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Abstract.  This article investigates the nonlinear forced vibration behavior of a functionally graded carbon 
nanotube-reinforced composite (FG-CNTRC) rotating annular plate subjected to external excitation forces. First, the 
governing equations are established based on the first-order shear deformation theory (FSDT) and the Hamiltonian 
principle. Subsequently, the Galerkin method is utilized to discretize the nonlinear equations. Considering pinned and 
fixed boundary conditions, the multi-scale method is used to derive analytical solutions. By comparing the results 
with existing literature, good consistency is achieved, validating the accuracy of the research. Finally, the influences 
of different parameters on the nonlinear vibration of the annular plate are analyzed. The results indicate that 
temperature, distribution patterns and volume fraction of CNTs, rotational velocity, and geometric configurations of 
the plate significantly affect the resonance position. Additionally, the damping coefficient and external load exhibit a 
pronounced impact on the resonance domain but do not affect the natural frequency. As external excitation varies, 
periodic motion and chaotic phenomena are observed in the system. 
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1. Introduction 
 

In engineering applications and practical life, plate structures are widely used in numerous 
fields such as machinery and shipbuilding (Liu et al. 2022). The annular plate is a rotating 
component that has gained increasing attention in practical applications in recent years due to its 

excellent mechanical performance (Hebali et al. 2022). However, under complex working 
conditions, when the external frequency approaches a critical value, the amplitude of the annular 
plate increases continuously until it reaches a maximum value, a phenomenon known as 
resonance. Resonance may cause severe damage to the annular plate structure, leading to 
economic losses and safety risks. Therefore, studying the resonance behaviors of such structures 
has significant engineering value (Djilali et al. 2022, Abdelrahman et al. 2022, Alazwari et al. 
2022, Melaibari et al. 2022a, 2022b). 

From existing research, numerous studies by domestic and foreign scholars have focused on 
free vibration, resonance, chaos, and related phenomena in plate structures. For instance, 
Valizadeh and Eipakchi (2022) utilized the multi-scale method (MSM) to determine the natural 

 
Corresponding author, Distinguished Professor, E-mail: sheguilin@cqu.edu.cn 



 

 

 

 

 

 

G.L. She and J.Q. Xu 

frequency of annular plates under two configurations and explored the amplitude-frequency 
characteristics. Hu and Xu (2022) analyzed the free vibration of annular plates in a non-uniform 
magnetic field using MSM. Baferani and Ohadi (2022) investigated the vibrations of annular 
plates on elastic foundations under various boundary conditions. Ma et al. (2022) applied the 
differential quadrature method (DQM) to study the influence of external loads on chaotic motion 
in annular plates. Xu et al. (2022) derived the second-order approximate analytical expression via 

MSM to study free vibrations of annular plates under magnetic fields. Using the classical 
lamination theory, Noroozi and Bakhtiari-Nejad (2021) examined the nonlinear dynamics of 
trapezoidal plates under primary resonance and 1:3 internal resonance conditions. Guo et al. 
(2023) combined the first-order shear deformation theory (FSDT) and Rayleigh-Ritz method to 
analyze vibrational behaviors and obtain amplitude-frequency response curves for laminated plates 
considering 1:1 internal resonance. Zhou et al. (2021) integrated experimental and numerical 
approaches to study the forced vibration response of plates. Li et al. (2023) investigated nonlinear 

resonance and chaos in rotating circular plates in two distinct environments using MSM. Zhang 
and Chen (2021) examined chaotic behavior in simply supported plates under dual excitations via 
a global perturbation method. In recent years, composite materials have advanced significantly, 
among which functionally graded carbon nanotube-reinforced composites (FG-CNTRC) have 
been widely adopted in plates, shells, and beams due to their superior strength and stiffness 
(Huang et al. 2022, Cuong-Le et al. 2019). For example, Thanh et al. (2017) employed the Airy 
stress function to analyze the nonlinear dynamic response of FG-CNTRC plates under temperature 
and load variations. Dat et al. (2022) applied the fourth-order Runge-Kutta method to study the 

effects of loads and CNT parameters on the dynamic response of FG-CNTRC plates. Shen et al. 
(2019) developed a weak-form orthogonal element method to investigate geometric nonlinear 
dynamics in FG-CNTRC rectangular plates under explosive loading. More relevant works can 
refer to (Assie 2024, Dastjerdi et al. 2021a, 2021b, 2023a, 2023c, Cai and She 2025, Fan and She 
2025, Fan et al. 2025, Gan and She 2025a, 2025b, Li and She 2025a, 2025b, She and He 2025, 
She et al. 2025a, 2025b, Xu et al. 2025).  

