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1. Introduction 
 

Since discovery of boron nitride nanotubes (BNNTs) in 

1995, it attracted attention of many researchers in last 

decade. BNNTs have same atomic structure with carbon 

nanotubes (CNTs) whereas BNNTs have better resistance to 

oxidation at high temperatures (˃900℃) and more stability. 

BNNTs are in crystalline and amorphous forms and have 

strong piezoelectric property. BNNTs unlike CNTs are 

chirality-independent which are considered as semi-

conducting materials. These properties make them a fresh 

selection for producing actuators and sensors and high 

temperature equipment and smart control applications. Also, 

a controversial application is focused Ultrasound BNNT in 

which can improve drug transfer and concentrating drug at 

a specific location (Thibeault et al. 2015). The main 

properties of BNNTs and CNTs is indicated in Fig. 1. With 

the growth of the knowledge and reporting the different 

investigation on mechanical analysis of nanoscale structure, 

it can be found that the results of investigations which used 

classical theory is not accurate. Due to inaccuracy of classic 

mechanical theories in predicting mechanical response of 

nanoscale structures, scientists have developed non-classical 

mechanical theories including nonlocal elasticity theory 

(NET), modified couple stress theory (MCST), nonlocal 
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strain gradient theory (NSGT), modified strain gradient 

theory (MSGT) and etc. The results of new investigations 

indicated that the small-scale effect is not take into account 

based on classical theories and it makes such theories 

inaccurate. However, the obtained results of the proposed 

theories are more accurate than classical theories (Ebrahimi 

et al. 2019a, b, c, 2023). For example, Ebrahimi and Seyfi 

(2022) studied the influence of nonlocal parameter on wave 

dispersion response of an embedded functionally graded 

piezoelectric nanobeam under electric field. Here, the 

small-scale effect is also considered based on NET. Seyfi et 

al. (2024) employed NET to assess the torsional vibrational 

behavior of non-circular auxetic nanorod. Recently, stability 

analysis of imperfect graphene platelets-strengthened 

composite microshells was performed by Taghizadeh et al. 

(2025) in the framework of MCST. Nonlinear static and 

dynamic characteristics of fluid-conveying CNTs-reinforced 

microshells exposed to 2D magnetic field were surveyed by 

Sobhy (2025) based on MCST. Moreover, NSGT was used 

by Esen et al. (2025) to analyze the buckling and vibration 

response of porous sandwich higher-order nanoscale plate. 

In last two decades, several investigations have been 

performed on behavior of CNTs and BNNTs (Ebrahimi and 

Seyfi, 2023, Seyfi et al. 2022). BNNTs can be classified in 

single, double and multi walled nanotubes. In recent years, 

researchers studied buckling, vibration and wave propagation 

of single-walled boron nitride nanotubes (SWBNNTs) or 

double-walled boron nitride nanotubes (DWBNNTs) or 

multi-walled boron nitride nanotubes (MWBNNTs). As an  
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instance of SWBNNTs, nonlinear vibration and stability of 

BNNT-reinforced composite microtube embedded in an 

elastic foundation exposed to electro-thermal loadings is 

probed by Arani et al. (2012). In another attempt, Arani and 

Roudbari (2014) investigated the impact of Knudsen-

dependent fluid flow on wave dispersion phenomenon of 

SWBNNTs lying on viscoelastic substrate based on Euler-

Bernoulli beam theory and nonlocal piezoelasticity theory. 

Thermal dynamic analysis of armchair BNNT was carried 

out by Chandra et al. (2015) with help of molecular 

dynamics simulations. The numerical simulation is conducted 

by Yan et al. (2017) to simulate vibrational behavior of 

SWBNNTs using Tersoff-Brenner potential. The super-

harmonic and sub-harmonic resonance of BNNTs-strengthened 

composite beams subjected to internal thermal source was 

evaluated by Taati and Ahmadian (2023). Abdellahi et al. 

(2024) utilized differential quadrature method (DQM) to 

solve dynamic problem of BNNTs-strengthened piezo-

electric actuators based on Timoshenko beam theory. As an 

instance of DWBNNTs, electronic and vibrational properties 

of zigzag DWBNNTs were investigated by Aydin (2013). 

Based on Timoshenko beam theory, Ghorbanpour-Arani et 

al. (2017) studied the propagation of waves in fluid-

conveying double DWBNNTs rested on viscoelastic 

medium. Instability response of fluid-conveying hybrid-

nanotube in the thermal environment and under magnetic 

field was explored by Sedighi et al. (2020) based on stress-

driven nonlocal theory. The effect of thermal environment 

was examined by Roodgar Saffari et al. (2022) on 

frequency analysis of fluid-conveying DWBNNTs in the 

framework of first-order shear deformation theory.  

As an instance of MWBNNTs, Mohammadimehr et al. 

(2015) implemented DQM to solve natural frequency 

problem of fluid-conveying triple-walled BNNTs (TWBNNTs) 

resting on viscoelastic foundation. Ansari et al. (2017) 

examined different boundary conditions effects on the 

vibrational behavior of concentric MWBNNTs and multi-

walled CNTs using finite element method. The buckling 

analysis of concentric MWBNNTs subjected to the 

compressive loadings is discussed by Nikkar et al. (2019) 

 

 

exerting FEM. Choyal and Kundalwal (2020) predicted 

temperature-dependent transversely isotropic elastic 

characteristics of MWBNNTs by utilizing molecular 

dynamics simulations. the optical, electrical, and structural 

properties of SWBNNTs, DWBNNTs and MWBNNTs were 

examined by Badehian and Vatankhah (2022) by employing 

density functional theory. Wave dispersion in fluid-conveying 

nanotubes governs how axial disturbances, structural 

instabilities, and coupled electro-magneto-thermal fields 

travel and attenuate along the conduit. Reliable dispersion 

predictions are therefore essential for designing nanoelectro-

mechanical (NEMS) elements where the “tube-as-channel” 

simultaneously acts as a structural member and a signal/ 

transport pathway—e.g., flow-sensing, actuation, and high-

frequency filtering. BNNTs are especially attractive because 

they combine high thermal stability, oxidation resistance, 

and intrinsic piezoelectricity while remaining semiconducting 

and chirality-independent, which supports robust transduction 

at elevated temperatures. These attributes make them strong 

candidates for sensors/actuators in harsh environments and 

smart-control hardware in healthcare and electronics. In 

practice, dispersion characteristics dictate comfort margins 

against flow-induced vibration and flutter in nanochannels, 

the bandwidth of piezoelectric signal transmission along 

tubular interconnects, and the stability of integrated 

nanofluidic lines embedded in viscoelastic hosts (e.g., 

polymer substrates or biological media). Tunability with 

external electric, magnetic, and thermal fields further 

enables on-demand reconfiguration of propagation speed 

and attenuation—useful for adaptive filters, threshold 

sensors, and precision drug-delivery micro-lines that rely on 

guided-wave control. 

To our knowledge, no prior study has analyzed wave 

dispersion in fluid-conveying TWBNNTs resting on a 

viscoelastic foundation under simultaneous electro-magneto-

thermal loading within a NSGT coupled to classical shell 

kinematics. Our formulation captures (i) concurrent 

nonlocality and strain-gradient size effects via the parameters 

e0a and l, (ii) inter-wall van der Waals coupling for the 

triple-wall system, (iii) rarefaction/Knudsen corrections to  

 

Fig. 1 Comparison between BNNTs and CNTs properties (Jakubinek et al. 2015) 
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Table 1 The material properties of BNNTs (Salehi-Khojin 

and Jalili, 2008) 

Property Unit Value 

Mass Density Kg m-3 𝜌 = 3487 

Elastic properties GPa 

𝑐11 = 2035, 𝑐22 = 2035, 
𝑐33 = 2035, 𝑐12 = 692, 
𝑐13 = 692, 𝑐23 = 692, 
𝑐44 = 672, 𝑐66 = 672 

Piezoelectric properties C/m2 
𝑒31 = 0, 𝑒33 = 0.95, 
𝑒15 = 0 

Dielectric properties - 

∈11
∈0

= 1250, 

∈22
∈0

= 1250, 

∈33/∈0= 1250 

Thermal properties 105 NKm-2 𝛽1 = 4.74, 𝛽3 = 4.53 

 

 

the internal flow through a velocity-correction factor, and 

(iv) Winkler–Pasternak–damping substrate effects. We 

validate the wave-frequency predictions against a benchmark 

nonlocal shell model verified by molecular dynamics (Fig. 

3), and then deliver a comprehensive parametric study 

quantifying how fluid velocity/density, Knudsen number, 

foundation parameters, and external fields modulate phase 

velocity. This specific combination of structure (TWBNNT), 

physics (electro-magneto-thermal plus rarefied internal 

flow), and foundation modeling within NSGT has not been 

reported previously. 
 

