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Abstract. This paper presents a unified solution approach to investigate the bending and free vibration behaviors of
laminated composite cylindrical shells with varying radii of curvature and simply supported edges, using a new
refined shear deformation shell theory (RSDST). The theoretical formulation of the proposed approach is based on a
new displacement model that incorporates undetermined integral terms to account for the effects of transverse shear
deformation. It also meets the shear stress-free boundary conditions on the upper and lower surfaces of the cylindrical
shell. The governing equations are derived from the principle of virtual work and are resolved using Navier-type
closed form solutions. The effects of material properties and geometric parameters on the static bending and free
vibration of laminated composite cylindrical shells are presented and discussed in detail. Convergence and validation
studies clearly indicate that the values for displacements and stresses derived from the present theory are highly
consistent with those of previous higher-order shell theories. Furthermore, a satisfactory convergence was observed
when compared with 3D elasticity solutions (the percentage errors for transverse shear stresses are a maximum of
1.38%, 3.19% and 21.33% for isotropic, orthotropic and laminated composite cylindrical shells, respectively). It is
shown that the present model with only four variables is able to accurately predict the stress distributions and natural
frequencies, with less computational effort compared to conventional HSDST models.
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1. Introduction

Over the past few decades, numerous researchers have taken an active interest in the study of
plates and shells, with the aim of developing a holistic theory to adequately describe their
mechanical behavior. Indeed, cylindrical shells made up of fiber-reinforced composite materials
are widely used as the most important structural components in many modern engineering fields,
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such as aerospace, automotive, marine, civil engineering, petrochemical industries and other
applications (Errico et al. 2019, Lai et al. 2022, Sobhani 2023). This is due to their excellent
mechanical properties, especially their high specific modulus, high specific strength, and their
good corrosion and fatigue resistance compared to traditional metallic materials. The increasing
demand for cylindrical shells in engineering has piqued the curiosity of numerous researchers, and
has been the subject of extensive research in order to find appropriate models and simulations that
best reflect the real behavior and control the vibration of these structures, and combine simplicity
and economy in terms of cost and computation time. In this regard, numerous theories of shells
have been developed, including the classical shell theory, commonly known as “CST”, the first-
order shear deformation shell theory “FSDST”, and the higher-order shear deformation shell
theory “HSDST”. All of these shell theories are known as the class of equivalent single-layer
models “ESLM”, which are founded on certain assumptions regarding the kinematics of
strain/stress throughout the thickness.

The first category has been demonstrated to yield satisfactory results for thin shells, wherein
transverse shear strains are omitted without considering rotatory inertia. With this background,
Simitses and Chen (1988) studied the buckling behavior of thin delaminated cylindrical panels
under uniform pressure using Koiter-Budiansky formulations based on CST. Sivadas and Ganesan
(1991) used Love’s first approximation thin shell theory in conjunction with a semi-analytical
finite element procedure to determine the natural frequencies of laminated conical shells with
variable thickness under two types of boundary conditions. Lam and Loy (1994) have presented a
theoretical analysis based on the CST to investigate the vibrations of simply supported rotating
laminated composite cylindrical shells. In this study, the influence of various parameters, such as
thickness-to-radius ratio, length-to-radius ratio, as well as lamination schemes on frequencies is
discussed. To obtain the governing differential equations and solve the dynamic problems of
multi-stepped circular cylindrical shells with arbitrary boundary conditions, Tang et al. (2017)
developed a semi-analytical method based on Fliigge’s thin shell theory. Li et al. (2018) employed
the CST to examine the resonance parameters of a rotating FG cylindrical thin shell subjected to a
thermal environment, taking into consideration the temperature-dependent properties of materials
and Hamilton’s principle. In the last few years, Zhong et al. (2019) proposed a new exact solution
using the CST to analyze the free vibration response of cross-ply laminated cylindrical shells.
However, the implementation of this theory is imprecise for moderately thick and/or thick
composite shells, and can lead to large errors due to neglecting transverse shear deformation
effects and rotatory inertia. For these motivations, Reissner (1955) endeavored to build a first-
order approximation theory of shells to study the nonlinear dynamic behavior of circular
cylindrical shells, where some of the shortcomings of Love’s elementary theory were eliminated,
rendering the system of equations uncomplicated. This category is called first-order shear
deformation shell theory “FSDST”, in which the transverse shear deformation effects are included,
but it does not satisfy the zero shear conditions at the top and bottom surfaces of the shell. This
requires the introduction of a shear correction factor to properly account for the strain energy of
shear deformation (Swami and Ghugal 2021). A similar approach was used later by Naghdi (1973)
for static bending analysis of moderately thick plates and shells based on some kinematic
assumptions of Reissner. Similarly, many studies based on the FSDST concept have been widely
adopted by many researchers during the last few years to improve the analysis of orthotropic and
multilayered composite shells (Qatu 1999, Jafari et al. 2005, Topal 2009, Torkamani et al. 2009,
Civalek 2013, et al. Ghasemi 2013, Sheng and Wang 2018, Satankar et al. 2020, Li et al. 2024).

