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1. Introduction 
 

The need for strong, lightweight materials with a wide 

range of applications has spurred significant advancements 

in recent decades, resulting in the development of new 

composites and innovative material technologies (Wang et 

al. 2021, Zhang et al. 2025, Zhao et al. 2024). Composite 

materials, which are composed of individual parts, have 

garnered significant interest due to their high strength-to-

weight ratio, hardness, and corrosion resistance. They are 

extensively utilized in the biomedical, automotive, marine, 

and aerospace sectors. (Alghanmi, 2025, Boulahbal et al. 

2025, Palani and Swain, 2025, Qin et al. 2020). 

Functionally graded materials (FGM), which were first 

developed in Japan in the 1980s, have attracted much 

attention among various composite materials because they 

can smoothly change composition or microstructure, 

effectively reducing stress concentration and interfacial 

delamination that often occur in conventional multilayer 

composites (Gartia and Chakraverty, 2025, Koizumi, 1997, 

Liu et al. 2021a, b). Also, the use of carbon nanotubes and 

graphene as nanofillers significantly enhances the mechanical 

performance, heat transfer, and vibration damping of these 

advanced composite materials (Alkunte et al. 2024a, b, 

Kavousi Sisi et al. 2025, Qin et al. 2020). 

Considering the wide application of these materials and 

the global need for these materials, researchers have 

conducted many analytical and numerical studies on the 
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static and dynamic behavior of FG nanostructures or 

microstructures, including beams, rods, plates, and shells 

(Challamel et al. 2025, Huang et al. 2025, Liu et al. 2022, 

Wang et al. 2025, Yuanchao et al. 2025b). For example, 

Qin et al. (2020) offered a complete solution for the 

vibration analysis of graphene-reinforced graded thin shells 

subjected to general boundary conditions. Faghidian and 

Tounsi (2022) presented an innovative numerical criterion 

for the dynamic analysis of nanostructures utilizing hybrid 

gradient theory, along with an extensive investigation of the 

dynamic behavior of elastic nanobeams. Also, Xiao et al. 

(2024) investigated wave propagation in porous FG bio-

omposite beams on elastic media and showed that porosity 

and base properties can play important roles in frequency 

and wave velocity. Similarly, the investigation of wave 

propagation in porous biocomposite beams FG has been 

conducted, considering the effects of porosity and foundation 

(Yuanchao et al. 2025a). Another group of researchers used 

high-order, nonlocal shear theories to analyze fg plates and 

shells (Bousmaha et al. 2025, Cuong-Le et al. 2022, Liu et 

al. 2022, Van Vinh and Tounsi, 2022b). Van Vinh and 

Tounsi (2022a) studied the free vibration of FG doubly 

curved nanoshells using the nonlocal first-order shear 

deformation theory with variable nonlocal parameters. Later 

Van Vinh and Zenkour (2025) analyzed the vibration of 

porous FG sandwich plates on viscoelastic and Winkler-

Pasternak foundations under different boundary conditions. 

Their numerical findings indicated that the damped 

frequency drops quickly as damping coefficients increase. 

The response of piezoelectric FG shells to nonlinear forced 

vibrations under thermo-mechanical and electrical loading 

was investigated by Liu et al. (2021b), Electroelastic 

analysis of piezoelectric curved nanoshells employing  
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Abstract.  This study explores the behavior of auxetic microrods—unusual structures that expand sideways when stretched—

under torsional vibration. We examined triangular and elliptical forms using nonlocal strain gradient theory to capture the subtle 

effects that appear at very small scales. The analysis shows that shape, orientation, and boundary support all play a decisive role 

in how these rods respond. Although the work is grounded in mechanics, the findings translate readily into sports applications. 

Shin guards, for instance, face repeated, high-energy impacts where comfort and protection often pull in opposite directions. 

