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Abstract.  This paper investigates the parametric resonance of graphene-platelet reinforced metal foam (GPLRMF) 
beams under three typical boundary conditions. The Halpin-Tsai model and rule of mixture are employed to 
characterize the GPLRMF material properties, while the governing equations are established based on Euler-
Bernoulli beam theory. Numerical results demonstrate that increased external excitation leads to significant 
amplification of vibration amplitudes. The modified variable amplitude method is adopted to ensure accurate 
prediction of system response across the entire frequency range, with validation against existing literature. Detailed 
parametric studies examine the effects of: (1) foam distributions (including Foam-I pattern), (2) porosity coefficients, 
(3) GPL dispersion patterns (Type-A to Type-X), and (4) GPL weight fractions. Furthermore, the influences of 
boundary constraints, thermal environments, external stimuli, and damping ratios on parametric resonance are 
systematically analyzed. Key findings indicate that Foam-I distribution with Type-A GPL arrangement exhibits 
negligible dynamic response, suggesting superior anti-vibration capacity. Both clamped boundaries and reduced 
temperature are shown to effectively shift resonance positions while enhancing beam stiffness. 
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1. Introduction 
 

Beam structure is the most basic type of structure in engineering, and the study of nonlinear 
oscillation in beams has been one of the research highlights in recent years (Zhang et al. 2022, 
Hasan and Rahman 2022, Yang et al. 2021). This research has immediate significance for 
numerous fields such as ocean engineering, civil engineering, and aerospace engineering 

(Khouddar et al. 2021). As a basic structure, the beam is important as a reference for the study of 
plate structures. Furthermore, a beam can be modeled as a solidified model representative of 
pipelines, making it valuable for exploring pipeline dynamics (Ashraf et al. 2022, Chai et al. 2020, 
Shao and Ding 2023, Zhu et al. 2020). Consequently, research on nonlinear vibration in beams has 
attracted widespread interest over time. For instance: Zhao et al. (2023) employed the Galerkin 
truncation method to study the nonlinear dynamic response of foundation beams, considering the 
effects of excitation methods and parameters. Alimoradzadeh and Akbas (2023) focused on the 
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nonlinear vibration behaviors of beams on elastic foundations using the Euler-Bernoulli beam 
theory. Using Hamilton’s principle, Chen et al. (2020) constructed a new beam model based on 
Hooke’s law to investigate its nonlinear free oscillation behavior. Considering geometric 
nonlinearity among other factors, Zhou et al. (2021) examined the nonlinear forced oscillation 
behaviors of cantilever beams under evenly-distributed loads. Le et al. (2023) discussed the 
influence of homogenization schemes and foundation shoring on the nonlinear oscillation of a 

sandwich beam using the third-order shear deformation theory. Based on a modified third-order 
shear deformation theory, Xie et al. (2020) proposed an innovative method to address the 
nonlinear oscillation of functionally graded (FG) beams under moving loads. Wang et al. (2021) 
established models using Rayleigh beam theory to address the free vibration of beams in a humid 
and hot environment. Rincon-Casado et al. (2021) investigated the free nonlinear oscillation 
frequencies of beams under seven boundary conditions using nonlinear normal modes. Recent 
studies have systematically investigated the dynamic behaviors of advanced structural systems 

through various analytical approaches. Wang and colleagues (2025) employed the Rayleigh-Ritz 
technique to examine mode transition phenomena and natural frequency loci veering in 3D 
Kagome truss-core sandwich panels. In their earlier work (Wang et al. 2019a), the research team 
applied Extended Melnikov’s method to analyze nonlocal nonlinear dynamics, including chaotic 
and homoclinic behaviors, in forced viscoelastic nanoplates with bilayer configurations. Another 
significant contribution (Wang et al. 2019b) involved comprehensive analytical derivation of 
frequency-response relationships, bifurcation boundaries, and stability conditions for both 
subharmonic and ultra-subharmonic responses in an innovative bioinspired nonlinear isolation 