To address the poor performance of CST and FSDST for laminated composite shells, with the
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possibility of including realistic parabolic variation of transverse shear stresses across the
thickness of shell structures without resorting to a shear correction coefficient (as opposed to first-
order shear deformation theory). This trend has motivated researchers to try to find new modeling
strategies to accurately solve the problem of composite shell structures based on higher-order shear
deformation shell theories “HSDSTs”. In this regard, several of the most important contributions
reported in the literature are mentioned here. Reddy and Liu (1985) presented a simple HSDST for
the mechanical analysis of cross-ply laminated composite shells. This model involves the same
unknown variables as in FSDST, in which the displacements of the middle surface are developed
as cubic functions of the thickness coordinate, and the transverse displacement is supposed to be
constant across the thickness. An eight-noded isoparametric finite element model based on a new
higher-order theory was presented by Bhaskar and Varada (1991) for the bending analysis of
laminated anisotropic cylindrical shells of revolution under various boundary conditions. The
accuracy of this model is verified for the estimation of all the displacements and stresses. In 1996,
Liew and Lim developed a higher-order shear deformation shell theory for the free vibrations of
doubly curved shallow shells with arbitrary boundary conditions. The theory accounts for the
cubic distribution of transverse shear strains across the shell thickness, contrary to the parabolic
shear distribution reported by Reddy and Liu (1985). Matsunaga (2007) used the higher-order
shear and normal deformation theory in conjunction with Navier’s solution method to obtain the
natural frequencies and critical buckling loads of cross-ply laminated composite shallow shells.
Furthermore, the nonlinear finite element method, founded on higher-order shear deformation
theory in conjunction with Green-Lagrange nonlinear strains, has also been applied. Panda and
Singh (2010), Mahapatra and Panda (2014), Kar et al. (2015) and Singh et al. (2016) have used
this approach to investigate the effects of various geometries and material properties on the
bending, thermal post-buckling and nonlinear free vibration responses of laminated composite
plate/spherical shell panels subjected to mechanical loading, as well as to thermal environments.
However, Mantari and his colleagues (2011) utilized a novel HSDST for the static and free
vibration analysis of laminated cylindrical and spherical shells. This approach is analogous to that
proposed by Reddy and Liu (1985), which fulfils tangential boundary conditions without stress on
the shell surfaces. Kumar et al. (2013) presented the free vibration of laminated composite
cylindrical shells with rectangular cutouts based on the HSDST model and a nine-noded
isoparametric finite element formulation, considering different curvatures, thicknesses and
boundary conditions. Tornabene et al. (2013) employed a generalized differential quadrature
method combined with a 2D higher-order ESL theory to evaluate the frequency parameters of
doubly-curved laminated composite shells and panels having different curvatures. Sahoo et al.
(2016) employed two higher-order shear deformation theories in conjunction with finite element
methods to analyze the bending, free vibration and transient responses of laminated composite
plates. A finite element formulation based on a modified higher-order displacement field has been
developed by Thakur et al. (2017) to analyze the static and free responses of doubly curved
laminated shells. Further, Sharma and their colleagues (2017, 2018) developed a HSDST based on
a coupled finite and boundary element formulation to investigate the vibro-acoustic behavior of
laminated composite single/doubly curved panels subjected to harmonic excitation. Various
support conditions and geometrical parameters were considered in their study. Monge et al. (2019)
adopted a new hybrid refined shear deformation model to examine the flexural behavior of simply
supported laminated composite doubly-curved shells subjected to various types of mechanical
loadings. Shinde and Sayyad (2020) have utilized a fifth-order shear and normal deformation
theory with the inclusion of a polynomial shape function for the static bending analysis of
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laminated and sandwich spherical shells. The spline approximation method based on third-order
shear deformation theory was used by Saad Al Nuwairan and Javed (2021) to investigate the free
vibration of composite cylindrical shells. In other research, Ramteke et al. (2021) have evaluated
the effect of porosity distribution and grading patterns on the stress response of different types of
functionally graded porous structures. They have employed an isoparametric finite element
approach within the framework of the HSDT kinematics, a method which has been proven to
deliver consistently accurate results. Consequently, Sahu et al. (2022) utilized a finite element
formulation based on Newmark’s time integration method and a higher order kinematic model to
examine the dynamic deflection of fibre-reinforced hybrid curved composite shell panels under
mechanical loading in the elevated thermal environment. Kumar et al. (2023) combined a finite
element method with higher-order shear deformation theory to derive the numerical result for the
frequencies of variable stiffness composite laminated “VSCL” flat-panel structures. In recent
times, Draiche and his colleagues (2024) have developed an enhanced mathematical model for the
flexural and free vibration response of doubly-curved shell structures made of advanced composite
materials. This model is based on a new refined sinusoidal shear deformation shell theory.

This paper presents a new formulation combining a simple and refined shear deformation shell
theory with the fundamental elasticity relations, with the aim of assessing the stress bending and
free vibration characteristics of isotropic and laminated fiber-reinforced composite cylindrical
shells. The present model, developed in this paper, is improved over the other existing higher-
order shear deformation shell theories, in which the displacement field involves an undetermined
integral component in order to reduce the number of unknowns, and takes into account the
transverse shear deformation effect. The strain-displacement relations are induced from linear
theory of elasticity. The governing equations are determined by applying the dynamic version of
the principle of virtual work and subsequently solved for simply supported boundary conditions by
using the Navier solution methodology. The results emerging from this theory show excellent
agreement with those found in the literature. The impact of some parameters such as the curvature-
radius-to-side ratio, the material properties, as well as the lamination schemes on the stress
distributions and natural frequencies are explored in this analysis.

