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Abstract. The present study aims to investigate the free vibration of bi-directional functionally graded (BDFG)
beams using a refined shear deformation (RSD) theory. Power law variation of material composition was considered
along thickness and longitudinal directions. The beams are considered simply supported. The methodology adopted
is the Hamilton principle and the governing equation was solved using Navier’s method for simply supported
boundary conditions. A metal-ceramic combination of materials was used to provide gradation as per power law
variation. The equivalent elasticity modulus and density of BDFG were computed using the rule of mixture. The
results of the study were related to published works and found to be a good match. The effect of grading parameters
in the thickness and longitudinal direction was studied to investigate its impact on the natural frequency.
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1. Introduction

Functionally graded materials (FGMs) are materials in which the properties vary gradually
through directions. The change in the properties is a result of a change in composition,
microstructure gradient, or porosity (Sankar 2001, Avcar 2019, Hadji and Avcar 2020). However,
a change in composition type is mostly fabricated. Functionally graded materials have more
strength than classical composites and the problem of low strength or delamination can be avoided
because of the gradual variation of material properties. FGMs have been specifically designed to
work in severe thermal environments because of the presence of ceramics in them. Lezgy-
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Nazargah et al. established a groundbreaking approach by developing a refined high-order global-
local theory for analyzing laminated composite beams. This theory offers a powerful tool for
investigating bending, vibration, and even progressive failure analysis (Lezgy-Nazargah et al.
2011, Beheshti-Aval and Lezgy-Nazargah 2012, Lezgy-Nazargah 2017, Benkhellat er al. 2021,
Ghouilem et al. 2022) Further extending this framework, in Lezgy-Nazargah (2015), introduced
the NURBS isogeometric FE approach to analyze the thermo-mechanical behavior of bi-
directional FG beams. The free vibration of a simply supported FG beam was explored using
classical beam theory and higher-order theories, the study demonstrates that CBT yields higher
values (Aydogdu and Taskin 2007). A state space technique was used to solve the problem of a
graded beam resting on the Winkler—Pasternak foundation (Ying et al. 2007). Non-linear transient
vibration analysis of the BDFG beam was studied by employing Galerkin’s scheme. Though, the
vibration modes are both symmetric and asymmetric, an asymmetric material distribution yields
asymmetric modes (Lu and Chen 2020). Finite element analysis, SDT, and modified SDT were
used to perform dynamic analysis of a beam (Simsek 2009, Thai and Vo 2012, Ould Larbi et al.
2013, Nguyen et al. 2017, Benaberrahmane et al. 2021, Kehli et al. 2024, Ait Atmane et al. 2021,
Bennai et al. 2022, Latroch et al. 2023, Mellal et al. 2023, Nebab et al. 2023, Dahmane et al.
2024, Mokhtar et al. 2024, Nebab et al. 2024). Benfarhat et al. (2016) developed a free vibration
analysis of FG plates resting on the elastic foundation based on the neutral surface concept using
higher-order shear deformation theory. Ayache et al. (2018) analyze the wave propagation and free
vibration of the functionally graded porous material beam with a novel four-variable refined
theory. Fenjan ef al. (2020) provided a review of a numerical approach for the dynamic response
of strain gradient metal foam shells under constant velocity moving loads. Singh and Kumari
(2020) used an analytical free vibration solution for the angle-ply piezo laminated plate under
cylindrical bending by employing a piezo-elasticity approach. Rabahi er al. (2021) developed
modeling and analysis of the imperfect FGM-damaged RC hybrid beams. Recently, Lahdiri and
Kadri (2022) studied the free vibration behavior of multi-directional functionally graded imperfect
plates using a 3D isogeometric approach. Frahlia et al. (2023), studied the vibration response of an
FG plate resting on a viscoelastic bed using a high-order shear deformation theory with four
unknowns. In recent works (Karamanli et al. 2023, Lezgy-Nazargah et al. 2023, Lezgy-Nazargah
et al. 2024), Lezgy-Nazargah et al. (2023) continued to push the boundaries of knowledge. They
explored the bending, buckling, and free vibration behaviors of various complex beam
configurations. These include 2D FG curved beams, bi-directional FG curved sandwich beams,
and even shallow-to-deep FG curved sandwich beams. Their studies incorporated sophisticated
theories like the global-local refined shear deformation theory.

