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Abstract. This research explores the effect of stiffeners on the stability of sandwich toroidal shell segments (TSSs)
featuring the recently developed graphene origami (GOri)-enabled auxetic metamaterial core and carbon nanotube
(CNT)-reinforced face sheets supported by elastic foundations and subjected to axial compression. The shells are
stiffened circumferentially or longitudinally with CNT-reinforced rings or stringers, which are internally embedded
and modeled using an innovative smeared stiffener approach. CNTs are distributed throughout the thickness of the
shell-stiffener structure, following either a uniformly distributed (UD) or functionally graded (FG) distribution model.
The nonlinear equilibrium equations for the longitudinally shallow shells are derived using the von Karman shell
theory and Stein and McElman approximations while considering a Winkler-Pasternak elastic foundation to model
the interaction between the shell and the elastic foundation. A deflection solution under simply supported boundary
conditions is employed, and the Galerkin method is applied to obtain the nonlinear load-deflection relationship. This
relationship is subsequently used to calculate the buckling loads and analyze the postbuckling behavior. The
numerical analysis addresses the effects of stiffeners, considering the CNT volume fraction, distribution models,
geometrical parameters, and the impact of the elastic foundation on the stability of auxetic-core TSSs.

Keywords: buckling and postbuckling; carbon nanotube-reinforced composite; origami-enabled auxetic
metamaterial core; stiffener; toroidal shell segment

1. Introduction

Auxetic materials are gaining significant attention for research and application in various
industries due to their lightweight and exceptional ability to absorb the impact impulses they are
subjected to. Compression and shear resistance, energy absorption, low frequency and energy
harvesting, and high damping resistance are only some of the mechanical attributes these
metamaterials have been shown to improve (Ebrahimi 2024). Advanced composite materials can
be developed by integrating an auxetic core layer into a sandwich-structured composite, enhancing
its static and dynamic load-carrying capacity. This innovation proves highly beneficial in diverse
applications, including civil engineering, aerospace engineering, and energy absorption systems.
Numerous previous studies have investigated the mechanical performance of plate and shell
structures incorporating auxetic cores. Using thick shell theory, Thang et al. (2024) conducted a
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vibration analysis of sandwich shells with a barrel shape comprising an auxetic honeycomb core.
Ebrahimi et al. (2023) investigated the vibration response of a composite cylindrical shell
comprising an auxetic core supported by an elastic foundation under axial compression and
external excitation. The impact behavior of a porous, doubly-curved shell with an auxetic
honeycomb core was examined by Fu et al. (2023), based on shear deformation theory.

Carbon nanotubes (CNTSs) are highly suitable for enhancing composite materials because of
their outstanding thermal, mechanical, and electrical characteristics. When incorporated as fibers,
they can be distributed within a polymeric matrix in a manner that is either uniform (UD) or
functionally graded (FG) (Ebrahimi and Dabbagh 2020). Using a perturbation method and higher-
order shear deformation theory, Shen (2011) conducted a postbuckling analysis of CNT-reinforced
cylindrical shells subjected to axial loading in a thermal environment. Sofiyev and Kuruoglu
(2022) studied buckling in conical shells reinforced by CNTs under hydrostatic pressure and axial
compression on an elastic foundation. Torabi and Ansari (2018) studied the effects of thermal
loading on the vibration and buckling behavior of FG-CNTRC conical shells. Cho (2023)
investigated the vibration behavior of FG-CNTRC cylindrical shell panels supported by an elastic
foundation. Further studies on nanocomposite structures have been conducted by Al-Houri et al.
(2024).

Graphene, discovered in 2004, is a two-dimensional material that is just one atom thick and has
a high ratio of surface area to thickness. Carbon atoms are joined by bundles to form a graphene
sheet’s structure, which repeats as a hexagon. Excellent mechanical strength, heat conduction, and
electrical conduction have all been demonstrated by this nanostructure. The mechanical properties
of the graphene layer have been observed, revealing that it is even more rigid than stainless steel in
two dimensions. In the majority of simulations, the graphene sheet’s elasticity modulus is reported
to be around 1 TPa (Ebrahimi 2015). As a result of such intriguing characteristics, graphene may
be considered a highly promising option for the reinforcement of composites, leading to the
development of a new type of nanocomposite material identified as FG graphene-reinforced
composite (FG-GRC) (Shen 2017). Subsequently, research was conducted on the thermal and
mechanical properties of GRC structures (Sahmani and Aghdam 2017, Shen and Xiang 2018a,
Shen and Xiang 2018b, Dong et al. 2018, Zhou et al. 2019, Ebrahimi et al. 2024a, Ebrahimi and
Ezzati 2024, Xu and She 2023, Wang et al. 2020).