2. Theoretical formulation
2.1 Laminated cylindrical shells

We consider an elastic laminated cylindrical shell with width a, length b, a constant thickness h
in the z-direction, and the principal radius of curvature R as shown in Fig. 1. The cylindrical shell
consists of Nnumber of orthotropic layers, which are perfectly bonded together and subjected to
transverse mechanical loads g(x,y) acting on the top surface (i.e., z = —h/2) of the cylindrical
shell.

2.2 Displacement and constitutive equations

In this paper, we modify the conventional higher-order shear deformation shell theory
developed by Sayyad and Ghugal (2022), which includes five unknowns, by introducing some
simplifying assumptions in order to reduce the number of unknown variables. The generalized
displacement field of the conventional HSDST located at any point (x, y, z) of the cylindrical shell
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Fig. 1 Geometry and coordinate system of laminated composite cylindrical shell

can be defined as

owy(x,y,t)
—ax T f(@) e(x,y,t)
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Whereu, v,w and uy, vy, wy represent the global and mid-plane displacement components
along the x, y and z directions, respectively; ¢ and i are the unknown slopes of the transverse
normal around y and x axes, respectively. Besides, f(z) denotes the shape function that controls
the distribution of transverse shear strains and stresses through the shell thickness. By assuming
o, y,t) = [0 (x,y,t)dx and ¥(x,y,t) = [ 6 (x,y,t)dy, the new displacement field of the
proposed shell theory can be rewritten with only four unknowns as follows
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w(x,y,z,t) = wy(x,y,t)

The integral terms defined in the previous equations can be solved by using the Navier-type
procedure, and then the displacement field can be rewritten as follows

z owy(x,y,t) , 20(x,y,t)
u(x,y, z,t) = (1 + E) ug(x,y,t) — ZOT + kA’ f(2) —ox

owy(x,y,t) , 96(x,y,t) 3)
T + k,B f(Z)T

v(x,y,2,t) =v(x,y,t) — 2
w(x,y,z,t) = wo(x,y,t)
in which the parameters A', B', k, and k., can be expressed by
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where

=, = — 5
a=—, p=— (5)
In this study, the shape function is taken according to Zenkour (2015) as a combination of
hyperbolic and polynomial functions to achieve the zero shear stress conditions on the upper and
lower surfaces of the cylindrical shell. This function is assumed by defining
zy 323
= hsinh(=) - — 6
£(2) = hsinh (h) o (6)
According to the displacement fields given in Eq. (3), the strain-displacement relations for a

circular cylindrical shell of any material system, including the effects of transverse shear
deformation, are given below
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df (2) z\ 972
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In this paper, each layer of the laminated composite shell is considered to be orthotropic in a
two-dimensional stress state. For this purpose, the constitutive equations employed to obtain the
stress-strain transformation method between the k™ orthotropic layer and the global coordinate
system of the cylindrical shell are expressed as follows

(k)
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where {o}* and {€}* are the stress and strain vectors, respectively. While Q,; are the transformed
elastic coefficients, and are yielded by Reddy (1984)
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where ¢ = cos 6%, s = sin 6% and 8% denotes to the orientation of the k™ layer with respect to the
global coordinate system of the cylindrical shell. Therefore Q;; are the reduced elastic coefficients
which can be determined using the engineering constants as follows

E; E; Vi2Eq
G = 1= ViV’ Q2 = 1=vipva’ Gz = 1= vV’ (12)
Qs6 = G12, Q44 = G23, Q55 = G13

2.3 Governing equations

The governing differential equations associated with the proposed four-variable displacement
field would then be obtained using the principle of virtual work. This principle can be expressed in
the following analytical form (Karami et al. 2018, Remil et al. 2019, Sayyad and Ghugal 2022)
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where § denotes the variational operator, q(x,y) is the transverse load. Whereas, A and p are the
top surface and the mass density of the cylindrical shell, respectively. By substituting the strains

given in Eq. (7) into Eqg. (13) and integrating with respect to z-direction yields the following
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(14)

where point-superscript convention indicates time-related differentiation. The subscripts “b” and
“s” are the moment resultants according to classical shell theory and the moment resultants
deriving from shear deformation, respectively. While N, M?, M* and S* are the force and moment
resultants arising from the present theory and I; (i = 0,1, 2,3, 4, 5) are the inertia coefficients that

can be defined by the following integrations over the thickness coordinates
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By substituting the relations from Egs. (7) and (10) into the Eq. (15), the stress resultants of the
present approach can be obtained in terms of strains by the following expressions
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where A;j, Byj, Dyj, Eyj, Fyj, Hy; and Aj; are the shell stiffness coefficients given by
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By substituting the strains and stresses components shown in Egs. (8) and (10) into Eqg. (14)
and after integration by parts, we can obtain the governing differential equations for the laminated
cylindrical shell as follows
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The simply supported boundary conditions on all four edges of the laminated composite
cylindrical shells can be expressed as

1(0,¥) = vo(a,y) = up(x,0) = ug(x,b) =0,
wo(0,y) = wo(a,y) = wo(x,0) = wy(x,b) =0,
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MJIZ(O’y) = Mﬁlc)(aIY) = Mjll)(xro) = M}l,)(x,b) =0,
Mz(0,y) = Mi(a,y) = My(x,0) = My(x,b) =0,
0(0,y) =0(a,y) =6(x,0) =0(x,b) =0