system. Complementing these findings, Xiong et al. (2023) designed a vibration isolation 
mechanism incorporating biological structural principles and nonlinear absorbers, with particular 
emphasis on exploring intricate dynamic properties under internal resonance conditions. Mohamed 
et al. (2024) pioneered the derivation of exact analytical solutions and closed-form expressions for 
nonlinear stability and vibration characteristics in both straight and curved beam systems 
incorporating viscoelastic boundary conditions. Concurrently, Abouelregal et al. (2022) employed 
Caputo-Fabrizio fractional derivative methodology to investigate thermoelastic wave propagation 

in nonlocal isotropic solids under pulsed thermal loading, formulating their mathematical model 
through nonlocal elasticity theory and fractional calculus with single-kernel generalized 
thermoelasticity. Akbas et al. (2022) contributed to micromechanical analysis by developing a 
dynamic model for simply supported porous functionally graded microbeams under moving loads. 
Alibakhshi et al. (2022) extended this research to dielectric elastomer microbeam resonators, 
analyzing their nonlinear size-dependent vibrations using a hyperelastic Cosserat continuum 
framework. Hosseini et al. (2023) further expanded the scope by examining depth-dependent in-

plane free vibrations in curved functionally graded nanobeams through nonlocal elasticity theory, 
demonstrating the influence of geometric parameters at nanoscale dimensions. Abouelregal et al. 
(2018) examined the vibrational characteristics of doubly-clamped microbeams under external 
transverse excitations, employing both the modified couple stress (MCS) theory and a 
thermoelastic model incorporating Lord-Shulman’s heat conduction formulation. Building upon 
this foundation, Abouelregal et al. (2021) investigated thermoelastic vibrations in viscoelastic 
microbeams supported by Winkler foundations, utilizing fractional-order theory combined with 
Kelvin-Voigt constitutive relationships. More recently, Alhassan and Abouelregal (2025) 

developed an innovative analytical framework for studying axial dynamic responses in rotating 
thermoelastic nanobeams under moving loads. This work represents a significant advancement 
through the integration of Klein-Gordon nonlocal theory with a novel internal time scale parameter 
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formulation. 
Parametric vibration is a distinct form of vibration caused by periodic variations in system 

parameters (Mbong et al. 2018, Sahoo 2022). The oscillation resulting from periodically changing 
system parameters is called parametric oscillation. The instability phenomenon occurring in a 
vibrating mechanical system under cyclical parameter variations is known as parametric resonance 
(Sahoo et al. 2017, Zhu et al. 2018, Sahoo and Chatterjee 2021). Currently, nonlinear parametric 

vibration has garnered extensive attention, and many scholars have conducted profound research 
on it. For example: Sahoo (2020) used the multi-scale method and a continuous algorithm to study 
lateral vibration of beams under combined parametric excitation, which arose from the time 
dependence of axial speed and axial tensile force. Garg and Dwivedy (2020) investigated 
combined parametric resonance in piezoelectric beams using a generalized Galerkin approach 
considering two modes, supplemented by relevant resonance experiments for comparative 
analysis. Considering axial coupling motion, Arvin et al. (2020) employed the multi-scale method 

to examine primary parametric resonance in rotating beams, successfully analyzing the parametric 
resonance induced by angular velocity. Accounting for the effect of magnetic field steady 
loadings, Hu et al. (2018) analyzed the primary parametric resonance and stability of beams using 
the multi-scale method. Based on Hamilton’s principle, Sheng and Wang (2018) focused on 
primary resonance and parametric vibration in FG beams. Incorporating the influence of a 
magnetic field, Li et al. (2017) examined nonlinear resonance behavior and stability of circular 
plates under parametric excitation using Hamilton’s principle and the Galerkin method. According 
to the von Kármán plate theory, Li et al. (2020) examined nonlinear vibration of plates considering 

fluid-structure interaction, obtaining system states that varied continuously with parameter 
changes.  Wang et al. (2019) investigated nonlinear dynamics of stiffened plates using thin plate 
theory and parametric analysis, solving the 3:1 internal resonance problem of the system. 
Considering the effect of alternating loadings, Hu et al. (2018) studied nonlinear combination 
resonance in circular plates under two excitation types: parametric excitation and transverse 
excitation. Hamed and Alkhathami (2021) applied multiscale perturbation to investigate nonlinear 
vibration of plate-cavity systems under parametric excitation, analyzing resonance problems 