Although extensive research has been conducted on free vibration and nonlinear resonance of 

annular plates, existing literature reveals a gap in studying resonance of FG-CNTRC annular plates 
under external excitation. To address this, the present article focuses on the primary resonance of 
FG-CNTRC annular plates. The results demonstrate that temperature, CNT distribution patterns, 
volume fraction, rotational speed, and geometric dimensions significantly influence the resonance 
position. Furthermore, damping and external forces modify the resonance domain but do not affect 
the natural frequency. As the external force varies, periodic motion and chaotic phenomena can be 
observed in the system. 

 
 

2. Mathematical modelling  
 

The model structure used in this paper is displayed in Fig. 1. For ease of description, a 
cylindrical coordinate system (r, θ, z) is established with the center of the annular plate as the 
origin. The z-axis aligns with the thickness direction of the annular plate, which has a thickness of 
h, an inner radius of Rb, an outer radius of Ra, and rotates at a speed Rt. The top surface of the plate 

is subjected to an external load F(t). The annular plate material is a composite composed of carbon 
nanotubes (CNTs) and an isotropic matrix. Fig. 2 illustrates the three CNT distribution patterns: 
UD, FG-V, and FG-O. To account for the effective physical properties of the composite material,  
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Fig. 1 Configuration of an FG-CNTRC plate 

 

   
(a) UD (b) FG-X (c) FG-V 

Fig. 2 Schematic diagram of CNTs distribution patterns (Modified from Babaei 2022) 

 
 

the article introduces efficiency parameters ηi(i=1,2,3), which characterize the material properties 
as referenced in prior studies (Babaei et al. 2022). 

𝐸11 = 𝜂1𝑉𝑐𝑛𝑡𝐸11
𝑐𝑛𝑡 + (1 − 𝑉𝑐𝑛𝑡)𝐸

𝑝 (1) 

𝜂2

𝐸22
=

𝑉𝑐𝑛𝑡

𝐸22
𝑐𝑛𝑡 +

(1−𝑉𝑐𝑛𝑡)

𝐸𝑝   (2) 

𝜂3

𝐺12
=

𝑉𝑐𝑛𝑡

𝐺12
𝑐𝑛𝑡 +

(1−𝑉𝑐𝑛𝑡)

𝐺𝑝   (3) 

𝑣 = 𝑉𝑐𝑛𝑡𝑣
𝑐𝑛𝑡 + (1 − 𝑉𝑐𝑛𝑡)𝑣

𝑝 (4) 

𝜌 = 𝑉𝑐𝑛𝑡𝜌
𝑐𝑛𝑡 + (1 − 𝑉𝑐𝑛𝑡)𝜌

𝑝 (5) 

𝛼11 =
𝐸𝑝𝛼𝑝(1−𝑉𝑐𝑛𝑡)+𝐸11

𝑐𝑛𝑡𝛼11
𝑐𝑛𝑡𝑉𝑐𝑛𝑡

𝐸𝑝(1−𝑉𝑐𝑛𝑡)+𝐸11
𝑐𝑛𝑡𝑉𝑐𝑛𝑡

  (6) 

𝛼22 = (1 + 𝑣12
𝑐𝑛𝑡)𝑉𝑐𝑛𝑡𝛼22

𝑐𝑛𝑡 + (1 + 𝑣𝑝)(1 − 𝑉𝑐𝑛𝑡)𝛼
𝑝 − 𝑣𝛼11 (7) 

The above equations describe the equivalent material properties of FG-CNTRC, where CNT 
denotes the carbon nanotube material parameters, and p represents the polymer matrix parameters. 
Here, E11 and E22 are the elastic moduli in the axial and transverse directions, G12 is the shear 
modulus, ν is Poisson’s ratio, and ρ is the density. The subscripts 11 and 22 correspond to the axial 
and transverse directions of the CNTs, respectively. VCNT represents the volume fraction of CNTs, 
and the material parameter definitions follow Babaei (2022) 
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UD:𝑉cnt = 𝑉cnt
∗  

