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Abstract. This paper presents a semi-analytical method for analysing the through-thickness stress and displacement
distributions in simply supported functionally graded (FG) sandwich plates under thermal loading. The formulation is
based on theory of elasticity equations leading to ordinary differential equations (ODEs) with a two-point boundary
value problem approach. In this method ad-hoc assumptions are not made on displacements and stresses. The
material properties (modulus of elasticity, coefficient of thermal expansion and thermal conductivity) vary according
to a power law in the thickness direction, while the Poisson’s ratio is kept constant throughout the depth of the plate.
The plate is subjected to a temperature gradient across its thickness using Fourier heat conduction law, and the
thermal response of the FG sandwich plate is evaluated in terms of stresses and displacements. Semi-analytical
formulation in this study is validated for pure FGM plate under thermal load and results are compared with those of
higher order theory to establish the efficacy and efficiency of the presented method. The study provides a
comprehensive behaviour of FG sandwich plates under thermal loading, highlighting the importance of accurate
modelling and analysis. The results presented in this theory can be served as benchmark solutions in absence of exact
solutions.

Keywords: exact thermal profile; heat conduction; initial value problem; Power law; power law; sandwich
FGM; semi-analytical method

1. Introduction

Composite laminated structures are vital in engineering industries due to their superior
mechanical properties, but due to mismatch in material properties at layer interfaces can result in
interlaminar stress concentration and delamination (Jones 1975). Functionally graded materials
(FGMs), with gradually changing properties, addressed this issue by varying the volume fractions
of constituent materials (Shiota and Miyamoto 1997). This results in smoother stress distributions,
making FGMs robust, thermally resilient, reliable, and durable.

The objective of this research is to provide a solution for thermal loading for which the FGM
material is invented (Koizumi 1997). In a three-layered sandwich structure with a ceramic core and
FGM outer plates with metal faces, the thermal resistivity benefits are significant. The ceramic
core provides excellent thermal insulation and high-temperature resistance. The FGMs create a
smooth gradient from the ceramic core to the metal surfaces, reducing thermal stresses from abrupt
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material changes and enhancing overall thermal resistance (Garg et al. 2021, Sankar and Tzeng
2002). Metal faces add structural strength and help in heat dissipation due to their higher thermal
conductivity, reducing localized thermal stresses. This makes the structure ideal for high-
temperature applications like spacecraft re-entry. Adjusting the material gradient optimizes
thermal resistance and mechanical properties for specific uses.

Dadashi and Mahdiabadi (2024) developed an analytical model to investigate the free vibration
of sandwich nano-shells with various FGM configurations, employing first-order shear
deformation and modified nonlocal elasticity theories. Their results revealed that the metal-core
configuration yields the highest frequencies, while increasing nonlocal parameter and side-to-
thickness ratio reduce the frequency, providing valuable insights for the design of nano-shell
structures in nanodevices and energy harvesting applications. Similarly, Madanouei and
Mahdiabadi (2024) proposed a nonlinear energy sink (NES) strategy to mitigate free and forced
vibrations in nonlinear FG shear-deformable beams, combining higher-order shear deformation
theories with advanced numerical methods. Through genetic algorithm optimization, their study
achieved up to 92.5% reduction in vibration amplitude and demonstrated the significant influence
of FG material distribution and shear deformation theories on the optimal design of NES systems.
Together, these works advance understanding of vibration behaviour and control in FG structures,
offering potential for improved performance in aerospace, energy, and structural applications.

Several researchers have contributed significantly to the modelling and analysis of FGM and
functionally graded porous (FGP) plates under thermo-mechanical loading conditions. Benguediab
et al. (2023) presented displacement model incorporating shear deformation effects to study the
static behaviour of FGM macro and nano-plates using both local and non-local elasticity theories.
The influence of geometry, scale effects, and material index is examined. Zohra et al. (2023)
presented the analysis of FGP sandwich plates under various thermal loading condition accounting
for porosity defects using power-law distribution. The effects of porosity distribution, sandwich
configuration, aspect ratio, and boundary constraints on thermal buckling behaviour are studied.
Benameur et al. (2023) conducted a comparative analysis between analytical and finite element
approaches for the bending behaviour of porous FGM sandwich plates subjected to sinusoidal
loading. Utilizing a refined shear deformation theory with five unknowns and eliminating the need
for shear correction factors, the analytical solution and the FEM solution showed strong
correlation, although the analytical model inherently predicted symmetric responses. Hamidi et al.
(2015) presented the sinusoidal shear and normal deformations theory for thermomechanical
bending of FGM sandwich plates with the face sheets modelled using power-law graded materials
and a ceramic core. The effect of side-to-thickness ratio, aspect ratio, the volume fraction
exponent, and the loading conditions on the thermo-mechanical response of functionally graded
sandwich plates is investigated. Naghavi et al. (2022) proposed a finite strip method based on
refined plate theory for static analysis of FG sandwich plate. Two configurations are analysed
having FGM face sheets with a homogeneous core, and homogeneous face sheets with an FGM
core.