through numerical methods. Under conditions of parametric resonance and 1:3 autoparametric 
resonance, Zhang et al. (2018) studied nonlinear vibration and chaotic motion of rectangular plates 
under dual incentives. Li (2021) studied nonlinear parametric resonance in cylindrical shells under 
the effect of initial circumferential tension using nonlinear shell theory. Foroutan and Ahmadi 
(2022) utilized a semi-analytical approach to study nonlinear vibration in geometrically imperfect 
cylindrical shells under both axial parametric excitation and external excitation. Based on Reddy’s 
third-order shear deformation theory, Liu et al. (2017) explored nonlinear vibration behavior of 

composite cylindrical shells accounting for parametric excitation due to temperature changes. 
Under the combined action of parametric resonance and internal resonance, Jahangiri et al. (2022) 
analyzed nonlinear and chaotic behavior of FG hyperbolic shells, investigating conditions leading 
to different periodic regimes and chaotic phenomena. Gu et al. (2021) focused on primary 
resonance and nonlinear vibration behavior of composite material blades under multiple combined 
parametric incentives. Carboni et al. (2022) employed the multi-scale method to study parametric 
resonance in piezoelectric beams driven by ripple voltage. Aghamohammadi et al. (2023) explored 
the response of cantilever beams under parametric excitation using the variational amplitude 

method and multi-scale method. 
Graphene platelet reinforced metal foam (GPRMF) beams have demonstrated significant 

potential in aerospace thermal protection systems and energy-absorbing structures, owing to their 
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superior strength-to-weight ratio and thermal stability (She et al. 2025, Xu et al. 2025). Xu et al. 
(2021) presented an investigation on the free vibration behaviors of FG-GPLRMF beams using the 
differential transformation method. Employing von Kármán’s nonlinear plate theory, Teng and 
Wang (2021) introduced stress functions to explore the nonlinear forced oscillation phenomenon 
of GPLRMF plates. Yang et al. (2022) dealt with the impulse response of GPLRMF plates, in 
which the influence of foam distributed modes and other factors on the impact response was 

analyzed. Wang et al. (2019) focused on the nonlinear oscillation behaviors of GPLRMF 
cylindrical shells using a modified Donnell nonlinear shell theory to establish their model. 
Mirjavadi et al. (2019) explored the forced oscillation behaviors of GPL composite shells with 
pores using first-order shell theory and semi-analytical methods. Considering the effect of external 
loads, Al-Furjan et al. (2021) mathematically derived the nonlinear frequency of GPL-reinforced 
hyperbolic panels using the generalized differential quadrature approach. 

Although numerous studies have been conducted on the nonlinear oscillations of beams, a 

literature review reveals that there is still a gap in the research on the parametric resonance of 
GPLRMF beams under different boundary conditions. Therefore, to fill this gap, this article 
investigates parametric resonance in GPLRMF beams under three different boundary conditions. 
 
 

2. Construction of control equations 
 

Fig. 1 presents a schematic diagram of the GPLRMF beams within the coordinate system. This 

study investigates three distinct foam distribution patterns: Foam-Ⅰ (uniform), Foam-Ⅱ (gradient), 
and Foam-Ⅲ (hybrid). The composite material comprises two primary components: graphene 
platelets (GPL) as reinforcement and metal foam as the matrix. Following Fan et al. (2025) 
classification, the GPL reinforcement is distributed in three configurations: randomly oriented, 
functionally graded, and aligned patterns. To determine the effective material properties, we 
employ a combined approach utilizing the rule of mixtures for preliminary estimates and the 
Halpin-Tsai micromechanical model for more accurate predictions of stiffness enhancement. This 

methodology enables comprehensive characterization of the mechanical properties while 
accounting for the complex interactions between the GPL reinforcement and porous metal matrix 
(Cheng and She 2025a, 2025b, Cheng et al. 2025).  
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Where γ=πz/h represents the dimensionless coordinate through the beam thickness. For solid  
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Fig. 1 Structural schematic diagram of the GPLRMF beam (Modified from Ma et al. 2025) 

