Advances in Aircraft and Spacecraft Science, Vol. 12, No. 4 (2025) 367-385
https://doi.org/10.12989/aas.2025.12.4.367 367

Investigating interfacial stresses and bending behavior in
beams strengthened with bonded prestressed FRP plates

Abdelghani Brahimi*'2, Boucif Guenaneche?, Okkacha Youb?,
Sidi Mohamed Bennaceur'? and Khaled Amara3®

"Department of Civil Engineering, Faculty of Science and Technology, University of Naama, 45000, Algeria
2Artificial Intelligence Laboratory for Mechanical and Civil Structures, and Soil, University of Naama,
45000, Algeria
SDepartment of Civil Engineering, Faculty of Science and Technology, University of Ain Temouchent,
46000, Algeria
“Scientific and Technical Research Centre on Arid Regions (CRSTRA), Omar el Bernaoui,

BP 1682 ,07000 Biskra, Algeria
SEngineering and Sustainable Development Laboratory, Ain Temouchent, 46000, Algeria

(Received February 6, 2025, Revised July 27, 2025, Accepted September 26, 2025)

Abstract. In the present work, we present an explicit analytical solution for calculating the flexural and interfacial
behavior of beams strengthened by prestressed bonded plates. Unlike existing approaches, our method
comprehensively integrates shear-lag deformations from both the beam and the plate, thus providing a more accurate
prediction of critical interfacial stresses and overall composite behavior. A parametric analysis was conducted to
examine how variations in parameters such as prestress force and the geometric and mechanical characteristics of the
reinforcement plate impact the behavior of the interface. These variations were found to significantly influence the
maximum shear and normal stress within the composite element.
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1. Introduction

The plate bonding technique serves to enhance the strength and stiffness or to repair existing
reinforced concrete structures. This method is crucial for extending the service life of aging
infrastructure and improving the resilience of structures against increased loading demands.
Composite fiber reinforced plastic (FRP) has gained popularity due to its effectiveness and
simplicity in this regard. The lightweight, high-strength, and corrosion-resistant properties of FRP
make it an ideal material for external bonding applications.

Accurate prediction of interfacial stresses at the bondline is paramount for the safe and efficient
design of such retrofitted structures. Several studies, including those conducted by Vilnay (1988),
Roberts (1989), Roberts et al. (1989), Malek et al. (1994), Robinovitch et al. (2000), Ye (2001),
Smith et al. (2001), Barnes et al. (2001), Stratford et al. (2006), Benyoucef et al. (2006), Tounsi et
al. (2007), Bouazaoui (2008) have focused on predicting interfacial stresses. Understanding these
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stresses is key to preventing premature debonding failures, which can significantly compromise
the integrity of the strengthened element.

Additionally, there has been significant progress in developing closed-form solutions for
analyzing interfacial stresses in beams bonded with steel or FRP plates. As early as Taljsten
(1997), valuable insights into stress transfer mechanisms were being provided. Building on this
foundation, Rabinovich et al. (2000) introduced a higher-order analysis treating the adhesive layer
as an elastic medium with minimal longitudinal stiffness. This approach resulted in predicting
uniform shear stresses and linearly varying normal stresses within the adhesive layer while
satisfying stress-free boundary conditions, thereby addressing some limitations of earlier, simpler
models.

Further advancements in understanding interfacial stresses continued into the early 2000s. The
approach proposed by Smith et al. (2001) stands out as widely applicable and accurate,
particularly when considering the flexural stiffness of the bonded plate, which allows for a more
realistic representation of the composite action. Rabinovich et al. (2001) delved into uneven
adhesive layer effects and material nonlinearity, while Shen et al. (2001) offered an alternative
analytical complementary energy approach. These concurrent studies highlight the complexity and
multi-faceted nature of interfacial behavior. Following these, Smith et al. (2002), Tounsi (2006)
also contributed significantly to the development of closed-form solutions.

