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1. Introduction 
 

Curved structures can be used in the various mechanical 

elements and systems specially in the aerospace science and 

civil engineering. The analysis of these types of the 

structures and systems is a requirement for advanced 

structural analysis. The multi-field loading especially 

thermal loading has significant impact on the responses of 

the curved structures. Because of this important effect, in 

this paper, the thermal analysis of the curved beams is 

presented.   

Haskul (2019) studied the stress analysis of cylindrically 

curved functionally graded material (FGM) beams under 

radial thermal loading. Material properties, except for 

Poisson’s ratio, varied radially according to a power law. 

Analytical methods were used to examine stresses and 

displacements under various temperature gradients, applying 

the von Mises yield criterion to determine elastic limits. 

Arefi and Zenkour (2017) investigated thermal stress and 

deformation analysis of size-dependent curved nanobeams 

using sinusoidal shear deformation theory. Governing 

equations were derived based on nonlocal thermoelasticity, 

analyzing the effects of thermal loads, nonlocal elasticity, 

foundation stiffness, and curvature radius on displacements 

and stresses. Arefi and Zenkour (2017) conducted electro-

magneto-elastic bending and free vibration analysis of a 

sandwich curved beam with an elastic core and piezo-

magnetic face sheets. They derived governing equations 

using first-order shear deformation theory and investigated 

the influence of Pasternak’s foundation parameters, electric, 

and magnetic potentials on displacement, stress, and natural 

frequencies. Arefi and Zenkour (2017) studied the electro-

magneto-elastic behavior of a three-layer curved beam with 

piezo-magnetic face sheets. Using first-order shear 
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deformation theory, they analyzed bending and vibration 

under the influence of electric and magnetic potentials and 

Pasternak’s foundation, highlighting the effects on 

deflection and vibration characteristics. 

Beg and Yasin (2021) examined the bending, free, and 

forced vibration of functionally graded deep curved beams 

in a thermal environment using an efficient layerwise 

theory. Equations of motion were derived through the 

Hamiltonian approach, incorporating the rule of mixture 

and Mori–Tanaka scheme for material homogenization. 

Analytical solutions were developed using Fourier series for 

simply supported boundary conditions. Pandey and 

Pradyumna (2021) studied transient thermal stresses in 

functionally graded sandwich curved beams subjected to 

thermal shock using a higher-order layerwise theory. Finite 

element formulations were developed based on Hamilton’s 

principle, and the effects of geometric and material 

parameters on thermal stresses were investigated. Sayyad 

and Avhad (2022) conducted thermal analysis of laminated 

composite, sandwich, and functionally graded curved beams 

using a fifth-order curved beam theory. They accounted for 

transverse shear and normal strains, deriving analytical 

solutions using Navier’s method for simply supported 

curved beams under thermal loads. Boğa and Selek (2020) 

investigated axial stress analysis of functionally graded 

beams under thermal loading using both analytical and 

numerical methods. Different FGM configurations with 

material properties varying according to a power law along 

the thickness were analyzed, and results were validated 

using ANSYS finite element simulations. Arefi (2015) 

analyzed stress distribution in curved beams made of FGMs 

under pure bending using linear elasticity theory. Analytical 

expressions for radial and circumferential stress distributions 

were derived for various cross-sectional shapes, examining 

the effects of positive and negative nonhomogeneity 

indices. 

Mohammadi and Dryden (2008) developed an analytical 

solution for thermal stress in functionally graded curved 

beams under uniform temperature changes. The study 
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examined radial variations of elastic stiffness and compared 

stress fields between FGM-coated and solid rings. 

Yousefi and Rastgoo (2011) conducted free vibration 

analysis of functionally graded spatial curved beams using 

first-order shear deformation theory (FSDT). They applied 

the Ritz method to determine natural frequencies and 

analyzed the effects of curvature, boundary conditions, and 

helix pitch angle on dynamic behavior. Yapıcı et al. (2008) 

studied transient temperature and thermal stress distributions 

in a stationary hollow steel disk heated by a moving 

uniform heat source. They developed a numerical model 

using finite volume and finite difference methods, 

demonstrating the influence of thermal conductivity, 

angular speed, and heated segment area on thermal stresses. 

Yapıcı and Baştürk (2005) analyzed transient temperature 

and thermally induced stress distributions in a solid steel 

disk under radially periodic heating using a finite volume-

based computational fluid dynamics (CFD) approach. 