Recent advances in the analysis of functionally graded and sandwich plates have focused on
refined shear deformation and quasi-3D theories to capture bending and stability behaviours under
complex conditions. Himeur et al. (2022) studied the coupled effects of loading, thickness
stretching, and non-uniform Winkler-Pasternak foundations on FG plates, while Slimani et al.
(2024) developed a novel quasi-3D refined theory considering porosity and thickness stretching
for accurate bending responses. Yadav et al. (2022, 2023a,b) studies the bending behaviour of FG
beams and Plates under mechanical loading. Chitour et al. (2024) analysed FG sandwich plates
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using a hyperbolic quasi-3D theory with reduced unknowns to investigate sinusoidal loading
effects. Tamrabet et al. (2023, 2024) extended these approaches by proposing higher-order and
quasi-3D models for porous FG sandwich plates, including configurations with FGM face sheets,
ceramic/metal-foam cores, and various porosity distributions. Their studies demonstrated the
influence of parameters such as power-law index, porosity, aspect ratio, boundary conditions,
elastic foundations, and in-plane loading on bending and buckling responses, with analytical
solutions validated against existing benchmarks.

To address challenges in sandwich and composite plates under thermal loading, Kant et al.
(2008) developed a semi-analytical method incorporating stress and displacement variables,
starting from three-dimensional partial differential equations. Their findings showed that while
thin plate deflection remains relatively unchanged along the depth, thick plate deflection varies
significantly. Kulkami and Pendhari (2021) further studied this method for static solutions of
functionally graded simply supported plates using double Fourier series with trigonometric
functions for primary variables, leading to a set of linear first-order ordinary differential equations
(ODEs). This method maintains the fundamental relationship between stress, strain, and
displacement fields, providing a robust and reliable analysis of laminated composites.

Three-dimensional (3D) solutions for transient thermal stress analyses of functionally graded
material (FGM) panels have been investigated by many researchers (Hajlaoui et al. 2021, Li ef al.
2014, Malek et al. 2020). The transient stresses for a rectangular, simply supported FGM plate
with uniform temperature at the edges and time-dependent temperature or heat flux on the top and
bottom surfaces were determined by Vel and Batra (2002, 2003), who examined a 3D transient
heat conduction problem. Normal and transverse transient thermal shear stresses in functionally
graded, simply supported rectangular plates exposed to partial heat supply were explored by
Zenkour (2005). Additionally, 3D solutions for transient temperature and thermal stresses in
simply supported FGM rectangular plates with nonuniform heat supply were provided by
Tanigawa and Ootao (1999), who assumed exponential variation of properties in the thickness
direction. A 3D thermomechanical analysis was conducted by Shao ef al. (2007), who derived an
analytical solution for time-dependent temperature and thermomechanical stresses in FG
cylindrical panels using Laplace transforms and series solution methods for ordinary differential
equations. The time-dependent response of sandwich plates with FGM cores was investigated by
Alibeigloo and Shakeri (2007) using generalized coupled thermo-elasticity.

The issue of transient stress analysis in cracked FGM panels under thermal shock were
examined by Zhi-He and Naotake (1994) with various crack types and obtained thermal stress
intensity factors both analytically and numerically. The stress intensity factor for TiC/SiC FGM
strips with an edge crack under transient thermal loading were studied by Jin and Paulino (2000).
Based on higher-order layer wise theory and Sander theory, Pandey and Pradyumna (2018) present
a finite element formulation for stress analysis of FGM sandwich plates and shell panels under
thermal shock. Di Sciuva and Sorrenti (2021) employed the refined zigzag theory for FGM plates
to analyse static flexure and free vibration behaviour under various boundary conditions providing
accurate results of FGM sandwich plates. Neves ef al. (2013) used higher-order shear deformation
theory (HSDT) with a meshless technique for free vibration and buckling behaviour of FGM plates
considering thickness stretching effect.

The literature review reveals a lack of exact solutions for functionally graded sandwich plates
with material properties varying according to a power law with actual thermal profiles (heat
conditions). Among the various methods, the novelty of semi-analytical method is in providing
solutions that are remarkably close to the exact solutions. Based on the basic equations of linear
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Fig. 1 Functionally graded sandwich plate geometry and co-ordinate system

theory of elasticity semi-analytical method is developed leading to a two-point boundary value
problem which is solved using shooting method of numerical integration. The influence of
stacking sequence of layers, aspect ratio (side/thickness), planar aspect ratio, and FG material
inhomogeneity index on thermal response of FGM sandwich is examined. The results of semi-
analytical method are compared with the refined shear deformation theory. This method offers an
efficient alternative to exact solution and can be considered as a benchmark solution to validate
other approximate solutions.

2. Mathematical formulation

The functionally graded sandwich plate consists of three layers with ceramic core and two
FGM face sheets. The material properties, modulus of elasticity, coefficient of thermal expansion
(o) and thermal conductivity (1) are varying according to power law through the thickness of plate
as given in Egs. (1)-(3) (Sayyad and Ghugal 2021). Mathematical formulation of functionally
graded sandwich plate is derived using semi-analytical method. A two-point boundary value
problem is derived and converted to initial value problem.