More recently, the focus has expanded to encompass additional factors. Works by Benachour et
al. (2008), Ghafoori (2013) provided solutions for interfacial stresses in steel beams strengthened
by prestressed bonded FRP plates, showcasing the versatility of the technique.

Parallel to these analytical advancements, recent numerical studies have greatly enhanced our
understanding. Bouakaz et al. (2014), Krour et al. (2014) were among the first in this wave of
detailed numerical investigations. Subsequent works by Touati et al. (2015), Hadji et al. (2016),
Elamary et al. (2016), Daouadji (2017) have further delved into various parameters to estimate
interfacial stress distributions in beams reinforced with composite plates. These numerical
investigations complement analytical models by allowing for the analysis of more complex
geometries, material behaviors, and loading conditions, providing a comprehensive view of the
interface. Lastly, Antar et al. (2019, 2024) presented the hygro-thermal effect on the interfacial
shear and normal stresses, demonstrating the importance of environmental factors on long-term
performance.

In our paper, we present a detailed analytical method that considers shear-lag deformations in
both the beam to analyze the flexural and interfacial behavior of beams enhanced with prestressed
bonded plates. This refined approach provides a more accurate representation of the stress and
strain distribution, particularly near the ends of the bonded plates where stress concentrations are
highest. It contributes to improving existing methodologies and advancing our understanding of
structural enhancements using these techniques, ultimately leading to more robust and reliable
design practices.

2. Theoretical modelling

As shown in Fig. 1, a concrete beam (Adherend 1) strengthened by FRP plate (Adherend 2) and
bounded by an adhesive layer is considered. This beam is simply supported reinforced beam and
subjected to a uniformdistributed load. Geometry and cross-sections are shown in Fig. 1.

The following assumptions are used:
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Fig. 1 Soffit-plated beam

- The materials concrete beam, FRP plate and adhesive are linear elastic.
- Shear and normal stresses in the adhesive layer are constant across its thickness.
- The curvature in the beam and the plate are same.

2.1 Governing equations

The total longitudinal deformations in the upper and lower parts of the adhesive layer ¢; (x) are
obtained from axial deformations £ (x) and deformations due to bending moments £ (x).

g(x) = dﬁix) =) +Mx) i=1;2 @
00 = 219 o) 4 el () @
£,(x) = du;ix) = e + e () @3)

The longitudinal deformations of the beam and the FRP reinforcement plate are noted by &V (x)
and €Y (x) at the adhesive interface. They are due to longitudinal forces N; (x).

Due to the fact that the shear stresses are null at the upper and lower free edges of the
reinforced beam, using the method developed by Tounsi et al. (2006), and we assume a parabolic
variation of the displacement U (x,y) of the fibers through the thickness of the plate and the
beam and after different algebraic operations, we obtain the axial deformations e/ (x) which take
into account shear deformations (shear-lag) at the lower edges and upper respectively of the beam
and the plate.

The Longitudinal displacements in the two adherents UY (x,y) and UY (x, y) are represented
by a parabolic function of second degree in y for the adherent and y’ for the adherent 2

UY (x,y) = A1(x) - y* + By (x)  y + €1 (x) (4)

Uy (x,¥") = A(x) - y"* + By (x) -y + G5 (%) (®)
The shear stresses in the two adherents are given by

ny(l) =Gy YXy(l) (6)
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Oxy(2) = Gz " Yy (2) (7)
The shear deformations of the adhesive are expressed as follows
N _auN aw} .
ny(l) = dy +? =12 (8)

Where G; and G; are the transverse shear modulus of adherent 1 and 2, respectively.
By neglecting the variations in transverse displacement W (induced by longitudinal forces
N;(x)), with the longitudinal coordinate x

N ow]N
Yay (D) = Tox 0 ©)
. _ aul
Yy (D) = (10)
Vi@ = 3-4;(0) - y* + Bi(x) ;i = 1.2 (11)
Oxy(1) =Gy -3 A;(x) - y* + Bi(x) ;i = 1,2 (12)
The shear stresses must satisfy the following conditions
ny(l) (x' tl) = O-xy'(z) (x! 0) = T(X) =Tq (13)
ny(l)(x: 0) = ny’(x' tZ) =0 (14)