Traditional foams and plastics tend to pass sharp vibrations into the leg or wear out quickly. Auxetic microrods, by contrast, can 

spread the force of a strike, soften the shock, and extend the life of the gear—all without adding bulk. Incorporating these 

microscale structures could give athletes shin guards that are lighter, tougher, and more comfortable, marking a clear step toward 

smarter protective equipment. 
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Eringen’s nonlocal elasticity theory (ENET) has demonstrated 

that size influences vibrational behavior and stress 

distribution (Zhu et al. 2025). In addition, Li et al. (2025) 

created a new mathematical model based on higher-order 

shear deformation to study the vibration of a doubly curved 

shell. Wave propagation and bending analysis in FG plates 

have also been examined through analytical methods and 

quasi-3D theories (Boussalem et al. 2025, Fang et al. 2025, 

Yang et al. 2025). In addition, several studies have used 

other scale-dependent theories like the nonlocal strain 

gradient theory (NSGT), the modified coupled stress theory, 

and the Two-Helmholtz NSGT  (Bağdatlı, 2015, Ebrahimi et 

al. 2019, Gheshlaghi and Hasheminejad, 2011, Pradhan and 

Phadikar, 2009). For example, Arefi and Amabili (2021) 

used ENET to examine the bending and stability 

characteristics of bilayer MEE nanoshells with dual 

curvature subjected to in-plane magnetic, electrical, and 

mechanical force. Zarezadeh et al. (2020) examined how 

FG nanorods vibrate torsionally on a torsional medium in a 

magnetic field using ENET. Jankowski et al. (2020) studied 

the dynamic behavior and stability of imperfect nanoscale 

beams using HSDT and NSGT. Despite significant progress 

in the development of FG materials, studies show that, 

although they offer many structural advantages, they still 

have limitations in vibration absorption and energy 

dissipation under severe dynamic conditions. These 

limitations led to the introduction of auxetic materials as a 

new class. auxetic materials are a new class of materials 

that exhibit a negative Poisson’s ratio. Unlike conventional 

materials that contract laterally, auxetic materials expand in 

the transverse direction. This feature not only increases 

energy absorption, mechanical resistance to indentation, and 

vibration reduction but also helps address the structural 

weakness of traditional FG materials and improves dynamic 

performance. Fig. 1 below shows how conventional and 

auxetic materials perform differently under tension to help 

readers understand these differences (Hu et al. 2025, Seyfi 

et al. 2024). 

 

 

Researchers have studied auxetic structures using 

different mechanical analyses, including buckling, vibration, 

and wave propagation, because of their unique mechanical 

behavior (Beitollahi et al. 2025, Kadiri et al. 2024, 

Nasrekani et al. 2025). For example, Hajmohammad et al. 

(2019) investigated the free vibration behavior of sandwich 

plates featuring an auxetic honeycomb core and dense 

composite overlays. These plates were positioned on a 

viscoelastic medium and subjected to magnetic fields and 

blast loads, all analyzed using the sinusoidal shear 

deformation theory (SSDT). The nonlinear dynamic and 

static responses of laminated beams with an auxetic FG 

core under thermal conditions were evaluated by Li et al. 

(2018, 2019). Eipakchi and Mahboubi Nasrekani (2020) 

conducted the free vibration analysis of a composite 

sandwich shell with an auxetic core under moving internal 

pressure. Recent findings by Hu et al. (2025) indicate that a 

polygonal metamaterial with auxetic behavior improves 

stress dispersion capability and is considered a suitable 

option for structural systems requiring high impact 

resistance. Also, research has indicated that auxetic nano-

composites, as well as other nanostructured auxetic 

materials, offer valuable functionalities in both athletic and 

medical fields (Chang et al. 2025, Dai et al. 2022, Liu et al. 

2025, Xia et al. 2025, YaJie et al. 2025, Yu et al. 2023). For 

instance, adding graphene oxide to volleyballs improves 

their vibration stability and energy dissipation (Daichang et 

al. 2025, Xu et al. 2025). Polymer nanocomposites with 

nanoclay and wood powder have also made helmets and 

sports equipment stronger (Yang et al. 2025). Chen et al. 