Effects of thermal conductivity, heat flux speed, and 

periodic heating were explored to mitigate stress-induced 

damage. Sadooghi (2005) examined transient heat transfer 

in spherical protective materials exposed to flux and mixed 

boundary conditions. An analytical solution incorporating 

radiation and conduction heat transfer was developed, 

demonstrating the importance of material properties for 

thermal protection. Araya and Gutierrez (2006) derived 

analytical solutions for transient three-dimensional 

temperature distribution in finite solids due to a moving 

laser beam. They compared spatially uniform and Gaussian 

heat source models, emphasizing the impact of boundary 

effects on temperature distribution. Jiang and Dai (2015) 

investigated steady and transient heat conduction in double-

layer plates with functionally graded materials (FGM). 

Analytical solutions were developed using the Poisson 

method and separation of variables, exploring the effects of 

material properties, heat source location, and geometric 

parameters. Forced vibration analysis of the composite 

beam was studied by Civalek et al (2021). Sobhani et al 

(2022) studied the impact of agglomeration on the vibration 

analysis of curved shells and structures. Uzun et al (2020) 

studied the impact of various boundary conditions and 

elastic foundation on the vibration responses of the beam. 

Hadji et al (2021) presented an analytical solution for free 

vibration analysis of the nanoplates. Civalek and Demir 

(2011) presented the nonlocal continuum model for 

buckling and static bending analyses of carbon nanotube 

beams. 

Malekzadeh et al. (2012) studied transient response of 

rotating laminated functionally graded cylindrical shells 

under thermal environments using differential quadrature 

and Newmark’s time integration methods. The study 

examined dynamic responses based on temperature-

dependent material properties and boundary conditions. 

Ootao and Ishihara (2013) developed a three-dimensional 

analytical solution for transient thermoelastic response of 

functionally graded rectangular plates under non-uniform 

heat supply. The effects of material gradation and heat 

distribution on stress fields were analyzed. Boo and Cho 

(1990) investigated transient temperature distributions in 

finite-thickness plates during arc welding using an 

analytical solution to the heat conduction equation. The 

model was validated through experiments on steel plates, 

demonstrating its application for feedback control and 

process optimization. 

Tahani et al. (2010) analyzed transient responses of 

functionally graded hollow circular cylinders under 

dynamic loads using finite element and Newmark methods. 

Dynamic wave characteristics were explored, highlighting 

the advantages of FGMs in enhancing stress distribution 

and stability. Yang et al. (2019) studied transient heat 

conduction in coated steel plates with two-layer coatings 

using a combination of Fourier and non-Fourier methods. 

Boundary conditions and coating parameters were examined 

for optimizing transient temperature fields. Qian et al. 

(2022) developed analytical solutions for temperature 

distribution in laminated beams under general thermal 

boundary conditions. The effects of beam thickness, 

material properties, and layer configuration on thermal 

fields were investigated. Amiri Delouei et al. (2020) 

derived a two-dimensional analytical solution for steady-

state heat conduction in thick hollow spheres made of 

FGMs. The study validated results through test cases and 

explored the influence of conductivity ratios on temperature 

distribution. 

Wu et al. (2019) investigated transient heat conduction 

in multilayered slabs under various boundary conditions 

using superposition and separation of variables methods. 

Applications in landfill thermal analysis were demonstrated. 

Jin and Paulino (2001) analyzed transient thermal stress 

around an edge crack in FGM strips. They used a layered 

material model and Laplace transform to calculate thermal 

stress intensity factors, emphasizing design considerations 

under thermal shock conditions. Eslami et al. (2005) 

examined thermal and mechanical stresses in thick hollow 

spheres made of FGMs. Analytical solutions for temperature, 

displacement, and stress components were derived, 

demonstrating the optimization potential of material 

gradation. Azzara et al. (2023) analyzed vibration and 

buckling of isotropic and composite beams under thermal 

loads using the Carrera Unified Formulation (CUF). The 

study provided benchmark solutions and explored the 

influence of lamination and geometry on thermal instability. 

Zhang et al. (2023a) studied transient thermoelastic 

behavior of rectangular plates under time-dependent 

convection and radiation boundaries. They validated their 

analytical method against finite element simulations, 

highlighting the impact of boundary conditions on 

displacement and stress. Abouelregal and Alesemi (2022) 

examined thermal and mechanical behavior of fiber-

reinforced magnetic viscoelastic solids using the Moore-

Gibson-Thompson (MGT) thermoelastic model. Analytical 

and numerical solutions were developed to explore the 

effects of viscosity, reinforcement, and thermal pulses on 

structural responses. 