Where t; and t; are respectively the thickness values of adherents 1 and 2. Condition (13) arises
from continuity and the assumption of uniform shear stresses across the thickness of the adhesive.
Condition (14) states that there is no shear stress at the top surface of adherent 1 (i.e., at y=0) and
at the bottom surface of adherent 2 (i.e., at y’=t2). These conditions lead to the following
expressions

0y (1) =53 ¥ (15)
0y ()= (1 -2) () (16)

Then, with a linear material constitutive relation, the shear strains of the two adherents, y; for
adherent 1 and y, for adherent 2, are expressed as follows

ry(D =1 =5%y (17)
72
Vo@D =r2=3 (1 -F (18)

The functions of longitudinal displacement, UY for the adherent 1 and UY for the adherent 2,
due to longitudinal forces, are given by

U ) = U O + [ vi(0dy = UY (0) + -5 y° (19)
1%

/3

UG =l + 2 vy =l + 22 (y - 2 (20)

3-t2
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UN(0) represents the displacement on the upper surface of adherent 1 (due to longitudinal
forces N;(x)), and UL represents the adhesive displacement induced by the longitudinal force
N, (x) at the interface between the adhesive and the adherent 2. The displacement of fibers at the
lower base of adherent 1 uY is given by the following expression

at
uf = U (y = ) = U'(0) + 2 (21)
Egs. (17) and (18) can be rewritten as follows
N _ .. N Ta ., .,3_ Tg'ly
U O) =l + 55t v = (22)
’ a 13 ay'
U () =uf =gty T (23)

The resulting longitudinal force ANy, for the lower adherent is
AN, (x) = Ny(x) — Ny (24)

AN, (x) = by - [,* o} () dy’ (25)

In which AN represents the result of the longitudinal normal stresses for adherent 2. By
substituting Eq. (21) into Eq. (22), and expanding the expression for the constraints, we can write

dud 5t, d
AN, (x) = E5 - Ay - { u;x(x) 12_;2 : Z(;)} (26)
Az == b2 * tz (27)

La the longitudinal deformation of the plate induced by the longitudinal forces N,(x) can be
expressed as follows

N _ dub (x) _ANy(x) 5t dr(x)
The longitudinal equation for longitudinal deformation of the plate can be expressed as follows
_dup(x) _ ypMp(x) | ANp(x) 5t  dr(x)
&,(x) = dx Eyly Ey A,  12:G, dx (29)

The resulting longitudinal force N, (x) for the upper adherent is given by
t1

t t1—t
Ny (x) = by [° o' )dy +bo - [, 0 )y + by - [, of (¥)dy (30)

t auN(y) ti—t auN () t auN ()
Nl(x)=b1'f00E1';—xy'dy+b0'ft01 OEl.;—xy.dy+b1.ft11—toE1. ;xy dy (31)

After expansion and arrangement, Eq. (31) can be written as follows

dulV 1 —tE+8t3-ty—tF+(t;—to)*
Nl(x)zEl.Al'{;xl+12-Gl-tf'[1'( o+8ty 0A11 1—to )+b0' ,
(4-tf’-(t1—2-t0)—(t1—t0)4+t3) d‘t(x)]} (32)
A1 dx
A1:2'b1't0+b0'(t1_2't0) (33)

Eqg. (32) leads to the longitudinal deformation of the beam induced by the longitudinal force
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Nl(X).
N _ dullv(x) _ Ni(%) _ 1 . . —tg+8t3 to—tF+(t —to)* .
61 (x) - dx - E1-Aq 12'G1‘t% [ 1 ( A, ) + bO (34)
(4-t§'(t1—2-to)—(t1—to)4+ta‘)] dr(x)
Aq dx
. N
£ (x) = Bl _ M) dur @) (35)

dx Eqi Iy dx

The cross sections of adherent 1 and 2 are represented by A: and A, respectively. By
substituting Eq. (31) into Eq. (35), the total deformation can be expressed as follows