E(Z):Em+(Ec_Em)Vc(Z) (1)

a(z)=a, +(a,—a, V. (2) )

AU2) = 2 + (A = 4V, (2) 3)
where the variation of constituent material V¢(z) across the depth of plate is given as

k
- z-h,
VC(Z)—(hl_ho] for ze[hy,h]

V.(z)=1 for z€[h,h,]

k
z-h
vc(z)z(hz_hz] for ze[h,,h,]

where E,,, and E, are Young’s moduli, a,, and a. are coefficients of thermal expansion, 1,,, and
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Fig. 2 Variation of elastic modulus of FGM sandwich plate for various power law indices, k&

A¢ are coefficients of thermal conductivity of metal and ceramic, respectively and k is the power
law index representing the inhomogeneity of FGM.

A linearly elastic rectangular simply supported FGM sandwich plate is shown in Fig. 1 with
geometry and coordinate system. Face sheets (Layer 1 and 3) are of FGM material and core (Layer
2) is made up of ceramic. The plate is subjected to thermal load, T'(x, y) on top surface, and its
variation through the thickness is applied according to Fourier law of heat conduction under steady
state condition. The variation of elastic modulus according to power law across the thickness of
FGM sandwich plate is presented in Fig. 2 for various power law indices k.

2.1 Solution for ordinary differential equations for heat conduction and constitutive
relations

FGM’s are primarily utilized in environments where structures are subjected to high
temperatures. Consequently, precise evaluation of structural responses is crucial. This section
focuses on the detailed formulation for the three-dimensional heat conduction equation. A thermal
load and heat flux, as described in Eqgs. (4) and (5), are considered, with the temperature values
known only at the top and bottom surfaces of the laminate.

z mzx . Nnzy

T(xY, Z):mEn;lT(z) sinT sinT @
a(xy, z)=m2j;lq(z)sin% sinniby )

A governing three-dimensional (3D) Fourier heat conduction law for steady state condition
without internal heat dissipation is given by Boley and Weiner (1960), Carslaw and Jaeger (1947),
Ingersoll et al. (1948), Ozisik (1989) as follows

ﬂ(z)gx—1;+/1(z)gy—:+1(z)%=0 (6)
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Also, the Fourier heat conduction law in terms of heat fluxes in x, y and z directions is given as
below

0
% + & + % =0 (’7)
ox oy oz
From which we get
o9, _ [ oa, %y
oz ( x oy ] ®)
where heat fluxes (qx, gy, q,) are given by
ot oT oT
=—A(z =-A2)—/—; q,=-A(2)— 9
qx ()ax qy ()8y qZ ()az ()
Substituting Egs. (9) into (8) we get Eq. (10)
oq T 2T
M | A(z + UL

Substituting Eq. (4) into Eq. (10), we get

aq, m’z®  n’z’
) (7+ b?

oz

G (an

Now rearranging third of Eq. (9) gives

or g,
ERI0) (12)

Egs. (11) and (12) are the given goveming equations of two-point boundary value problem
(BVP) of temperature field with the known temperature at the upper and lower surfaces of FG
plate.

To form BVP, according to semi analytical method, three-dimensional (3D) strain-
displacement relations, equilibrium equations, and constitutive relations for the thermo-elastic
analysis of FGM sandwich plate are used. The strain-displacement relations are given as follows

g:@ * g:@' 8:%

ox Yooy’ o (13)
u, ov. o ow, W v

v oy Ve = T =T a

The thermoelastic constitutive relations for thermo-mechanical loading are given as follows

o) [Ci C, Co 0 0 07(e-aT

o, |C, C, Cy 0 0 0 ||le,—aT

o| |C, Cy Cy 0 0 0 ||e-al

o[ o 0 o Cu 0 0| 7 (14)
| o 0o o o c, ofl 7

7,] [0 O 0 0 0 Cg] V2
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where Cj; (i, j = 1 to 6) are stiffness coefficients in terms of elastic constants defined as follows

()0 v) o
ComCam O gyt T T Ty
E(2)(v+*) -
Clz:C212013:C31:C23:C32:m‘

The 3D stress equilibrium equations used are as follows.
0;; =0 (Lj=xY,2) (16)

By using strain-displacement relations, equilibrium equations, and constitutive relations
following set of six first order partial differential equations is obtained.