The fabrication of functionally graded material is characterized as gas-based, liquid-based, and
solid-based. Gas-based methods are usually used for coating purposes (Madan and Bhowmick
2020). Centrifugal casting is one of the liquid-based methods in which the reinforcement is added
in a molten metal pool thus due to rotation the reinforcement is dispersed along the radius thus,
this method is suitable only for axisymmetric objects. Powder metallurgy and additive
manufacturing methods are solid-based methods that can be used to fabricate complex geometries.
For the fabrication of the FGM disk, a novel powder metallurgy technique was proposed in which
a metal-ceramic-based layered FGM was fabricated (Madan and Bhowmick 2022). A similar
technique can be used to fabricate a bi-directional FG beam. One of the disadvantages of the
layered-based method is the concentration of stresses at the interface of two layers which arises
because of the different properties of the two materials. A composition change must be smooth to
avoid delamination (Norio et al. 1992, Nakamura et al. 2000). The change in composition can be
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layer-wise or continuous. So, accordingly, a fabrication route is planned. To produce a layer-wise
structure powder metallurgy (P/M) method is preferred. However, the layering of composites to
form functionally graded materials could cause delamination at the interface. Therefore, an
additive manufacturing technique is useful because in this method large number of layers can be
created which are of very small thickness (Benoit et al. 2021, Ansari et al. 2021, Abdalla et al.
2021). On the other hand, a centrifugal casting method is said to give continuous distribution of
graded material but that too depends on multiple factors like pouring temperature, rotation speed,
and others. Also, there will be no control over the change in composition which is best achieved in
the P/M process (Akinwamide et al. 2020, Verma et al. 2021). Theoretically, a variation in
composition is provided by changing the composition as power law, exponential law, and others.
A change in microstructure is a result of heat treatment and so the properties will change. Porosity
has advantages as it can dampen the vibration induced but on the other hand, it also reduces the
effective material properties. For functionally graded materials to work under severe thermal
environments it is reinforced with ceramics such as alumina, and silicon carbide along with metal-
based matrix materials such as aluminum, magnesium, nickel, and steel, etc. To overcome this
problem an additive manufacturing technique can be used in which several small layers can be
stacked to develop a final component. The larger the number of layers the smaller the stress jump
is at the interface. The fabricated samples can be easily tested to confirm the successful fabrication
of bi-FGM by performing several metallographic tests to understand the microstructural
characterization.

The present study uses an RSD theory to investigate the free vibration of bi-directional
functionally graded (BDFG) beams. Power law variation of composition was considered and the
rule of mixture was used to define the equivalent material properties. The rule of mixture gives the
upper and lower bound values of material properties which means all the other model estimates
must fall inside the band. The rule of mixture could not predict the properties of particle composite
effectively, but it can be applied for lower ratios of material combinations. Its applicability can be
extended in modeling the porosity effects as well. Hamilton’s principle was used in combination
with the Navier method. The natural frequency of FG beams was calculated for different grading
indices for both longitudinal and thickness directions. Beams have huge industrial applications,
therefore the study of the natural frequency is important so that the chances of resonance in which
the amplitude is maximum can be eliminated. The fabrication technique is also discussed which
will allow the reader to understand composition change in a better way. Also, the research opens
up the scope for the fabrication of such materials.

2. Problem formulation

Consider a bi-directional graded beam model of length L, width b, and height h. Assuming the
material of the beam consists of two ceramics (designated ceramic-1 and ceramic-2) and two
metals (designated metal-1 and metal-2) whose composition varies in longitudinal and thickness
directions (Ould Larbi et al. 2013).
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where n, and n,, are the grading indices along the thickness and longitudinal directions.

In Fig. 2, the variation of the volume fraction of ceramic 1 and ceramic-2 in both directions is
represented for two values of grading indexes n, and n,. To model the material such as Young’s
modulus and mass density of the BDFG beam Voigt model was used (Benaberrahmane et al.
2021). The model is best suited for material combinations for which the ratio of two material
properties is less. The model assumes perfect binding between the metal and ceramic and the
ceramic reinforcement is in the form of long fibers (Madan et Bhowmick 2021).