_du(®) _ yiMi(x)  Ni(x) 1 [, . (-ta+8tito—ti+(t;—to)* )
e(x) = dx  E;l EqA; + 12-Gyt2 [ 1 ( Ay ) + by (36)
(4-t§-(tl—z-to)—(tl—t0)4+t3)] dr(x)
A1 dx
The expression for the total deformation of the beam can be rewritten as follows
_dui(x) _ yaMi(x)  Ni(®) |t dT(®)
1
f=m'[b1'(—tg+8'ti9)'to_tf'*(tl_to)4)+bo'(4'tf'(t1_Z'to)—
R , (38)
(t; — to)* + t5)]
The shear stress in the adhesive layer can be expressed as follows
T(x) = Ko+ (up(x) — uy (%)) (39)
K= (40)
dr(x) _ . duév(x) _ duq(x)
dx KS ( dx dx ) (41)

By considering the balance of the axial forces of the infinitesimal element, we obtain the
following expressions

dN;(x) _ . .
e b, t(x) ,i=1.2 (42)

After integration we have
N;(x) = N(x) = b, - [3 t(x) dx ,i =12 (43)

Where b is the width of the reinforcement plate.
From the vertical balance of the infinitesimal element, the following relations are obtained

avilx) _

=Dl lgi+by-o],i=1q=qi=2q=0 (44)
D = Vi) = by yi-T(0), =12 (45)
My (x) = R - My(x) (46)

Where
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= Evh
R =7 (47)

The balance of the moments of the infinitesimal element of the reinforced beam (Fig. 1) allows
us to obtain the total moment M, (x) as follows
Mr(x) = My(x) + Mp(x) + N(x) - (y1 + y2 + tg) (48)
By introducing Egs. (43) and (46) into Eq. (48), we obtain the relations of the bending
moments of each adherent.
M) = Gt (M) = by [ 100+ (g + 3, + tg)dx 1= 1,2 (49)

The expression of the shear force of each adherent is obtained by deriving the previous
equation

aM; Ei'l; .
Vi) = T = 0 Vr() — by 100 0n + 2 + )] i = 1,2 (50)

dt) _ L. f v2 . AN () _ >, N1 ()
dx - Kl { E2'12 MZ (X) + Ez'Az El.Il Ml(X) + EI'AI} (51)

—la b, Sta
K= G T 46y &+ 12:G, (52)
By deriving Eq. (51) following x we obtain
d?t(x) 1 [ ya  dMy(x) 1 dAN;(x)  y1 | dMy(x) 1 dNi(x)
dx? - Ky { EyI, dx + Ey-Ay dx Eqily dx + Eq:Aq dx } (53)
it _ 1 [_ vy, L, — b, - : 1 d@N®) v,

= | @ = byt (01 v + )} + o TR - -

R _ . . 1 dN1(x)

o V() = by () O+ + ) 4 T

Substituting the bending moment Eq. (49) and the axial force eEq. (43) into equation provides
the overall differential equation for the shear stress.

9 i s S s LS w0
T 1) + By V() = 0 (55b)

2=a = :_j. E1-1A1 Ez.lAz (Jh"‘)&)éé)j;:'y'z‘l'ta) (55d)

my =2 (55€)

By =m, - 12 (55f)

The normal stress is expressed by the following equation
o(x) =Ky [w,(x) —w(x)] (56)
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wa(X) and wy(x) are the normal displacements of adherent 1 and 2, respectively.
By deriving Eq. (56) twice, we obtain

d?0(x) _ Kn . (dZWZ(X) _ d2w1(x)) (58)

dx? dx? dx?