u__ow,x, 1
oz OX Css ( )
N__ W, Ty (18)
0z oy Cg

W_o, Gy Cov o (o ¢ .c,) (19)

az C33 C33 ax C33 ay C33

2 2 2
aasz _ _a_LZJ(CM _ C13C31 j _ a_lzj(CM)_ ov [Clz + C44 _ ClscszJ
Z X C, oy OXoy C, 20)
oT C oo, C
+ a& {Cn +C, +Cy _C_Z(C31 +Cy + Caa)} "o (C_zj
or,, o%v C..C o%v ou C,.C
a_y:__z[czz_%J_?(CM) (C21+C44 _MJ
z 33 X OXay Cy @)
L {ca $C,+Cp — B (CytCyrt c33)} do, (%]
oy Cy oy (Cy
aO-z az—yl az-xz
=——2_—= 22)

oz oy OX

3. Numerical analysis

For numerical study pure FGM and FGM sandwich rectangular plates are considered. The
simply supported boundary conditions are prescribed as follows
u=0 at Xx=8/2 and Y =0
v=0at Y=b/2 and x=0 (23)
r,=7,=0,=0atz=%h/2.
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edges of plate is assumed in double trigonometric series as follows

u(x,y,z)= ilumn (z) cos% sinnﬂTy

w(x,y,2)= i Wmn(z)sini smn”Ty

m,n=1

T, (X y,2)= i rxzmn(z)cos—mﬂx sin Y
m,n=1 a b

7, (X Yy, 2)= i fyzmn(z)sin% cos Y
m,n=1 a b

o,(xy,2)= i o;mn(z)sinw sinany
m,n=1 a

following coupled first order ordinary differential equations (ODEs)

Mo (2)_0m(2) , Co\ (y7 Ca\ (yiir, @T(2)

dumn (Z) - _ Mwmn (Z)+ szmn (Z)
dz a Css

HNem2) _ N7 (Z)_,_TVZL(Z)
oz b ™ Ces

mrz C C
+aTl (Z)? |:C11 + Clz T C13 - C_13 (C31 + C32 +C33):| ~Oum (Z) ? (ij

b ng (C31 + C32 + C33)

mrz

33

The solution for primary variables satisfying simply supported boundary conditions at four

24)

(25)

(26)

@7

(28)

29)

Substituting the solution given by Eqgs. (24)-(29) into governing Egs. (17)-(22) we get

(30)

(€2))

(32)

(33)
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Table 1 Scheme for temperature variation by transforming BVP to IVP

. Bottom Surface (z = —h/2) Top Surface (z = h/2)
Integration No. () 4(2) ) (2)

1 Known 0 (Assumed) A A,

2 0 (Assumed) 1 B, B,

Final Known B, T (known) q

Table 2 Scheme for solving ODE:s for stress and displacement by transforming BVP to IVP

Integ- Bottom Surface (z = —h/2) Top Surface (z = h/2) Load
ration No. u v W T, Ty 0, u v w Txz  Tyz Oy Term
1 0o 0 0 0 0 0 A, A, A A, A5 Ay, Include
2 1 0 0 0 0 0 Ay Ay Ay A, Ay Ay Exclude
3 0 1 0 0 0 0 Ay, Ay, As; As, Ass Ay Exclude
4 0 0 1 0 0 0 Ay Ay  Awm Ay Ay A, Exclude
Final Ay, Ass Au, O 0 0 uth) vkh) wh) O 0 0 Include

or,,. (z n? C,.C m?
y—()=an(Z)b_zﬁ (CZZ—%J+VW(2) «“ (C44)

oz - a
mnz? C,.C
+umn(Z)E C,+C, —% (34)
nz C nrz(C
+aT (2)7 (Z)F {Cm +C,, +Cy — C—Z?’ (Cu+Cy, +C33)}— O (2) - [C_ZSJ
33 33

00, (2) nz mz
B Ry G3)

System of Eqgs. (30)-(35) is solved as BVP by using shooting method reported by Desai and
Kant (2015) in conjunction with Runga-Kutta method for thermal and stress analysis which has
been tabulated in Tables 1 and 2 where Tables 1 and 2 represent initial variables for temperature
profile and stresses and displacements calculation respectively.

4. Numerical results and discussion

MATLAB codes are developed to obtain exact thermal profile and to perform displacement and
stress analysis of pure FGM plate and FG sandwich plate using semi-analytical method.

4.1 Example 1: Pure FGM plate

Present formulation is validated for pure FG plates. For the numerical study, reference
temperature at the lower and upper surfaces of the FG plate considered are 20°C and 300°C
respectively. Material properties of FGM plate are given in Table 3. The thermoelastic bending
analysis is conducted for FGM plate. The FGM consists of materials Titanium (Ti-6Al-4V) and
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Table 3 Properties of material used in FG sandwich plate

Properties Metal-Ti-6Al1-4V Ceramic-ZrO;
E (GPa) 66.2 117
u (Poisson’s Ratio) 1/3 1/3
a (Coeff. of Thermal Expansion) 107 10.3 7.11
Thermal Conductivity (W/m-k) 6.7 1.7

Table 4 Depth ordinates for different schemes

. Scheme

Ordinate 1-0-1 1-1-1 1-2-1 2-1-2 1-3-1
hy “h)2 —h/2 —h/2 ~h/2 —h/2
hy 0 —h/6 —h/4 —h/10 —3h/10
h, 0 h/6 h/4 h/10 3h/10
h, h)2 h/2 h/2 h/2 h/2