P(x,2) = [(Pey = Pra) (5 + %)n + P | |1 - (%)nx] +
[Pee = Pu) (543)" + e ()"

We note that in Eq. (2) when n,, = 0 we will have a unidirectional FG beam with ceramic-2
and metal-2. Moreover, ifn, = 0, we will have an axially unidirectional FG beam made from
ceramic | and ceramic 2.

2)

2.1 Kinematics and constitutive equations

Eq. (3) shows the kinematic relation from which strain and stress were obtained. Initially, the
displacement solution was determined, which was then post-processed to obtain the strain and
stress induced in the beam.

The displacement field of the refined beam theory is given by

u(x, z,t) = uy(x, t) — Z% —f(2 % (3a)
w(x,z,t) = wp(x, t) + wg(x, t) (3b)

The index b denotes the bending effect, while index s represents the shear effect, this applies to
the rest of the equations. In this work, the present refined shear deformation beam theory is
obtained by setting

1 523
f@ =12+ ©)
The strains associated with the displacements in Eq. (3) are
=2+ zk2+ f(2) Kk (5b)
Vxz = 9(2) Viz (5b)
where
d a2 a2 d

J(C) = %, kjlg = - a;:;b’ k; = - a;;sa )fZ = % (SC)

' 5 522
9D =1-f@)=7-"5 (5d)

The state of stress in the beam is given by the generalized Hooke’s law as follows:

oy = Q11(x, 2) & (6a)
and

Tz = Us5(%,2) Vaz (6b)
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where

Q11(x,2) =

E(x,z) _ E(x2)
1—V2 and QSS(‘X’ Z) - 2(1+V) (7)

2.2 Equations of motion

The equation of motion was derived by employing Hamilton’s principle as given by (Simsek
2009)

5 fff(u —K)dt =0 (8)

where t is the time, t; and t, are the initial and end time, respectively, § U and § Kare the virtual
variation of the strain energy and kinetic energy. The variation of the strain energy of the beam can
be stated as

h
6U = fOL f_zﬁ(ax(S Ex + Tyy 0 Vyz)dzdx
2

L dsu d?sw d?sw dsw
:fo (Nx de_Mb dxzb_MS deS+QxZ dxs)dx ©)
where N,., M, M and Q,., are the stress resultants defined as
h
(Nx, Mp, M) = f_zg(l' z,f) oxdz (10a)
2
and
h
Qxz = f_zﬁgrxzdz (10b)
2

The variation of the kinetic energy can be expressed as

h
§K = [ [%p(2)[ud i + w6 w] dzdx
2

= fi {Ilito8ttg + Qiry + i) (B + 8ur)] — Iy (120 22 + 222 5 1)

dwp dé v dsév dv (fix' dé v (11)
awp Wp\ _ . Wg Wy . Wg Wg
+I4 ( dx dx ) 13 (u(; dx + dx66 uo) + 16 ( dx dx )
iy 40 i 40 )}
+15 ( dx dx + dx dx dx

where dot-superscript convention indicates the differentiation with respect to the time variable ¢,
p(2) is the mass density, and (14, I, I3, I4, I5, I¢) are the mass inertias defined as

h

(I lo I3, 1,15, 1) = [%0(1, 2, f, 2%, 2f, f)p(2)dz (12)
2

Substituting the expressions for § U and § K from Egs. (9) and (11) into Eq. (8) and integrating
by parts versus both space and time variables, and collecting the coefficients of § u,, § wy,, and
S wg, the following equations of motion of the functionally graded beam are obtained
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ANy dwg
fx( o = Dot O_Ild —]1 dw)5uodx=0 (13a)
d?Mm d2
S (_dxzb = Io (W, + W) + I, 22 — -1 d:zb J, 2 — 2) Swpdx =0 (13b)
dzMs dez d
J. (W o = Iy(Wp + wy) +]1d——]2 d::;” - Kz )6wsdx =0 (13¢)

Eq. (13) can be expressed in terms of displacements (ug, wy, WS) by using Egs. (3), (5), (6) and
(10) as follows