Based on the relations of the moment curvatures of the beams and plates, we have the
following expressions

d?wy(x) 1
o = M (59)
Pwo(x) 1
Taxz = i MW (60)
By replacing expression (45) in the first derivative of Eq. (60) with respect to x, we have
d3wq (%) 1 dMq(x)
d—xl3=—m'#= a0 = by -y (0] (61)

By replacing Egs. (45) and (46) in the fourth derivative of Egs. (59) and (60), the differential
equations of the vertical deformation of adherent 1 w, (x) and the vertical deformation of adherent
2 of the beam w, (x), are given as follows

diwi¥) _ 1 [danx) o dt()] _ 1 dr(x)
dx* Eqily [ dx 2' N1 dx 1~ E Iy [ b2 U(x) a- bz Y1 dx ] (62)
dfwi(x) _ 1 byy, dtx) , aq
dx*  Erl o)+ Eily  dx + Ei'ly (63)
as 1 dM 1

;”Tz(’%—@-%=—m-[vz(x)—bz-yz-r(xn (64)

d*wy(x) _ byy, dr(x)
dx* Ez (x) + I  dx (65)

(66)

d*o(x) _ Ea . [d4w2(x) _d'wi(®)
dx*  tg dx* dx*
Substituting Egs. (63) and (65) into Eq. (58), gives us the differential equation of the normal
stress.

d*o(x E b dr(x b b, dr(x
dx(‘l)zta_[_E-I . O'(X)+ 2)’2_ d( ) 2 . O'(X)— 2.}’1_ x) CI ] (67)
a o1y x Eily Eil;  dx Eily

After rearrangement of Eq. (67) we have
4
d"(")+ﬂ.b2.( LI ) 0(x)+— b, - (__ﬁ).df_(")_FL.ﬂ (68)

dx* ta Eiy'ly  Eply Ei'ly  Eyly dx Eyly tg

The general solution of this fourth order differential equation is

o(x) = e B*-[C; - cos(B-x)+ Cy-sin(Bx)] +eF*-[C3-cos(B-x)+ Cy-sin(f-x)] —
n T (69)
dx

Cs and C,are the integration constants.
For the large values of x, it is assumed that the normal stress tends towards zero and, therefore,
C3=C4=0. The general solution becomes.
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dr(x)

o(x) =eB*-[C; cos(B-x)+Cy-sin(B-x)+] —n, - o M2 (70a)
Eq'by 1
b= \/ 4tg 51 Iy 52-12) (700)
_ Yy1Exl=yErly
M= T B (70c)
_ EpIp
"2 = & 4By ) (70d)

The general solution of Eq. (55b) is given by
7(x) = By - cosh(1-x) + B, - sinh(A-x) + my - Vp(x) (71)
The integration constants B; and B, will be determined depending on the type of loading.
where A2 = a; et my = i;
Substituting the expression for the shear force in a simply supported beam subjected to a
uniformly distributed load into Eq. (71). The general solution of the interfacial shear stresses for
this load case can be expressed as follows

T(x)=B1-cosh(l-x)+B2-sinh(/l-x)+m1-q-(§—a—x) OSxS%p (72)

where q is the uniformly distributed load and x, a, L and Lp are defined in Fig. 1. The integration
constants must be determined by respecting appropriate boundary conditions.
The boundary conditions of the distributed loads are formulated as follows

dVT (0)

M,(0) = N,(0) = N;(0) =0, M,(0) = M7(0) and (73)
with: 7(L,/2) =0
The derivative of the shear stress expression is given by the following equation
d;—(;)=/'l-B1-sinh(/l-x)+/'l-B2-cosh(/l-x)—ml-q (74)

By applying the boundary conditions defined by the Eq. (73) to Egs. (72) and (74) we have the
expressions of the integration constants B, and B

—mq 1.1 > | No
Mr(0) =Z2- (L - a) (75b)
ALp

By =—-B,- tanh( (75¢)

For practical cases 222 > 10 and tanh (’1 Lp

simplified to

—) = 1 therefore, the expression for B; can be

Bl = _BZ (76)
By replacing B, with in Eg. (76) we have

=_p, =—mq, 1.1 [»n No
By=—By = =4 1 [P My (0) + 1] (77)
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Substituting B; and B; into Eq. (72) gives the expression for the interfacial shear stress at any

point.
—f_mva, 1 |y 4% No N ,-2 vg-(E—g—

T(x)—{ 3 +/1.K1 [51'11 (2 (L a))+E2.A2]}e *+m, - q (2 a x) x <L, (78)