 

2.Theory and formulation 
 
The NSGT can be developed to BNNTs accounting for 

the elastic, magnetic and electric filed. So that elastic, 

electric field for a reference point depend not only on elastic 

and electric characteristics at the same point but also on all 

other points of the body. Basic relationships for BNNTs 

subjected to thermal, magnetic and electric fields are 

written in terms of nonlocal parameter (𝑒0𝑎) and length 

scale parameter (l) (Salehi-Khojin and Jalili, 2008): 

(1 − (𝑒0𝑎)
2𝛻2) {

𝜎𝑥𝑖
𝜎𝜃𝑖
𝜎𝑥𝜃𝑖

} 

= (1 − 𝑙2𝛻2)

{
 
 

 
 [

𝑐̃11 𝑐̃12 0
𝑐̃21 𝑐̃22 0
0 0 𝑐̃66

] {

𝜀𝑥𝑖
𝜀𝜃𝑖
𝛾𝑥𝜃𝑖

}

− [

0 0 𝑒̃31
0 0 𝑒̃32
0 0 𝑒̃33

] {

𝐸𝑥𝑖
𝐸𝜃𝑖
𝐸𝑧𝑖

}
}
 
 

 
 

− [
𝛽1
𝛽2
0

] 𝛥𝑇 

(1) 

(1 − (𝑒0𝑎)
2𝛻2) {

𝐷𝑥𝑖
𝐷𝜃𝑖
𝐷𝑍𝑖

} 

= (1 − 𝑙2𝛻2)

{
 
 

 
 [

0 0 0
0 0 0
𝑒̃31 𝑒̃32 𝑒̃33

] {

𝜀𝑥𝑖
𝜀𝜃𝑖
𝛾𝑥𝜃𝑖

}

− [

∈̃11 0 0

0 ∈̃22 0

0 0 ∈̃33

] {

𝐸𝑥𝑖
𝐸𝜃𝑖
𝐸𝑧𝑖

}

}
 
 

 
 

+ [
0
0
𝑝3

] 𝛥𝑇 

(2) 

where 𝛻2 =
𝜕2

𝜕𝑧2
+

1

𝑅2

𝜕2

𝜕𝜃2
+

1

𝑅

𝜕

𝜕𝑅
+

𝜕

𝜕𝑅2
. As well as, 𝑐̃𝑖𝑗 , 𝑒̃𝑖𝑗, 

𝛽1, 𝑝3 and ∈̃𝑖𝑗 denote the reduced coefficients BNNT that 

are formulated as: 

∈̃11=∈11, ∈̃33=∈33−
𝑒33

2

𝑐33
, 

𝑒̃31 = 𝑒31 −
𝑐13𝑒33

𝑐33
 , 𝑝3 = 𝑝3 +

𝛽3𝑒33

𝑐33
, 𝛽1 = 𝛽1 −

𝑐13𝛽3

𝑐33
 

𝑐̃66 = 𝑐66, , 𝑐̃12 = 𝑐12 −
𝑐13

2

𝑐33
 

(3) 

where in these equations: 

{𝐴11 𝐴12 𝐴66} = {ℎ𝑐̃11 ℎ𝑐̃12 ℎ𝑐̃66} (4) 

{𝐷11 𝐷12 𝐷66} = {
ℎ3𝑐̃11
12

ℎ3𝑐̃12
12

ℎ3𝑐̃66
12

} (5) 

𝐸31 = ∫ 𝑒̃31𝛽 𝑠𝑖𝑛( 𝛽𝑧)𝑑𝑧

ℎ

2

−
ℎ

2

 (6) 

𝑋11 = ∫ ∈̃11

ℎ

2

−
ℎ

2

𝑐𝑜𝑠2( 𝛽𝑧)𝑑𝑧 (7) 

𝑋22 = ∫ ∈̃11

ℎ

2

−
ℎ

2

[
𝑐𝑜𝑠( 𝛽𝑧)

𝑅 + 𝑧
]

2

𝑑𝑧 (8) 

𝑋33 = ∫ ∈̃33

ℎ

2

−
ℎ

2

[𝛽 𝑠𝑖𝑛( 𝛽𝑧)]2𝑑𝑧 (9) 

𝑇11 = ∫ 𝜇̃11

ℎ

2

−
ℎ

2

𝑐𝑜𝑠2( 𝛽𝑧)𝑑𝑧 (10) 

𝑇22 = ∫ 𝜇̃22

ℎ

2

−
ℎ

2

[
𝑐𝑜𝑠( 𝛽𝑧)

𝑅 + 𝑧
]

2

𝑑𝑧 (11) 

𝑇33 = ∫ 𝜇̃33

ℎ

2

−
ℎ

2

[𝛽 𝑠𝑖𝑛( 𝛽𝑧)]2𝑑𝑧 (12) 

The constant material properties of BNNTs are given in 

Table 1. Moreover, the electric field is formulated in the 

following form: 

𝐸𝑥𝑖 = −
𝜕𝛷̃

𝜕𝑥
= 𝑐𝑜𝑠( 𝛽𝑧)

𝜕𝛷𝑖
𝜕𝑥

 (13) 

𝐸𝜃𝑖 = −
1

𝑅𝑖 + 𝑧

𝜕𝛷̃

𝜕𝜃
=
𝑐𝑜𝑠( 𝛽𝑧)

𝑅 + 𝑧

𝜕𝛷𝑖
𝜕𝜃

 (14) 

𝐸𝑧𝑖 = −
𝜕𝛷̃

𝜕𝑧
= −𝛽 𝑠𝑖𝑛( 𝛽𝑧)𝛷𝑖 −

2𝜙0
ℎ

 (15) 

where 𝛷̃ is electric potential which can be presented in 

terms of variation of electric potential (𝛷) and its initial 

value (φ0) (Salehi-Khojin and Jalili 2008): 

2

13
11 11

33

c
c c

c
= −
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𝛷̃(𝑥, 𝜃, 𝑧, 𝑡) = − 𝑐𝑜𝑠( 𝛽𝑧)𝛷(𝑥, 𝜃, 𝑡) +
2𝑧𝜑0
ℎ

, 

𝛽 =
𝜋

ℎ
 

(16) 

To better physical understanding from the studying 

subject, the Fig. 2 is provided. Fig. 2 illustrates the 

schematic of a fluid-conveying BNNT rested on viscoelastic 

medium. 

The displacement fields of BNNTs are modeled 

according to Love’s shell theory (Gopalakrishnan and 

Narendar, 2013): 

𝑢1(𝑥, 𝜃, 𝑧, 𝑡) = 𝑈(𝑥, 𝜃, 𝑡) − 𝑧
𝜕𝑊(𝑥, 𝜃, 𝑡)

𝜕𝑥
, (17) 

𝑢2(𝑥, 𝜃, 𝑧, 𝑡) = 𝑉(𝑥, 𝜃, 𝑡) − 𝑧
1

𝑅

𝜕𝑊(𝑥, 𝜃, 𝑡)

𝜕𝑦
, (18) 

𝑢3(𝑥, 𝜃, 𝑧, 𝑡) = 𝑊(𝑥, 𝜃, 𝑡) (19) 

Also, the non-zero strain relations are written as 

(Gopalakrishnan and Narendar, 2013): 

𝜀𝑥𝑖 =
𝜕𝑈𝑖
𝜕𝑥

− 𝑧
𝜕2𝑊𝑖

𝜕𝑥2
, (20) 

𝜀𝜃𝑖 =
𝑧

𝑅𝑖
2 (
𝜕𝑉𝑖
𝜕𝜃

−
𝜕2𝑊

𝜕𝜃2
) +

1

𝑅𝑖
(𝑊𝑖 +

𝜕𝑉𝑖
𝜕𝜃
), (21) 

𝛾𝑥𝜃𝑖 =
1

𝑅𝑖
(𝑊𝑖 +

𝜕𝑈𝑖
𝜕𝜃
) +

𝜕𝑉𝑖
𝜕𝑥

−
𝑧

𝑅𝑖
(2

𝜕2𝑊

𝜕𝑥𝜕𝜃
−
𝜕𝑉𝑖
𝜕𝑥
), (22) 

Subscript i shows layer number (1, 2 and 3). Normal 

loads and bending moments are presented as follow: 

(𝑁𝑥𝑖 𝑁𝜃𝑖 𝑁𝑥𝜃𝑖) = ∫ (𝜎𝑥𝑖 𝜎𝜃𝑖 𝜎𝑥𝜃𝑖)

ℎ

2

−
ℎ

2

𝑑𝑧 (23) 