(2025) investigated how exercise impacts protein tissue 

stability in athletes by using biomechanical analysis with 

size-related models. Their findings indicated that physical 

activity can markedly affect the mechanical properties of 

tissues and fibers. In a related study, Chen et al. (2025) 

looked at how physical exercise impacts the stability of 

nanodevices used for targeted drug delivery. They used a 

modeling method that combines higher-order beam theory  

 

Fig. 1. The assessment of mechanical response of auxetic and conventional materials subjected to tensile load 
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with NSGT to simulate nanodevices with uneven tubular 

shapes. The findings show that hydrodynamic forces during 

exercise can affect the stability of nanodevices. To improve 

outcomes in sports medicine and rehabilitation, it is 

important to consider both mechanical design and 

physiological conditions. Wan et al. (2025) also studied 

small-scale rotational structures like nanobeams and 

nanotubes for advanced sports equipment. Their results 

show that these structures reduce vibration and improve 

endurance. The structures also have different acousto-optic 

shapes, each with its own way of changing form. The 

researchers demonstrated that lightweight hollow constructions 

with graded performance exhibit superior strength-to-

weight ratios and stability.  This aids in the construction of 

high-performance apparatus such as bicycle frames, ski 

poles, and gymnastic bars (Xiao et al. 2025). ENET in its 

integral version has been shown to create paradoxes and 

poorly defined boundary problems in some cases. This 

work uses the Nonlocal Strain Gradient Theory (NSGT) to 

get around these problems. NSGT efficiently integrates 

nonlocal and strain-gradient effects, guaranteeing theoretically 

stable and physically coherent modeling of size-dependent 

behavior in torsional vibration. This approach allows 

capturing both the long-range interatomic interactions and 

the microstructural stiffness variations without the 

inconsistencies observed in the conventional ENET.  Despite 

extensive studies on auxetic nano- and microstructures, 

scale-dependent torsional vibration in circular microrods 

has not been investigated to date, therefore, the present 

study aims to address this scientific gap. For the first time, 

this study presents an analytical approach for the torsional 

vibration of auxetic microrods with non-circular cross-

sections that models small-scale effects using NSGT. While 

previous studies focused on FG nanorods with circular 

cross-sections, this innovative model demonstrates that 

combining non-circular cross-sectional geometry with 

auxetic behavior can effectively control the stiffness-

frequency relationship at the microscale. The findings 

indicate that the cross-sectional geometry and auxetic 

behavior jointly determine the stiffness-frequency 

relationship at the microscale. 

 

 

This study examines the torsional oscillation of non-

circular auxetic microrods made from thermoplastic 

polyurethane with elliptical and triangular cross-sections. 

NSGT is used to include small-scale effects, and the 

system’s equations are based on Hamilton’s principle. 

While torsion-flexure coupling can happen in non-circular 

cross-sections, it is not considered here because the 

boundary conditions are symmetrical and the geometry is 

uniform. An analytical method is used to solve the non-local 

equations, and the study looks at how different parameters 

affect the torsional frequency of these honeycomb auxetic 

microrods. 
 

 

2. Theory and formulation 
 

In this research, a reform-auxetic honeycomb serves as 
the fundamental material for the microrod. One of the key 
benefits of this research is the application of auxetic 
material. Different parameters of the auxetic unit are 
displayed in Fig. 2. In Fig. 2, θ denotes the angle of 
inclination, and the impact of this crucial parameter is 
extensively analyzed in the results section. The lengths of 
the horizontal and inclined edges of the auxetic cell are 
denoted by e and l, respectively. 

The effective properties of auxetic materials are 
obtained in terms of elastic modulus (E), shear modulus 
(G), density (ρ), and Poisson’s ratio (ν) (QING and ZHI, 
2010): 

{
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 (1) 

 

Fig. 2 Cell geometry of the auxetic honeycomb core 
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To show how 
𝑒

𝑙
 and inclined angle affect properties of 

auxetic material, Fig. 3 is plotted. As the inclined angle 

becomes more negative, the elastic modulus, mass density, 

and shear modulus decrease, while Poisson’s ratio 

increases. This behavior reflects the fact that a larger 

negative inclined angle intensifies the re-entrant geometry, 

making the structure more compliant and strongly auxetic. 

Furthermore, higher values of 𝑒/𝑙 lead to overall stiffer 

behavior, indicating the sensitivity of mechanical response 

to both geometric configuration and scale ratio.  

Here, the values of 
𝑒

𝑙
 and 

𝑡

𝑙
 are considered to be 4 and 

0.0138571, respectively.  