Tang et al. (2023) derived analytical solutions for 

thermal buckling of rotationally restrained orthotropic thin 

plates with non-classical boundary conditions. Critical 

temperatures and mode shapes were calculated, demonstrating 

excellent agreement with finite element results. Aljadani 

and Zenkour (2022) studied thermal shock response of 
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rotating infinite media using generalized thermoelastic 

models. Effects of rotation and decay parameters on 

temperature, displacement, and stress fields were 

graphically illustrated. Yang et al. (2020) analyzed 

nonlinear vibration of functionally graded carbon nanotube-

reinforced composite beams with temperature-dependent 

properties. Higher-order shear deformation theory was used 

to derive motion equations, exploring thermal and 

geometric nonlinearity effects. Ansari et al. (2022) 

examined nonlinear thermally induced vibrations of porous 

functionally graded Timoshenko beams embedded in elastic 

media. Hamilton’s principle and the Newmark algorithm 

were applied to study the influence of porosity, boundary 

conditions, and geometric properties. Zhou et al. (2020) 

derived analytical formulas for temperature-induced 

deformation in long-span suspension bridges. The study 

validated models using field data from the Tsing Ma 

Bridge, emphasizing the dominant role of cable temperature 

in structural deformation. Tran et al. (2022) investigated 

nonlinear vibration of porous FGM sandwich plates under 

blast loading using Reddy’s higher-order shear deformation 

theory. Parametric studies demonstrated the impact of 

material and loading conditions on vibration behavior. 

The analysis of micro- and nano-scale structures has 

become a cornerstone of modern engineering, driven by the 

development of advanced materials like functionally graded 

composites, graphene-based reinforcements, and smart 

materials with piezoelectric and piezomagnetic properties. 

Accurately predicting the mechanical behavior of these 

complex structures—such as shells, plates, and sandwich 

panels—requires sophisticated theoretical frameworks that 

extend beyond classical continuum mechanics. At small 

scales, size-dependent effects become significant, 

necessitating the application of nonlocal elasticity and 

modified couple stress theories (MCST) to capture the 

nuanced interplay between material microstructure and 

macroscopic response. Furthermore, the interaction of these 

structures with their environment, including elastic 

foundations and multi-physical fields (e.g., electro-elastic 

and magneto-electro-elastic environments), adds another 

layer of complexity to their analysis. Substantial research 

has been dedicated to this field, as evidenced by extensive 

studies on the bending, vibration, and static response of 

various geometries. Investigations have covered the electro-

elastic analysis of piezoelectric doubly curved shells on 

elastic foundations (Arefi and Bidgoli 2019) and the 

nonlocal free vibration of piezoelectric nano-shells (Arefi 

2018). The magneto-electro-mechanical bending of 

exponentially graded microplates (Arefi and Kiani 2020) 

and the influence of magneto-electric environments on 

nanobeams (Arefi and Zenkour, 2019) further highlight the 

critical role of multi-physical coupling. Recent advancements 

have incorporated novel materials like graphene origami, 

with studies examining their reinforcement of doubly 

curved shells (Yang et al. 2023a) and their use in sandwich 

cylindrical panels (Vali and Arefi 2023). The vibrational 

behavior of complex systems, including truncated conical 

porous sandwich micro/nano-shells reinforced with 

graphene platelets (Adab and Arefi 2022) and sandwich 

microshells analyzed with dynamic formulations that 

consider thickness-stretching (Zhang et al. 2023b), has also 

been a key area of focus. These analyses often employ 

higher-order shear deformation theories to account for 

through-thickness effects accurately, as seen in the bending 

response of functionally graded composite doubly curved 

nanoshells (Arefi et al. 2022) and the static analysis of 

shells on elastic foundations using nonlocal elasticity (Arefi 

and Civalek 2020). Collectively, this body of work 

demonstrates a consistent effort to refine theoretical models 

for the precise mechanical characterization of advanced 

micro- and nano-structures under multi-field conditions. 

The contemporary engineering landscape is characterized 

by a synergistic advancement across multiple disciplines, 

where innovations in materials, manufacturing, digitalization, 

and environmental science are deeply interconnected. This 

progress is fundamentally driven by the development 

of advanced materials and composites, which form the 

backbone of modern infrastructure and technology. 