(𝑀𝑥𝑖 𝑀𝜃𝑖 𝑀𝑥𝜃𝑖) = ∫ (𝜎𝑥𝑖 𝜎𝜃𝑖 𝜎𝑥𝜃𝑖)𝑧

ℎ

2

−
ℎ

2

𝑑𝑧 (24) 

 

 

By substituting Eqs. (13) to (24) into Eqs. (1-2), the 

following equations can be obtained: 

𝑁𝑥𝑖 − 𝜇
2𝛻2𝑁𝑥𝑖 = 𝐴11

𝜕𝑈𝑖
𝜕𝑥

+
𝐴12
𝑅𝑖

(
𝜕𝑉𝑖
𝜕𝜃

+𝑊𝑖) 

−𝑙2𝐴11 (
1

𝑅𝑖
2

𝜕3𝑈𝑖
𝜕𝜃2𝜕𝑥

+
𝜕3𝑈𝑖
𝜕𝑥3

) 

−𝑙2𝐴12 (
1

𝑅𝑖
3

𝜕3𝑉𝑖
𝜕𝜃3

+
1

𝑅𝑖

𝜕3𝑉𝑖
𝜕𝜃𝜕𝑥2

+
1

𝑅𝑖
3

𝜕2𝑊𝑖

𝜕𝜃2
+
1

𝑅𝑖

𝜕2𝑊𝑖

𝜕𝑥2
) 

+𝑁𝑀𝑥𝑖 +𝑁𝐸𝑥𝑖 +𝑁𝑇𝑥𝑖  

(25) 

𝑁𝜃𝑖 − 𝜇
2𝛻2𝑁𝜃𝑖 = 𝐴12

𝜕𝑈𝑖
𝜕𝑥

+
𝐴11
𝑅𝑖
(
𝜕𝑉𝑖
𝜕𝜃

+𝑊𝑖) 

−𝑙2𝐴12(
1

𝑅𝑖
2

𝜕3𝑈𝑖
𝜕𝜃2𝜕𝑥

+
𝜕3𝑈𝑖
𝜕𝑥3

) − 𝐴11𝑙
2(
1

𝑅𝑖
3

𝜕3𝑉𝑖
𝜕𝜃3

 

+
1

𝑅𝑖

𝜕3𝑉𝑖
𝜕𝜃𝜕𝑥2

+
1

𝑅𝑖
3

𝜕2𝑊𝑖

𝜕𝜃2
+
1

𝑅𝑖

𝜕2𝑊𝑖

𝜕𝑥2
) 

+𝑁𝑀𝜃𝑖 + 𝑁𝐸𝜃𝑖 + 𝑁𝑇𝜃𝑖 

(26) 

𝑁𝑥𝜃𝑖 − 𝑒0𝑎
2𝛻2𝑁𝑥𝜃𝑖 = 𝐴66 (

𝜕𝑉𝑖
𝜕𝑥

+
1

𝑅𝑖

𝜕𝑈𝑖
𝜕𝜃
) 

−𝑙2𝐴66(
1

𝑅𝑖
2

𝜕3𝑉𝑖
𝜕𝑥𝜕𝜃2

+
𝜕3𝑉𝑖
𝜕𝑥3

+
1

𝑅𝑖
3

𝜕3𝑈𝑖
𝜕𝜃3

+ 

1

𝑅𝑖

𝜕3𝑈𝑖
𝜕𝜃𝜕𝑥2

) 

(27) 

𝑀𝑥𝑖 − 𝑒0𝑎
2𝛻2𝑀𝑥𝑖 

= −𝐷11
𝜕2𝑊𝑖

𝜕𝑥2
−
𝐷12

𝑅𝑖
2 (
𝜕2𝑊𝑖

𝜕𝜃2
−
𝜕𝑉𝑖

𝜕𝜃
) + 𝐸31𝛷𝑖 

+𝑙2𝐷11 (
1

𝑅𝑖
2

𝜕4𝑊𝑖

𝜕𝜃2𝜕𝑥2
+
𝜕4𝑊𝑖

𝜕𝑥4
) 

+𝑙2𝐷12

(

 
 

1

𝑅𝑖
2

𝜕4𝑊𝑖

𝜕𝑥2𝜕𝜃2
+

1

𝑅𝑖
4

𝜕4𝑊𝑖

𝜕𝜃4

−
1

𝑅𝑖
2

𝜕3𝑉𝑖

𝜕𝜃𝜕𝑥2
−

1

𝑅𝑖
4

𝜕3𝑉𝑖

𝜕𝜃3)

 
 

 

−𝑙2𝐸31(
1

𝑅𝑖
2

𝜕2𝛷𝑖

𝜕𝜃2
+
𝜕2𝛷𝑖

𝜕𝑥2
) 

(28) 

 

Fig. 2 Schematic of fluid-conveying BNNT lying on a viscoelastic substrate (Salehi-Khojin and Jalili, 2008) 
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Multi-physical field effects on wave dispersion characteristics of fluid-conveying triple-walled … 

𝑀𝜃𝑖 − 𝑒0𝑎
2𝛻2𝑀𝜃𝑖 = −𝐷12

𝜕2𝑊𝑖

𝜕𝑥2
−
𝐷11

𝑅𝑖
2 (
𝜕2𝑊𝑖

𝜕𝜃2
−
𝜕𝑉𝑖
𝜕𝜃
) 

+𝐸31𝛷𝑖 + 𝑙
2𝐷12 (

1

𝑅𝑖
2

𝜕4𝑊𝑖

𝜕𝜃2𝜕𝑥2
+
𝜕4𝑊𝑖

𝜕𝑥4
) 

+𝑙2𝐷11(
1

𝑅𝑖
2

𝜕4𝑊𝑖

𝜕𝑥2𝜕𝜃2
+

1

𝑅𝑖
4

𝜕4𝑊𝑖

𝜕𝜃4
−

1

𝑅𝑖
2

𝜕3𝑉𝑖
𝜕𝜃𝜕𝑥2

 

−
1

𝑅𝑖
4

𝜕3𝑉𝑖
𝜕𝜃3

) − 𝑙2𝐸31(
1

𝑅𝑖
2

𝜕2𝛷𝑖
𝜕𝜃2

+
𝜕2𝛷𝑖
𝜕𝑥2

 

(29) 

𝑀𝑥𝜃𝑖 − 𝑒0𝑎
2𝛻2𝑀𝑥𝜃𝑖 = −

𝐷66
𝑅𝑖

(
2

𝑅𝑖

𝜕2𝑊𝑖

𝜕𝜃𝜕𝑥
−
𝜕𝑉𝑖
𝜕𝑥
) 

+𝑙2𝐷66(
2

𝑅𝑖
2

𝜕4𝑊𝑖

𝜕𝜃𝜕𝑥3
+

2

𝑅𝑖
4

𝜕4𝑊𝑖

𝜕𝜃3𝜕𝑥
−

1

𝑅𝑖
2

𝜕3𝑉𝑖
𝜕𝑥3

 

−
1

𝑅𝑖
2

𝜕3𝑊𝑖

𝜕𝑥𝜕𝜃2
) 

(30) 

∫ 𝑐𝑜𝑠( 𝛽𝑧)[𝐷𝑥𝑖 − 𝑒0𝑎
2𝛻2𝐷𝑥𝑖]𝑑𝑧

ℎ

2

−
ℎ

2

 

= 𝑋11
𝜕𝛷𝑖
𝜕𝑥

− 𝑙2𝑋11(
1

𝑅𝑖
2

𝜕3𝛷𝑖
𝜕𝑥𝜕𝜃2

+
𝜕3𝛷𝑖
𝜕𝑥3

) 

(31) 

∫
𝑐𝑜𝑠( 𝛽𝑧)

𝑅𝑖 + 𝑧
[𝐷𝜃𝑖 − 𝑒0𝑎

2𝛻2𝐷𝜃𝑖]𝑑𝑧

ℎ

2

−
ℎ

2

 

= 𝑋22
𝜕𝛷𝑖
𝜕𝜃

− 𝑙2𝑋22(
1

𝑅𝑖
2

𝜕3𝛷𝑖
𝜕𝜃3

+
𝜕3𝛷𝑖
𝜕𝜃𝜕𝑥2

) 

(32) 

∫ 𝛽 𝑠𝑖𝑛( 𝛽𝑧)[𝐷𝑧𝑖 − 𝑒0𝑎
2𝛻2𝐷𝑧𝑖]𝑑𝑧

ℎ

2

−
ℎ

2

 