Recently, there has been a surge in the popularity of utilizing the traditional paper craft of
origami, which involves folding paper (the Japanese terms ‘ori’ meaning ‘fold’ and ‘gami’
meaning ‘paper’). This resurgence is particularly notable in the creation of mechanical
metamaterials. The folding of basic two-dimensional thin-film materials makes it possible to
convert them into intricate three-dimensional structures with distinctive and adjustable mechanical
characteristics. These properties include flexibility, tunable Poisson’s ratio, and adjustable
stiffness (Kamrava et al. 2017, Kolken and Zadpoor 2017, Zhai et al. 2021). Motivated by the
Miura-origami metamaterial and graphene origami (GOri), a novel category of GOri-enabled
metallic metamaterials (GOEAMS) that possess enhanced characteristics has been developed by
Zhao et al. (2022a). These Metamaterials exhibit tunable NPR and improved mechanical
properties. The research indicates that the adjustability of NPR is attainable by altering the content
of graphene, graphene folding degree, and temperature. Additionally, micromechanical models
assisted by genetic programming (GP) have been developed to predict the mechanical
characteristics of the GOEAMs precisely. Zhao et al. (2022b) studied beams’ dynamic responses
and free vibration behavior composed of a unique combination of GOEAMs. These beams exhibit
an auxetic property, and their dynamic characteristics are effectively controlled by the content of
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graphene as well as the folding degree of GOri, both of which vary across the thickness of the
beams. The research findings demonstrated that the inclusion of GOri allows for a high degree of
tunability in beams. In another study, Zhao et al. (2022c) examined the buckling and postbuckling
characteristics of GOEAM beams. Ebrahimi and Parsi (2023) investigated the propagation of
waves in GOEAM beams. Ebrahimi and Ahari (2024) investigated the buckling behavior of a
composite material with magnetostrictive face sheets and GOri-enabled features. Jin et al. (2024)
studied the vibrational behavior of a GORI doubly curved shell. Studies on the vibration and
stability characteristics of GOEAM beams submerged in fluids were conducted by Murari et al.
(2024).

Toroidal shell segments (TSSs) are widely used in various engineering fields, including
aeronautical, underwater, and civil structures. Buckling analysis for these types of shells of
revolution, composed of modern composite materials, has received significant attention in the last
few years. Nguyen et al. (2023) investigated the buckling and postbuckling analysis of TSSs with
re-entrant honeycomb auxetic cores and GRC coatings subjected to torsional loads. They
employed von Karman-Donnell shell theory and the Stein and McEIman approximations (Stein
and McElman 1965) to derive the equilibrium equations for shells with longitudinally shallow
curvature surrounded by an elastic foundation. They utilized the Galerkin procedure to present the
governing equations. Ebrahimi et al. (2024b) conducted a comparative stability analysis of
sandwich TSSs using a composite material with a GOREAM core and CNTRC face sheets. The
results showed that the GOREAM core significantly enhanced stability compared to re-entrant
auxetic metamaterials.

Porosity, a typical manufacturing occurrence that can significantly degrade the efficiency of
mechanical structures by affecting stiffness, Young’s modulus, and density, was further explored
by Ebrahimi et al. (2024c). They examined the impact of porosity on the stability of sandwich
TSSs with a GOREAM core and porous FG-CNT face sheets. Tien et al. (2022) studied
honeycomb auxetic-core sandwich TSSs with CNT-reinforced face sheets under radial pressure. In
similar research, Phuong et al. (2023) investigated the buckling and postbuckling behavior of
TSSs composed of a re-entrant honeycomb core and GRC face sheets subjected to radial loads.
Hieu and Tung (2020) studied the buckling and postbuckling analysis of CNRC TSSs subjected to
combined thermal and mechanical. Nam et al. (2022) analyzed nonlinear buckling in sandwich
TSSs with re-entrant honeycomb and graphene-reinforced face sheets under axial loads.

Utilizing stiffeners that possess optimal geometrical and mechanical properties is a practical
approach to improving the buckling behavior of shell structures. Reddy and Starnes (1993) studied
the effect of axial and circumferential stiffeners on the buckling loads of composite cylindrical
shells. Wang et al. (2016) conducted a study on the buckling behavior of stiffened composite
cylindrical shells by introducing an effective smeared stiffener method. Phuonget et al. (2020)
developed an enhanced smeared stiffener technique to study the nonlinear buckling and
postbuckling performance of FG-GRC cylindrical shells. These shells were reinforced with FG-
GRC laminated stiffeners and subjected to external pressure. Dong et al. (2022) examined CNTR
cylindrical shells’ stability, reinforced with longitudinal or circumferential CNTR stiffeners under
axial compression and thermal conditions within an elastic medium. In a separate study, Dong et
al. (2023) investigated the buckling performance of CNTRC cylindrical shells with CNTRC
stiffeners subjected to external pressure. In light of stiffeners’ influence on TSSs, Dao et al. (2016)
examined buckling analysis of eccentrically stiffened FG TSSs under radial, axial, and hydrostatic
pressure. Vuong and Duc (2018) examined the nonlinear buckling of TSSs with FGM stiffeners
under radial pressure. Using the same stiffener concept as Phuong et al. (2020), Minh et al. (2022)
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Fig. 1 Configuration of stiffened convex and concave TSSs