(19)

3. Analytical solutions

In this work, the analytical solutions of Eq. (18) for the bending and free vibration responses of
a simply supported laminated composite cylindrical shell are presented using Navier’s method
which fulfills the following boundary conditions described in Eq. (19). In the case of the bending
analysis of laminated fiber-reinforced composite cylindrical shells, we note that the displacement
variables can be formulated into a double-Fourier series as follows

Ug o w (Umncos(ax)sin(fy)
| Vinn Sin(a x) cos(B y)
w(()) B Z z Wyn sin( a x) sin( B y) >
0 m=1,3,5n=1,3,5 Omn Sin(a x) sin(B y)

where Ui, Vi, Winn @nd 0,,,,, are unknown coefficients, so the parameters @ and g are already
defined in Eqg. (5). It is considered that the transverse mechanical load q(x,y) acting on the top
surface of the shell can also be stated by the double-Fourier sine series as

o 0o

aY) = D" > Gmasin(ax) sin(f ¥) (21)
1

m=1n=

where q,,,5, is the Fourier coefficient, which can be represented with the maximum intensity for
typical loads, in this case by a sinusoidal distributed load (g, = qo) and (m, n) are odd integers.
Substitution of this solution of Egs. (20) and (21) into the governing equations Eq. (18), the
analytical solutions for the bending problem can be derived from the following an algebraic
equation
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where the components of the symmetric stiffness matrix [K;;] can be defined as follows

K1y = a?Aqq + B*Ags,
K1z = af(A1; + Age),

A
K3 = AT a®By1 — af?(Byy + 2Bse),
K14 = kiA'a(B?Ege + a?Eqq) + kyB'af?(Eq; + Eee),
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Consequently, for the case of the free vibration analysis of laminated composite cylindrical
shells, the four unknowns u,, vy, wy, 6 are expressed as a more appropriate form of Fourier series

expansion
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where i =+v—1 and w is the natural frequency of free vibration of the cylindrical shell.
Substituting Eq. (24) into Eq. (18), we obtain the following resolution of the eigenvalue problem
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K13 K23 K33 K34- M13 M23 M33 M34- Wmn 0
K14- K24 K34- K44 M14- M24- M34- M4-4- E‘)mn 0
where the elements of the mass matrix [M;;] can be defined as follows
L L
M11 = IO + 2 + — RZ , M12 = 0,
I, I,
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4. Numerical results and discussions

This research investigates various numerical examples to verify the accuracy of the present
theoretical model for predicting the bending and free vibration responses of laminated fiber-
reinforced composite cylindrical shells. The relevance of the proposed theory can be demonstrated
by comparison with previously published results. In order to achieve this objective, appropriate
sets of material properties will be utilized in the numerical studies as follows.
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Table 1 Mechanical properties of cylindrical shells (Bhimaraddi et al.1992)

Materials Material properties

E, =E, = E; = E = 210 GPa,

Vip = Vi3 =Vy3 =v =0.3
E; = 36.0885 GPa, E, = 26.2818 GPa,
Material 2 Gy, = 49033 GPa, Gs; = 4.4130 GPa,
G,3 = 4.0208 GPa, vy, = V3 = Vy3 = 0.105
E;/E, = 25,G,3/E, = 0.2,Gy,/E, = G13/E, = 0.5,
Vip = Vi3 = Vo3 = 0.25

Material 1

Material 3

For comparison purposes, the results obtained for displacements, stresses, and fundamental
frequencies are displayed in the following non-dimensional forms

_(abZ) Eiw _(abh Oy
w =——, 0, )——

2'2'h) " qea’ 2°2°'2) " q,
(b2 _ T 27)
e (077) = o

W = w(az/h)\/p/Ez

The percentage difference between the result of a particular theory and the result of the exact
elasticity solution is calculated in the following manner

value by a particular theory

% diff. =( _ 1) x 100 28)

value by exact elasticity solution

4.1 Bending analysis of isotropic cylindrical shells

To investigate the accuracy and applicability of the present theory, the first example is
performed for static bending analysis of a homogenous isotropic cylindrical shell subjected to
sinusoidal transverse load. The shell is made of material 1 as shown in Table 1, and this example is
solved using Eq. (22) in the absence of the variables that depend on time. The variation of
transverse displacements and stresses with respect to various values of curvature-radius-to-side
R/a ratios, ranging from 5 to 20 is presented in Table 2. The present results are compared with the
previous results reported by Sayyad and Ghugal (2022) using the generalized displacement field
model based on various shell theories, namely, the parabolic shear deformation shell theory
“PSDST” of Reddy (1984), the trigonometric shear deformation shell theory “TSDST” developed
by Touratier (1991), the hyperbolic shear deformation shell theory “HySDST” given by Soldatos
(1992), the exponential shear deformation shell theory “ESDST” proposed by Karama et al.
(2009), the first-order shear deformation shell theory “FSDST” proposed by Mindlin (1951), and
those computed using the classical shell theory “CST” of Kirchhoff (1850), as well as the exact
elasticity solution given by Bhimaraddi et al. (1992). It must be emphasized that the current
approach gives more accurate results in predicting the displacements and stresses when compared
to the PSDST and HySDST. The percentage errors predicted by current theory for displacement,
axial and transverse shear stresses when R/a = 5 are 0.86%, 1.57% and 1.38%, respectively, as
compared to the exact elasticity solution. However, the FSDST underestimates the transverse
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Table 2 Comparison of non-dimensional displacements and stresses in isotropic cylindrical shells with
different R/a values (h/a=0.1, a/b=1, material 1)