 

 
beams (without pores), the material parameters are defined as: Young’s modulus (E#), thermal 
expansion coefficient (α#), Poisson’s ratio (μ#), and mass density (ρ#). These baseline properties 
serve as reference values for subsequent porous beam analyses (Wang et al. 2019, Zhao and She 
2025). 
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In equations related to material physical parameters, In the constitutive equations describing 

material properties, the subscripts “gpl” and “m” denote the physical parameters of graphene 
platelets (GPL) and metal matrix respectively, including elastic modulus, density, and thermal 
properties. Furthermore, the material’s mechanical performance exhibits significant temperature 
dependence, as both constituent materials demonstrate distinct thermomechanical behaviors that 
collectively influence the composite’s overall response under varying thermal conditions. 

( )2 31
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T
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   
(4) 

In the constitutive equations, Г represents the material parameter set (E, α, μ, ρ), where Г₁ to Г₃ 
denote temperature-dependent coefficients. Three GPL distribution patterns are investigated: GPL-
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A (uniform), GPL-B (gradient), and GPL-C (random), and (Li and She 2025) 
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By substituting Eq. (2) into Eq. (6), we obtain the following relationship (Ma et al. 2025) 
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Based on Euler-Bernoulli beam theory, the displacement field of the beam can be expressed in 
the following form (Abouelregal et al. 2020, 2022, 2024) 
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In the expressions of displacement field, t expresses time and u represents the axial 
displacement of the model. It should be noted that during the research process, the Euler-Bernoulli 
beam theory employed in this parametric resonance analysis exhibits certain limitations: (a) 
Neglect of shear effects: The model assumes negligible shear deformation, which becomes 

problematic for beams with low shear modulus or significant thickness, where shear effects 
substantially influence resonance behavior. (b) Simplified cross-section assumptions: The theory 
enforces rigid cross-section behavior (excluding warping), thereby limiting its accuracy in 
analyzing parametric resonance of complex geometries undergoing torsional-axial coupling. (c) 
Frequency range constraints: The theory’s accuracy diminishes when studying super-
harmonic/subharmonic resonances due to its inability to properly model higher-order wave 
interactions. (d) For studies involving complex boundary conditions, more sophisticated models 

such as Timoshenko beam theory or higher-order theories are typically necessary (Abouelregal 
and Tiwari 2022). 

Taking the displacement strain relationship into account, the nonlinear strain of GPLRMF 
beam has the following general form 
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When regarding the effect of temperature field, in order to simplify the research calculation, 
this paper takes the case of a well-distributed temperature field. Then calculation of σxx can be 
carried out according to the following equation. 

( ) ( )xx xxE z z T  =  −     (11) 

In the above equation, ΔT represents the part where the temperature rises, and its corresponding 
relation with the ambient temperature T is: ΔT=T-300 K. In numerous practical uses, it includes 
many temperature fields, and our research puts to use the uniform temperature field that is simple 
for calculation (Zhang et al. 2023). 

Subsequently, the internal torque has the following expression forms. 

2 2

1 1 2

2 2

1 1 2

1

2

1

2

x T

x

u w w
N A B N

x x x

u w w
M B D

x x x

    
= + − −       

    
= + −         

(12) 

NT represents the thermal related loading, A1, B1, D1 stand for stiffness, and their calculation 
formulas are (Zhang et al. 2023) 
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Next, δU represents strain energy. 
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The kinetic energy δT is 
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where 𝐼𝑖 = ∫ 𝜌𝑧𝑖
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Substitute Eq. (12) into Eq. (18), which can be written as 
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Then, by integrating Eq. (19), both sides of the equation can be transformed into the following 
form 
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By making u(0)=u(L)=0, we can obtain 
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By substituting Eqs. (21)-(22) into Eqs. (19)-(20), we can get hold of the following expression. 
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It should be emphasized that in this study, the assumptions of a uniform temperature field and 
linear damping simplify the analytical process, but they may overlook higher-order resonance 
modes and amplitude abrupt changes caused by temperature non-uniformity and damping 
nonlinearity in actual systems. Such assumptions are suitable for preliminary analysis. 