Zirconia (ZrOz). Various power indices (k) have considered from metal (bottom) to ceramic (top)
as a variation of material gradation across thickness direction. Convergence study is performed for
complete flexural response. Based on convergence studies, convergence is observed with 20 steps
of numerical integration through the thickness of plate. Results obtained are compared with
Kulkami and Pendhari (2021) to validate the present semi-analytical formulation. The
displacements and stresses are normalized according Eq. (36) and presented in Table 5 and are
found to be in close agreement with those of Kulkarni and Pendhari (2021). After the validation,
the current formulation is applied to FGM sandwich plate for various lamination schemes. Here
lamination schemes refer to the arrangement of core and FG layers which are described in Table 4
with reference to Fig. 1.
The displacements and stresses of pure FGM rectangular plate are normalised as follows

— 100 u _ 100 v _ 100 w _ 200,
u= N V= 3 h W= N Oy = 2
o, T,S°h o, T,S°h o, 7.5 h E, o TS
(36)
_ 200 y _ ZOTXy _ 100z,, _ 100 T,
O-Y = 2 Txy = = T o2 sz = — Tyz =
E,T,S E, o, T,S E, o, 1,5 E, o, T,S

where S is the side to thickness ratio (a/4) and subscript b indicates properties of bottom layer.
4.2 Example 2: FGM sandwich plate

Bending behaviour of FGM sandwich plates under thermal loads is studied using semi
analytical method. Numerical investigations are carried out on simply supported sandwich square
plate under the influence of material gradation in terms of power law index, k, aspect ratio and
lamination schemes. FG Material properties used in bending analysis of sandwich plate are shown
in Table 3 and lamination schemes are shown in Table 4. The current theory is applied to ceramic-
metal FGM sandwich plate consisting of Zirconia (ceramic) at core and Titanium (metal) as the
face sheets with FGM material in layers 1 and 3 as shown in Fig. 1. In this plate problem FGM
layer material properties varied from Titanium at the face sheet to Zirconia at the core according to
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Table 5 Comparison of normalized displacements and stresses of square FGM plate for aspect ratio a/h=10

a ) 7,,(0,0) Gy (@/2,0,2)  _
k Model n/2 “h)2 Winax h/g n2 12 T, (max)
0 Present Analysis -0.167 -1.3494  0.0386 -0.0818  -0.1357  -1.3644 0.4124
Ref® -0.168  -1.372 0.038 -0.081 -0.136 -1.364 0.411
| Present Analysis -0.863 -0.1173  0.0256 -0.0567  -0.1776  -2.3478 1.4748
Ref® -0.863  -0.117 0.024 -0.057 -0.180 -2.349 1.473
) Present Analysis -0.952  -0.2133  0.0260 -0.1031  -0.0944  -2.1758 0.6104
Ref? -0.952  -0.213 0.026 -0.103 -0.094 -2.176 0.610
4 Present Analysis  -1.122  -0.2834  0.0290 -0.1370  -0.0316  -1.8466 1.0225
Ref? -1.122 -0.283 0.026 -0.137 -0.031 -1.847 1.022
3 Present Analysis -1.341  -0.296 0.0360 -0.1431  -0.0206  -1.4334 1.5434
Ref? -1.341  -0.296 0.036 -0.143 -0.020 -1.423 1.533

Ref..% : Kulkarni and Pendhari (2021).
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Fig. 3 Through thickness temperature variation for scheme 1-2-1 for a/h = 10

power-law distribution in thickness direction (z) and to maintain, the same variation is applied
from core to top face. Material properties are varied in terms of power law index ranging from k =
0 to 5 accounting the effect of transverse anisotropy/gradation of material. The variation of elastic
modulus through the thickness according to power law varying in the range (k = 1 — 3) shows the
transition of FG material from ceramic to metal as shown in Fig. 2. The numerical results of
displacements and stress are normalized according to Eq. (37).

2
W=—"_w(a/2.b/2,0). 5x=210—h_ax(3,9,5), 7 —_0on TXZ(O,E,O) 37)
a‘a,T, a‘a, T,E, 222 a,T,aE, 2

where E,=1 GPa, a, = 107° K and T, represent temperature at bottom layer.

The accuracy of the present theory is demonstrated by obtaining the results of displacements
and stresses as presented in Table 6 and Fig. 3 and 4 and comparing it with Mechab et al. (2010).
For determination of through thickness thermal stress variation two models are taken into
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Fig. 4 Through thickness temperature variation for 1-2-1 scheme for k = 3

consideration. Model 1 which assumes the temperature profile as linear is compared with Mechab
et al. (2010) and subsequently the Model 1 is compared with Model 2 which incorporates the
actual thermal profile obtained by steady state heat conduction. Variation of temperature through
the thickness of sandwich plate obtained is shown in the Figs. 3 and 4 for various values of power
law index, k and aspect ratio (a/h).

As seen in Fig. 3 the actual through thickness variation of temperature profile deviates
significantly from assumed linear profile because of variation in thermal conductivity of materials.
As power law index, k increases the deviation of through thickness temperature profile shows
more departure from linear profile. Similarly, from Fig. 4 it is observed that as the plate thickness
changes from thick to thin, the through thickness temperature profile becomes piecewise linear i.e.,
linear in each layer. For very thick plate (a/h = 2) it shows notable departure compared to thin
plate.