Eg. (70a) has two unknowns C; and C, which can be determined using the appropriate
boundary conditions. The first boundary condition comes from the null bending moment at the end
of the FRP Plate. Substitution of Eq. (73) in the second derivative of Eq. (58) leads to the
following relation

d*c(0) _ Eq, (M1(0)  M,(0)
ax? g (51-11 52-12 ) (79)
At the end of the FRP plate, the boundary conditions are described as follows
N1(0) = N»(0) = M,(0) = V>(0) = 0,V;(0) = Vr(0) and M,(0) = Mr(0) (80a)
V- (0) :q-(g—a) and M;(0) =%-a-(L—a) (80b)

The expression above can be written
d*a(0) _ Eq  Mr(0)
dx2  tg EqiL

The substitution of Egs. (80a) and (80b) in the third derivative of Eq. (58) gives the following
expression

(81)

a*0(0) _ Ea (Vi(0) _V2(0)\ _Ea (Y1 _ %2 .
dx3  tg (151-11 Ez-lz) ta (51-11 Ez-lz) 7(0) (82)

Since the shear force is null at the end of the FRP plate V»(0)=0, so , V1(0)=V1(0), and hence
the above relations can be expressed as follows

d3c(0) _  Eq

ax®  tgEily Vr(0) —n3 - 2(0) (83)
Where
—Ea (0 _ Y2
s =7 (51-11 EZ-IZ) (84)

The second and third derivatives of the interface normal stress at the end of the FRP plate are
given the following relations

d?c(0) d37(0) d2q

e _—Z-ﬂz-Cz—nl-W—nz-ﬁ (85)
d3a(0) d*t(0) d3q
W—Z'ﬁz'C1+2'ﬂ2'C2—n1'W—n2'm (86)

The loading, considered in this work, is limited to a uniformly distributed load g, and therefore
the second and higher order derivatives of g become zero (i.e., dg/dx2=d3q/dx3=0). Substituting
Egs. (82) and (83) into Eqgs. (84) and (85), respectively, gives the expressions for the coefficients
Ciand C,

d*t(0)
dx*

_ Eq
T 2t B3EL

3
C +5- 2 (87a)

dx3

VR (0) + B+ Mr(0)] - 22 7(0) + 2+
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—Eq ny _d3r(0)

C = srprng MO~ 5

Substituting C; and C; into Eq. (70a), the normal stress at the interface can be evaluated in
terms of the bending moment M+(0) and the shear force V+(0) and is linked to any load case by its
(o)

(87b)

interface shear stress and its derivatives at the end of the FRP plate (i.e., r(O) , etc.).

2.2 Bending of beams reinforced by FRP plates

The equation for the variation of axial load varies along the FRP plate is obtained by
substituting Egs. (24), (43) and (48) into Eq. (51)

. d'r_(x) 1 (Y1+y2) (y1+y2+ta)
Ky dx | (ED¢ NG - [E Ay 152-A2 + (ED¢ ] (88)
dr@) | 1, O0atya) 1. No _ A
o T < @n, Mr(x) + A N(x) - b (89a)
2 _ 1 1 1+y2) (V1+y2+ta)
b,  EyA;  Epé; (ED¢ (89b)

After rearranging Eqg. (89a), the relations of the axial load N(x) in the reinforcing plate is given
as follows

b dr(x) N
NGO =22 |24 my - 22 My() + o] (90)

The bending behavior of the beam changes as it is reinforced by the FRP plate. Eq. (47) can be
expressed in the following form

My (@) = st (M) = NGO (1 + 32 + £0)) (91)
Substituting the above equation into Eg. (59) gives
dZ
T = e (Mr () = NGO - O + 72+ £0)) (92)

where N(x) is the axial force, which can be replaced by Eq. (90)

d2W1(X)=_ 1 < (x )__z_ dr(x) m, 2.

