Vpzps and Vpipayy, are the volumes of the crack lower arm, the intact portion of

the bar and the crack upper arm, respectively. The specific complementary strain energies involved
in formulas (80), (81) and (82) are written as given below.

Uspip2iw = Op1p2iw€pipaiw — j O b102dED1D21w (83)
Usp2ps = Op2p3épops _IO' p2039€0203 » (84)
Uopio2up = Op1p2up€D1D2up _IGDlDZUpnglDZUp : (85)

The stresses and strains involved in formulas (83), (84) and (85) are determined by analyzing



406 Victor I. Rizov

0.15-

0.12-

J 0
"5 <0 0.09

1
0.06k /

0.03-

0.0 0.5 1.0 1.5 2.0

m[np

Fig. 3 The integral J-my,, /my,, ratio diagrams (1-at § = 0.0002 m/s, 2-at f = 0.0004 m/s and 3-at § =
0.0006 m/s)

0.15—

0.12-

J
a7 p 10 0.09

p

0.06r-

0.03~

| | | |
0.0 2.5 5.0 7.5 9.0
J
Fig. 4 The integral J-6 diagrams (1-at m,,,, /m,,, = 0.5, 2-at m,, /m,,,, = 1.0 and 3-at m,, /m,,, =

2.0)

the equilibrium of elementary forces in cross-sections of the crack arms and the intact portion of
the bar. The SERR derived by (78) matches the integral J. This fact is a verification of the solution
of the integral J.

3. Results of the analysis
The results presented in this section of the paper show how the lengthwise fracture behavior of

the moving bar is influenced by the parameters of the laws of motion (1) an (2), the continuous
material inhomogeneity along the length and thickness of the bar, and the crack length. The change
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of the integral J is presented in form of various diagrams. The following data are used: b = 0.004
m, h =0.010 m, [ = 0.400 m, h; = 0.006 m,n =04, u =04, p =04, Yy =0.5, 6,5 =0.5,
xu =05,¢,=06,0,=06,x, =06,y =07, 6r =07, xr=07,9, =08, 6, =08 and
Xo = 0.8.

Fig. 3 shows the integral J - my;,,, /m,,,,, ratio diagrams for three values of the parameter, .

It should be noted that the my,,,, /m,,,, ratio reflects the change of the mass per unit area along
the left-end of the bar while 8 is one of the parameters controlling the non-uniform motion of the
bar in horizontal direction. In other words, the diagrams depicted in Fig. 3 give an idea for
influence of mass distribution and the horizontal motion on the lengthwise fracture behavior of the
bar. The integral J in Fig. 3 is normalized by using the formula]/(Hlupb). The change of m,.4p, /
myy. ratio presented along the abscissa in Fig. 3 indicates growth of the integral J value. The
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increase of the value of § also leads to growth of the integral J as shown in Fig. 3.

Fig. 4 presents the integral J-6 diagrams for three m,,,, /m,, ratios. The m,, /m.,,, ratio
characterizes the change of the mass per unit area along the right-hand end of the bar. We observe
in Fig. 4 that the response is quite sensitive to the change of m,.,, /m,.,, ratio and the parameter,
é.

The integral J-Hy,, /H,,, ratio diagrams are obtained for three values of the parameter, 4.
These diagrams are depicted in Fig. 5. The reason for the growth of the integral J when A grows
which can be observed in Fig. 5 is that the normal acceleration (and the corresponding forces of
inertia) increases. Another important observation is the reduction of the integral J value when
Hy,y /Hyyy, ratio grows (Fig. 5). The reason for the reduction is the increase of the bar stiffness.
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Similar behavior, i.e., reduction of the integral J, can be observed also in Fig. 6 where three
integral J - H,,,, /Hyy,p, ratio diagrams are depicted. These diagrams are obtained at three y;;,, /Viup
ratios. The growth of y;;,, /v, ratio leads to increase of the integral J value (Fig. 6).

Fig. 7 presents results for the integral J obtained by changing ¥,y /¥rup and Tryy, /Ty ratios.
The diagrams in Fig. 7 show growth of the integral J.

Analogical behavior, i.e., growth of the integral J, is observed also in Fig. 8 where three
diagrams illustrating the influence of Ty, /T}yp, and @y, /@1y ratios are depicted.

The analysis developed in this paper can be applied also for determining the critical length of
the lengthwise crack in the moving bar in Fig. 1. For this purpose, the integral J-a/l ratio diagram
IS obtained and presented in Fig. 9. The critical length of the crack is the length at which the
integral J attains the fracture toughness, /., as illustrated in Fig. 9. If the crack length is smaller
than the critical one, crack growth in the moving bar will not occur.

4. Conclusions

In this paper the problem of lengthwise fracture in a moving bar is addressed. In particular, a
bar that movies in horizontal direction and rotates around a horizontal axis is considered. Taking
into account the inertia terms in the lengthwise fracture analysis is presented in detail. The bar
under consideration is continuously inhomogeneous along the length and thickness. The material
nonlinearity also is treated. Because of the inhomogeneity, the mass density, i.e., the mass per unit
area, and the parameters of the non-linear constitutive law applied for describing the bar
mechanical behavior change continuously along the length and thickness of the bar. The inertia
terms also change continuously. The integral J is applied in the lengthwise fracture analysis of the
bar under the forces of inertia. The solution is confirmed by deriving the SERR. The analysis
performed shows that the value of the integral J is quite sensitive to the continuous change of mass
density along the length and thickness of the bar. For instance, increase of m,,,/ms and
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My /My 1atios (these ratios characterize the change of mass density along the left and right
ends of the bar) induce significant growth of the integral J. The influence of the parameters of the
laws for motion of the bar on the integral J is evaluated too. It is found that the value of the
integral J grows when the values of the parameters, 8, 6 and A, increase. Concerning the effect of
continuous change of the parameters of the non-linear constitutive law the analysis reveals the
following. The value of integral J reduces when Hy;,, /Hy,,,, and H,y, /Hy,, ratios grow. Increase
of the value of integral J is observed when vy, /Viup: Vriw/Vrups Triw/ Trup @0d Ty, /Tiyy, ratios
increase. The analysis is applied also for determining the critical crack length. Concerning the
specific laws applied for describing the motion of the bar, the mechanical behavior, the change of
the mass density and other material parameters along the length and thickness of the bar, it should
be noted that these laws are used here mainly to show the way for application of the approach for
analyzing the lengthwise fracture in moving bars developed in the paper. Various laws can be used
depending on the problem that is treated.
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