focused on CNTRC TSSs stiffened with FG-CNTRC rings or stringers, while Cao et al. (2023)
examined stiffened piezoelectric FG-GRCL TSSs in thermal environments.

A comprehensive review of the existing literature on TSSs reveals that, despite numerous prior
studies on various aspects of TSSs under different loading conditions, the influence of advanced
auxetic cores and stiffeners on the stability of these structures remains inadequately addressed.
This study aims to explore the effects of stiffeners on the buckling and postbuckling characteristics
of sandwich-structured composite TSSs incorporating the recently developed GOEAM core and
CNT-reinforced coatings. The analysis approach for stiffened FG-CNTRC TSSs is presented using
the smeared stiffener technique proposed by Phuong et al. (2020). The shells are subjected to axial
compression and are surrounded by Pasternak’s elastic foundations. The fundamental governing
equations are established by combining the von Karman kinematic nonlinearity with the Stein and
McEIman approximation and subsequently solved using the Galerkin method. The effects of FG-
CNTRC stiffeners, including stiffener types, CNT content and its various distribution patterns,
geometrical parameters, and the presence of an elastic foundation, are investigated through
parametric analysis. This study’s findings have significant practical implications for designing and
optimizing more stable structures with higher stiffness-to-weight ratios used in aerospace, civil
engineering, and marine industries.

2. Section title: Level 1
2.1 CNT-reinforced face sheets
Fig. 1 illustrates the geometry of stiffened auxetic-core sandwich-structured TSSs with concave

(exhibiting negative Gaussian curvature) and convex (showing positive Gaussian curvature)
configurations. The shells have doubly curved geometry and are based on a complex coordinate



Assessing the effect of stiffeners on the stability of sandwich metacomposite toroidal shells... 367

GOri

‘‘‘‘‘‘‘
.........
---------
---------
.........
.......

CNT-reinforced | GOEAM
face sheets

-------
---------
.........
.........
ooooooooo

.......

Structure of a graphene sheet

Fig. 2 Configuration of sandwich composite structure with GOEAM core layer and CNTRC face sheets

system. The schematic representation of the sandwich-structured composite is also presented in
Fig. 2. As illustrated, the face sheets of the sandwich-structured TSSs are reinforced with CNTs
through the thickness. This study considers three types of CNT distributions for the face sheets:
uniform distribution (UD), FG-X, and FG-O. Furthermore, this research examines the direction of
CNT reinforcement from both circumferential and longitudinal perspectives. The volume fractions
of CNTs in the face sheets can be represented as (Shen 2011)

Venr = VCNT (UD)
_ (Alz]\ 5
Venr = T Venr (FG-X) 1)
4|z|\ -
Venr = <2 - h_) Venr (FG‘O)
1

where h; is the thickness of face sheets. The extended rule of mixture is used for determining the
elastic constants of orthotropic materials in the CNT-reinforced face sheets as follows (Shen 2011)

E1C{VTRC = VnaEma + 771VCNTE1C{VT

EZCéVTRC — Ur:
I/CNT + Vma
EZCéVT Ema 2
GCNTRC _ UE @)
12 VCNT Vma

CNT
G, Gma
CNTRC _
12

CNT
14 - Vma Vma + VCNT V12

in which ECNT, EZNT, and GENT represent the elastic moduli for the CNTs, while E,,, and G4
denote the elastic moduli of the matrix material. Additionally, n; (j=1, 2, 3) is the CNT

performance parameter, and Vonr and V;,, are the CNT and matrix volume fractions, satisfying the
relationship Vet + Vg = 1. Furthermore, Poisson’s ratios for the CNTs and matrix materials are

referred to as vENT and v,,4, respectively.
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2.2 Mechanical characteristics of the GOEAM Core

In this study, the innovative auxetic metamaterial known as GOEAM is utilized as the core
layer of a sandwich-structured composite material. Fig. 2 illustrates a schematic of the GOEAM-
core layer with CNT-reinforced face sheets. The mechanical characteristics of GOEAM can be
presented as follows (Zhao et al. 2022a)