4.3 Effect of stacking sequence

The normalized central transverse displacement (W) and axial stress (6,) of square FGM
sandwich plate for a/h = 10 are presented in Table 6. The through thickness variation of in- plane
displacement (i), transverse displacement (W), inplane stress (&, ), in-plane shear stress (fxy),
transverse shear stress (7,,) and transverse normal stress (&) for different lamination schemes for
power law index, k = 3 and aspect ratio a/h = 10 are shown in Fig. 5. It can be seen from Table
6 that an approximate theory proposed by Tounsi et al. (2013) overestimates transverse
displacement when compared to model 1 with linear thermal profile.

Through thickness distribution of in-plane displacement (i) for various lamination schemes is
shown in Fig. 5(a). It is seen that the variation of in-plane displacement is linear for moderately
thick plate for aspect ratio, a/h = 10 and power law index, k = 3. This displacement is minimum
at the bottom surface and maximum at the top surface. Through thickness distribution of
transverse displacement for various lamination schemes is shown in Fig. 5(b). It is seen from this
figures that the variation of transverse displacement (W) is non-linear above the mid surface and
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Table 6 Normalized central transverse deflection (W) and normalized inplane stress (4,) for FGM sandwich
plate for different schemes for a/h = 10 and a/b = 1 under thermal load

Scheme
k Theory 1-0-1 1-1-1 1-2-1 2-1-2

w [ w [ w Oy w Oy

Model 1~ 0.4659  -2.0418 0.4659 -2.0418 0.4659 -2.0418 0.4659 -2.0418

0 Model 2 0.4645 -2.0795 0.4645 -2.0795 0.4645 -2.0795 0.4645 -2.0795
Ref.* 0.4803 -2.0796 0.4803 -2.0796 0.4803 -2.0796 0.4803 -2.0796

Model 1 ~ 0.6183  -2.0791 0.5881 -2.2380 0.5618 -2.3421 0.6031 -2.1672

1 Model 2 0.6917 -1.9820 0.7062 -2.0437 0.6711 -2.1560 0.7142  -1.9833
Ref.* 0.6369 -1.9939 0.6062 -2.1444 0.5823 -2.2620 0.6211 -2.0716

Model 1~ 0.6537 -1.9236  0.6193  -2.1239  0.5848 -2.2638 0.6371 -2.0318

2 Model 2 0.7198 -1.8307 0.7558 -1.8747 0.7098 -2.0324 0.7615 -1.8012
Ref.* 0.6715 -1.8242  0.6393  -1.9822 0.6098 -2.1272  0.6561 -1.8997

Model 1~ 0.6651 -1.8563  0.6324 -2.0736  0.5938 -2.2321  0.6508 -1.9711

3 Model 2 0.7234 -1.7718 0.7746  -1.8030  0.7242  -1.9838 0.7773  -1.7240
Ref.* 0.6836  -1.7647 0.6564 -1.9120 0.6224 -2.0654 0.6703  -1.8302

Model 1~ 0.6699 -1.8202 0.6391 -2.0467 0.5980 -2.2166 0.6576  -1.9375

4 Model 2 0.7228 -1.7417 0.7835 -1.7661  0.7307 -1.9608  0.7838  -1.6835
Ref.* 0.6888 -1.7389  0.6613  -1.8745 0.6295 -2.0308 0.6773  -1.7956

Model 1~ 0.6701  -1.7982  0.6429 -2.0305 0.6002 -2.2083 0.6614 -1.9165

5 Model 2 0.7197 -1.7239  0.7882  -1.7448  0.7341 -1.9485 0.7869  -1.6592
Ref.* 0.6914 -1.7260 0.6659 -1.8519 0.6340 -2.0088 0.6813  -1.7757

Ref.* : Tounsi et al. (2013)

almost constant below it. As the core thickness decreases, a notable increase in deflection occurs
because of decrease in the plate’s stiffness. Fig. 5(c) shows through thickness variation of inplane
stress (0, ), and its variation in non-linear in bottom and top face sheets while it is linear in core
thickness. In the interface of bottom face sheet and core it is characterized by kink due to lower
temperature for all lamination schemes. Variation of in plane shear stress for all stacking
sequences at a/h = 10 and k = 3 is non-linear across thickness above the mid surface whereas it
is nearly constant below the mid surface of the sandwich plate as seen in Fig. 5(d).

The variation of transverse shear stress (7,) is shown in Fig. 5(e) for various schemes. The
variation in each scheme of sandwich plate is parabolic through the thickness, however it is
antisymmetric (changes sign) with respect to midplane. It shows maximum values at the interface
between the core and face sheet and satisfies surface constraints at the top and bottom surfaces.
Variation of transverse normal stress (G,) through thickness is shown is Fig. 5(f). It shows
maximum value at the vicinity of mid surface of core. The nature of variation is distinct for each
scheme of lamination indicating the effect of thickness of each layer. As the core thickness
increases it becomes symmetric with respect to the mid surface of the sandwich plate. In absence
of transverse load, the variation of this stress satisfies the vanishing surface constraints at
bounding planes.
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Fig. 6 Through thickness variations of displacements and stresses for various inhomogeneity indices for 1-0-
1 stacking sequence of square sandwich plate with a/h = 10
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Fig. 7 Through thickness variations of displacements and stresses for various inhomogeneity indices for 1-2-
1 stacking sequence of square sandwich plate with a/h = 10
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Table 7 Normalized transverse displacement (W), shear stress (T,,) and in-plane stress (&, ) for different
schemes and aspect ratios S of square sandwich plate according to heat conduction thermal profile