92 a3 23wy d dwg
S [ 11 6;0 B4 a;b 11 6;; Ipiig + I Wb+]1 W]5u0dx =0 (14a)
a3 a* d*w; . . di a?
[ |Bir S — iy T2 — Dfy T2 = Lo (i + ) — L T2 o ], 2]5wbdx = 0 (14b)
d3u a* 3*w; daz
J, [Bfl e~ Dit 6::2)_1‘1191 avi A55 oz~ lo(Wp + W) — St —+/> d;:;b (140)
K, & WS] dwgdx =0
Where A;4, D11, etc., are the beam stiffness, defined by
h
(A11, B11, D11, Bi1, D1y, Hiy) = f_zﬁ Q11(1,2,2% f(2),2 f (2), f*(2))dz (15a)
2
and
h
85 = f_ZQst[g(Z)]ZdZ (15b)
2
2.3 Analytical solution

The equations of motion admit the Navier solutions for simply supported beams. The variables
Uy, Wy, Wg can be written by assuming the following variations

Ug Uy, cos(A x) ei.“’ t
{Wb} =Ym=1i Wpm sin(A1x) et® t (16)
WS

Wy sin(Ax) et @ ¢

Where U,,,, Wy,,,, and W, are arbitrary parameters to be determined, w is the eigenfrequency
associated with m™ eigenmode, and A = mm/L.

Substituting the expansions of ugy, wy,, wg from Egs. (16) into the equations of motion Eq. (14),
the analytical solutions can be obtained from the following equations

ai1 Q12 Qg3 My Myp Mgz Un 0
Q12 Az Q3| — w?|Miz Myy Mas| [NWhmt =10 (17)
Wem 0

a3 dz3z 0433 Mmy3 Mp3z M3z

Where

2
a1 = folll dx
3
a2 = _fx By, A" dx
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a3 =—/[, Bs, A% dx
= J, Dy A" dx
az3 = [, D5, At dx
azs = [ (H1A* + A3sA%) dx (18a)
And
my1 = fx Iy dx,
my, = — [ LAdx,
my, = [ (o + L2?) dx,
myz = — [ 1l dx,
mas = [ (Iy +J2A%) dx,
mgz = [ (Ip + K;A%) dx (18b)

3. Results and discussion

The wvalidation study was performed for BDFG beams for simply supported boundary
conditions. Natural frequency was found for varying grading index n.. The non-dimensional
natural frequencies of unidirectional transverse beams (n, = 0) were compared with those
obtained by Benaberrahmane et al. (2021), the Timoshenko beam theory (TBT) (Simsek 2010),
and the SDT (Ould Larbi et al. 2013). An excellent accuracy of the present method with the
reference works was obtained.

The benefit of the present method is that it is simple and can be employed easily in case of a
combination of loads as well. The metal-ceramic material is aluminium and alumina whose
Young’s modulus is 70 GPa and 380 GPa and density is 2702 kg/m* and 3960 kg/m”>.

The frequency is normalized as per the following relation:
wl? [pm

D=
h | Em

Table 1 shows the results of the validation in which the results of the present method were
compared with those available in the literature for slender and short FG beams.

Table 1 Non-dimensional frequencies w of unidirectional transverse FG beams (n, = 0)

index n,
0 0.5 1 2 5 10
Present 5.1527 44108 49904 3.6264  3.4041  3.2857
Benaberrahmane et al. (2021)  5.1575  4.4137  3.9926  3.6278 34019  3.2820

L/h Sources

5 Ould Larbi et al. (2013) 5.1529 44108 39905 3.6263  3.4001  3.2812
TBT (Simsek 2010) 5.1527 44111 39904 3.6264 3.4012  3.2816

Present 54603  4.6511 42051 3.8361  3.6487  3.5393

20 Benaberrahmane et al. (2021)  5.4654  4.6543 42074 3.8376  3.6492  3.5394

Ould Larbi et al. (2013) 54603  4.6511 42051 3.8361 3.6484  3.5389
TBT (Simsek 2010) 54603  4.6511 42051 3.8361  3.6485  3.5390
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Fig. 3 Variation of the fundamental frequency w of unidirectional transverse FG beams with
power-law index n,