= −𝐸31
𝜕2𝑊𝑖

𝜕𝑥2
−
𝐸31

𝑅𝑖
2 (
𝜕2𝑊𝑖

𝜕𝜃2
−
𝜕𝑉𝑖
𝜕𝜃
) − 𝑋33𝛷𝑖  

+𝑙2𝐸31(
𝜕4𝑊𝑖

𝜕𝑥4
+

1

𝑅𝑖
2

𝜕4𝑊𝑖

𝜕𝑥2𝜕𝜃2
) + 𝐸31(

1

𝑅𝑖
4

𝜕4𝑊𝑖

𝜕𝜃4
 

+
1

𝑅𝑖
2

𝜕2𝑊𝑖

𝜕𝑥2𝜕𝜃2
−

1

𝑅𝑖
4

𝜕3𝑉𝑖
𝜕𝜃3

−
1

𝑅𝑖
2

𝜕3𝑉𝑖
𝜕𝑥2𝜕𝜃

) 

+𝑙2𝑋33(
1

𝑅𝑖
2

𝜕2𝛷𝑖
𝜕𝜃2

+
𝜕2𝛷𝑖
𝜕𝑥2

) 

(33) 

 
 
3.Governing equations 

 
To develop the nonlocal governing equations of BNNTs, 

Hamilton`s principle is employed in terms of strain energy 

(𝛱𝑆𝑖), kinetic energy (𝛱𝐾𝑖) and work done by external force 

(𝛱𝐹𝑖): 

∫ 𝛿(∏𝐾𝑖 − (∏𝐹𝑖 +∏𝑆𝑖) 𝑑𝑡 =0
𝑡2

𝑡1

 (34) 

Kinetic energy of BNNT is written as: 

∏𝐾𝑖 =
1

2
∫ ∫ [𝐼1 (

𝜕𝑈𝑖

𝜕𝑡
)
2

+ 𝐼1 (
𝜕𝑉𝑖

𝜕𝑡
)
2

+
2𝜋

0

𝐿

0
(35) 

𝐼1 (
𝜕𝑊𝑖

𝜕𝑡
)
2

] 𝑅𝑖𝑑𝜃𝑑𝑥  

in which 𝐼1 = 𝜌ℎ. 

Elastic and electric strain energies are defined as: 

∏𝑆1 =
1

2
∫ ∫

[
 
 
 
 𝑁𝑥

𝜕𝑈𝑖
𝜕𝑥

+
𝑁𝜃
𝑅𝑖
(
𝜕𝑉𝑖
𝜕𝜃

+𝑊𝑖)

+𝑁𝑥𝜃(
𝜕𝑉𝑖
𝜕𝑥

+
1

𝑅𝑖

𝜕𝑈𝑖
𝜕𝜃
)
]
 
 
 
 2𝜋

0

𝐿

0

𝑅𝑖𝑑𝜃𝑑𝑥 

−
1

2
∫ ∫

[
 
 
 
 𝑀𝑥

𝜕2𝑊𝑖

𝜕𝑥2
+
𝑀𝜃

𝑅𝑖
2 (
𝜕2𝑊𝑖

𝜕𝜃2
−
𝜕𝑉𝑖
𝜕𝜃
)

+
𝑀𝑥𝜃

𝑅𝑖
(
2𝜕2𝑊𝑖

𝜕𝑥𝜕𝜃
−
𝜕𝑉𝑖
𝜕𝑥
)

]
 
 
 
 

2𝜋

0

𝐿

0

𝑅𝑖𝑑𝜃𝑑𝑥 

(36) 

∏𝑆2 = −
1

2
∫ ∫ ∫

[
 
 
 
 
 
 
 𝑎𝑛𝑑𝐷𝑥𝑖 𝑐𝑜𝑠( 𝛽𝑧)

𝜕𝛷𝑖
𝜕𝑥

+𝐷𝜃𝑖
𝑐𝑜𝑠( 𝛽𝑧)

𝑅𝑖 + 𝑧

𝜕𝛷𝑖
𝜕𝜃

𝑎𝑛𝑑 − 𝐷𝑧𝑖(𝛽 𝑠𝑖𝑛( 𝛽𝑧))𝛷𝑖

+
2𝜙0
ℎ ]

 
 
 
 
 
 
 

ℎ

2

−
ℎ

2

𝑅𝑖𝑑𝑧𝑑𝜃𝑑𝑥
2𝜋

0

𝐿

0

 (37) 

Various forces including van der Waals force, thermo-

magneto-electric field force are applied to BNNT. The work 

done by external forces is presented in terms of vertical 

induced forces by thermo-magneto-electric forces as 

(Salehi-Khojin and Jalili, 2008): 

∏𝐹1 =
1

2
∫ ∫ [

(𝑁𝑇𝑥 + 𝑁𝑀𝑥

+𝑁𝐸𝑥) (
𝜕𝑊𝑖

𝜕𝑡
)
2]

2𝜋

0

𝐿

0

𝑅𝑖𝑑𝜃𝑑𝑥 + 

1

2
∫ ∫ [

(𝑁𝑇𝜃 + 𝑁𝑀𝜃 + 𝑁𝐸𝜃)

𝑅2
(
𝜕𝑊𝑖

𝜕𝜃
)
2

]
2𝜋

0

𝐿

0

𝑅𝑖𝑑𝜃𝑑𝑥 

(38) 

The vertical induced forces are introduced as: 

𝑁𝑇𝑥 = 𝑁𝑇𝜃 = 𝛽1ℎ𝛥𝑇, 𝑁𝐸𝑥 = 𝑁𝐸𝜃 = −2𝑒̃31𝜙0, 

𝑁𝑀𝑥 = 𝑁𝑀𝜃 = −2𝑞̃31𝜓0 
(39) 

The work done by force of magnetic fluid can be 

defined in terms of fluid density (𝜌𝑓) and average velocity 

correction factor (𝑉𝐶𝐹) (Abdollahian et al. 2013): 

∏𝐹2 = ∫ ∫ [−
𝜌𝑓𝑅

2
(
𝜕2𝑊

𝜕𝑡2
+ 2𝑉𝑓𝑉𝐶𝐹

𝜕2𝑊

𝜕𝑡𝜕𝑥

2𝜋

0

𝐿

0

+ (𝑉𝑓𝑉𝐶𝐹)
2
𝜕2𝑊

𝜕𝑥2
)]𝑅𝑑𝜃𝑑𝑥 

(40) 

To evaluate the impact of fluid  flow passing through a 

nanostructure, the Knudsen number (Kn) must be 

considered. VCF and rarefaction factor ( 𝐶𝑟(𝐾𝑛) ) are 

formulated in terms of tangential momentum accommodation 

coefficient (σv) (Oveissi and Nahvi, 2015): 

𝑉𝐶𝐹 =
𝑉slip

𝑉𝑛𝑜−slip

=
1

𝐶𝑟(𝐾𝑛)
(4(

2 − 𝜎𝑣

𝜎𝑣
)(

𝐾𝑛

1 − 𝑏𝐾𝑛
) + 1) (41) 

𝐶𝑟(𝐾𝑛) =
1

1 + 𝛼𝐾𝑛
 (42) 

𝛼 =
2

𝜋
𝛼0[𝑡𝑎𝑛

−1( 𝛼1𝐾𝑛
𝐵)] (43) 
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𝑉𝐶𝐹 =
𝑉slip

𝑉𝑛𝑜−slip

=
1

𝐶𝑟(𝐾𝑛)
(4(

2 − 𝜎𝑣

𝜎𝑣
)(

𝐾𝑛

1 − 𝑏𝐾𝑛
) + 1) (44) 

In addition, van der Waals force between interlayers is 

written as (Dong et al. 2008, Mitra and Gopalakrishnan, 

2009): 

𝑝𝑖(𝑖+1) = 𝑐(𝑊𝑖+1 −𝑊𝑖) (45) 

𝑝(𝑖+1)(𝑖) = −
𝑅𝑖
𝑅𝑖+1

𝑝(𝑖)(𝑖+1) (46) 

where𝑝𝑖(𝑖+1) and Wi denote force of the two neighboring 

layers and layer i’s transverse displacement, respectively. 

Therefore, the force from layer 1 to layer 2 is computed as: 

𝑝1 = 𝑝12 = 𝑐(𝑊2 −𝑊1) (47) 

Also, the reaction force is represented as follow: 

𝑝21 = −
𝑅1
𝑅2
𝑝12 (48) 

𝑝2 = 𝑝23 + 𝑝21 = 𝑝23 −
𝑅1
𝑅2
𝑝12 

= 𝑐(𝑊3 −𝑊2) − 𝑐
𝑅1
𝑅2
(𝑊2 −𝑊1) 

(49) 

𝑝3 = 𝑝34 + 𝑝32 = 0 −
𝑅2
𝑅3
𝑝23 = −𝑐

𝑅2
𝑅3
(𝑊3 −𝑊2) (50) 

in which 

𝑐 =
320𝑒𝑟𝑔/𝑐𝑚2

0.16𝑑2
, (𝑑 = 0.145𝑛𝑚, 1𝑒𝑟𝑔 = 10−7𝑗) (51) 

As a result, the work done by van der Waals force is 

expressed as: 

∏𝐹3
(𝑖) = ∫ ∫ 𝑝𝑖

𝐿

0

2𝜋

0

𝑅𝑖𝑊𝑖𝑑𝑥𝑑𝜃, (𝑖 = 1,2, . . . , 𝑁) (52) 

The effect of various foundation types on mechanical 

behavior of structures have been investigated by different 

scientists. For more information, the interested readers can 

refer to Seyfi and Aghdam, 2023. In the current investigation, 

viscoelastic foundation is considered to be the structure 

foundation. This foundation consists of a linear layer 

(Winkler) and shear layer (Pasternak) and viscous damper. 