FG-X:𝑉cnt = 2(1 − 2
|𝑧|

ℎ
)𝑉cnt

∗   

FG-V:𝑉cnt = 𝑉cnt
∗ (1 + 2

𝑧

ℎ
)  

(8) 

in which 

𝑉cnt
∗ =

𝑊𝑐𝑛𝑡

𝑊𝑐𝑛𝑡+(𝜌𝑐𝑛𝑡+𝜌𝑚)(1−𝑊𝑐𝑛𝑡)
  (9) 

Unless otherwise specified, the matrix material characterizations in this paper are as follows 
(Babaei 2022) 

𝐸𝑝 = (3.52 − 0.0034𝑇)GPa, 
𝛼𝑝 = 45(1 + 0.0005Δ𝑇)10−6/K, 
𝑣𝑝 = 0.34. 

(10) 

In the above expressions, Δ𝑇 = 𝑇 − 300𝐾, and the related material parameters in Eqs. (1)-(7) 
are defined as follows 

𝐸11
𝑐𝑛𝑡(𝑇)(TPa) = −4.458333 × 10−9𝑇3 + 7.43 × 10−6𝑇2 − 4.338417 × 10−3𝑇 + 6.3998, 

𝐸22
𝑐𝑛𝑡(𝑇)(TPa) = −5.5625 × 10−9𝑇3 + 9.275 × 10−6𝑇2 − 5.420375 × 10−3𝑇 + 8.02155, 

𝐺12
𝑐𝑛𝑡(𝑇)(TPa) = 4.479167 × 10−9𝑇3 − 6.965 × 10−6𝑇2 + 3.476208 × 10−3𝑇 + 1.40755, 

𝛼11
𝑐𝑛𝑡(𝑇)(10−6/𝐾) = 1.13625 × 10−8𝑇3 − 2.887 × 10−5𝑇2 + 0.02291688𝑇 − 1.12515, 

𝛼22
𝑐𝑛𝑡(𝑇)(10−6/𝐾) = 1.25 × 10−11𝑇3 + 2.9 × 10−7𝑇2 − 0.984625 × 10−4𝑇 + 5.43715, 

𝑣12
𝑐𝑛𝑡 = 0.175. 

(11) 

 
 

3. Governing equations  
 

This paper focuses on two deformation modes in the vibration of rotating annular plates: 
symmetric and asymmetric deformation. Based on the first-order shear deformation theory 
(FSDT), the displacement field is formulated as follows (Zhang et al. 2023, Yang et al. 2023) 

𝑢𝑟(𝑟, 𝜃, 𝑧, 𝑡) = 𝑢(𝑟, 𝜃, 𝑡) + 𝑧𝜙𝑟(𝑟, 𝜃, 𝑡), 
𝑢𝜃(𝑟, 𝜃, 𝑧, 𝑡) = 𝑣(𝑟, 𝜃, 𝑡) + 𝑧𝜙𝜃(𝑟, 𝜃, 𝑡), 
𝑢𝑧(𝑟, 𝜃, 𝑧, 𝑡) = 𝑤(𝑥, 𝜃, 𝑡). 

(12) 

In this context, the cylindrical coordinates r, θ, and time t define the displacement components 
of the plate. Within the displacement field representation, u, v, w represent the mid-plane 
displacements along the r, θ, and z directions, respectively, while ψr and ψθ denote the rotational 
components of the cross-section. Following the nonlinear von Kármán theory, the strain field is 
expressed as 

𝜀𝑟𝑟 = 𝑢𝑟𝑟 +
1

2
𝑢𝑧𝑟

2 ,  

𝜀𝜃𝜃 =
1

𝑟
𝑢𝑟 +

1

𝑟
𝑢𝜃,𝜃 +

1

2𝑟2 𝑢𝑧,𝜃
2 ,  

𝛾𝑟𝜃 =
1

𝑟
𝑢𝑟,𝜃 + 𝑢𝜃,𝑟 −

1

𝑟
𝑢𝜃 +

1

𝑟
𝑢𝑧,𝜃𝑢𝑧,𝑟,  

𝛾𝑟𝑧 = 𝑢𝑟,𝑧 + 𝑢𝑧,𝑟 , 

𝛾𝑧𝜃 =
1

𝑟
𝑢𝑧,𝜃 + 𝑢𝜃,𝑧.  