1+&V;
E. = TVG:ECu X fe(Hgr Ver, T)
Ve = (VGTVGT + Veu VCu) X ﬁ/(HGr: Vers T) (3)

A = (aGrVGr + aCuVCu) X fa(VGr; T)
Pc = (pGrVGr + pCuVCu) X fp (VGr; T)

In which # and & are material coefficients and size coefficients, respectively, as presented by
Zhao et al. (2022a)

_ (EGr/ECu) -1
1= Car JEc) + £ @)
f = Z(ZGr/tGr)

where [, and tg, represent the dimensions of graphene, with [, referring to its length and t,
referring to its thickness, fz, f, fa, and f, are the modification functions, expressed as (2022a)

fo(Hgp, Vor, T) = 1.11 — 1.22V,, — 0.134 (T/TO) +0.559V, (T/TO) — 5.5H Vg, +
38H,, V2. — 20.6HZ.VZ.
£,(Hgr, Ver, T) = 1.01 — 1.43V, + 0.165 (T/TO) —16.8Hg, Vg, — 1.1Hg, Ve, (T/TO) +
16HZ.VZ, ®)
T/, \ T
£, (Ver, T) = 0.794 — 16.8V2, — 0.0279( /To) +0.182 ( /To) 1+ V)
f,(Ver, T) = 1.01 — 2.01V2. — 0.0131 (T/TO)

Furthermore, Ty, is equivalent to 300 K and T represents ambient temperature.
2.3 The stiffener structure

As depicted in Fig. 1, the TSSs are stiffened longitudinally with stringers and circumferentially
with rings. Additionally, Fig. 3 illustrates the cross-section of the shell-stiffener structure in
longitudinal and circumferential directions, in which the CNT-reinforced stringer and ring CNT-
reinforced TSSs are internally reinforced by CNT-reinforced stringer and ring stiffeners.
According to the improved smeared stiffener technique Phuong et al. (2020) developed, the FG-
CNTRC laminated TSSs are assumed to be reinforced with closely spaced rings and stringers. The
detachment of the TSSs and stiffeners can be minimized by ensuring material continuity between
the shell and stiffener structures. This paper proposes FG-CNTRC stiffeners with distribution
patterns similar to those in the shell, i.e., UD, FG-X, and FG-O CNTRC stiffeners. Furthermore,
the CNT orientation is consistent in both the face sheets and stiffeners, with the same distribution
at the contact surfaces of the shell-stiffener structure. The distribution models of CNTs in the
stiffeners are obtained by adjusting hto hg and zto z — h/2 — hg/2 in Eq. (1).



Assessing the effect of stiffeners on the stability of sandwich metacomposite toroidal shells... 369

(b)

Fig. 3 Cross sections of stiffened TSSs: (a) stringer-stiffened shell and (b) ring-stiffened shell

3. Fundamental equations

The governing equations describing the stability of stiffened sandwich TSSs considering the
GOEAM core and CNT-reinforced face sheets subjected to a uniform axial compressive load
surrounded by an elastic foundation can be derived from the von Karman-Donnell theory. Fig. 1
illustrates how TSSs are located within a complex coordinate system with doubly curved
geometry. The shallowness of the TSSs along the meridian allows the application of the Stein and
McElman approximation (1965), simplifying the governing equations for the shells. The mid-
surface strain components are presented as (Stein and McElman 1965)

o du ow\? w
-5+ (5) 3

dv  (ow w
o~ () _Z 6
& ax+<6y) R ©

0 _6u+6v+awaw
”"y_ay ox 0x dy

Where u, v, and w are displacement components in the X, y, and z directions, respectively.
Hooke’s law for sandwich structure TSSs is defined as (Reddy 2003)

Ox Q11 012 0 Ex
Oy | =012 Q22 0 [[& (7)
o-xy 0 0 Q66 ny
where
E
Q1 = 1
1 —v15v54
0., = E11vaq
1 _E1'/12VZ1 (8)
Qyy = 22
1 —v15v5

Q66 = G12
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By integrating Eq. (7) over the thickness of the shell and stiffeners, the internal forces can be
derived as follows

[Nx1 (411 A2 O By B, 07 &

Ny Az Az 0 By By 0 ] 539

Nyy _ 0 0 Aes O 0 Bge V;?y 9)
M, Bix Biz 0 Diy Dip O —Wxx

M,

[Blz By 0 Dip Dy OJ —w,,
M, Lo 0 Bes 0 0 Dgl|

where 4;;, B;j, and D;; are the total stiffness of the stiffened shell, which can be expressed as

(Phuong et al. 2020)