Work done by viscoelastic medium is formulated in terms 

of damping coefficient (C), Winkler coefficient (𝐾𝑤 ), 

Pasternak coefficient (𝐾𝐺) as (Zeighampour et al. 2018): 

∏𝐹4 = ∫ ∫ (𝐾𝑤𝑊2 − 𝐾𝐺
𝜕2𝑊2

𝜕𝑥2
+ 𝐶

𝜕𝑊2

𝜕𝑡

𝐿

0

2𝜋

0

)𝑅3𝑑𝑥𝑑𝜃 (53) 

By inserting the corresponding equations for each 

parameter in Hamilton’s principle, coefficients variation of 

displacement fields is written as: 

𝛿𝑈:
𝜕𝑁𝑥𝑖
𝜕𝑥

+
1

𝑅𝑖

𝜕𝑁𝑥𝜃𝑖
𝜕𝜃

= 𝐼1
𝜕2𝑈𝑖
𝜕𝑡2

 (54) 

𝛿𝑉:
𝜕𝑁𝑥𝜃𝑖
𝜕𝑥

+
1

𝑅𝑖

𝜕𝑁𝜃𝑖
𝜕𝜃

+
1

𝑅𝑖

𝜕𝑀𝑥𝜃𝑖

𝜕𝑥
+

1

𝑅𝑖
2

𝜕𝑀𝜃𝑖

𝜕𝜃
= 𝐼1

𝜕2𝑉𝑖
𝜕𝑡2

 (55) 

𝛿𝑊:
𝜕𝑀𝑥𝑖

𝜕𝑥2
+
2

𝑅𝑖

𝜕2𝑀𝑥𝜃𝑖

𝜕𝑥𝜕𝜃
+

1

𝑅𝑖
2

𝜕2𝑀𝜃𝑖

𝜕𝜃2
−
𝑁𝜃𝑖
𝑅𝑖

−𝑁𝑥0
𝜕2𝑊𝑖

𝜕𝑥2
 

−
𝑁𝜃0

𝑅𝑖
2

𝜕2𝑊𝑖

𝜕𝜃2
+
𝜌𝑓𝑅1

2

(

 

𝜕2𝑊1

𝜕𝑡2
+ 2𝑉𝑓𝑉𝐶𝐹

𝜕2𝑊1

𝜕𝑡𝜕𝑥

+(2𝑉𝑓𝑉𝐶𝐹)
2
𝜕2𝑊1

𝜕𝑥2 )

  

−𝑃𝑖 + 𝐾𝑤𝑊3 − 𝐾𝑔𝛻
2𝑊3 + 𝐶

𝜕𝑊3

𝜕𝑡
= 𝐼1

𝜕2𝑊𝑖

𝜕𝑡2
 

(56) 

𝛿𝛷:∫ [

𝜕𝐷𝑥𝑖
𝜕𝑥

𝑐𝑜𝑠( 𝛽𝑧) +
𝑐𝑜𝑠( 𝛽𝑧)

𝑅𝑖 + 𝑧

𝜕𝐷𝜃𝑖
𝜕𝜃

+𝐷𝑧𝑖𝛽 𝑠𝑖𝑛( 𝛽𝑧)

]
ℎ/2

−ℎ/2

𝑑𝑧 = 0 (57) 

in these equations 𝑁𝑥0 = 𝑁𝐸𝑥 +𝑁𝑀𝑥 + 𝑁𝑇𝑥  and 𝑁𝜃0 =
𝑁𝐸𝜃 + 𝑁𝑀𝜃 + 𝑁𝑇𝜃. 

By coupling Eqs. (25) – (33) with Eqs. (54) – (57), the 

governing equation of multi-layer nanostructure can be 

derived as: 

𝐴11
𝜕2𝑈𝑖
𝜕𝑥2

+
𝐴12
𝑅𝑖

(
𝜕2𝑉𝑖
𝜕𝑥𝜕𝜃

+
𝜕𝑊

𝜕𝑥
) − 𝐴11

𝑙2

𝑅𝑖
2

𝜕4𝑈𝑖
𝜕𝑥2𝜕𝜃2

 

−𝐴11𝑙
2
𝜕4𝑈𝑖
𝜕𝑥4

− 𝐴12
𝑙2

𝑅𝑖
3

𝜕4𝑉𝑖
𝜕𝑥𝜕𝜃3

− 𝐴12
𝑙2

𝑅𝑖

𝜕4𝑉𝑖
𝜕𝑥3𝜕𝜃

 

−𝐴12
𝑙2

𝑅𝑖
3

𝜕3𝑊𝑖

𝜕𝑥𝜕𝜃2
− 𝐴12

𝑙2

𝑅𝑖

𝜕3𝑊𝑖

𝜕𝑥3
+
𝐴66
𝑅𝑖

𝜕2𝑉𝑖
𝜕𝑥𝜕𝜃

+
𝐴66

𝑅𝑖
2

𝜕2𝑈𝑖
𝜕𝜃2

 

−𝐴66
𝑙2

𝑅𝑖
3

𝜕4𝑉𝑖
𝜕𝑥𝜕𝜃3

− 𝐴66
𝑙2

𝑅𝑖

𝜕4𝑉𝑖
𝜕𝑥3𝜕𝜃

− 𝐴66
𝑙2

𝑅𝑖
4

𝜕4𝑈𝑖
𝜕𝜃4

 

−𝐴66
𝑙2

𝑅𝑖
2

𝜕4𝑈𝑖
𝜕𝑥2𝜕𝜃2

= {1 − 𝑒0𝑎
2𝛻2}(𝐼1

𝜕2𝑈𝑖
𝜕𝑡2

) 

(58) 

𝐴66
𝜕2𝑉𝑖
𝜕𝑥2

+
𝐴66
𝑅𝑖

𝜕2𝑈𝑖
𝜕𝑥𝜕𝜃

− 𝐴66
𝑙2

𝑅𝑖
2

𝜕4𝑉𝑖
𝜕𝑥2𝜕𝜃2

− 𝐴66𝑙
2
𝜕4𝑉𝑖
𝜕𝑥4

 

−𝐴66
𝑙2

𝑅𝑖
3

𝜕4𝑈𝑖
𝜕𝑥𝜕𝜃3

− 𝐴66
𝑙2

𝑅𝑖

𝜕4𝑈𝑖
𝜕𝑥3𝜕𝜃

+
𝐴12
𝑅𝑖

𝜕2𝑈𝑖
𝜕𝑥𝜕𝜃

+
𝐴11

𝑅𝑖
2

𝜕2𝑉𝑖
𝜕𝜃2

 

+
𝐴11

𝑅𝑖
2

𝜕𝑊𝑖

𝜕𝜃
− 𝐴12

𝑙2

𝑅𝑖
3

𝜕4𝑈𝑖
𝜕𝑥𝜕𝜃3

− 𝐴12
𝑙2

𝑅𝑖

𝜕4𝑈𝑖
𝜕𝑥3𝜕𝜃

− 𝐴11
𝑙2

𝑅𝑖
4

𝜕4𝑉𝑖
𝜕𝜃4

 

−𝐴11
𝑙2

𝑅𝑖
2

𝜕4𝑉𝑖
𝜕𝑥2𝜕𝜃2

− 𝐴11
𝑙2

𝑅𝑖
4

𝜕3𝑊𝑖

𝜕𝜃3
− 𝐴11

𝑙2

𝑅𝑖
2

𝜕3𝑊𝑖

𝜕𝑥2𝜕𝜃
 

−
𝐷66

𝑅𝑖
2

2𝜕3𝑊𝑖

𝜕𝑥2𝜕𝜃
+
𝐷66

𝑅𝑖
2

𝜕2𝑉𝑖
𝜕𝑥2

+ 2𝐷66
𝑙2

𝑅𝑖
4

𝜕5𝑊𝑖

𝜕𝑥2𝜕𝜃3
 

+2𝐷66
𝑙2

𝑅𝑖
2

𝜕5𝑊𝑖

𝜕𝑥4𝜕𝜃
− 𝐷66

𝑙2

𝑅𝑖
4

𝜕4𝑉𝑖
𝜕𝑥2𝜕𝜃2

−𝐷66
𝑙2

𝑅𝑖
2

𝜕4𝑉𝑖
𝜕𝑥4

 