(13) 
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The constitutive relationship of annular plates can be described as 

[
 
 
 
 
𝜎𝑟𝑟

𝜎𝜃𝜃

𝜏𝑟𝑧

𝜏𝑟𝜃

𝜏𝑧𝜃 ]
 
 
 
 

=

[
 
 
 
 
𝑄11 𝑄12 0 0 0
𝑄12 𝑄22 0 0 0
0 0 𝑄55 0 0
0 0 0 𝑄44 0
0 0 0 0 𝑄66]

 
 
 
 

⋅

(

 
 

[
 
 
 
 
𝜀𝑟𝑟

𝜀𝜃𝜃

𝛾𝑟𝑧

𝛾𝑟𝜃

𝛾𝑧𝜃]
 
 
 
 

−

[
 
 
 
 
𝛼
𝛼
0
0
0]
 
 
 
 

Δ𝑇

)

 
 

 (14) 

Herein, the stiffness coefficient can be refer to Zhang et al. (2023). 
This paper applies Hamiltonian principle to derive the control equations for the rotating FG-

CNTRC annular plates 

∫(𝛿𝑇 − 𝛿𝑈 − 𝛿𝑈𝑅 + 𝛿𝑊𝐹 + 𝛿𝑊𝑞𝑓)
𝑡

𝑑𝑡 = 0 (15) 

The definition for the kinetic energy T, strain energy U, and potential energy UR of the annular 
plate are as follows (Yang et al. 2023) 

𝑇 = ∫ ∫ ∫
1

2

ℎ

2

−
ℎ

2

2𝜋

0

𝑅𝑎

𝑅𝑏
𝜌(𝑧) [

(𝑢̇𝑟 − Ω𝑢𝜃)2

+(𝑢̇𝜃 + Ω(𝑟 + 𝑢𝑟))
2 +𝑢̇𝑧

2]𝑟 𝑑𝑧 𝑑𝜃𝑑𝑟  

𝑈 =
1

2
∫ ∫ ∫ (

𝜎𝑟𝑟𝜀𝑟𝑟 + 𝜎𝜃𝜃𝜀𝜃𝜃 + 𝜏𝑟𝜃𝛾𝑟𝜃

+𝐾𝑠𝜏𝑧𝜃𝛾𝑧𝜃

ℎ

2

−
ℎ

2

2𝜋

0

𝑅𝑎

𝑅𝑏
+𝐾𝑠𝜏𝑟𝑧𝛾𝑟𝑧)𝑟 𝑑𝑧 𝑑𝜃𝑑𝑟  

𝑈𝑅 = ∫ ∫ ∫ −
ℎ

2

−
ℎ

2

2𝜋

0

𝑅𝑎

𝑅𝑏
𝜌𝑟Ω2𝑢𝑟𝑟 𝑑𝑧 𝑑𝜃𝑑𝑟  

(16) 

The work done by the load and damping can be expressed as 

𝑊𝐹 = ∫ ∫ −
2𝜋

0

𝑅𝑎

𝑅𝑏
𝐹(𝑡)𝑢𝑧𝑟 𝑑𝜃𝑑𝑟  

𝑊𝑞𝑓 = ∫ ∫ 𝑞𝑓
2𝜋

0

𝑅𝑎

𝑅𝑏
𝑢𝑧  𝑟𝑑𝜃𝑑𝑟  

(17) 

wherein 

𝑞𝑓(𝑟, 𝜃, 𝑡) = −𝐶𝑡
∂𝑤

∂𝑡
, 𝐾𝑠 = 𝜋2/12  

𝐹(𝑡) = ℚ𝑐𝑜𝑠 𝜔𝑡 
(18) 