Scheme
S k Parameters 101 111 121 712
w 0.3846 0.3846 0.3846 0.3846
0 Tyy -0.0004 -0.0004 -0.0004 -0.0004
[ -10.4000 -10.4000 -10.4000 -10.4000
w 0.5690 0.5793 0.5641 0.5787
1 Tyz -0.9834 -1.2790 0.1136 -1.9518
Gy -9.0378 -9.0912 -9.6256 -8.9013
w 0.5833 0.6139 0.5969 0.6068
2 Tyz -1.3800 -1.6026 0.2891 -2.6284
) Gy -8.4458 -8.2356 -8.8901 -8.0803
w 0.5818 0.6247 0.6080 0.6128
3 Tyz -1.5246 -1.7931 0.3382 -2.9902
Oy -8.2999 -7.9263 -8.6243 -7.8070
w 0.5789 0.6287 0.6125 0.6135
4 Tyy -1.5558 -1.9100 0.3528 -3.1996
[ -8.2533 -7.7855 -8.5051 -7.6909
w 0.5763 0.6303 0.6147 0.6129
5 Tyz -1.5396 -1.9853 0.3572 -3.3298
G, -8.2356 -7.7117 -8.4442 -7.6334
w 0.4673 0.4673 0.4673 0.4673
0 Tyz 0.0000 0.0000 0.0000 0.0000
Oy -1.0400 -1.0400 -1.0400 -1.0400
w 0.6960 0.7107 0.6749 0.7190
1 Tyz -0.0010 -0.0015 0.0002 -0.0023
[ -0.9949 -1.0267 -1.0827 -0.9962
w 0.7227 0.7609 0.7138 0.7670
2 Tyz -0.0015 -0.0019 0.0005 -0.0032
20 [ -0.9187 -0.9424 -1.0214 -0.9050
w 0.7264 0.7799 0.7282 0.7832
3 Tyz -0.0016 -0.0021 0.0006 -0.0038
Gy -0.8887 -0.9066 -0.9974 -0.8661
w 0.7260 0.7890 0.7349 0.7901
4 Tyz -0.0017 -0.0023 0.0006 -0.0041
o -0.8732 -0.8880 -0.9859 -0.8455
w 0.7248 0.7939 0.7383 0.7933
5 Tyy -0.0017 -0.0024 0.0006 -0.0043
Oy -0.8640 -0.8773 -0.9798 -0.8332

4.4 Effect of transverse anisotropy (k)

The through-the-thickness variation of in-plane displacement (i), transverse displacement (W),
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in-plane stress (6,), in-plane shear stress transverse (fxy), transverse shear stress (7,,) and
transverse stress (a,) for different power law index, k for lamination schemes 1-0-1 and 1-2-1 and
aspect ratio 10 are plotted in Figs. 6 and 7 respectively.

Through thickness distribution of in-plane displacement (i) for various power law indices is
shown in Figs. 6(a) and 7(a). It is seen that the variation of in-plane displacement is linear for
moderately thick plate for aspect ratio, a/h = 10 for both lamination schemes. This displacement
is minimum at the bottom surface and maximum at the top surface and displacement at the top
surface increases with increase with power law index and variations show close proximity after
power index, k = 3. Through thickness distribution of transverse displacement for various power
law index is shown in Figs. 6(b) and 7(b). It is seen that the variation of transverse displacement
(W) is non-linear above the mid surface and almost constant below it. With increase in power law
index the transverse displacement increases due to decrease in transverse anisotropy. Figs. 6(c) and
7(c) show the through the thickness variations of axial stress (g, ). This stress variation is non-
linear in bottom and top FGM face sheets due to gradation in material properties while it is linear
in core thickness being isotropic. This stress shows maximum value at the interface and increases
with increase in power law index, k and shows tensile and compressive natures in each FGM
layer. At the interface of bottom face sheet and core it is characterized by kink due to high thermal
gradient. The variation of in plane shear stress (‘Z’xy) for all power law indices from 0 to 5 at
a/h = 10 and stacking scheme 1-0-1 and 1-2-1 is non-linear across thickness above the mid
surface whereas it is nearly constant below the mid surface of the sandwich plate as seen in Figs.
6(d) and 7(d). The variation of transverse shear stress (7,) is shown in Figs. 6(e) and 7(e). It is
parabolic and anti-symmetric in nature through the thickness showing maximum values this stress
at the interface. The value of this stress at the interface between the core and the face sheet
increases with increase in inhomogeneity factor and satisfies the continuity condition at the
interface and the surface constraints at the top and bottom surfaces of the plate. The variation of
transverse normal stress () through thickness is shown in Figs. 6(f) and 7(f) satisfying the zero
load conditions on the bounding plane of the plate. The variation is symmetric about the mid
surface of the FGM sandwich plate. It shows maximum value of this stress to occur at the mid
surface or neutral surface which increases with increase in k& without shift in the position in
transverse direction.