(Aij, Bij, Dij) = (Af1 B, D) + (A3, B, D) + (A7, Bl D) (i.j = 1,2,6) (10)

where Afjh, Bf]“,DS“ represent the sandwich-structured shell’s stiffness and are calculated as

(451 Bi D) = fQU (1,2z,z%)dz (11)

where Q represents the shell’s thickness domain, and the stiffnesses of CNTR ring stiffeners can
be obtained by using the expression Phuong et al. (2020)

Ay 0 By ~0 A, Bi,
Ay, Bgz]z[{lzz Bzz]_[Au 0 By 0] 0 A 0 Besf| 0 0 (12)
B;Z D;Z BZZ DZZ BIZ 0 D12 0 Bll 0 Dll 0 BIZ D12
0 Bes 0 Delt0 0
where

2 = b, [ .
(Ai]',Bi]', C’-]) = d_: fQU (1,Z,Z2)dZ (l,_] = 1,2,6) (13)

The calculation procedure can be similarly performed for stringer stiffeners by replacing
subscript ‘22° with ‘11’ and subscript ‘11° with ‘22’ in Egs. (10)-(12) and by replacing b, and d,
with by and d; respectively. The equilibrium equations for stiffened sandwich TSSs, while
considering Winkler-Pasternak elastic foundation (with foundation stiffness coefficients denoted
as K, K,), can be expressed as follows (Nam et al. 2022)

Ny + Nyyy =0
Nyyx + Ny, =0
N, N, (14)
My xx + My 5y + 2Myy, oy + NxW oy + Nyw y,y, + 2Ny W +—+?
—Kaw + Ko(Wyx + Wy ) = 0
The Airy stress function ¢(x, y) is defined as

¢,xx = Nyv (p,yy = Ny, ¢,xy = _ny (15)
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It is evident that when three conditions (15) are satisfied, the first two equations in Eq. (14) are
also satisfied. By inserting Egs. (9) and (15) into the final equation of Eq. (14), the equilibrium
equations are derived as

1 1
DyqW yxxx + D22W,yyyy + (D12 + Dyy + 4‘D66)W,xxyy - E(p,xx - ad),yy - (p,yyw,xx (16)
- ¢,xxW,yy + 2¢,xyW,xy + Kyw — KZ(W,xx + W,J/J/) =0
From Eqg. (6), the compatibility equation is obtained as
1 1
&0 vy + & xx — Vayxy + R W + Wyy ™ Wiy + WaxWyy = 0 (17)
Substituting Eq. (9) into the compatibility Eq. (11) yields
_ _ _ _ , 1 1
Cll ¢xxxx + C22 (;b,yyyy + (C66 - 2AClZ) ¢),xxyy — Wxy + WoxxWyy + Ew.xx + EW,yy =0 (18)
where
_ A _ A _ A _ 1
i1 = %, Gy = %» Cip = %: Ces = A_esl A =A114, —A%z (19)
Also, the closed condition of the shell necessitates that
2R ,L 2R L w 1
f f vydxdy = f f (s}} + R wa,) dxdy = 0 (20)
0 0 0 0

The postbuckling response of stiffened sandwich shells can be effectively analyzed using Egs.
(16), (18), and (20).

4. Solution procedure

This study assesses the effects of stiffeners on the stability of sandwich TSSs under axial
loading, assuming simply supported boundary conditions as defined

w=0,N, =0, Ny =0,M=0 x=0,x=L (21)

To satisfy the given boundary conditions, the shell’s deflection, w(x,y), can be approximated by
a three-term expression (Huang and Han 2009)
. mmx ny ., mmx
w = & + & sin ——sin — + &,sin? — (22)
L R L
Here, m and n represent the buckling modes, while &,, &;, and &, are the deflection amplitudes.
It is evident that the boundary condition (21) is approximately satisfied by the three-term
deflection expression (22). By substituting Eq. (22) into Eq. (18), the stress function is defined as
2mmx 4 2ny . mmnx | ny + . 3mnx | ny
¢, cos R ¢z sin I sin R ¢4 sin I sin R 23)
y2
_O-Oyh 7 - poh 7

¢ = ¢, cos
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Here, p, denotes the compressive axial load, and the ¢; expressions (i =1 to 4) are provided by
Nam et al. (2022). By inserting the stress function (23) and deflection Eq. (22) in Eq. (16),
employing the Galerkin method, and taking into consideration Eq. (23), the equilibrium equations,
which are expressed algebraically, can be derived as follows

S32 V2 S34

=22 y2_ 2 _ =% 24
Vo 2541 V1 ) 2531190 (24)
Si1 + S12Vo + S13VE + S1aVa + Si5V5 — Siepo =0 (25)