R/a Theory Model w % diff. Oy % diff. Tys % diff.
Present RSDST 28.754 -0.86 20.807 -157 23132 -1.38
Reddy (1984) PSDST® 28.756 —0.85 20.808 -1.56 23132 -1.38
Touratier (1991) TSDST® 28753 -0.86 20.820 -150 23125 -1.41
Soldatos (1992) HySDST® 28.756 —0.85 20.807 -1.57 23133 -1.37
Karamaetal. (2009) ESDST® 28760 -0.84 20.860 -1.32 23162 -1.25
Mindlin (1951) FSDST® 28508 -1.71 20.620 -2.45 23193 -1.12
Kirchhoff (1850) CST 27.262 -6.0 20.582  -2.63 - -
Bhimaraddi et al. (1992) Exact 3D 29.003 0.00 21.138 0.00 2.3455 0.00
Present RSDST  29.388 0.03 20.531 091 23642 -0.61
Reddy (1984) PSDST®  29.390 0.04 20.532 -0.90 23642 -0.61
Touratier (1991) TSDST®  29.386 0.02 20544  -0.84 23635 -0.64
10 Soldatos (1992) HySDST® 29.390 0.04 20.532 -0.90 2.3642 -0.61
Karama et al. (2009) ESDST® 29.394 0.05 20585 -0.65 2.3672 -0.48
Mindlin (1951) FSDST® 29.130 -0.85 20.342 -1.82 23699 -0.37
Kirchhoff (1850) CST 27831 527 20316 -1.95 - -
Bhimaraddi et al. (1992) Exact 3D 29.379 0.00 20.719 0.00 2.3787 0.00
Present RSDST  29.551 0.36 20.275 -0.68 23773 -0.31
Reddy (1984) PSDST® 29,552 0.36 20.277  -0.67 23773 -0.31
Touratier (1991) TSDST®  29.549 0.35 20.288 -0.61 23766 -0.34
20 Soldatos (1992) HySDST® 29,552 0.36 20.277 -0.67 23773 -0.31
Karama et al. (2009) ESDST® 29557 0.38 20.330 -0.41 2.3803 -0.18
Mindlin (1951) FSDST® 29290 —0.53 20.088 -159 23830 -0.07
Kirchhoff (1850) CST 27977 -499  20.073 -1.67 - -
Bhimaraddi et al. (1992) Exact 3D 29.445 0.00 20.413 0.00 2.3847 0.00

@ Results taken from reference of Sayyad and Ghugal (2022)
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Fig. 2 Variation of non-dimensional stresses through the thickness of an isotropic cylindrical shell subjected
to a sinusoidal distributed load for thickness ratio a/h = 10 and curvature ratio R /a = 5, material 1
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Table 3 Comparison of non-dimensional displacements and stresses in orthotropic cylindrical shells with
different R/a values (h/a=0.1, a/b=1, material 2)

R/a Theory Model w % diff. Oy % diff. Tyy % diff.
Present RSDST 54414 2.09 28.015 -158 25836 -1.70
Reddy (1984) PSDST® 54434 213 27914 -194 25736 -2.08
Touratier (1991) TSDST® 54425 211 27.944 -1.83 25721 -2.14
Soldatos (1992) HySDST® 54.480 222 27.831 -223 25656 —-2.39
Karama et al. (2009) ESDST® 54.446 215 28.052 -145 25798 -1.85
Mindlin (1951) FSDST® 53.609 058 27.449 -357 25876 -1.55
Kirchhoff (1850) CST 49442 -7.23 27515 -3.34 - -
Bhimaraddi et al. (1992) Exact3D 53.298 0.00  28.466 0.00 2.6283 0.00
Present RSDST 55.363 0.74 27.923 -0.82 2.6286 3.19
Reddy (1984) PSDST® 55384 078 27.820 -1.19 26185 2.79
Touratier (1991) TSDST® 55374 0.76 27.850 -1.08 2.6170 2.74
10 Soldatos (1992) HySDST® 55432 086 27.735 -1.49 2.6104 2.48
Karama et al. (2009) ESDST® 55396 0.79 27.960 -0.69 26249 3.05
Mindlin (1951) FSDST® 54530 -0.78 27.348 -2.86 2.6320 3.33
Kirchhoff (1850) CST 50.224 -8.61 27.423 -2.59 - -
Bhimaraddi et al. (1992) Exact3D 54.958 0.00 28.154 0.00 2.5473 0.00
Present RSDST 55.605 1.06 27.752 -056 26401 -0.58
Reddy (1984) PSDST® 55627 1.10 27.649 -093 2.6300 -0.96
Touratier (1991) TSDST® 55,617 1.08 27.680 -0.82 2.6285 -1.01
20 Soldatos (1992) HySDST® 55.675 1.18  27.564 -1.23 2.6218 -1.27
Karama et al. (2009) ESDST® 55639 1.12 27790 -042 26364 -0.72
Mindlin (1951) FSDST® 54,765 -0.47 27.179 -261 2.6434 —0.45
Kirchhoff (1850) CST 50.424 -8.36 27.267 -2.30 -

Bhimaraddi et al. (1992) Exact3D 55.023 0.00 27.908 0.00 2.6554 0.00
@ Results taken from reference of Sayyad and Ghugal (2022)

displacements and stresses for all values of curvature R/a ratio. It is also noted that the
displacements and transverse shear stresses tend to increase with an increase in the value of the
curvature ratio.