dx? E1'11+E2'12 dx

s KRR ta>> (93)

Integrating the second order differential Eq. (92) with respect to x in the reinforced zone of the
beam, we obtain the expression of the first order differential equation of the vertical deformation
with a constant denoted Ds.

dwq (x)
dx

o~ _1r _ﬁ. dr(x) 5 1
_fo[ Eyi+Ex I, < T() dx my % MT(x)+K E, A] (y1+y2

(94)
ta)> dx] + D3

The equation of the vertical deformation in the reinforced zone of the beam is obtained by
integrating the differential Eq. (93).
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Fig. 2 Simply supported beam subjected to a concentrated load

x| e 1 _ by [ar®) YR L. Mo |.
Wl(x) - fo [fo I:_m <MT(X) 212 dx +m1 A MT(x)+K1 EZ'AZ]

(95)
(y1 +y, + ta)> dx] + D3] dx + D4

Where Dy is the integration constant.
The differential equation of the deformation of the unreinforced part of the beam is expressed
using the Navier-Bernoulli hypothesis as follows

dzvl(x) — _MT(X) (96)

dx? E1'11

Integrating this equation twice, we obtain the expression for the vertical deformation in the
unreinforced zone of the beam note vi(x)

dvi(x) _ rx =Mr(x)
dx fO Eily +D1 97)
-M
00 = f [ 52 + p1] ax + 2 (98)

Where D; and D are the integration constants of this equation. The expression for the vertical
deformation of the reinforced beam is defined as follows

w() =V1(0) + w1 (1) - (u2(0) -y () (99)

The integration constants Di, D2, D; and D4 are determined by checking the appropriate
boundary conditions. These conditions are expressed by the following expressions:

v(x=—-a)=0v,(x=0) =w,(x = 0),ﬂ(x =0) = %(x =0)et %(x = L—p)

dx dx 2
In the case of a simply supported beam subjected to a concentrated load (Fig. 2).
For a<b
B; cosh(Ax) + B, sinh(Ax) + m, P (1 — 2) ,0<x<(b-a)
(x) = , - (100)
Bs cosh(Ax) + Bg sinh(Ax) — my P, (b—a)<x<1L,
For a>b
7(x) = B, cosh(Ax) + Bg sinh(Ax) — m, P% 0<x<IL, (101)

Where P is the concentrated load and k=4 (b-a), by applying the boundary conditions for this
case and for both cases where a>b and a<b, the constants Bs, B4, Bs, Bs, B7, and Bg can be
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Table 3.1 Geometric characteristic of the beam
Width Thickness Young’s module  Poisson Transverse shear

Components (mm) (mm) (MPa) coefficient  modulus (MPa)
RC beam 200 300 30000 0.20 12500
Adhesive layer (RC beam) 200 2.0 2000 0.35 740
CFRP plate (bonded to RC beam) 200 4.0 100000 0.30 38460
determined as follows
P b _
By =T (1) i, pek —¢ (102)
_ myPa _ 2 _
By = -T2t (1 L) 3 (103)
Bs =22 (1-2) —my Psinh(k) — § = =B, (104)
2 L
P b
=22 (1-) ¢ =5, 1

3. Results and discussion

In this study, a reinforced concrete beam is supported by two simple supports, with a length of
three meters (3 m) (Fig. 1). This beam is subjected to a distributed load g=50 KN/m. The length of
the strengthening plate is Lp=2.4 m, and the distance between the support and the plate is denoted
by a (a=0.3 m). The dimensions of the reinforced beam section are summarized in Table 3.1.

In this section, we present the numerical results, in the form of tables and graphs, of the method
outlined in this work. The influence of parameters such as geometric and mechanical properties, as
well as the prestressing force of the plate, on the interfacial stresses and flexural behavior of the
reinforced beam has been studied. The results obtained by this method have been compared to
those in existing literature.