)2 = —S23Vy + $24V2D0
! S21+ S22V,

(26)

where Si1, S12, S14, S15, S16, S22, S23, S24, and Sz, are presented by Nam et al. (2022). Solving
Egs. (24)-(26) yields the load expression as a function of the nonlinear amplitude, given as follows

S12 §12823532V2 $138523V,
o (5 - —) + Sy5v3 — - ]
Po [ H ) V2T o1ss 2531 (821 + S22v2) _5121 + 5227, .
% (S n 512534 _ $13824V2 _ $12524532V2 ) (27)
16 2531 Sp1+ Spvy 2531(Sz1 + Saav2)

By setting v, = 0, the bifurcation point can be determined as

ngper = S11/[S16 — S12534/(2531)] (28)

The critical buckling load is determined by minimizing the upper buckling load among all
modes. From Eqgs. (24)-(26), the relationship between maximum deflection and nonlinear
amplitude.

w _ S32(S24V2D0 — S23V2) Va2 <524V2P0 - 523V2) _p S34
max 2531 (821 + S22v2) 2 Sy1 + 52V, X

The postbuckling curves p, — Wyax/h for stiffened sandwich shells are derived using a
combination of Egs. (27) and (29).

(29)

5. Results and discussion

The literature review reveals a lack of research on the buckling and postbuckling characteristics
of stiffened sandwich CNT-reinforced TSSs with a GOEAM core under axial compression.
Therefore, as part of the validation for the current method, comparative studies are conducted for a
specific case of shell geometry and material: a CNTRC cylindrical shell (assuming a — o)
without stiffeners and an absence of foundation. Compared with Shen and Xiang (2018b), which
employs the nonlinear higher-order shear deformation theory, the critical buckling loads of axially
compressed CNTRC cylindrical shells in Table 1 are verified. Acceptable agreements are found in
this study when the validation cases are examined for various values of Z = L?/R. This study
presents numerical investigations involving CNTs and the PMMA matrix, as discussed by Shen
and Xiang (2018b). Furthermore, the mechanical characteristics of Cu and graphene at 300 K,
which were used in the buckling analysis of the GOEAM core of sandwich TSSs, are provided by
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Table 1 Comparisons of critical buckling load p., = p.-2mRh (KN) of CNTRC cylindrical shells subjected
to axial compression (h, = 0, h=1 mm, R/h=100, T=300 K)

Shen and Xiang (2018b) Present
2
L*/Rh Vewr uD FG-X ubD FG-X

0.12 18.75 (1,7)" 21.81 (1;7) 18.8321 (1,7) 21.638 (1,7)

100 0.17 30.43 (1,7) 35.53 (1;7) 30.5419 (1,7) 35.2354 (1,7)
0.28 37.77 (1,7) 47.18 (1;7) 38.0149 (1,7) 47.2022
0.12 19.35(2,7) 22.06 (1,6) 19.4845 (2,7) 21.9109 (1,6)

300 0.17 31.11(2,7) 37.06 (1,6) 31.2862 (2,7) 36.8317
0.28 39.60 (2,7) 46.52 (1,6) 39.9881 (2,7) 46.6537

*(m,n) represent the buckling modes.

Table 2 Comparison of the critical buckling loads (MPa) of stiffened convex sandwich TSSs subjected to
axial compression. (Her=100%, Wge=2.5%, L=1.5 R, R/h=80, a=4R, h; = 1 mm, h, =2 mm, K, =
107 N/m3,K, = 10° N/m, b, = b, = 0.002m,h; = h,, = 0.003 m, n, = 50,n, = 12)

. XD TSS YD TSS
CNT (1';ge'b”"°n y Without XD YD ity XD YD
CNT stiffener stiffeners stiffeners stiffeners stiffeners
0.12 459.178 518.582 462.696 258.648 398.601 260.389
' (6,5) (5,6) (6,6) (12,5) (8,8) (12,6)
UD 017 550.03 612.415 557.163 300.703 472.946 302.09
' (6,5) (5,6) (6,6) (12,6) (7,8) 12,7)
0.28 678.622 778.771 688.292 346.978 580.284 347.537
' (5,5) (5,5) (5,6) 12,7) (7,8) (12,7)
FG-X 012 496.441 547.24 500.772 259.712 406.375 261.747
: (6,5) (5,6) (6,6) (12,5) (8,8) (12,6)
017 593.942 654.755 598.962 303.79 485.355 305.335
' (5,6) (5,6) (5,6) (12,6) (7.8) (12,6)
028 743.193 832.76 755.068 355.929 602.27 356.608
' (5,5) (4,6) (5,6) (12,7) (7.8) (12,7
£G-O 012 421.56 479.236 424,791 258.044 391.144 259.503
' (6,6) (6,6) (6,6) (12,5) (8,8) (12,6)
017 495.669 570.753 501.581 299.136 461.507 299.826
' (6,5) (5,6) (6,6) (12,6) (7.8) (12,7)
028 616.525 713.154 623.906 343.152 561.669 343.42
' (5,6) (5,5) (5,6) (12,8) (6,8) (12,8)

Zhao et al. (2022a, b, ¢).