−
𝐷12

𝑅𝑖
2

𝜕3𝑊𝑖

𝜕𝑥2𝜕𝜃
−
𝐷11

𝑅𝑖
4

𝜕3𝑊𝑖

𝜕𝜃3
+
𝐷11

𝑅𝑖
4

𝜕2𝑉𝑖
𝜕𝜃2

+
𝐸31

𝑅𝑖
2

𝜕𝛷𝑖
𝜕𝜃

 

+𝐷12
𝑙2

𝑅𝑖
4

𝜕5𝑊𝑖

𝜕𝑥2𝜕𝜃3
+𝐷12

𝑙2

𝑅𝑖
2

𝜕5𝑊𝑖

𝜕𝑥4𝜕𝜃
+ 𝐷11

𝑙2

𝑅𝑖
6

𝜕5𝑊𝑖

𝜕𝜃5
 

+𝐷11
𝑙2

𝑅𝑖
4

𝜕5𝑊𝑖

𝜕𝑥2𝜕𝜃3
−𝐷11

𝑙2

𝑅𝑖
6

𝜕4𝑉𝑖
𝜕𝜃4

− 𝐷11
𝑙2

𝑅𝑖
4

𝜕4𝑉𝑖
𝜕𝑥2𝜕𝜃2

 

−𝐸31
𝑙2

𝑅𝑖
4

𝜕3𝛷𝑖
𝜕𝜃3

− 𝐸31
𝑙2

𝑅𝑖
2

𝜕3𝛷𝑖
𝜕𝑥2𝜕𝜃

= {1 − 𝑒0𝑎
2𝛻2}(𝐼1

𝜕2𝑉𝑖
𝜕𝑡2

) 

(59) 

−𝐷11
𝜕4𝑊𝑖

𝜕𝑥4
−
𝐷12
𝑅2

𝜕4𝑊𝑖

𝜕𝑥2𝜕𝜃2
+
𝐷12
𝑅2

𝜕3𝑉𝑖
𝜕𝑥2𝜕𝜃

+ 𝐸31
𝜕2𝛷𝑖
𝜕𝑥2

 

+𝐷11
𝑙2

𝑅2
𝜕6𝑊𝑖

𝜕𝑥4𝜕𝜃2
+ 𝐷11𝑙

2
𝜕6𝑊𝑖

𝜕𝑥6
+ 𝐷12

𝑙2

𝑅4
𝜕6𝑊𝑖

𝜕𝑥2𝜕𝜃4
 

+𝐷12
𝑙2

𝑅2
𝜕6𝑊𝑖

𝜕𝑥4𝜕𝜃2
− 𝐷12

𝑙2

𝑅4
𝜕5𝑉𝑖

𝜕𝑥2𝜕𝜃3
−𝐷12

𝑙2

𝑅2
𝜕5𝑉𝑖
𝜕𝑥4𝜕𝜃

+ 

𝐸31
𝑙2

𝑅2
𝜕4𝛷𝑖
𝜕𝑥2𝜕𝜃2

+ 𝐸31𝑙
2
𝜕4𝛷𝑖
𝜕𝑥4

−
4𝐷66
𝑅2

𝜕4𝑊𝑖

𝜕𝑥2𝜕𝜃2
+
2𝐷66
𝑅2

𝜕3𝑉𝑖
𝜕𝑥2𝜕𝜃

 

(60) 

444



 

Multi-physical field effects on wave dispersion characteristics of fluid-conveying triple-walled … 

+4𝐷66
𝑙2

𝑅4
𝜕6𝑊𝑖

𝜕𝑥2𝜕𝜃4
+ 4𝐷66

𝑙2

𝑅2
𝜕6𝑊𝑖

𝜕𝑥4𝜕𝜃2
− 2𝐷66

𝑙2

𝑅4
𝜕5𝑉𝑖

𝜕𝑥2𝜕𝜃3
 

−2𝐷66
𝑙2

𝑅2
𝜕5𝑉𝑖
𝜕𝑥4𝜕𝜃

−
𝐷12
𝑅2

𝜕4𝑊𝑖

𝜕𝑥2𝜕𝜃2
−
𝐷11
𝑅4

𝜕4𝑊𝑖

𝜕𝜃4
+
𝐷11
𝑅4

𝜕3𝑉𝑖
𝜕𝜃3

 

+
𝐸31
𝑅2

𝜕2𝛷𝑖
𝜕𝜃2

−
𝐴12
𝑅

𝜕𝑈𝑖
𝜕𝑥

−
𝐴11
𝑅2

𝜕𝑉𝑖
𝜕𝜃

−
𝐴11
𝑅2

𝑊𝑖 + 𝐴12
𝑙2

𝑅3
𝜕3𝑈𝑖
𝜕𝑥𝜕𝜃2

 

+𝐴12
𝑙2

𝑅

𝜕3𝑈𝑖
𝜕𝑥3

+ 𝐴11
𝑙2

𝑅4
𝜕3𝑉𝑖
𝜕𝜃3

+ 𝐴11
𝑙2

𝑅2
𝜕3𝑉𝑖
𝜕𝑥2𝜕𝜃

+ 𝐴11
𝑙2

𝑅4
𝜕2𝑊𝑖

𝜕𝜃2
 

+𝐴11
𝑙2

𝑅2
𝜕2𝑊𝑖

𝜕𝑥2
− {1 − 𝑒0𝑎

2𝛻2}(𝜌𝑓
𝑅

2
(
𝜕2𝑊1
𝜕𝑡2

 

+2𝑉𝑛𝑓𝑉𝐶𝐹
𝜕2𝑊1
𝜕𝑡𝜕𝑥

+ (𝑉𝑛𝑓𝑉𝐶𝐹)
2
𝜕2𝑊1
𝜕𝑥2

+ 

𝜎(𝐵𝑥
2)(
𝜕𝑊1
𝜕𝑡

+ 𝑉𝑛𝑓𝑉𝐶𝐹
𝜕𝑊1
𝜕𝑥

)) + 𝑝𝑖 −𝐾𝑤𝑊3 + 𝐾𝐺𝛻
2𝑊3 

−𝐶
𝜕𝑊3

𝜕𝑡
) = {1 − 𝑒0𝑎

2𝛻2}(
𝑁𝜃0
𝑅2

𝜕2𝑊𝑖

𝜕𝜃2
+ 𝑁𝑥0

𝜕2𝑊𝑖

𝜕𝑥2
+ 𝐼1

𝜕2𝑊𝑖

𝜕𝑡2
) 

𝑋11
𝜕2𝛷𝑖
𝜕𝑥2

− 𝑋11
𝑙2

𝑅2
𝜕4𝛷𝑖
𝜕𝑥2𝜕𝜃2

− 𝑋11𝑙
2
𝜕4𝛷𝑖
𝜕𝑥4

+ 𝑋22
𝜕2𝛷𝑖
𝜕𝜃2

 

−𝑋22
𝑙2

𝑅2
𝜕4𝛷𝑖
𝜕𝜃4

− 𝑋22𝑙
2
𝜕4𝛷𝑖
𝜕𝑥2𝜕𝜃2

− 𝐸31
𝜕2𝑊𝑖

𝜕𝑥2
−
𝐸31
𝑅2

𝜕2𝑊𝑖

𝜕𝜃2
 

+
𝐸31
𝑅2

𝜕𝑉𝑖
𝜕𝜃

− 𝑋33𝛷𝑖 + 𝐸31
𝑙2

𝑅2
𝜕4𝑊𝑖

𝜕𝑥2𝜕𝜃2
+ 𝐸31

𝑙2

𝑅4
𝜕4𝑊𝑖

𝜕𝜃4
+ 

𝐸31
𝑙2

𝑅2
𝜕4𝑊𝑖

𝜕𝑥2𝜕𝜃2
− 𝐸31

𝑙2

𝑅4
𝜕3𝑉𝑖
𝜕𝜃3

− 𝐸31
𝑙2

𝑅2
𝜕3𝑉𝑖
𝜕𝑥2𝜕𝜃

 

+𝑋33
𝑙2

𝑅2
𝜕2𝛷𝑖
𝜕𝜃2

+ 𝑋33𝑙
2
𝜕2𝛷𝑖
𝜕𝑥2

= 0 

(61) 

 

 