 

2.1 Governing equations deriving 
 

This model defines the displacement field of the auxetic 

rod in the x-direction for any point as follows: 

 

 

𝑢(𝑥, 𝑡) = 𝜓(𝑦, 𝑧)𝜃,𝑥(𝑥, 𝑡) (2) 

𝑣(𝑥, 𝑡) = −𝑧𝜃(𝑥, 𝑡) (3) 

𝑤(𝑥, 𝑡) = 𝑦𝜃(𝑥, 𝑡) (4) 

where, u, v and w represent the x, y and z-displacement, 

respectively. Also, θ and ψ denote the microrod’s twix 

angle and warping function, respectively. In this work, 

triangular and elliptical shapes are regarded for microrod’s 

cross-section The warping functions of the mentioned 

shapes are expressed in the following form  (Sokolnikoff 

and Specht, 1956): 

𝜓𝑡𝑟(𝑦, 𝑧) =
𝑦

6𝜉
(3𝑧2 − 𝑦2) (5) 

𝜓𝑒𝑙(𝑦, 𝑧) = (
𝑏2 − 𝑎2

𝑏2 + 𝑎2
)𝑦𝑧 (6) 

  
(a) (b) 

  
(c) (d) 

Fig. 3 Variation of (a) Elastic modulus (b) mass density (c) Poisson’s ratio (d) shear modulus versus incline angle for 

different e/l 
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Subscripts tr and el state triangular and elliptical shape, 

respectively. Also, 𝜉 =
√3 𝜁

6
. To enhance readers’ 

comprehension, a diagram of non-circular microrods is 

included in Fig. 4. 

It is worth noting that for non-circular cross-sections, 

torsion–flexure coupling may occur due to geometric 

asymmetry. However, in the present analysis, pure torsion 

is assumed since the boundary conditions are symmetric 

and the geometry is uniformly distributed along the length. 

Under these conditions, flexural deformation is suppressed, 

and torsional vibration dominates the response. 

The non-zero elements of the strain fields is written as: 

𝜀𝑥𝑦 = 𝑢,𝑦 + 𝑣,𝑥 = (𝜓,𝑦 − 𝑧)𝜃,𝑥 (7) 

𝜀𝑥𝑧 = 𝑢,𝑧 + 𝑤,𝑥 = (𝜓,𝑧 + 𝑦)𝜃,𝑥 (8) 

Hamilton’s principle is used to derive the governing 

equation for torsional vibration over the time interval from 

0 and t: 

∫  
𝑡

0

[𝛿𝑈 − (𝛿𝑇 + 𝛿𝑊)]𝑑𝑡 = 0 (9) 

in which, U, T, and W denote strain and kinetic energies, 

and work done by external forces, respectively. The strain 

energy’s variation is written as: 

𝛿 ∫  
𝑡

0

𝑈𝑑𝑡 = ∫  
𝑡

0

∫ 
𝑉

𝜎𝑖𝑗𝛿𝜀𝑖𝑗𝑑𝑉

= ∫ 
𝑉

(𝜎𝑥𝑧𝛿𝜀𝑥𝑧 + 𝜎𝑥𝑦𝛿𝜀𝑥𝑦)𝑑𝑉 
(10) 

Replacing Eqs. (7) – (8) into above equation leads to: 

𝛿 ∫  
𝑡

0

𝑈𝑑𝑡 = ∫  
𝑡

0

∫  
𝐿

0

{(𝑀𝑇
𝜕𝛿𝜃

𝜕𝑥
) 𝑑𝑥𝑑𝑡

+∫  
𝐿

0

∫ 
𝐴

(𝜎𝑥𝑦
𝜕𝛿𝜓(𝑦, 𝑧)

𝜕𝑦
+ 𝜎𝑥𝑧

𝜕𝛿𝜓(𝑦, 𝑧)

𝜕𝑧
) 𝜃,𝑥𝑑𝐴𝑑𝑥} 𝑑𝑡

 (11) 

 The torsional torque’s moment is written as: 

 

 

𝑀𝑇 = ∫ 
𝐴

(𝜎𝑥𝑦(𝜓,𝑦(𝑦, 𝑧) − 𝑧)

+ 𝜎𝑥𝑧(𝜓,𝑧(𝑦, 𝑧) + 𝑦)) 𝑑𝐴 
(12) 

Eq. (11) is rewritten as: 

𝛿 ∫  
𝑡

0

𝑈𝑑𝑡 = ∫  
𝑡

0

(𝑀𝑇|0
𝐿 −∫ 𝑀,𝑥

𝑇  
𝐿

0

𝛿𝜃𝑑𝑥) 𝑑𝑡 (13) 