A comprehensive study of the CNT-reinforced shell-stiffener system and its impact on the
critical buckling loads of TSSs is presented in Tables 2-3. The results demonstrate that stiffeners
significantly enhance the critical buckling loads compared to unstiffened configurations. For
instance, a buckling load improvement of 14.76% is observed for convex XD stiffened TSSs
relative to unstiffened XD shells, while a 16.83% enhancement is noted for ring-stiffened YD
concave TSSs. The numerical findings also reveal that convex FG-CNTRC TSSs exhibit higher
critical buckling loads than their concave counterparts. For convex TSSs, longitudinally, CNT-
reinforced shells achieve greater critical buckling loads than circumferentially CNT-reinforced
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Table 3 Comparison of the critical buckling loads (MPa) of stiffened concave sandwich TSSs subjected to
axial compression. (He=100%, Wg=2.5%, L=1.5R, R/h=80, a=-4R, h, =1mm, h,=2mm, K, =
107 N/m3,K, = 10° N/m, b, = b, = 0.002m,h; = h, = 0.003 m, n, = 50,n, = 12)

CNT XD TSS YD TSS
distribution . . . . . .
Venr  Unstiffened XD stiffeners YD stiffeners Unstiffened XD stiffeners YD stiffeners

type
0.12 104.815 (1,4) 105.413 (1,4) 116.399 (1,4) 133.6 (1,4) 134.055 (1,4)146.306 (1,4)
uD 0.17 107.276 (1,4) 108.201 (1,4) 123.657 (1,4) 149.127 (1,4) 149.787 (1,4) 167.668 (1,4)
0.28 110.269 (1,4) 111.902 (1,4) 135.339 (1,4) 179.247 (1,4) 180.299 (1,4)209.422 (1,4)
0.12 105.388 (1,4) 106.015 (1,4) 117.36 (1,4) 140.534 (1,4)141.017 (1,4)153.626 (1,4)
FG-X 0.17 108.186 (1,4) 109.153 (1,4) 125.138 (1,4) 159.328 (1,4) 160.029 (1,4)178.436 (1,4)
0.28 111.921 (1,4) 113.623 (1,4) 137.939 (1,4) 195.979 (1,4) 197.099 (1,4) 227.08 (1,4)
0.12 104.269 (1,4) 104.838 (1,4) 115.467 (1,4) 126.676 (1,4) 127.102 (1,4)138.996 (1,4)
FG-O 0.17 106.455 (1,4) 107.337 (1,4) 122.271 (1,4) 138.959 (1,4) 139.578 (1,4)156.934 (1,4)
0.28 108.941 (1,4) 110.504 (1,4) 133.103 (1,4) 162.637 (1,4) 163.623 (1,4)191.886 (1,4)

800 . ‘ : : ‘ -

[ Stringer-stiffened shell
—Ring-stiffened shell |
- - Shell without stiffener

Longitudinally CNT-reinforced shell

UD-CNT, VCNT =0.17

H, =100%, W, =2.5%

L=15R,R/h=280,a=4R

hz =0.002m, hf =0.001m

n =50,n =12,b =b =0.002m bk _=h =0.003m
s r S r s r

K, = 107 N/m?®, K,= 10° N/'m

0 . . . N
-0.2 0 0.2 0.4 086 0.8 1 1.2
W jh

max

Fig. 4 Impact of stiffeners on the postbuckling paths of convex shells with longitudinal CNT reinforcement

shells. Conversely, concave shells demonstrate higher buckling loads when reinforced
circumferentially. Tables 2 and 3 further confirm that, for both shell types, the FG-X CNTRC
distribution pattern yields the highest critical buckling loads, while the FG-O pattern results in the
lowest. In all cases, increasing CNT content markedly enhances the buckling loads.

Next, stiffeners’ effects on the postbuckling curves of GOEAM-core sandwich TSSs are
discussed and presented. Figs. 4-7 primarily compare the impact of different types of stiffeners
with unstiffened shells for both convex and concave TSSs, considering longitudinally and
circumferentially CNT-reinforced shell-stiffener structures, with all cases involving a UD CNT
distribution. The significant influence of stiffeners is evident in these investigations. For convex
TSSs, as shown in Figs. 4 and 5, the postbuckling curve associated with stringer-type stiffeners
occurs at a higher level, while for concave TSSs, the highest postbuckling curve is observed in the
ring-stiffened shell (Figs. 6 and 7). Additionally, Figs. 4-5 highlight the complexities of the TSS’s
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Fig. 5 Impact of stiffeners on the postbuckling paths of convex shells with
circumferential CNT reinforcement
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Fig. 6 Impact of stiffeners on the postbuckling response of concave shells with
longitudinal CNT reinforcement

nonlinear mechanical characteristics. While the postbuckling trends in concave shells appear
regular, the convex shells exhibit significant irregularities. These irregularities may be attributed to
material and geometrical complexities, which become more pronounced at higher deflection
values.