To ensure the correctness of the solution, the MVA method is employed (Aghamohammadi et 
al. 2019, Cheng and She 2025b). In the process of seeking answers, three boundary conditions for 

GPLRMF beam structure are considered, namely simply supported (S-S), fixed supported (C-C), 
and combination of simply supported and fixed supported (C-S). The solutions under different 
boundary conditions can be written in the following form (Aghamohammadi et al. 2019). 

For S-S 

sin( ),

cos( ),

x
w W

L

x

L
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(24) 

For C-C 
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For C-S 
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(26) 

We apply the MVA method for solving. 
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For C-C 
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For C-S 
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in which (Aghamohammadi et al. 2019), 

( )( )2 3

0 31 cos 0nW f W P t W f W+ + −  + =
 

(31) 

In the above equation, 
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0 0 1 1 3 3/ , / , / , / .n xf F I F I P P F f F I= = = =
 (32) 

Using the MVA approach, let its solution be 

( ) ( )
1 1

cos sin
2 2

W A t t B t t
   

=  +    
     

(33) 

Substituting the solution into Eq. (23), we can receive (Cheng and She 2025b), 
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In an effort to achieve the steady-state approximate solution of the equation, the derivative 
terms for time t in the above equation are all 0. After that 
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Based on MVA, the amplitude frequency relationship of the solution can be written as 
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3. Discussion of numerical results 
 

This section presents numerical research results on parametric resonance of GPLRMF beams. 

To validate the methodology, Table 1 compares natural frequency values from existing literature 
with computational results, demonstrating the approach’s reliability through CC and C-S boundary 
condition comparisons. Table 2 specifies the material parameters used in the analysis. For the 
magnitude-frequency response curves, the numerical results of the method employed in this paper 
are compared with those of the fourth-order Runge-Kutta method in Fig. 2. The data show 
excellent agreement, confirming the validity and correctness of the present work. 

Fig. 3 systematically compares three distinct pore distribution patterns (Foam-I, Foam-II,  

 
 

 

Fig. 2 Comparison of the present method with fourth-order Runge-Kutta results (L=1 m, h=0.03 m, GPL-B, 

T=300 K, Wgpl=1%, e1=0.3, S-S) 
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Table 1 Comparison of natural frequencies of beams under two boundary conditions 

 
C-C C-S 

ω1 ω2 ω3 ω1 ω2 ω3 

Present 5.58 15.31 29.85 2.45 9.78 21.30 

Li et al. (2019) 5.56 15.09 28.89 2.45 9.69 21.32 

Yang and Chen (2008) 5.59 15.42 30.23 2.47 9.87 22.21 

 
Table 2 Physical parameters of relevant materials (Wang and Zhang 2022) 

Materials Properties Γ−1 Γ0 Γ1  Γ2 Γ3 

Nickel 

Em (Pa) 0 223.95×109 -2.974×10-4 -3.998×10-9 0 

μm 0 0.31 0 0 0 

ρm (kg/m3) 0 8908 0 0 0 

αm (1/K) 0 9.9209×10-6 8.7056×10-4 0 0 

GPLs 

Egpl (Pa) 0 1087.8×109 -0.261×109 0 0 

μgpl 0 0.186 0 0 0 

ρgpl (kg/m3) 0 1060 0 0 0 

αgpl (1/K) 0 13.920×10-6 -0.0299×10-6 0 0 

 
 