Kinetic energy’s variation is stated as: 

𝑇 =
1

2
∫ 
𝑉

𝜌 {𝜓2(𝑦, 𝑧)(𝜃̇,𝑥)
2
+ (−𝑧𝑡)2 + (𝑦𝜃̇)

2
} 𝑑𝑉

= 𝐼𝑎 + 𝐼𝑏  
(14) 

where, 𝐼𝑎  and 𝐼𝑏  denote respectively axial inertia and polar 

inertia, and they are formulated as: 

𝐼𝑎 =
1

2
∫  
𝐿

0

∫ 
𝐴

𝜌𝜓2(𝑦, 𝑧)𝜃̇,𝑥
2𝑑𝐴𝑑𝑥 (15) 

𝐼𝑏 =
1

2
∫  
𝐿

0

𝜌𝐼𝑝𝜃̇
2𝑑𝑥 =

1

2
∫  
𝐿

0

𝐼𝑜𝜃̇
2𝑑𝑥 (16) 

where in Eq. (16), mass and polar moment of inertias (𝐼𝑜 

and 𝐼𝑝) are presented as: 

𝐼𝑜 = 𝜌∫ 
𝐴

(𝑦2 + 𝑧2)𝑑𝐴 =  𝜌𝐼𝑝 (17) 

𝐼𝑝 = ∫ 
𝐴

(𝑦2 + 𝑧2)𝑑𝐴 (18) 

The variations of moments of inertia are derived as: 

𝛿 ∫  
𝑡

0

𝐼𝑎 = ∫  
𝑡

0

∫  
𝐿

0

𝜌𝐼𝜓𝜃̈,𝑥𝑥𝛿𝜃𝑑𝑥𝑑𝑡 − ∫  
𝑡

0

𝜌𝐼𝜓𝜃̈,𝑥𝛿𝜃|
0

𝐿

𝑑𝑡 (19) 

𝛿 ∫  
𝑡

0

𝐼𝑏 = ∫  
𝑡

0

𝐼𝑜 (𝜃̇𝛿𝜃|0
𝐿
−∫  

𝐿

0

𝜃̈𝑑𝑥) (20) 

  
(a) (b) 

Fig. 4 Schematic of microrod with non-circular cross-section (a) triangular (b) elliptical 
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Table 1 The dimensionless frequencies of the clamed 

auxetic microscale rod with triangular cross-section for 

dissimilar triangle edges and nonlocal parameters (l = 15 

nm) 

µ 

(nm) 

Triangle edges 

ζ = 1 (nm) ζ = 5 (nm) ζ = 10 (nm) 

Liu et al. 

(2025) 
Present 

Liu et al. 

(2025) 
Present 

Liu et al. 

(2025) 
Present 

0 2.4331 2.4333 2.4298 2.4301 2.4203 2.4208 

1 2.3813 2.3815 2.3782 2.3786 2.3690 2.3694 

1.5 2.3211 2.3212 2.3180 2.3185 2.3092 2.3093 

2 2.2439 2.2441 2.2410 2.2415 2.2322 2.2325 

 

 

where 

𝐼𝜓 = ∫ 
𝐴

𝜓2(𝑦, 𝑧)𝑑𝐴 (21) 

No external force is applied in this research and because 

of this, the variation of work done is ignored. By replacing 

Eqs. (13) and (14) into Eq. (9), the relations of motion and 

the boundary condition (B.C) are derived as: 

𝑀,𝑥
𝑇 = 𝐼𝑜𝜃,𝑡𝑡 − 𝜌𝐼𝜓𝜃̈,𝑥𝑥 (22) 

(𝑀𝑇 + 𝜌𝐼𝜓𝜃̈,𝑥)|0
𝐿
= 0      or     𝛿𝜃|0

𝐿 = 0 (23) 

The following equation introduces the constitutive 

relation of auxetic microrod based on NSGT in terms of 

nonlocal parameter and length-scale parameter: 

(1 − 𝜇2∇2)𝜎𝑖𝑗 = (1 − 𝜂
2∇2)𝐶: 𝜀𝑖𝑗     𝑖𝑗 = 𝑥𝑧, 𝑥𝑦  (24) 