4. Solution procedure 
 

We tackle the derived nonlocal governing differential 

equations via an analytical solution route. The scheme 

proceeds in a staged manner, invoking exact-solution 

apparatus to obtain explicit expressions. These forms 

furnish a deeper mechanistic reading of systems governed 

by such nonlocal models, yielding a more rounded grasp of 

their dynamics. Beyond strict numerical fidelity, the closed 

forms permit clear-eyed scans of parameters and boundary 

conditions, exposing how specific tunings and couplings 

shape system-level performance. Hence, instead of U, V, W, 

Ф substitute following phrases: 

𝑈𝑖 = 𝑈̄𝑖𝑒
𝑗(𝑘𝑥+𝑛𝜃−𝜔𝑡) (62) 

𝑉𝑖 = 𝑉̄𝑖𝑒
𝑗(𝑘𝑥+𝑛𝜃−𝜔𝑡) (63) 

𝑊𝑖 = 𝑊̄𝑖𝑒
𝑗(𝑘𝑥+𝑛𝜃−𝜔𝑡) (64) 

𝛷𝑖 = 𝛷̄𝑖𝑒
𝑗(𝑘𝑥+𝑛𝜃−𝜔𝑡) (65) 

 

And obtained relations can be presented as: 

[𝐾 + 𝐶𝜔 −𝑀𝜔2] [

𝑎𝑛𝑑𝑈𝑖
𝑎𝑛𝑑𝑉𝑖
𝑎𝑛𝑑𝑊𝑖

𝑎𝑛𝑑𝛷𝑖

] = 0 (66) 

in which the stiffness, damping and inertia matrices of each 

parameter is presented as: 

By setting zero the determinant of the coefficient matrix 

of displacement matrix, angular frequency can be obtained 

and the phase velocity (PV) can be computed as: 

𝑈𝑖 = 𝑈̄𝑖𝑒
𝑗(𝑘𝑥+𝑛𝜃−𝜔𝑡) (69) 

The proposed NSGT-based classical shell formulation 

offers several benefits. First, by combining nonlocal  

𝐾 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 𝐾11

(1) 𝐾12
(1) 𝐾13

(1) 𝐾14
(1)

𝐾21
(1) 𝐾22

(1) 𝐾23
(1) 𝐾24

(1)

𝐾31
(1) 𝐾32

(1) 𝐾33
(1) 𝐾34

(1)

𝐾41
(1) 𝐾42

(1) 𝐾43
(1) 𝐾44

(1)

𝐾15
(1) 𝐾16

(1) 𝐾17
(1) 𝐾18

(1)

𝐾25
(1) 𝐾26

(1) 𝐾27
(1) 𝐾28

(1)

𝐾35
(1) 𝐾36

(1) 𝐾37
(1) 𝐾38

(1)

𝐾45
(1) 𝐾46

(1) 𝐾47
(1) 𝐾48

(1)

𝐾11
(2) 𝐾12

(2) 𝐾13
(2) 𝐾14

(2)

𝐾21
(2) 𝐾22

(2) 𝐾23
(2) 𝐾24

(2)

𝐾31
(2) 𝐾32

(2) 𝐾33
(2) 𝐾34

(2)

𝐾41
(2) 𝐾42

(2) 𝐾43
(2) 𝐾44

(2)

𝐾15
(2) 𝐾16

(2) 𝐾17
(2) 𝐾18

(2)

𝐾25
(2) 𝐾26

(2) 𝐾27
(2) 𝐾28

(2)

𝐾35
(2) 𝐾36

(2) 𝐾37
(2) 𝐾38

(2)

𝐾45
(2) 𝐾46

(2) 𝐾47
(2) 𝐾48

(2)

𝐾19
(1) 𝐾110

(1) 𝐾111
(1) 𝐾112

(1)

𝐾29
(1) 𝐾210

(1) 𝐾211
(1) 𝐾212

(1)

𝐾39
(1) 𝐾310

(1) 𝐾311
(1) 𝐾312

(1)

𝐾49
(1) 𝐾410

(1) 𝐾411
(1) 𝐾412

(1)

𝐾19
(2) 𝐾110

(2) 𝐾111
(2) 𝐾112

(2)

𝐾29
(2) 𝐾210

(2) 𝐾211
(2) 𝐾212

(2)

𝐾39
(2) 𝐾310

(2) 𝐾311
(2) 𝐾312

(2)

𝐾49
(2) 𝐾410

(2) 𝐾411
(2) 𝐾412

(2)

𝐾11
(3) 𝐾12

(3) 𝐾13
(3) 𝐾14

(3)

𝐾21
(3) 𝐾22

(3) 𝐾23
(3) 𝐾24

(3)

𝐾31
(3) 𝐾32

(3) 𝐾33
(3) 𝐾34

(3)

𝐾41
(3) 𝐾42

(3) 𝐾43
(3) 𝐾44

(3)

𝐾15
(3) 𝐾16

(3) 𝐾17
(3) 𝐾18

(3)

𝐾25
(3) 𝐾26

(3) 𝐾27
(3) 𝐾28

(3)

𝐾35
(3) 𝐾36

(3) 𝐾37
(3) 𝐾38

(3)

𝐾45
(3) 𝐾46

(3) 𝐾47
(3) 𝐾48

(3)

𝐾19
(3) 𝐾110

(3) 𝐾111
(3) 𝐾112

(3)

𝐾29
(3) 𝐾210

(3) 𝐾211
(3) 𝐾212

(3)

𝐾39
(3) 𝐾310

(3) 𝐾311
(3) 𝐾312

(3)

𝐾49
(3) 𝐾410

(3) 𝐾411
(3) 𝐾412

(3)]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 𝑀 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 𝑀11

(1) 0 0 0 0 0 0 0 0 0 0 0

0 𝑀22
(1) 0 0 0 0 0 0 0 0 0 0

0 0 𝑀33
(1) 0 0 0 0 0 0 0 0 0

0 0 0 𝑀44
(1) 0 0 0 0 0 0 0 0

0 0 0 0 𝑀15
(2) 0 0 0 0 0 0 0

0 0 0 0 0 𝑀26
(2) 0 0 0 0 0 0

0 0 0 0 0 0 𝑀37
(2) 0 0 0 0 0

0 0 0 0 0 0 0 𝑀48
(2) 0 0 0 0

0 0 0 0 0 0 0 0 𝑀19
(3) 0 0 0

0 0 0 0 0 0 0 0 0 𝑀210
(3) 0 0

0 0 0 0 0 0 0 0 0 0 𝑀311
(3) 0

0 0 0 0 0 0 0 0 0 0 0 𝑀412
(3)]
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Fig. 3 Illustration of non-dimensional frequency against 

wave number compare with reference (Hu et al. 2008) 

 

 

Fig. 4 Illustration of PV of TWBNNT against wave number 

for various modes 

 

 

parameter (e0a) and length-scale parameter (l) measures, it 

remains accurate from long to short wavelengths, avoiding 

the stiffness bias of purely local theories. Second, electro-

magneto-thermal loading and rarefied internal flow (via 

VCF) are coupled at the operator level, yielding a single 

closed-form dispersion relation in which field interactions 

appear transparently. Third, inter-wall Van der Waals forces 

are retained for TWBNNTs, capturing interlayer coupling 

effects that materially influence phase-velocity trends. 

Fourth, the inclusion of a viscoelastic Winkler–Pasternak 

foundation with damping provides a realistic substrate 

 

 

 

model for embedded nano-conduits. Finally, the analytical 

structure of the dispersion equation enables efficient 

parametric studies and clear limit checks (local/nonlocal), 

while our results reproduce a benchmark nonlocal shell 

trend over the full k R range reported (Fig. 3), supporting 

both fidelity and computational economy. 
 
 

5. Results and discussion 
 

Firstly, it is tried to validate the accuracy of the 

employing methodology. Hence, the obtained outcomes are 

verified with the results of investigation presented by Hu et 

al. (2008). Their results verified by molecular dynamics. 

The comparison depicts the good agreement between the 

results of this investigation with those reported by Hu et al. 

(2008). Fig. 3 indicates non-dimensional frequency against 

wave number. Non-dimensional frequency for drawing this 

diagram is regarded as 𝛺 = 𝜔𝐿√
𝐼1

𝐴11
. The considered 

geometry of BNNT is (Salehi-Khojin and Jalili, 2008): 

𝑅1 = 11.43𝑛𝑚, 𝑅2 = 12.31𝑛𝑚, 

𝑅3 = 13.2𝑛𝑚,
𝐿

𝑅1
= 10, ℎ = 0.075𝑛𝑚, 

𝜌 = 3.4870𝑔/𝑐𝑚3 

(70) 

As shown in Fig. 3, the local and nonlocal formulations 

essentially coalesce in the low-wavenumber regime. 

Beyond this cutoff, however, the nondimensional frequency 

predicted by the local model (under the stated parameter 

setting) undershoots the nonlocal prediction. Moreover, the 

nonlocal results are in close, near one-to-one accord with 

the molecular-dynamics benchmarks. 