Fig. 2 shows the variation in axial normal and transverse shear stresses through the thickness of
an isotropic cylindrical shell subjected to a sinusoidal distributed load for a curvature R/a =5
ratio. It is apparent that the results obtained from the present refined shear deformation shell theory
converge very well with those of other shear deformation shell theories.

4.2 Bending analysis of orthotropic cylindrical shells

In the next example, the accuracy and correctness of the present refined shear deformation shell
theory is checked for the bending analysis of simply supported orthotropic cylindrical shells under
sinusoidal loads. The cylindrical shells are composed of material 2 as mentioned in Table 1. The
numerical results of non-dimensional displacements and stresses are listed in Table 3 for various
values of curvature-radius-to-side ratios R/a = 5,10 and 20. Examination of Table 3 also reveals
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Fig. 3 Variation of non-dimensional stresses through the thickness of an orthotropic cylindrical shell subjected
to a sinusoidal distributed load for thickness ratio a/h = 10 and curvature ratio R/a = 5, material 2

that, the transverse displacements predicted by the present analytical approach are in an excellent
agreement with those reported by Sayyad and Ghugal (2022) based on the PSDST and TSDST.
According to the proposed analytical model, the percentage errors predicted for displacement,
axial stress and transverse shear stress are 2.09%, 1.58% and 1.70% respectively, when R/a = 5,
as compared to the exact solution. However, ESDST predicts axial normal stresses &, in excellent
agreement with the three-dimensional elasticity solutions given by Bhimaraddi et al. (1992) (in
general, the axial stresses of orthotropic cylindrical shells are underestimated by 1.45%, 0.69%
and 0.42% for the corresponding curvature ratios R/a = 5, 10 and 20, respectively).

Moreover, we find that the classical shell theory underestimates the transverse displacement
values for all curvature-radius-to-side ratios. On the other hand, the results obtained show that
increasing value of R/a leads to an increase in the non-dimensional value of transverse
displacements, whereas the value of axial normal stresses decreases.

The variation of non-dimensional axial normal and transverse shear stresses through the
thickness of an orthotropic cylindrical shell for curvature R/a = 5 ratio is shown in Fig. 3. It
should be noted again that the results obtained by using the present formulations are in excellent
agreement with those given by the conventional HSDST models whereas the results provided by
the CST are underestimated.

4.3 Bending analysis of laminated cylindrical shells

The bending analysis of antisymmetric two-layer (0°/90°) and symmetric three-layer
(0°/90°/0°) cross-ply laminated composite cylindrical shells is investigated in this example. All
orthotropic layers have the same thickness and are made up of material 2. The numerical results
are presented in Tables 4 and 5 for both lamination schemes, and for R/a = 1, h/a = 0.1 and
a/b = 1. In order to ensure the accuracy of the present theory, the numerical results obtained for
this example are compared with the results predicted by Sayyad and Ghugal (2022) using the five-
unknown displacement model based on different higher-order shear deformation shell theories and
the three-dimensional elasticity solutions given by Bhimaraddi et al. (1992). From the examination
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Fig. 4 Variation of non-dimensional stresses through the thickness of antisymmetric two-layer (0°/90°)
laminated cylindrical shell subjected to a sinusoidal distributed load for thickness ratio a/h = 10 and

curvature ratio R/a = 1, material 2

Table 4 Comparison of non-dimensional displacements and stresses in
cylindrical shells with different R/a values (h/a=0.1, a/b=1, material 2)

two-layer (0°/90°) laminated

R/a Theory Model w % diff. Oy % diff. Tyz % diff.
Present RSDST 35357 -14.47 17.157 -2761 13975 -21.33
Reddy (1984) PSDST® 35.358 -14.47 17.198 2743 1.4140 -20.40
Touratier (1991) TSDST® 35362 -14.46 17.213 2737 14134 -20.43
Soldatos (1992) HySDST® 35.343 -1451 17.761 -25.06 1.4139 -20.40
Karamaetal. (2009) ESDST® 35223 -14.80 17.229 -27.30 1.4128 -20.46
Mindlin (1951) FSDST® 35020 -1529 17.030 -28.14 1.4284 —-19.59

Kirchhoff (1850) CST 33.247 -19.58 17.030 -28.14 - -
Bhimaraddi et al. (1992) Exact3D 41.340 00.00 23.700 00.00 1.7763  00.00

@ Results taken from reference of Sayyad and Ghugal (2022)

Table 5 Comparison of non-dimensional displacements and stresses in three-layer (0°/90°/0°) laminated

cylindrical shells with different R/a values (h/a=0.1, a/b=1, material 2)

R/a Theory Model w % diff. Oy % diff. Tyz % diff.
Present RSDST 35.074 -14.08 21.360 -10.95 1.6124 -11.84
Reddy (1984) PSDST® 35.097 -14.03 21.246 -11.43 1.6189 -11.49
Touratier (1991) TSDST® 35,094 -14.03 21.264 -11.35 1.6179 -11.54
Soldatos (1992) HySDST® 35.079 -14.07 21.300 -11.20 1.6190 -11.48
Karamaet al. (2009) ESDST® 35103 -14.01 21.333 -11.06 1.6176 -11.56
Mindlin (1951) FSDST® 34.743 -14.89 21.031 -12.32 1.6382 -10.43
Kirchhoff (1850) CST 32938 -19.32 21.031 -12.32 - -
Bhimaraddi et al. (1992) Exact3D 40.823 00.00 23.987 00.00 1.8290 00.00