In which, ℚ stands for the amplitude of external load and ω indicates frequency, substituting 
Eqs. (12)-(14) and (16)-(17) into Eq. (15) results in the nonlinear control equations (Yang et al. 
2023, Zhang et al. 2023) 

∂𝑁𝑟𝑟

∂𝑟
+

1

𝑟

∂𝑁𝑟𝜃

∂𝜃
+

1

𝑟
(𝑁𝑟𝑟 − 𝑁𝜃𝜃) + 𝐼0𝑟Ω

2 = 𝐼0
∂2𝑢0

∂𝑡2 + 𝐼1
∂2𝜑𝑟

∂𝑡2 − 2𝐼0Ω
∂𝑣0

∂𝑡
− 2𝐼1Ω

∂𝜑𝜃

∂𝑡
,  (19) 

∂𝑁𝑟𝜃

∂𝑟
+

1

𝑟

∂𝑁𝜃𝜃

∂𝜃
+

2

𝑟
𝑁𝑟𝜃 = 𝐼0

∂2𝑣0

∂𝑡2 + 𝐼1
∂2𝜑𝜃

∂𝑡2 + 2𝐼0Ω
∂𝑢0

∂𝑡
+ 2𝐼1Ω

∂𝜑𝑟

∂𝑡
,  (20) 

∂𝑄𝑟𝑟

∂𝑟
+

1

𝑟

∂𝑄𝜃𝜃

∂𝜃
+

𝑄𝑟𝑟

𝑟
+

∂𝑁𝑟𝑟

∂𝑟

∂𝑤0

∂𝑟
+ 𝑁𝑟𝑟

∂2𝑤0

∂𝑟2 − 𝑁𝑟𝑟
𝑇 ∂2𝑤0

∂𝑟2 +
𝑁𝜃𝜃

𝑟2

∂2𝑤0

∂𝜃2 −
𝑁𝜃𝜃

𝑇

𝑟2

∂2𝑤0

∂𝜃2 +
2𝑁𝑟𝜃

𝑟

∂2𝑤0

∂𝑟 ∂𝜃
+

1

𝑟

∂𝑁𝑟𝜃

∂𝑟

∂𝑤0

∂𝜃
+

𝑁𝑟𝑟

𝑟

∂𝑤0

∂𝑟
− 𝑘𝑤𝑤0 +

𝑘𝑔

𝑟

∂𝑤0

∂𝑟
+

1

𝑟2

∂𝑁𝜃𝜃

∂𝜃

∂𝑤0

∂𝜃
+

1

𝑟

∂𝑁𝑟𝜃

∂𝜃

∂𝑤0

∂𝑟
+ 𝑘𝑔

∂2𝑤0

∂𝑟2 +
𝑘𝑔

𝑟2

∂2𝑤0

∂𝜃2 −

𝑐𝑡
∂𝑤0

∂𝑡
+ 𝑝(𝑡) = 𝐼0 (

∂2𝑤0

∂𝑡2 − Ω2 ∂2𝑤0

∂𝜃2 ),  

(21) 
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∂𝑀𝑟𝑟

∂𝑟
+

1

𝑟

∂𝑀𝑟𝜃

∂𝜃
+

1

𝑟
(𝑀𝑟𝑟 − 𝑀𝜃𝜃) − 𝑄𝑟𝑟 + 𝐼1𝑟Ω

2 = 𝐼1
∂2𝑢0

∂𝑡2 + 𝐼2
∂2𝜑𝑟

∂𝑡2 − 2𝐼1Ω
∂𝑣0

∂𝑡
− 2𝐼2Ω

∂𝜑𝜃

∂𝑡
,  (22) 

∂𝑀𝑟𝜃

∂𝑟
+

1

𝑟

∂𝑀𝜃𝜃

∂𝜃
+

2

𝑟
𝑀𝑟𝜃 − 𝑄𝜃𝜃 = 𝐼1

∂2𝑣0

∂𝑡2 + 𝐼2
∂2𝜑𝜃

∂𝑡2 + 2𝐼1Ω
∂𝑢0

∂𝑡
+ 2𝐼2Ω

∂𝜑𝑟

∂𝑡
.  (23) 

in which 

(𝐴𝑖𝑗, 𝐵𝑖𝑗, 𝐷𝑖𝑗) = ∫ (1, 𝑧, 𝑧2)
ℎ

2

−
ℎ

2

𝑄11𝑑𝑧, (𝑖𝑗 = 11,22,44,55,66),  

[𝐼0, 𝐼1, 𝐼2] = ∫ 𝜌(𝑧)[1,𝑧, 𝑧2]
ℎ

2

−
ℎ

2

𝑑𝑧  

(24) 