Next, the following equation is nonlocal dynamic 

equation: 

(1 − 𝜇2∇2)𝑀𝑇 = (1 − 𝜂2∇2)𝐺 (∫ 
𝐴

(𝜓,𝑦 − 𝑧)
2

+ (𝜓,𝑧 + 𝑦)
2
𝑑𝐴)𝜃,𝑥 

(25) 

By simplifying the coupled Eq. (22) with Eq. (25), the 

nonlocal governing equation of the auxetic microrod is 

written as follows: 

(1 − 𝜂2∇2)𝐺 (∫ 
𝐴

(𝜓,𝑦 − 𝑧)
2
+ (𝜓,𝑧 + 𝑦)

2
𝑑𝐴)𝜃,𝑥𝑥  

+𝜌𝐼𝜓𝜃̈,𝑥𝑥 − 𝐼𝑜𝜃̈ + 𝜇
2(𝐼𝑜𝜃̈,𝑥𝑥 − 𝜌𝐼𝜓𝜃̈,𝑥𝑥𝑥𝑥) = 0 

(26) 

  

 
3. Solution procedure 

 

This section provides a general solution for extracting 

the numerical results of the calculated formulation: 

𝜃(𝑥, 𝑡) = ∑  

∞

𝑚=1

Θ𝑚(𝑥)𝑒
𝑖𝜔𝑚𝑡 (27) 

where, Θ𝑚  states the mth mode shape, which for two 

dissimilar B.C can be written in the following form: 

Θ𝑚 = 𝜒𝑚𝑠𝑖𝑛 (Γ𝑥) (28) 

The parameter Γ  for B.Cs, Clamped-Clamped (C-C) 

and Clamped–Free (C-F), is computed as: 

Γ = {

𝑚𝜋

𝐿
                                 𝐶 − 𝐶

(2𝑚 − 1)𝜋

2𝐿
                  𝐶 − 𝐹

 (29) 

By applying Eq. (27) into Eq. (26), the torsional 

frequency of auxetic microrod is obtained. 

 

 
4. Numerical results 

 

Here, the oscillation of the non-circular auxetic 

microrods under different boundary conditions is evaluated 

in several figures. The impacts of various variants on 

variations in torsional frequency are examined and shown 

below. Additionally, the dimensionless frequencies of the 

current model are compared with those from similar studies, 

and the outcomes are provided. 

 

4.1 Validation 
 

In the present analysis, the nonlocal parameter μ 

represents the material’s internal length-scale effect, which 

accounts for atomic-level interactions within the ENET 

framework. The choice of μ values is based on earlier 

studies of micro- and nano-scale torsional vibration (Arda, 

2021, Faghidian and Tounsi, 2022, Zarezadeh et al. 2020), 

where μ usually ranges from 0 to 10 μm for metallic and 

composite materials at the microscale. When μ is 0, it 

represents classical local elasticity. When μ values are 

higher, nonlocal effects become stronger and this reduces 

the structural stiffness. In this study, we use μ values from 2 

to 10 μm to examine how small-scale interactions affect the 

dynamic response of auxetic microrods. 

Table 1 compares the dimensionless fundamental natural 

frequencies of a C-C boundary condition auxetic triangular 

microwire across different nonlocal parameter (μ) values 

and triangle edge lengths (ζ). The results align closely with 

those of Liu et al. (2025), with a maximum deviation of 

0.1%. This strong agreement validates the NSGT-based 

analytical method’s capability to accurately model the 

dynamic behavior of auxetic microrods. Furthermore, the 

observed decrease in natural frequency as μ increases 

underscores the role of nonlocal effects in diminishing 

structural stiffness. 

The verification of the dimensionless frequencies of the 

clamped elliptical microrod with varying b/a ratios and 

nonlocal parameters (l = 20 nm) is shown in Table 2. The 

current results are very similar to those reported by J. Liu et 

al. (2025), with differences of less than 0.1%. This confirms 

that the approach is reliable. As the nonlocal parameter 𝜇 

increases, the natural frequency decreases. This indicates a 

stiffness-softening effect related to small-scale phenomena. 