Foam-III) under identical boundary conditions. While the resonance curves exhibit similar 
qualitative trends, Foam-I demonstrates higher resonance frequencies and lower peak amplitudes 

compared to Foam-II, which exhibits the lowest natural frequency and maximum dynamic 
deflection. These variations highlight the critical role of pore architecture in governing nonlinear 
dynamic behavior, providing valuable insights for optimizing composite structures in vibration-
sensitive applications. Also, it can be seen that S-S conditions result in greater radial displacement 
compared to C-S, while C-C conditions produce minimal deformation due to enhanced structural 
stiffness, as evidenced by the rightward shift in the resonance curve. These findings underscore the 
importance of boundary constraints in tailoring the dynamic response of advanced composite 

materials for specific engineering requirements. 
Fig. 4 investigates the influence of GPLs distribution patterns (GPL-A and GPL-B) on the 

dynamic response of the composite beam. The study demonstrates that GPL-B initiates resonance 
at lower frequencies compared to GPL-A, indicating a reduced stiffness-to-inertia ratio. 
Conversely, GPL-A exhibits superior vibration suppression characteristics, as evidenced by its 
delayed resonance onset and lower dynamic deflection magnitudes. These findings underscore the 
critical role of GPL distribution in tailoring the mechanical behavior of advanced composite 
materials, with GPL-A emerging as the more favorable configuration for applications requiring 

enhanced vibration damping.  
Fig. 5 explores temperature effects on GPLRMF beams, revealing a leftward shift in the 

resonance curve with increasing temperature. This shift corresponds to reduced natural frequencies 
and increased radial deformation, indicating thermal softening effects that degrade vibration 
resistance at elevated temperatures. These results emphasize the necessity of thermal management 
strategies in high-temperature applications, such as aerospace and civil infrastructure, where 
maintaining structural integrity under varying environmental conditions is paramount. 

Fig. 6 analyzes the effect of GPL volume fraction (Wgpl) on the amplitude-frequency response  
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(a) S-S (b) C-C 

 
(c) C-S 

Fig. 3 Influence of foams distribution (L=1 m, h=0.03 m, GPL-B, T=300 K, Wgpl=1%, e1=0.3) 

 

 
of GPLRMF beams under the configuration: Foam-I pore distribution, GPL-B pattern, length L=1 
m, thickness h=0.03 m, temperature T=300 K, and porosity coefficient e1=0.3. For the S-S 
boundary condition, increasing Wgpl from 0.2% to 1.0% reduces the maximum radial deflection by 
approximately 23%. Similar reductions occur under other boundary conditions, where the peak 
amplitude of the parametric resonance curve decreases as Wgpl rises. Furthermore, higher Wgpl 

values increase the fundamental frequency and shift the resonance position toward higher 
frequencies, indicating its significant role in modifying the beam’s dynamic response. 

Fig. 7 analyzes the impact of porosity coefficient (e1) on the parametric resonance response of 
GPLRMF beams. The study reveals systematic variations in dynamic behavior, with trends that 
partially align with those observed for pore distribution types, GPL patterns, volume fractions, and 
temperature—yet distinct differences emerge. As e1 increases from 0 to 0.6, dynamic deflection 
escalates progressively, correlating with heightened resonance curve peaks. However, frequency 
responses exhibit divergence: solid-line curves indicate higher frequencies at lower e1 values, 
whereas dashed curves demonstrate an inverse relationship. This contrast underscores porosity’s  
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(a) S-S (b) C-C 

 
(c) C-S 

Fig. 4 Influence of GPL pattern (L=1 m, h=0.03 m, Foam-Ⅰ, T=300 K, Wgpl=1%, e1=0.3) 

 

 
unique influence, differentiating its effects from previously identified patterns. 

Fig. 8 investigates the role of external excitation in the dynamic response of GPLRMF beams 
under transverse loading. Resonance curves for S-S, C-C, and C-S boundaries exhibit consistent 
trends. External excitation markedly amplifies peak amplitudes in the nonlinear dynamic response 
and broadens the resonance bandwidth. Critically, the resonance frequency position remains 
invariant despite variations in excitation intensity. These observations confirm that external 
excitation primarily enhances radial deflection and dynamic deformation without altering the 

fundamental resonance frequency locus. 
Fig. 9 explores damping effects on resonance behavior. Mirroring the findings for external 

excitation, damping variations do not shift resonance frequencies but directly influence peak 
amplitudes. Under S-S, for instance, increasing damping from 5×10⁴ to 8×10⁴ results in negligible 
resonance frequency change but reduces radial amplitude by approximately 54%. Concurrently, 
the resonance bandwidth contracts significantly. This reaffirms damping’s primary function in 
energy dissipation rather than resonance timing modulation. 
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(a) S-S (b) C-C 