 
 

4. Solution method 
 

In this section, the boundary conditions incorporating all four edges simply supported are 
considered for the rotating annular plate. The Galerkin method is used to discretize the governing 

equations; simultaneously, a multiscale analysis is employed to obtain the global solution.  

[𝑢,𝜙𝑟] = ∑ ∑ [𝑈(𝑡),Ψ𝑋(𝑡)]
∂𝑋𝑚(𝑟)

∂𝑟

∞
𝑛=1

∞
𝑚=1 𝑌𝑛(𝑟),  (25) 

[𝑢,𝜙𝑟] = ∑ ∑ [𝑈(𝑡),Ψ𝑋(𝑡)]
∂𝑋𝑚(𝑟)

∂𝑟

∞
𝑛=1

∞
𝑚=1 𝑌𝑛(𝑟),  (26) 

𝑤 = ∑ ∑ 𝑊(𝑡)𝑋𝑚(𝑟)𝑌𝑛(𝜃).∞
𝑛=1

∞
𝑚=1   (27) 

In this formulation, U(t), V(t), W(t), φx(t), φy(t) the generalized coordinates of displacements in 
the mid-plane and rotational degrees of freedom. Given the simply supported boundary conditions, 
the modal function X(r) can be expressed in the form 

𝑋(𝑟) = 𝑠𝑖𝑛(
𝑟−𝑅𝑏

𝑅𝑎−𝑅𝑏
), 𝑌(𝜃) = 𝑠𝑖𝑛( 𝜃)  (28) 

By substituting Eqs. (25)-(27) into Eqs. (19)-(23) and applying the Galerkin method, we derive 
the governing equations (Zhang et al. 2023) 

𝐼0
𝑑2𝑊(𝑡)

𝑑𝑡2
+ 𝐶𝑡

𝑑𝑊(𝑡)

𝑑𝑡
+ 𝐹1𝑊(𝑡) + 𝐹2[𝑊(𝑡)]2 + 𝐹3[𝑊(𝑡)]3 = 𝐹 𝑐𝑜𝑠(Ω𝑡)  (29) 

In addition, Eq. (29) can be analyzed via the multiple-scale method; following the solution 
procedure outlined in Gan and She (2025a), we derive the approximate solution. 
 
 

5. Numerical analyses 
 

The next step is to verify the validity of the proposed method. As shown in Table 1, the natural 
frequencies of the annular plate (geometric parameters: h=0.1 m, Ra=2 m, Rb=0.5 m) are compared 
with existing references. The current results demonstrate excellent agreement with those reported 
by Wu et al. (2019) and Tornabene et al. (2009), thereby confirming the accuracy of the model. 

Table 2 lists the dimensionless natural frequencies for vibration modes with different  
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Table 1 Comparison of natural frequencies for isotropic homogeneous annular plates (h=0.1 m, Ra=2 m, 

Rb=0.5 m, m=n=1) 

Source Present Wu et al. (2019) Tornabene et al. (2009) 

Natural frequency 114.02 115.4174 115.417 

 
 
Table 2 Dimensionless natural frequencies under different modes (h=0.04 m, Ra=3 m, Rb=2 m, Cd=1000, 

Ct=1000, ΔT=100, UD, Vcnt*=0.12, Rt=0.1, F=1 MPa, Φ = Ω√(𝑅𝑎/𝐴11𝑚/ℎ)) 

m 
Dimensionless natural frequencies Φ 

n=1 n=2 n=3 n=4 n=5 

1 0.7803 0.7944 0.8392 0.9136 1.0098 

2 1.6906 1.6976 1.7196 1.7578 1.8103 

3 2.5800 2.5847 2.5994 2.6248 2.6604 

 

 

Fig. 3 Effect of temperature (h=0.04 m, Ra=3 m, Rb=2 m, Ct=2000, UD, 

Vcnt*=0.12, Rt =0.1, F=1 MPa, ε=0.01) 

 
 

wavenumber combinations. Based on these results, the fundamental mode (m=1, n=1) is selected 
for subsequent analysis. 