Table 2 Comparison of non-dimensional frequencies w* of simply supported BDFG beam

] . 1 1 5 4 3

w Theories n, =0 Me=g M= Ne=g n,=1 =3 M=y n, =2
Present 33018 3.8217 3.9975 42572 43562 45137 45775 4.7282
Nguyen et al. (2017)  3.3018 3.7429 3.9148 4.1968 43139 4.5118 4.5956 4.8005

n, = 0 Tran and Nguyen (2018) 3.3018 3.7428 3.9146 4.1966 43137 4.5116 4.5954 4.8003
Benabe?;g;ﬁ?“eet“L 33018 3.5766 3.7793 4.1773 43562 4.6653 4.7965 5.1115

Present 3.1543 3.5681 3.6958 3.8741 3.9389 4.0387 4.0779 4.1681
Neuyen ez al. (2017)  3.1542 3.5050 3.6305 3.8252 3.9022 4.0277 4.0792 4.2009

n, = = Tran and Nguyen (2018) 3.1543 3.5050 3.6305 3.8251 3.9022 4.0276 4.0791 4.2008
Benabmzigﬁﬁneetaﬁ 3.1543 33285 34880 3.8011 3.9389 4.1705 42661 4.488

Present 31070 3.4870 3.6000 3.7548 3.8101 3.8943 3.9271 4.0020
Nguyen et al. (2017)  3.1068 3.3285 3.5397 3.7087 3.7745 3.8805 3.9236 4.0245

n, = = Tran and Nguyen (2018) 3.1069 3.4285 3.5397 3.7087 3.7745 3.8805 3.9235 4.0244
Benabe?;g;ﬁ?“eetal 3.1070 3.2481 3.3948 3.6837 3.8101 4.0210 4.1073 4.3058

Present 3.0506 3.3816 34744 3.5974 3.6403 3.7046 3.7293 3.7848
Nguyen et al. (2017)  3.0504 3.3296 3.4206 3.5548 3.6059 3.6569 3.7194 3.7847

n, = = Tran and Nguyen (2018) 3.0505 3.3296 3.4206 3.5547 3.6058 3.6869 3.7193 3.7946
Benabe?;g;ﬁ?“ee’“L 3.0507 3.1431 32721 3.5287 3.6403 3.8247 3.8993 4.0687

Present 0.0361 3.3480 3.4333 3.5449 3.5834 3.6409 3.6629 3.7120

Neuyen ez al. (2017)  3.0359 3.2984 33819 3.5035 3.5495 3.6219 3.6508 3.7177

n, =1 Tran and Nguyen (2018) 3.0359 3.2983 33818 3.5034 3.5493 3.6217 3.6507 3.7175
Benaberrahmane efal. - 5 )10) 31095 32319 34771 3.5835 3.7588 3.8295 3.9892

(2021)
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Fig. 4 (a-b) Variation of the non-dimensional frequencies w* versus the grading indexes (L/A=10)

As indicated in Table 1, it is noted that the results obtained by the present theory demonstrate
its reliability compared to other works such as those by Simsek (2010), Ould Larbi et al. (2013),
Benabderrahmane et al. (2021). These theories are considered higher-order theories. Several
studies have shown that, compared to classical theory, the results are similar for slender beams, but
significant differences arise for thick beams.

Fig. 3 shows the non-dimensional fundamental natural frequency w of unidirectional transverse
FG beams versus the power law index n, for different values of span-to-depth ratio L/h using the
present theory. It is observed that an increase in the value of the power law index leads to a
reduction of frequency. The highest frequency values are obtained for full ceramic beams (n, =
0) while the lowest frequency values are obtained for full metal beams (n, — ). This is due to
the fact that an increase in the value of the power law index results in a decrease in the value of the
elasticity modulus. In other words, the beam becomes flexible as the power law index increases,
thus decreasing the frequency values. It can be also seen that the span-to-depth ratio L/ has a
considerable effect on the non-dimensional fundamental natural frequency w where this latter is
reduced with decreasing L/h. This dependence is related to the effect of shear deformation.