 
(c) C-S 

Fig. 5 Influence of temperature (L=1 m, h=0.03 m, Foam-Ⅰ, GPL-B, Wgpl=1%, e1=0.3) 

 

  
(a) S-S (b) C-C 

Fig. 6 Influence of GPL weight fraction (L=1 m, h=0.03 m, Foam-Ⅰ, GPL-B, T=300 K, e1=0.3) 
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(c) C-S 

Fig. 6 Continued 

 

  
(a) S-S (b) C-C 

 
(c) C-S 

Fig. 7 Influence of foam coefficient (L=1 m, h=0.03 m, Foam-Ⅰ, GPL-B, T=300 K, Wgpl=1%) 
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(a) S-S (b) C-C 

 
(c) C-S 

Fig. 8 Influence of external excitation (L=1 m, h=0.03 m, Foam-Ⅰ, GPL-B, T=300 K, Wgpl=1%, e1=0.3) 

 

  
(a) S-S (b) C-C 

Fig. 9 Influence of damping (L=1 m, h=0.03 m, Foam-Ⅰ, GPL-B, T=300 K, Wgpl=1%, e1=0.3) 
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(c) C-S 

Fig. 9 Continued 

 
 

4. Conclusions 
 

This paper presents modeling and research on a nonlinear external excitation system, with 
particular focus on investigating the effects of various influencing factors on the parametric 

resonance of GPLRMF beams. The study methodology comprises four key phases: First, material 
parameters were determined using the mixing law and Halpin-Tsai model. Second, the governing 
equations were systematically established. Third, the multi-variable analysis approach was 
implemented to accurately predict the system’s response across the entire frequency spectrum. The 
obtained results were then rigorously validated against existing literature to ensure methodological 
accuracy. Finally, through comprehensive analysis of nonlinear dynamic responses under varying 
influencing factors, significant insights were derived regarding the parametric resonance 

characteristics of GPLRMF beams.  
(1) Boundary Conditions: S-S boundary yields maximum dynamic deflection, while C-C 
exhibits minimum displacement, confirming fixed constraints enhance structural stiffness. 
(2) Porosity Effects: Foam-Ⅰ porosity minimizes radial deformation, whereas Foam-Ⅱ 
maximizes it under identical conditions. 
(3) GPL Distribution: Resonance occurs earliest in GPL-A mode (vs. GPL-B/C), with higher 
Wgpl values delaying resonance onset, suggesting GPL-A with elevated Wgpl optimizes 

vibration resistance. 
(4) Temperature Sensitivity: Lower temperatures reduce radial amplitude and delay resonance, 
improving beam stiffness and thermal stability. 
(5) Porosity Coefficient (e₁): Smaller e₁ values decrease peak deflection, pre-/post-resonance 
frequency trends invert with e₁ variation. 
(6) External Factors: Excitation force (F) and damping (Ct) alter curve peaks without shifting 
resonance position—higher F increases deflection, while reduced Ct expands resonance 
domain. 

The findings of this study offer significant implications for engineering applications: (a) 
Aerospace—lightweighted fuselage components with enhanced vibration resistance, (b) Civil 
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engineering— energy-absorbing structures for seismic zones, and (c) Vibration suppression — 
tunable dampers leveraging the correlation between porosity distribution and deflection. This work 
comprehensively demonstrates how material composition, structural constraints, and 
environmental conditions fundamentally govern the dynamic behavior of GPLRMF beams. These 
insights are invaluable for applications requiring vibration control and thermal stability. Our 
systematic investigation advances the understanding of advanced composite materials under 

multifunctional operational demands, supporting their optimization for aerospace and civil 
infrastructure. Future research could explore hybrid pore-GPL distributions or multi-physics 
coupling effects to further enhance performance. 
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