Additionally, changing the cross-sectional ratio 𝑎 / 𝑏 

significantly influences the dynamic response, higher 𝑎 / 𝑏 

ratios result in greater bending stiffness and, consequently, 
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higher natural frequencies. The results indicate that the 

proposed analytical model reliably and accurately predicts 

the vibration of non-circular auxetic microrods. 

Tables 1 and 2 show that a rod’s cross-sectional shape 

has a big impact on its performance. Elliptical rods spread 

stress more evenly and are stiffer, which leads to higher 

natural frequencies and less deformation. In contrast, 

triangular rods collect stress at their corners, causing local 

deformation and making them more sensitive in some 

vibrational modes. This research demonstrates that the 

geometry of the cross-section significantly influences a 

structure’s response, irrespective of material and 

dimensions being constant. 

 

4.2 Numerical example 
 

A numerical example was used to further test the 

proposed analytical model and to study how geometry and 

boundary constraints affect the results. In this example, the 

torsional natural frequencies of auxetic microrods with 
triangular and elliptical cross-sections were analyzed under 

two boundary conditions: C–C and C–F. 

The variations of torsional frequency (kHz) with different 

 

 

 

tlt angles (-30° to -70°) and four vibration modes (m = 1-4) 

for various boundary conditions and cross sections are 

shown in Table 3. The results show the natural frequency 

diminishes with an increase in the incline angle. The reason 

for this pattern is that the rod’s effective torsional rigidity 

gets weaker as you move along its axis.  This is because 

larger angles cause the shear stress to be less evenly 

distributed and the strain to be more concentrated in some 

areas. Also, as expected, higher vibration modes mean 

higher frequencies. This means more energy and more 

complex patterns of deformation. A comparison of the two 

boundary conditions reveals that C–C configurations have 

higher frequencies than C–F configurations because the 

stronger end constraints increase the system’s overall 

stiffness. Moreover, elliptical microrods generally demonstrate 

higher torsional frequencies than triangular ones due to their 

larger polar moment of inertia and more uniform stress 

distribution. 

Fig. 5 shows how the natural frequency varies with the 

length-scale parameter for different nonlocal parameters (μ 

= 2, 4, 6, 8, and 10 μm). Two cross-sectional geometries- 

elliptical and triangular—were analyzed under C–C and C–

F boundary conditions. In every case, the natural frequency 

Table 2 The verification of the dimensionless frequencies of the clamped elliptical microrod for the dissimilar 

nonlocal parameters and a/b ratios (l = 20 nm) 

µ (nm) 

Cross-section ratio 

a/b = 0.1 a/b = 1 a/b = 10 

Liu et al. (2025) Present Liu et al. (2025) Present Liu et al. (2025) Present 

0 0.6212 0.6214 3.1273 3.1273 0.6220 0.6220 

1 0.6137 0.6139 3.0893 3.0894 0.6144 0.6145 

1.5 0.6046 0.6048 3.0438 3.0439 0.6053 0.6054 

2 0.5925 0.5928 2.9832 2.9834 0.9533 0.5934 

Table 3 Torsional frequency (kHz) versus incline angle and m for different boundary condition and cross-sections 

Cross-section 
Boundary 

condition 
m 

Incline angle 

-30 -40 -50 -60 -70 

Triangular 

C-C 

1 76.4362 73.3179 70.6261 68.4426 66.8338 

2 138.0340 132.4027 127.5416 123.5985 120.6932 

3 182.7552 175.2995 168.8635 163.6429 159.7963 

4 215.6275 206.8306 199.2370 193.0774 188.5389 

C-F 

1 39.3985 37.7912 36.4037 35.2782 34.4490 

2 109.5082 105.0407 101.1842 98.0560 95.7511 

3 162.2372 155.6185 149.9051 145.2706 141.8559 

4 200.3275 192.1548 185.1001 179.3775 175.1611 

Elliptical 

C-C 

1 87.1488 83.5935 80.5244 78.0349 76.2006 

2 157.8064 151.3685 145.8111 141.3032 137.9818 

3 209.8582 201.2967 193.9063 187.9115 183.4945 

4 249.0905 238.9285 230.1564 223.0409 217.7981 

C-F 

1 44.8895 43.0581 41.4773 40.1950 39.2502 

2 124.9976 119.8981 115.4962 111.9255 109.2946 

3 185.8483 178.2664 171.7215 166.4125 162.5009 

4 230.6826 221.2715 213.1478 206.5581 201.7027 
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increases as the length-scale parameter gets larger, showing 

a clear size-dependent effect described by the nonlocal 

strain gradient theory. As the microstructural characteristic 

length grows, the material becomes stiffer, which leads to 

higher natural frequencies. When comparing the two cross-

sections, the elliptical microrod shows slightly higher 

natural frequencies than the triangular one because its shape 

is smoother and its moment of inertia is higher. In the same 

way, the C-C boundary condition leads to higher 

frequencies than the C-F case because both ends are more 

strongly constrained. 