4.5 Effect of aspect ratio (a/h)

Table 7 shows the maximum values of displacement and stress for all stacking schemes for all
power law indices and aspect ratios 2 and 20. For thick plate, S=2 and lamination scheme (1-0-1)
transverse displacement (W) increases with increase in power law index k up to 4 whereas for
schemes (1-1-1) and (1-2-1), it increased for all values of power law index. This variation in this
displacement is attributed to degree of transverse anisotropy and the flexural stiffness of the FGM
sandwich plate. The transverse shear stress (7,,) is found to increase with increase in value of k&
for all lamination schemes. Among all the schemes the scheme (2-1-2) is found to yield highest
values of this stress for all values of & for both the aspect ratios 2 and 20. The inplane stress (d,) is
found decrease with increase in power law index for all the schemes due to increase in metal
phase.

The through thickness variation of in-plane displacement (i), transverse displacement (W),

axial stress (4, ), in-plane shear stress transvers (fxy), transverse shear stress (7, ) and transverse
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Fig. 8 Through thickness variations of displacements and stresses of sandwich plate with stacking scheme 1-
2-1 with aspect ratio (a/h) with material inhomogeneity index k = 3
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stress (a,) for power law index, k = 3 for lamination scheme (1-2-1) for different aspect ratio are
shown in Fig. 8. Through the thickness distributions of displacements and stresses show
significant departure for very thick plate (a/h = 2) compared to higher aspect ratio (a/h = 50)
because of predominant shear and normal deformations in thick plate. The inplane displacement
(&) variation across the thickness of plate shows maximum value at top surface and minimum at
the bottom surface for all aspect ratios. This displacement is maximum for very thick FGM
sandwich plate.

The inplane displacement (i) variations for all aspect ratios are found to have common point of
intersection at z = —3h/8 below the mid plane as seen from Fig. 8(a). The variation of transverse
displacement as shown in Fig. 8(b) indicates maximum value at top surface (ceramic) and
minimum at the bottom surface (metal). The variation of this displacement for very thick plate,
S=2 shows great departure compared to those of other aspect ratios from S=5 to 50 due to
attenuation in shear and normal deformation effects with increase in aspect ratio. All the
distribution curves of this displacement pass through the common point of intersection at z =
+h/8 above the mid plane.

In-plane stress (,) as shown in Fig. 8(c) is maximum at top surface and minimum at bottom
layer interface between core and face sheet due to attenuation in rate of heat transfer from top
surface to bottom surface and gradient in material properties. It shows non-linear behaviour for all
aspect ratios, and it is completely compressive in FGM face sheets and middle core. In core its
variation is linear whereas it is nonlinear in FGM face sheets. The variation of inplane shear stress
(fxy) across the thickness is almost constant below the mid surface symmetric (1-2-1) FGM
sandwich plate as revealed in Fig. 8(d) whereas it is nonlinear above the mid surface and shows
maximum value at top surface (ceramic) with immediate vicinity of thermal front at z = +h/2 for
all aspect ratios.

The variation of transverse shear stress shown in Fig. 8(e) is antisymmetric with reference to
mid plane and parabolic in nature in bottom FGM face sheet and concave parabolic in top FGM
face sheet for thick plate with S=2. For moderately thick to thin plates (S=10-50) the variations are
coinciding with each other. The variation of this stress through the thickness satisfies surface
constraints and continuity condition at the interfaces. The transverse norm stress () variation
across the thickness of plate is shown in Fig. 8(f). The variation is symmetric with respect to the
mid plane and shows maximum value at z=0 and zero values at top and bottom surfaces satisfying
the zero normal traction at the bounding planes. The variation of this stress across the thickness of
FGM sandwich plate satisfies the continuity condition at the interface between the layers of
dissimilar materials for all aspect ratios.

5. Conclusions

This study conducts a pure thermal bending analysis of a functionally graded (FG) sandwich
plate using a semi-analytical method. The semi analytical method developed within the framework
of linear theory of elasticity. Thermal profile is derived using Fourier’s law of heat conduction
under steady state condition. FGM sandwich plate material properties such as modulus of elasticity
(E), thermal coefficient of expansion (@) and thermal conductivity (A1) are varied according to
power law. The power law index which represents degree of transverse anisotropy/inhomogeneity
is varied from O to 5. Boundary value problem (BVP) is converted to initial value problem (IVP)
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using shooting method. Thermo-flexural response is validated with existing solution for FGM
plate. The influence of stacking sequence, material inhomogeneity and aspect ratio are examined
for FGM sandwich plate. Exact elasticity solution for FGM sandwich plate in which material
properties vary according to power law does not exist due mathematical limitations. Thus, in the
absence of exact elasticity solutions present semi-analytical solution can be treated as exact
solution which can be used as a benchmark solution to validate approximate solutions.
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