@ Results taken from reference of Sayyad and Ghugal (2022)
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Fig. 5 Variation of non-dimensional stresses through the thickness of symmetric three-layer (0°/90°/0°)
laminated cylindrical shell subjected to a sinusoidal distributed load for thickness ratio a/h = 10 and
curvature ratio R/a = 1, material 2

of Tables 4 and 5, it can be observed that the numerical results of transverse displacements and
stresses obtained by using the present four-unknown model are exactly matching with the results
of the conventional model based on PSDST and TSDST. However, the percentage errors predicted
by the present theoretical formulation for displacement, axial stress and transverse shear stress of
three-layer laminated cylindrical shells are 14.08%, 10.95% and 11.84%, respectively, as
compared to the exact elasticity solution. The CST underestimates the transverse displacement and
axial normal stresses for both types of laminated shells due to neglecting shear deformation
effects.

The variations of non-dimensional axial normal and transverse shear stresses a,, 7, through
the thickness of a moderately thick two-layer antisymmetric (0°/90°) and three-layer symmetric
(0°/90°/0°) cross-ply laminated composite shells subjected to sinusoidal loads are shown in Figs. 4
and 5, respectively. In laminated cylindrical shell structures, we emphasize that transverse shear
stresses induce a discontinuity at the interface between layers when derived from the constitutive
relations. In this case, these stresses are obtained by utilizing the equilibrium equations of 3D
elasticity, and they exactly fulfill the conditions of zero shear stress on the upper and lower
surfaces of the cylindrical shells.

It can be seen again that the obtained results by using the present theory are in good agreement
with those presented by the conventional HSDST with each other for both types of laminated
shells. From this study, we can conclude that the maximum axial normal stresses are detected on
the lower surface (i.e., z = h/2) of the shell, whereas the maximum transverse shear stresses are
detected on the middle surface of the cylindrical shell.

4.4 Free vibration analysis of isotropic and laminated cylindrical shells
In the last example, the proposed shell model is also verified for the free vibration response of

simply supported isotropic and laminated fiber-reinforced composite cylindrical shells, whose
material properties are given in Table 1. Table 6 summarizes the non-dimensional first natural
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Table 6 Comparison of non-dimensional natural frequencies in cylindrical shells with different R/a values
(h/a=0.1, a/b=1, material 3)

R/a Theory Model Isotropic ~ Orthotropic 0°/90° 0°/90°/0°
Present RSDST 10.0164 14.2985 14.2643 15.8379
Reddy (1984) PSDST® 10.0200 14.0875 14.2221 15.2534
Touratier (1991) TSDST® 10.0199 14.0847 14.2240 15.2282

Soldatos (1992) HySDST® 10.0205 14.0975 14.2275 15.2557

05 Karama et al. (2009) ESDST® 10.0211 14.1178 14.2400 15.2417
Mindlin (1951) FSDST®@ 10.0302 14.2902 14.2538 15.6721

Asadi et al. (2012) FSDTQ 9.59610 - 13.7710 15.2500
Kirchhoff (1850) CST 10.0804 15.7619 14.6138 17.2289

Present RSDST 7.34353 13.3176 10.9484 13.8427

Reddy (1984) PSDST® 7.34706 13.0226 10.9307 12.9914

Touratier (1991) TSDST®@ 7.34689 13.0188 10.9345 12.9541

1 Soldatos (1992) HySDST® 7.34782 13.0368 10.9390 12.9948
Karama et al. (2009) ESDST® 7.34898 13.0655 10.9585 12.9742
Mindlin (1951) FSDST®@ 7.36499 13.3080 10.9594 13.6064

Asadi et al. (2012) FSDTQ 7.09000 - 10.6660 13.1870
Kirchhoff (1850) CST 7.45550 15.3241 11.4376 15.8083

Present RSDST 6.22419 12.9509 9.57485 13.0959

Reddy (1984) PSDST®@ 6.22746 12.6228 9.57321 12.1277

Touratier (1991) TSDST®@ 6.22725 12.6185 9.57804 12.0849

) Soldatos (1992) HySDST® 6.22841 12.6386 9.58313 12.1316
Karama et al. (2009) ESDST® 6.22990 12.6707 9.60642 12.1080
Mindlin (1951) FSDST®@ 6.25008 12.9410 9.60041 12.8294

Asadi et al. (2012) FSDTQ 6.09130 - 9.45770 12.4430
Kirchhoff (1850) CST 6.36521 15.1641 10.1408 15.2958