Variation of PV of TWBNNT as a function of wave 

number for dissimilar modes is shown in Fig. 4. As 

expected, PV reaches to its maximum amount in first mode. 

By rising wave number, PV enlarges to its peak and then is 

reduced. Once wave number equals 0.01  (1/nm) PV of 

higher mode is bigger than another. After wave number 

1(1/nm) charts leads to an identical amount. 

Table 2 illustrates changes of velocity and frequency of 

propagated waves in TWBNNT against wave number for 

dissimilar fluid velocities. As observed, in constant fluid 

velocity for different wave numbers, frequency enlarges and 

PV in each case has different trend that to come  to correct  

𝐶 =

[
 
 
 
 
 
 
 
 
 
 
 
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 𝐶33
(1) 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 𝐶37
(2) 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 𝐶311
(3) 0

0 0 0 0 0 0 0 0 0 0 0 0]
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Table 2 PV and wave frequency of TWBNNT for dissimilar 

fluid velocities and wave numbers 

Fluid velocity 

[m/s] 

Wave number 

[1/nm] 
PV [m/s] 

Wave frequency 

[THz] 

100 0. 1 360.307 0.0360307 

100 1 848.65 0.84865 

100 10 839.974 8.39974 

500 0. 1 1578.61 0.157861 

500 1 1265.44 1.26544 

500 10 1214.71 12.1471 

1000 0. 1 2731.4 0.27314 

1000 1 1819.07 1.81907 

1000 10 1668.96 16.6896 

 

 

Fig. 5 Illustration of the effect of fluid velocity on PV of 

TWBNNT against wave number 

 

 

Fig. 6 Illustration of the effect of fluid density on PV of 

TWBNNT against wave number 

 

 

conclusion, it should be exist more points for sampling. 

Moreover, for constant wave number with increasing fluid 

velocity, PV and frequency increases. 

The effects of fluid density on changes of PV of 

TWBNNT versus wave number is presented in Fig. 6. As is 

observable, trend at first is ascending then is descending. 

By rising fluid density, the peak of diagram becomes greater 

and this peak occurs in smaller wave number. For smaller 

wave number 108 (1/m) by rising fluid density, PV 

increases but after this wave number trend becomes reverse. 

 

Fig. 7 Illustration of PV of TWBNNT as a function of wave 

number for various Knudsen numbers 

 

 

Fig. 8 The magnified illustration of PV of TWBNNT 

against wave number for various Knudsen numbers 

 

 

Fig. 9 Illustration of influence of Winkler coefficient on PV 

of TWBNNT against wave number 

 
 

Fig. 7 demonstrates how Knudsen numbers affect PV 

for different wave number. In this diagram, there is very 

little deviation of PV for different Knudsen numbers and 

approximately have an identical PV. A little difference can 

be seen in smaller wave numbers that is indicated in 

magnified diagram of Fig. 8. According to Fig. 8, by rising 

Knudsen number, PV increases that is almost 10 (m/s). 

The effect of viscoelastic foundation includes three 

Winkler, damping and Pasternak coefficient that the effect 

of each coefficient will be analyzed distinctly. The effect of 

Winkler coefficient on variation of PV versus wave number 

of TWBNNT is reported in Fig. 9. For smaller wave 

number than 109 (1/m) by rising Winkler coefficient, PV 

is reduced. Slope of this diagram is ascending at first then  
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Fig. 10 Illustration of PV of TWBNNT against wave 

number for dissimilar Pasternak coefficients 

 

 

Fig. 11 Illustration of PV of TWBNNT as a function of 

wave number for various damping coefficients 

 

 

becomes descending. In addition, by rising Winkler 

coefficient amount of peak and ascending slope and 

descending slope is decreased and this increasing causes 

damping state is created. For bigger Winkler coefficient, 

diagram tends to a direct line. Also, for bigger wave 

numbers, changing Winkler coefficient make no change in 

PV. 

 

Fig. 12 Illustration of effect of magnetic field intensity on 

PV of TWBNNT for different wave numbers 

 

 

Fig. 13 Illustration of the effect of electric field intensity on 

PV of TWBNNT for different wave numbers 

 

 

  

The influence of Pasternak coefficient on PV of 

TWBNNT against wave number is shown in Fig. 10. 

Diagram at first has uptrend and afterwards with downtrend 

reaches to constant amount smaller than initial amount. As 

observed, by rising Pasternak coefficient, PV enlarges. All 

diagrams at last leads to a constant amount. 

Fig. 11 indicates the sensitivity of PV of TWBNNT on 

Table 3 PV of TWBNNT for dissimilar wave number and electric field intensity 

Wave frequency [THz] PV [m/s] Wave number [1/nm] Electric field intensity (V) 

0.0201438 2014.38 0.01 

0.0001 

0.27314 2731.4 0.1 

1.07635 2152.7 0.5 

1.81907 1819.07 1 

16.6866 1668.66 10 

0.0201437 2014.37 0.01 

0.001 

0.273135 2731.35 0.1 

1.076305 2152.61 0.5 

1.81895 1818.95 1 

16.6858 1668.58 10 

0.0201434 2014.34 0.01 

0.005 
0.273112 2731.12 0.1 

1.07609 2152.18 0.5 

16.6826 1668.26 10 
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damping coefficients. The wave number changes are 

considered in range of 0.05 [1/nm] to 10 [1/nm]. If this 

range divided to three parts, in first range 0.05 to 0.5 [1/nm] 

with increasing damping coefficient, PV is decreased and 

the peak of diagram is in this range. In second range 0.5 to 

5 [1/nm] by rising damping coefficient, PV increases and 

difference into diagrams becomes less. In the last range PV 

of each damping coefficient becomes identical amount.  

Influences of electric and magnetic fields on PV of 

TWBNNT are illustrated in Fig. 12-13. As can be seen in 

Fig. 12, in smaller wave numbers diagrams are identical but 

in higher wave numbers by rising magnetic field intensity 

PV increases. It is clear that difference between diagrams 

for various electric field intensities is very slight. Thus, for 

showing this difference, several number of it is brought in 

Table 3. 

Table 3 presented the effect of electric field intensity on 

variation of wave frequency and PV of TWBNNT for 

various wave numbers. As is observable while electric filed 

intensity increases, PV and wave frequency are lessened. As 

well as previous diagrams, wave number has positive and 

negative effect and depends on its value. 

Effect of thermal field on PV of TWBNNT versus wave 

number is demonstrated in Table 4. As observed, for 

constant temperature difference, PV enlarges at first but at 

continue has downtrend. Also, by rising temperature 

difference, PV is decreased. This is due to softening effect 

of thermal field. Indeed, in greater temperature, the stiffness 

of structure is lessened and leads to lower wave frequency 

and PV. 
 
 

6. Conclusions 
 

Wave propagation of fluid-conveying TWBNNT lying 

on viscoelastic medium under multi-physical fields was 

investigated based on NSGT employing CS theory. The 

main findings of the current study are: 

 

 
 

• Model validation: The nonlocal formulation 

reproduces the benchmark trend across the full wavenumber 

range, the local theory underestimates frequency at higher 

k. (Fig. 3). 

• Mode effect: Phase velocity (PV) peaks in the first 

mode, with increasing k, PV rises to a maximum and then 

declines, beyond k≈1 nm−1 the modes converge. (Fig. 4). 

• Fluid velocity: At fixed k, increasing internal flow 

speed increases both PV and wave frequency. (Table 2, Fig. 

5). 

• Fluid density: PV increases with fluid density at small 

wavenumbers (around 108 m−1) but decreases at larger k, the 

PV peak shifts toward smaller k as density grows. (Fig. 6). 

• Knudsen (rarefaction): Knudsen effects are modest 

overall, at small k a higher Kn slightly raises PV (≈10 m/s). 

(Figs. 7–8). 

• Foundation parameters: 

a) Winkler stiffness lowers PV at small k, effect 

vanishes at large k. (Fig. 9). 

b) Pasternak shear raises PV, with curves tending to 

a common limit at large k. (Fig. 10). 

c) Damping shows three regimes: PV decreases with 

damping for 0.05≤k≤0.5 nm-1, increases for 0.5≤k≤5 nm-1, 

and coalesces for 5≤k≤10 nm-1. (Fig. 11). 

• External fields: Stronger magnetic field increases PV 

at higher k, electric field slightly reduces PV, thermal 

increase (ΔT) softens the system and reduces PV. (Figs. 12–

13, Tables 3–4). 

Collectively, these trends quantify how internal flow, 

rarefaction, substrate mechanics, and electro-magneto-

thermal fields can be used to tune guided-wave transport in 

fluid-conveying TWBNNTs on viscoelastic media. 
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