Research spans from enhancing the performance of 

traditional materials, such as investigating the flexural 

behavior of corroded steel beams (Tang et al. 2025) and 

improving cement-based materials with carbon nanotubes 

(Yang and Zhu 2023), to pioneering new multi-functional 

composites. Notable examples include carbon fiber 

composites enhanced with MXene and CNT nanomaterials 

(Shang et al. 2025), analytical models for corrugated rolling 

of composite plates (Liu et al. 2025a). A diverse range of 

cellulose and chitosan-based biocomposites for applications 

from optical management films to environmental remediation 

(Chen et al. 2025c, Xu et al. 2018, Xiong et al. 2023, Zhang 

et al. 2025) was investigated in the literature. 

Parallel to material innovations, a revolution in digital 

and intelligent manufacturing is underway, leveraging 

sophisticated computational methods to achieve unprecedented 

precision and control. This is exemplified by digital-twin-

enabled systems for real-time monitoring of tube wrinkling 

(Wang et al. 2025a), advanced registration algorithms for 

3D bent tubes (Wang et al. 2025b), and edge-deployable 

frameworks for thermal error compensation in machining 

(Liu et al. 2025b). The efficacy of these digital tools is often 

validated by cutting-edge experimental and monitoring 

techniques, such as Ultraviolet Stereo-Digital Image 

Correlation for extreme-temperature deformation measurement 

(Luo et al. 2024). 

Understanding and managing thermal and multiphysical 

phenomena is another critical frontier, with research 

addressing challenges from the micro-scale to the 

geophysical. Studies focus on highly efficient thermal 

management for spindle systems using grooved heat pipes 

and topology optimization (Ma et al. 2025a, b). The thermal-

mechanical properties of geothermal reservoirs (Wu et al. 

2025), and the development of granular thermodynamic 

frameworks to model complex multiphase flow, solute 

transport, and crystallization in soils (Bai et al. 2025a, b, c) 
were studied in the literature. These thermodynamic 

principles find further application in dynamic systems, such 

as devices for vibration control and energy harvesting (Zou 

et al. 2021) and the analysis of vehicle dynamics and 

wheel-rail creep behavior in metro systems (Chen et al. 

2025a, b). 
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Underpinning these experimental and applied efforts are 
robust computational and analytical methodologies. These 
range from meshless symplectic algorithms for solving 
nonlinear wave equations (Zhang et al. 2017) and solvers 
for time-domain integral methods (Zhang et al. 2012) to the 
application of novel materials like egg-white/titania 
composites for photocatalytic degradation (Feng et al. 
2020). A significant and unifying theme across these 
disciplines is the focus on sustainability and environmental 
protection. This is evidenced by the extensive development 
of eco-friendly adsorbents—such as porous bamboo carbon 
and plasma-modified nanofibers for gaseous formaldehyde 
capture (Su et al. 2023, Xiong et al. 2024)—and advanced 
filtration membranes for removing heavy metals from water 
(Xiong et al. 2023, Zhang et al. 2025), collectively 
highlighting the engineering community’s commitment to 
addressing pressing environmental challenges. 

The literature review was presented in the Introduction 
section. The paper is studied the analytical solution for 
thermal analysis of curved beam subjected to various 
thermal boundary conditions. The thermal conductivity 
equation is solved using the analytical method for various 
boundary conditions. The solution method is confirmed 
through comparison with available results in the literature. 
The complete results are presented along the radial and 
circumferential directions for various boundary conditions. 

 

 

2. Formulation 
 

The aim of this study is to present a transient analytical 
solution for temperature distribution of a curved beam. In 
this paper, the method of separation of variable is used for 
solving the heat equation. The transient thermal 
conductivity equation in cylindrical coordinate system is 
presented as follows (Sayyad and Avhad 2022, Andey and 
Pradyumna 2021, Mohammadi and Dryden 2008): 

𝜌𝐶𝑝
𝜕𝜏

𝜕𝑡
= 𝑘[

𝜕2𝜏

𝜕2𝑟
+
1

𝑟

𝜕𝜏

𝜕𝑟
+
1

𝑟2
𝜕𝜏

𝜕2𝜃
] (1) 

The schematic figure of the curved beam is presented in 

Fig.1 

In Eq. (1), 𝜌 is density, 𝐶𝑝 is specific heat capacity 

and 𝑘 is thermal conductivity coefficient. The governing 

equation should be solved for a schematic curved presented 

in Fig.1. The curved beam has inner and out radii 𝑟𝑖 and 

𝑟𝑜, respectively. For solving the Eq. (1) in this study, the 

separation of variable used. 