@ Results taken from reference of Sayyad and Ghugal (2022)

frequenciesa of isotropic, orthotropic, and laminated cylindrical shells for different values of
curvature-radius-to-side ratios (R/a = 0.5,1,2) and for thickness-to-side (h/a = 0.1) ratio.
Whereas Table 7 represents the first five natural frequencies of two-layer (0°/90°) cross-ply
laminated composite cylindrical shells. All layers have the same thickness and are made up of
material 3. It is observed that the results from the present refined shear deformation shell theory
agree extremely with the corresponding results of various shear deformation shell theories
(PSDST, TSDST, HySDST, ESDST) for all values of curvatureR/a ratio. This indicates that the
constitutive equations of the proposed model are validated. However, the first-order shear
deformation shell model predicted by Asadi et al. (2012) “FSDTQ” based on the equations
developed by Quati (1999) underestimates the value of natural frequencies for all cylindrical shell
structures. Through this investigation, we found that the 3D elasticity solution for the free
vibration of laminated cylindrical shells is not available in the literature. Moreover, we found that
increasing the curvatureR /aratio has an impact on reducing natural frequencies for all types of
materials.
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Table 7 Comparison of non-dimensional natural frequencies in two-layer (0°/90°) laminated cylindrical
shells with different R/a values (h/a=0.1, a/b=1, material 3)

R/a Theory Model w4 W, w3 W, Ws
Present RSDST 14.2643 22.6819 30.2797 32.6132 40.5739
Reddy (1984) PSDST® 14.2221 22.6425 29.8696 32.5766 40.3561
Touratier (1991) TSDST® 14.2240 22.6697 29.8837 32.6103 40.4125

Soldatos (1992) HySDST®  14.2275 22.7138 29.9156 32.6829 40.6236

05 Karama et al. (2009) ESDST® 142400 229038 30.0395 329716 41.4293
Mindlin (1951) FSDST® 142538 22.7374 29.9785 32.7823 40.4045

Asadi et al. (2012) FSDTQ 13.7710 21.0370 29.5710 31.2000 38.0730
Kirchhoff (1850) CST 14.6138 26.7431 32.7925 39.0631 55.1805

Present RSDST 10.9484 224224 249398 31.1599 40.6170

Reddy (1984) PSDST® 10.9307 22.3397 245762 31.1716 40.3531

Touratier (1991) TSDST® 10.9345 22.3691 24.5999 31.2102 40.4138

1 Soldatos (1992) HySDST®  10.9390 22.4141 24.6417 31.2855 40.6210
Karama et al. (2009) ESDST® 10.9585 22.6127 24.8177 31.5948 41.2947
Mindlin (1951) FSDST® 10.9594 224171 24.6705 31.3472 40.3429

Asadi et al. (2012) FSDTQ 10.6660 21.7050 24.0900 30.3680 38.7220
Kirchhoff (1850) CST 114376 26.4513 28.3556 37.7796 54.6515

Present RSDST 0.57485 22.2606 22.9228 30.6584 40.5139

Reddy (1984) PSDST® 957321 221518 22.6620 30.6846 40.2263

Touratier (1991) TSDST® 0.57804 221818 22.6901 30.7248 40.2888

’ Soldatos (1992) HySDST® 958313 22.2267 22.7350 30.8001  40.4933
Karama et al. (2009) ESDST® 0.60642 224266 22.9309 31.1130 41.2947
Mindlin (1951) FSDST® 9.60041 22.2207 22.7412 30.8446 40.1893

Asadi et al. (2012) FSDTQ 9.45770 21.6760 22.1500 29.9590 38.6080
Kirchhoff (1850) CST 10.1408 26.2216 26.7015 37.2424  54.2365

@ Results taken from reference of Sayyad and Ghugal (2022)

5. Conclusions

In this study, a new hybrid refined shear deformation shell theory is developed for the static
bending and free vibration analysis of simply supported isotropic and laminated composite
cylindrical shells under sinusoidal transverse mechanical loading. The displacement field of the
proposed model contains four unknown variables, and involves a hyperbolic shape function to
account for an appropriate distribution of the transverse shear strains through the thickness without
tangential stress on the upper and lower surfaces of the shell. Therefore, a shear correction
coefficient is not required. The shell governing equations and their boundary conditions are
derived by using the dynamic version of the principle of virtual work and the analytical solutions
of displacements, stresses, and natural frequencies were obtained using Navier’s solution method.
The correctness and reliability of the present approach are checked by comparing it with various
shear deformation theories, taking into account the influence of different parameters such as the
curvature-radius-to-side ratio and the lamination schemes on the bending and free vibration
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behavior of laminated fiber-reinforced composite cylindrical shells. The numerical and graphical
results show that the proposed refined shell theory is in excellent agreement with other higher-
order shear deformation theories for the evaluation of stresses and free vibration response of
isotropic and laminated cylindrical shells.
The principal conclusions that can be drawn from these results are as follows:
» The proposed shell theory fulfils the shear stress-free boundary conditions on the upper and
lower surfaces of the cylindrical shells without the need for a shear correction factor;
* The classical shell theory “CST” underestimates the transverse displacement values for all
curvature-radius-to-side ratios;
* The present study has shown that the CST overestimates the natural frequencies of all types of
cylindrical shell structures, and also for all curvature-radius-to-side ratios;
» The FSDST and CST underestimate the transverse displacement and axial normal stresses for
laminated composite cylindrical shells due to neglecting shear deformation effects;
» The study clearly shows that the displacements and transverse shear stresses increase in
conjunction with an increase in the value of the curvature ratio;
« It was found that increasing the curvature ratio has a significant effect on reducing natural
frequencies for all types of laminated cylindrical shells;
« It has been concluded that the developed refined shear deformation shell theory produces
accurate results and can be applied to the solutions of engineering problems for different
laminated cylindrical shells.
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