Figs. 8 and 9 illustrate the impact of CNT distribution types in shell-stiffener structures on the
postbuckling characteristics of stiffened TSSs, considering three distinct CNT distribution
patterns. The results show a significant enhancement in the postbuckling paths for shells with the
FG-X distribution compared to the other patterns. Following FG-X, UD-type shells demonstrate
better performance, while FG-O types exhibit the lowest postbuckling strength. Additionally, the
snap-through phenomenon is relatively minor in concave TSSs and does not occur in convex
shells. Figs. 10 and 11 compare the postbuckling curves of stiffened sandwich TSSs with three
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Fig. 7 Impact of stiffeners on the postbuckling response of concave shells with
circumferential CNT reinforcement
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Fig. 8 Impact of CNT distribution models on the postbuckling paths of convex sandwich TSSs

different CNT volume fractions. As shown, the postbuckling strength of the stiffened TSSs
increases with higher CNT volume fractions, with these differences becoming more pronounced in
the large deflection domain. Typical postbuckling behavior is observed in concave shells.
Conversely, the intricate nonlinear mechanical response of convex shells is reflected in their
postbuckling paths.

Fig. 12 compares the postbuckling paths of stringer-stiffened shells with varying longitudinal
curvatures. The postbuckling paths of TSSs show consistent patterns, while cylindrical shells
exhibit a notable snap-through phenomenon. Furthermore, the substantial influence of the
geometrical ratio of R/h ratio on the buckling and postbuckling characteristics of stiffened
GOREAM-core sandwich convex TSSs is demonstrated in Fig. 13. Notably, the critical buckling
loads increase significantly as the R/h ratio decreases. Additionally, Fig. 13 reveals distinct
patterns in the pre-buckling and postbuckling curves corresponding to different R/h ratios.

Figs. 14 and 15 illustrate the influence of elastic foundation stiffness on the stability of stringer-
stiffened sandwich GOEAM-core convex and concave TSSs. These figures demonstrate an elastic
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Fig. 13 Impact of R /h ratios on the postbuckling paths of convex sandwich TSSs
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Fig. 14 Impact of elastic foundation on the postbuckling paths of convex sandwich TSSs
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Fig. 15 Impact of elastic foundation on the postbuckling paths of concave sandwich TSSs

foundation’s beneficial effect on buckling and postbuckling performance. In particular, elastic
foundations enhance load-bearing capacity and reduce the severity of snap-through behavior.

6. Conclusions

This paper investigates the stability of stiffened auxetic-core sandwich TSSs with CNT-
reinforced face sheets under axial compression. The study employs Donnell shell theory, von
Kérman-type nonlinearity, an innovative smeared stiffener approach for rings and stiffeners, and
the Galerkin solution method. The key findings are as follows:

» The critical buckling loads and postbuckling strength of stiffened TSSs are greater than those

of unstiffened shells. For instance, a buckling load improvement of 14.76% is observed for

convex XD-stiffened TSSs relative to unstiffened XD shells. Similarly, a 16.83% enhancement
is noted for ring-stiffened YD concave TSSs.

» The critical buckling loads and postbuckling strength of stiffened convex TSSs are

significantly larger than those of stiffened concave TSSs.

* Types of stiffeners, as well as the CNT reinforcement direction of shell-stiffeners structure,

strongly influence the critical buckling loads of GOEAM-core sandwich TSSs; for convex

TSSs, the critical buckling loads and postbuckling paths are higher when CNT alignment is in

the longitudinal direction, and the shells are stiffened longitudinally with stringers stiffeners.

Conversely, for concave TSSs, higher buckling loads and elevated postbuckling paths

correspond to the circumferentially CNT-reinforced ring-stiffened shells.

» The FG-X CNT distribution model results in the highest buckling load and postbuckling

performance among all CNT distribution types.

« As the R/h ratio decreases, the critical buckling loads in stiffened convex TSSs increase

substantially.

» The presence of an elastic foundation and increased CNT content positively impact the

buckling and postbuckling characteristics of TSSs under axial compression load, enhancing

load-bearing capacity and reducing the intensity of the snap-through phenomenon.
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