Fig. 6 presents the variation in the natural frequency 

with microrod length for different geometric parameters and 

boundary conditions. Both elliptical and triangular cross-

sections are analyzed under C–C and C–F configurations. 

As you can see, the natural frequency decreases sharply 

with increasing microrod length, particularly at shorter 

lengths. This inverse relationship indicates that shorter rods 

 

 

have higher stiffness and therefore exhibit higher natural 

frequencies, whereas longer rods exhibit lower stiffness and 

lower natural frequencies. For the elliptical microrod, the 

aspect ratio (a/b) greatly influences its behavior: higher 

aspect ratios lead to higher frequencies because of increased 

bending stiffness along the central axis. The triangular 

cross-section follows a similar pattern but has slightly lower 

frequency values, which is due to its smaller second 

moment of area. As expected, the C–C boundary condition 

always results in higher frequencies than the C–F condition. 

This confirms that supports with more constraints increase 

stiffness and resistance to vibration. 

 

 

5. Conclusions 
 

This study examines the behavior of auxetic microrods 

unusual structures that expand laterally when stretched— 

  
(a) (b) 

  

(c) (d) 

Fig. 5 Variation of the natural frequency versus length-scale parameter for various nonlocal parameters for elliptical 

cross-section under (a) C-C (b) C-F boundary conditions and triangular cross-section (c) C-C (d) C-F boundary 

conditions 
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under torsional vibration. We analyzed triangular and 

elliptical shapes using nonlocal strain gradient theory to 

capture subtle effects at small scales. The results indicate 

that: 

• Raising the nonlocal parameter (μ) reduces the natural 

frequencies due to the stiffness-softening effect from small-

scale interactions. 

• The aspect ratio (a/b) and cross-sectional shape greatly 

affect the dynamic response, elliptical microrods showed 

higher frequencies than triangular microrods because of 

their greater polar moment of inertia. 

• Boundary constraints greatly affect vibrational 

properties. The C–C setup generated higher frequencies 

than the C–F setup due to increased stiffness at both ends. 

• An increase in natural frequencies was attributed to the 

length-scale parameter, emphasizing the notable size-

dependent effects accounted for by NSGT. 

• An inverse relationship was observed between microrod 

 

 

length and natural frequency, with shorter rods exhibiting 

increased stiffness and higher vibrational modes. 

The study demonstrates that the dynamic behavior of 

auxetic microrods is significantly affected by the synergistic 

influence of geometric configuration, boundary conditions, 

and scale-dependent parameters. These findings highlight 

that changing microstructural features can help control 

dynamic behavior, which is important for designing 

lightweight, vibration-resistant auxetic parts for protective 

gear like shin guards. 

Although the present investigation focuses on auxetic 

microrods derived from a single type of re-entrant 

honeycomb geometry with varying inclined angles, the 

framework established here can be readily extended to other 

auxetic topologies such as chiral, rotating-square, or star-

shaped lattices. These geometries achieve a negative 

Poisson’s ratio through different ways they deform, which 

can result in varied stiffness–frequency relationships and 

  
(a) (b) 

  
(c) (d) 

Fig. 6 Variation of the natural frequency versus length of microrod for various geometry values for elliptical cross-

section under (a) C-C (b) C-F boundary conditions and triangular cross-section (c) C-C (d) C-F boundary conditions 
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energy absorption. The numerical results from this study 

help explain how acoustic geometries and microscale 

features work together to influence vibration response. This 

knowledge can help make protective structures work better 

in practice. Future studies should therefore explore how 

these alternative auxetic unit-cell designs influence the 

torsional and coupled vibration responses at the microscale, 

to further generalize the present findings and broaden their 

applicability in multifunctional metamaterial design. 
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