Fig. 3 reveals the effect of temperature changes on the dynamic response of the forced 
oscillation. The results show that the resonance position of the FG-CNTRC annular plates shifts 
with temperature under simply supported boundary conditions. This phenomenon is attributed to 
the temperature-dependent material properties. As the temperature increases, the resonance 
probability rises, and the peak amplitude of the resonance curve becomes larger. Therefore, 
lowering the temperature not only improves the fundamental frequency of the annular plates, 
delaying resonance onset, but also reduces the maximum radial deformation. 

Fig. 4 depicts the influence of rotational speed. With the rotational speed increasing from 0 to 
0.2, significant changes occur in both the resonance position and maximum deflection. 
Specifically, increasing the rotational speed enhances the natural frequency, delays resonance, and 
reduces the vibration amplitude peak. These observations indicate that rotational speed effectively 
enhances the structural stiffness and improves the vibration resistance of the plates. 
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Fig. 4 Effect of rotating speed (h=0.04 m, Ra=3 m, Rb=2 m, Ct=2000, ΔT=100, 

UD, Vcnt*=0.12, F=1 MPa, ε=0.01) 

 

 

Fig. 5 Effect of distribution mode of CNTs (h=0.04 m, Ra=3 m, Rb=2 m, 

Ct=2000, ΔT=100, Vcnt*=0.12, Rt=0.1, F=1 MPa, ε=0.01) 

 
 

Fig. 5 displays the effect of CNT distribution patterns (UD, FG-O, FG-V) on the forced 
oscillation response. The FG-V distribution yields the highest fundamental frequency, followed by 
UD and FG-O. However, the maximum radial deformation trend is reversed: FG-O exhibits the 
largest deflection, while FG-V shows the smallest. This discrepancy arises because the FG-V 
pattern significantly improves the elastic modulus, thereby enhancing stiffness. 

Fig. 6 analyzes the impact of CNT volume fraction in UD mode (ΔT=100 K, F=1 MPa). 
Increasing the CNT volume fraction shifts the resonance curve rightward and significantly reduces 

the vibration amplitude peak, demonstrating that higher CNT content strengthens oscillation 
resistance. 

Fig. 7 illustrates the effect of the damping coefficient. Increased damping reduces the 
maximum deflection, whereas decreased damping amplifies the amplitude peak and broadens the 
resonance domain. Notably, the damping coefficient does not alter the resonance position despite 
its influence on dynamic deflection. 
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Fig. 6 Effect of CNTs volume fraction (h=0.04 m, Ra=3 m, Rb=2 m, Ct=2000, 

ΔT=100, UD, Rt=0.1, F=1 MPa, ε=0.01) 

 

 

Fig. 7 Effect of damping coefficient (h=0.04 m, Ra=3 m, Rb=2 m, ΔT=100, UD, 

Vcnt*=0.12, Rt=0.1, F=1 MPa, ε=0.01) 

 
 

Fig. 8 indicates the effect of Rb/h ratio on dynamic response. A larger Rb/h ratio accelerates 
resonance onset and increases vibration amplitude. Fig. 9 further examines the radius ratio (Ra/Rb). 
As Ra/Rb increases, the natural frequency decreases, and resonance occurs earlier—a trend 
consistent with Fig. 8. These findings confirm that smaller Ra/Rb ratios enhance vibration 
resistance. 

Fig. 10 illustrates the effect of external loads. The excitation force does not shift the resonance 
position (i.e., it preserves the natural frequency) but significantly amplifies the radial deflection 
and expands the resonance region with increasing load magnitude. 