Table 3 shows the non-dimensional fundamental frequencies of the BDFG beam for varying
power law indices n, and n,. In this example a BDFG beam with an aspect ratio L/A=20
composed of alumina (Al,Os) as ceramic-1, zirconia (ZrO,) as ceramic-2, SS (SUS304) as metal-1
and Al as metal-2 is used. The following are the properties of the material:

E.; = 390 GPa, E,, = 200 GPa,
Pe1 = 3960 kg/m’®, p., = 5700 kg/m’,
Epn1 = 210 GPa, E,, = 70 GPa,
Pm1 = 7800 kg/m’®, p,, = 2702 kg/m’.

The frequencies of the BDFG beam in Table 2 are in the following dimensionless form:
* __ wIl* [pmy
= i
Fig. 4(a) and 4(b) show the variation of the dimensionless frequency of BDFG beams as a
function of the volume fractions in the two directions n, and n.. For Fig. 4(a), both variations start
from the same point. This is because it corresponds to the case of the isotropic beam n,=n.~0. The
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Fig. 5 Variation of the non-dimensional frequencies w* versus grading index of BDFG beam simply
supported for different ratio L/k ((a) n=1, (b) n-=1)

case n,=0, has maximum natural frequency as in this case the entire beam is composed of ceramic
material. Because of the increase in the stiffness the natural frequency of the beam is higher for a
beam with a high ceramic percentage. Increasing the parameter n, by keeping n.=0, the natural
frequency increases, see Fig. 4. On the other hand, keeping n,=0 and increasing 7. a decrease in
natural frequency is obtained.

Fabrication of a bi-directional FG beam can be achieved using additive manufacturing
techniques and powder metallurgy. To achieve this the fabrication technique of a uni-directional
FGM structure can be employed. Thus, for the fabrication of a bi-directional FG structure using
powder metallurgy, a powder of two desired material combinations can be stacked and then
compressed to a certain pressure. The green compact is then taken to a sintering furnace where it is
heated to a certain temperature for a particular duration. The sintered sample then can be tested to
check its densification. In both methods, additive manufacturing yields structures with different
densification and strength. To obtain a product with high densification an appropriate selection of
parameters was required. Because of gradation, the yield strength of a material is also increased
which is the same for homogeneous materials. Here, the yield strength is higher in which the
composition of ceramic material is higher. Also, Young’s modulus is higher for ceramics
compared to metals. So, in FGM improved material properties can be achieved by processing the
material in a precise manner.

Fig. 5 (a-b) shows the variation of non-dimensional frequency for different L/ ratios and
varying index s, and 7n.. The frequency increases with an increase in L/ value and decreases as the
parameter n. increases. On the other hand, the frequency increases with an increase in ny. It is
interesting to note that the frequency is maximum when n.=0 whereas for n,=0, it is minimum.
Hence, to obtain the higher frequency the controlling grading parameter is 7, which should be as
high as possible keeping the composition of two graded materials in mind. Because in FGMs, the
composition of both materials should be there otherwise the component cannot be considered an
FG structure.
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4. Conclusions

The research demonstrates the importance of bi-directional grading in a functionally graded
beam. From the results, it was found that by keeping the grading index n.=0 and then increasing
the value of the grading parameter n, a higher natural frequency can be obtained. A fully ceramic
beam has the highest natural frequency but ceramics possess lower toughness values and hence fail
when subjected to shock loading. Therefore, reinforcement is added, usually, ceramics are added
to the metal phase (matrix) because of the higher melting temperature of ceramics. In this case, the
beams are meant only to resist wear and high-temperature resistance rather than a combination of
ceramics with high fracture toughness and thermal shock resistance. From the results, it can be
concluded that an axial gradation is more beneficial relatively than gradation along thickness.
Considering the differences in thermo-mechanical behavior, it is essential to determine the
parameters experimentally for each phase due to significant variations in material properties
influenced by factors such as chemical composition, microstructure, and processing conditions.
Such studies can be exploited as this would enable precise characterization and better
consideration of individual material behaviors, thereby enhancing the accuracy and reliability of
model predictions, especially under complex loading conditions or at elevated temperatures.
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