The high interfacial stresses, both normal and shear, at the ends of the plate could lead to
premature detachment. Therefore, accurately and reliably determining these stresses can reduce the
risk of failure of the reinforced beam without compromising the effectiveness of the strengthening
technique. To this end, we have compared our analysis with other solutions in the literature (EL
Amrani et al. (2006), Kerboua et al. (2011), Ghaafori et al. (2013) for beams reinforced with
prestressed plates, and with Smith and Teng for non-prestressed plates.

Fig. 3 shows the interfacial shear stress variation along the prestressed plate’s length, computed
using both our method and the Al Amrani method, which excludes consideration of vertical loads
on the reinforced beam. A reduction in the maximum shear stress is observed, especially at the end
of the plate.

Fig. 4 illustrates the interfacial shear stresses of a beam reinforced by a non-prestressed plate
subjected to a uniformly distributed load g=50 KN/m. The results were evaluated based on both
the present method, Ghaafory et al. (2013), Smith and Teng (2001). The results obtained show
good agreement among the three analytical studies. The Smith and Teng method is specifically
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Fig. 3 Interfacial shear stresses for a reinforced beam with a prestressed bonded plate (NO=100
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Fig. 4 Interfacial shear stresses for a reinforced beam with a non-prestressed bonded plate
(NO=0 kN), with external load g=50 kN/m

designed for non-prestressed plates and does not account for shear-lag deformations. The two
methods focus on calculating normal and shear interfacial stresses within the adhesive layer. The
effect of prestressing on the overall flexural behavior of reinforced beams will be studied in this
analysis.

Fig. 5 illustrates how shear deformations and increased prestressing force in the reinforcement
plate affect shear interface stresses in the adhesive layer. The reinforced beam carries a load g
(9=50 KN/m), while the plate experiences prestressing forces ranging from 0 to 50 KN.

Accounting for shear deformations significantly reduces the maximum stress at the plate’s end
by approximately 43.5% for a prestressing force of 50 KN. The shear effect becomes less
significant for lower prestressing levels. Additionally, this figure shows that the maximum shear
stress occurs at the plate’s end and rises with increasing prestressing force. This stress diminishes
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Fig. 5 Interfacial shear stresses for a reinforced beam for different values of the plate’s
prestressing force (N0=0, 30 KN and 50 KN), with external load g=50 kKN/m
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Fig. 6 Axial force as a function of the level of the prestressing force NO and according to the
length of the plate

rapidly, approaching very low values at distances of about 150 mm.

Fig. 6 shows that shear deformations do not alter the distribution of axial forces along the
plate’s length. However, these forces escalate swiftly from the plate’s onset, explaining the
elevated shear stress at the plate’s end resulting from the load transfer between the beam and the
reinforcing plate.

Fig. 7 illustrates the vertical deformation of the reinforced beam under a distributed load =50
KN/m for various values of the plate’s prestressing force (NO=0, 30, 50 KN). The left support of
the reinforced beam is situated at a distance a=0.3 m from the origin of the x-axis, which is
considered the left end of the plate. Despite the axial force and the distribution of interfacial shear
stresses, the bending behavior of the plated beam remains unaffected by shear deformation. It is
noted that as the prestressing force of the plate rises, the vertical deformation of the beam
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Fig. 7 Vertical deformation of the reinforced beam, with or without shear lag depending on the
level of the prestressing force NO of the reinforcing plate

decreases. This highlights the significance of considering prestressing in reducing deflection and
enhancing the stiffness of the reinforced beam

4. Conclusions

This study examines the interfacial stresses and flexural behavior of reinforced concrete beams
strengthened with prestressed FRP plates. The results demonstrate that prestressing significantly
enhances flexural performance by increasing structural rigidity and reducing deformation, offering
valuable insights for optimizing beam design in engineering practice.

These insights contribute significantly to advancing the understanding and optimization of
reinforced beam structures in engineering applications.

While the current model employs linear elastic assumptions, future work should address
material nonlinearities and complex stress distributions to enhance predictive accuracy. This
extension would provide a more comprehensive understanding of structural behavior under
realistic operating conditions.
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