The boundary condition of the curved beam is included 

isolated condition at inner radius and heat flux at outer 

radii. Furthermore, the initial temperature is assumed 𝑇0. 

The solution of the governing equations is strongly 

depending on the type of boundary conditions. For this 

study three types of boundary conditions are assumed 

named as type A, type B and type C. out radii 𝑟𝑖 and 𝑟𝑜, 

respectively. For solving the equation (1) in this study, the 

separation of variable used.  

The boundary condition of the curved beam is included 

isolated condition at inner radii and heat flux at outer radii. 

Furthermore, the initial temperature is assumed 𝑇0. 

The solution of the governing equations is strongly 

depending on the type of boundary conditions. For this  

 

Fig. 1 The schematic figure of a curved beam subjected to 

transient thermal loading 

 

 

Fig. 2 Curved Beam with Boundary condition type A 

 

 

study three types of boundary conditions are assumed 

named as type A, type B and type C. 

 

2.1 Boundary condition type A 
 

Fig. 2 shows the schematic figure of type A boundary 

condition. This type of boundary condition is included a 

heat flux exposed to outer radius and isolated condition for 

outer surfaces.  

The boundary conditions for type A are mathematically 

expressed as follows: 

𝐵. 𝐶  𝑡𝑦𝑝𝑒 𝐴 →

{
 
 

 
 

𝜕𝜏

𝜕𝑟𝑟=𝑟𝑖
= 0

𝜕𝜏

𝜕𝑟𝑟=𝑟𝑜
= 𝑓(𝜃) cos(𝜔𝑡)       𝑎𝑛𝑑  𝜔 = 𝑐𝑡𝑒

𝜕𝜏(𝑟.𝜃𝑎.𝑡)

𝜕𝜃
=

𝜕𝜏(𝑟.𝜃𝑏.𝑡)

𝜕𝜃
= 0

                                      
(2) 

Based on the method of separating the variables, the 

general  

𝜏 = 𝑅(𝑟)𝑇(𝑡)Θ(𝜃) (3) 

Solution of the temperature equation is considered as: 

Substitution of Eq. (3) into Eq. (1) yields: 

𝑇́

𝑇
= 𝑘 [

𝑅̈

𝑅
+
𝑅̇

𝑟𝑅
+

Θ̈

𝑟2Θ
] (4) 

With considering 
1

𝑘
= 𝑎2 , the governing equation is 

simplified as: 

𝑅̈

𝑅
+
𝑅̇

𝑟𝑅
+

Θ̈

𝑟2Θ
=
𝑎2 𝑇́

𝑇
= 𝜇1 (5) 
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Some manipulation on the Eq. (5) yields: 

𝑎2 𝑇́

𝑇
= 𝜇1  ⟹ 𝑎2 𝑇́ − 𝜇1𝑇 = 0 ⇒  𝑇́ −

𝜇1

𝑎2
 𝑇 = 0 (6) 

With considering − 
𝜇1

𝑎2
=  𝑖𝜔 , Eq. 6 is solved as: 

𝑇(𝑡) = 𝑒𝑖𝜔𝑡 = cos𝜔𝑡 + 𝑖 sin𝜔𝑡 .   𝑎𝑛𝑑 𝜇1 = 𝑎
2𝑖 𝜔 (7) 

Therefore, the temperature distribution 𝜏(𝑟. 𝜃. 𝑡)  is 

derived as follows (Sayyad and Avhad 2022, Andey and 

Pradyumna 2021, Mohammadi and Dryden 2008): 

𝜏(𝑟. 𝜃. 𝑡) = 𝑅𝑒{𝜏(𝑟. 𝜃)𝑒𝑖𝜔𝑡} (8) 

To find Θ(𝜃), we also use separation of variables as: 

𝑟2
𝑅̈

𝑅
+ 𝑟

𝑅̇

𝑅
− 𝑟2𝜇1 = 𝑟

2
𝑅̈

𝑅
+ 𝑟

𝑅̇

𝑅
− 𝑟2𝑎2𝑖 𝜔 = −

Θ̈

Θ
= 𝜇2 

(9) 

With considering 𝜇2 = 𝑛
2 , the unknown function is 

derived as: 

Θ(𝜃) = 𝐴𝑛 cos 𝑛𝜃 + 𝐵𝑛 sin 𝑛𝜃     𝑛 = 1.2.3. …… .. (10) 

By applying the Boundary condition proposed in Eq. 2, 

the Eq. 10 become as: 

𝜕𝜏(𝑟. 𝜃𝑎 = 0. 𝑡)