Fig. 11 focuses on the dynamic behavior of the system under external excitation at Ct =1000. 
The results reveal that the system exhibits periodic-to-chaotic transitions under varying excitation 
forces. Four representative cases (Points A-D) are analyzed: 

• At Point A, the system displays single-period motion. 
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Fig. 8 Effect of Rb/h (h=0.04 m, Ra=3 m, Ct=2000, ΔT=100, UD, Vcnt*=0.12, Rt=0.1, F=1 MPa, ε=0.01) 

 

 

Fig. 9 Effect of Ra/Rb (h=0.04 m, Rb=3 m, S-S, Ct=2000, ΔT=100, UD, 

Vcnt*=0.12, Rt=0.1, F=1 MPa, ε=0.01) 

 

 

Fig. 10 Effect of F (h=0.04 m, Ra=3 m, Rb=2 m, S-S, Ct=2000, ΔT=100, UD, 

Vcnt*=0.12, Rt=0.1, ε=0.01) 
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Fig. 11 Maximum amplitude changes with external excitation (h=0.04 m, Ra=3 m, Rb=2 m, Ct=10000, UD, 

Vcnt*=0.12, Rt=0.1, ε=0.01) 

 

  
(a) (b) 

  
(c) (d) 

Fig. 12 Time history image (h=0.04 m, Ra=3 m, Rb=2 m, S-S, Ct=1000, UD, Vcnt*=0.12, Rt=0.1, F=1 MPa, 
ε=0.01) 
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(a) (b) 

  
(c) (d) 

Fig. 13 Phase diagram (h=0.04 m, Ra=3 m, Rb=2 m, Ct=1000, UD, Vcnt*=0.12, Rt=0.1, F=1 MPa, ε=0.01) 

 

 

Fig. 14 Maximum amplitude changes with external excitation (h=0.04 m, Ra=3 m, Rb=2 m, Ct=8000, UD, 

Vcnt*=0.12, Rt=0.1, ε=0.01) 
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(a) (b) 

  
(c) (d) 

Fig. 15 Time history image (h=0.04 m, Ra=3 m, Rb=2 m, Ct=8000, UD, Vcnt*=0.12, Rt=0.1, F=1 MPa, 

ε=0.01) 

 
 
• At Point B, period-doubling bifurcation occurs. 
• At Point C, three-period quasiperiodic motion emerges. 
• At Point D (F=1.5×108

 Pa), the system transitions to fully developed chaos, as evidenced by 
the time-history plots (Fig. 12 (c), (d)) and phase portraits (Fig. 13 (c), (d)). 
Notably, increasing the excitation force (2.5×107 Pa<F<1.0×108 Pa) amplifies the vibration 

amplitude, as confirmed by both time-history (Fig. 12) and phase diagrams (Fig. 13). Similar 

phenomena are observed in Figs. 14-16, which depict the bifurcation diagram, time-history 
response, and phase trajectories at Ct=800. 

 
 

6. Conclusions 
 

This study investigates the nonlinear forced vibration of rotating functionally graded carbon 

nanotube-reinforced composite (FG-CNTRC) annular plates under external loads. Two boundary 
conditions (simply supported and clamped) are considered, with a focus on resonance behavior 
influenced by multiple factors: temperature, rotational speed, CNT distribution patterns, volume 
fraction of CNTs, damping coefficient, geometric parameters (radius ratio Ra/Rb, thickness h), and 
external excitation amplitude. Key conclusions are summarized as follows: 
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(a) (b) 

  
(c) (d) 

Fig. 16 Phase diagram (h=0.04 m, Ra=3 m, Rb=2 m, Ct=8000, UD, Vcnt*=0.12, Rt=0.1, F=1 MPa, ε=0.01) 

 
 
1. Temperature rise shifts the resonance position forward and reduces the maximum radial 
deflection. 

2. Increased rotational speed elevates the natural frequency, thereby suppressing resonance 
occurrence. 
3. CNT reinforcement significantly enhances the mechanical properties of the plates. FG-V 
distribution exhibits superior vibration resistance compared to UD and FG-O patterns. 
4. Geometric parameters (e.g., Ra/Rb, h) critically affect resonance characteristics, with smaller 
Ra/Rb ratios improving vibration resistance. 
5. Damping coefficient and excitation amplitude do not alter the resonance frequency, but 
lower damping or higher excitation forces amplify peak radial deformation and broaden the 

resonance bandwidth. 
6. The system exhibits rich dynamic transitions, including periodic, quasiperiodic, and chaotic 
motions, under varying excitation forces. 
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