𝜕𝜃
=
𝜕𝜏(𝑟. 𝜃𝑏 . 𝑡)

𝜕𝜃
= 0 

⇒ −𝐴𝑛 sin(𝑛𝜃) + 𝐵𝑛 cos(𝑛𝜃) = 0 
⇒ 𝐴𝑛 cos(𝑛𝜃) = 0 ⇒ 𝐵𝑛 = 0 

(11) 

Finaly Θ(𝜃) is obtained as follows: 

Θ(𝜃) = 𝐴𝑛 cos 𝑛𝜃 (12) 

Using Eq. 12, the differential equation of 𝑅(𝑟)  is 

rearranged as follows: 

𝑟2
𝑅̈

𝑅
+ 𝑟

𝑅̇

𝑅
− 𝑟2𝑎2𝑖 𝜔 − 𝑛2  ⇒ 

𝑟2𝑅̈ + 𝑟𝑅̇ − (𝑖𝑎2𝜔 𝑟2 + 𝑛2)𝑅 = 0 

(13) 

Solution of 𝑅(𝑟) using the Kelvin Differential equation 

is derived as: 

𝑅 = 𝐶𝑛[𝑏𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑏𝑒𝑖𝑛(𝑎√𝜔 𝑟)] 

+𝐷𝑛[𝑘𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑘𝑒𝑖𝑛(𝑎√𝜔 𝑟)] 
(14) 

The temperature distribution is now obtained as follows: 

𝜏 = 𝑅(𝑟)𝑇(𝑡)Θ(𝜃) = 𝜏(𝑟. 𝜃. 𝑡) = 

 (∑𝐶𝑛[𝑏𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑏𝑒𝑖𝑛(𝑎√𝜔 𝑟)]

∞

𝑛=0

+ 𝐷𝑛[𝑘𝑒𝑟𝑛(𝑎√𝜔 𝑟)

+ 𝑖𝑘𝑒𝑖𝑛(𝑎√𝜔 𝑟)]) × 𝐴𝑛 cos 𝑛𝜃

× 𝑒𝑖𝜔𝑡 

(15) 

And finally transient temperature distribution will be 

obtained as: 

𝜏(𝑟. 𝜃. 𝑡) = 

(∑𝐻𝑛 [𝑏𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑏𝑒𝑖𝑛(𝑎√𝜔 𝑟)]

∞

𝑛=0

 

+[𝑘𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑘𝑒𝑖𝑛(𝑎√𝜔 𝑟)]) × 𝐴́𝑛 cos 𝑛𝜃 × 𝑒
𝑖𝜔𝑡 

(16) 

 

Fig. 3 Curved Beam with Boundary condition type B 

 

 

In which: 

𝑃 = [𝑘𝑒𝑟́ 𝑛(𝑎√𝜔 𝑟𝑜) + 𝑖𝑘𝑒𝑖́ 𝑛(𝑎√𝜔 𝑟𝑟𝑜)] 

𝑄 = 𝐻𝑛 × [𝑏𝑒𝑟́ 𝑛(𝑎√𝜔 𝑟𝑜) + 𝑖𝑏𝑒𝑖́ 𝑛(𝑎√𝜔 𝑟𝑜)] 

𝐴̀ =
1

𝜃𝑏 − 𝜃𝑎
×

1

𝑃 + 𝑄
∫ 𝑓(𝜃) × cos(𝑛𝜃) 𝑑𝜃
𝜃𝑏

𝜃𝑎

 

(17) 

It is noted that the diagrams related to this boundary 

condition are presented in the results section. 

 

2.2 Boundary condition type B 
 
The boundary condition of type B is presented in Fig. 3, 

where three surfaces are insulated and other one is 

subjected to a temperature profile. Therefore, the boundary 

conditions in state B will be as follows: 

𝐵. 𝐶 𝑓𝑜𝑟 𝑡𝑦𝑝 𝐵: 

{
 
 

 
 

𝜕𝜏

𝜕𝑟𝑟=𝑟𝑖
= 0

𝜏(𝑟𝑜. 𝜃. 0) = 𝑓(𝜃) cos(𝜔𝑡)       𝑎𝑛𝑑  𝜔 = 𝑐𝑡𝑒

𝜕𝜏(𝑟. 𝜃𝑎. 𝑡)

𝜕𝜃
=
𝜕𝜏(𝑟. 𝜃𝑏 . 𝑡)

𝜕𝜃
= 0

 
(18) 

The temperature distribution is assumed as follows: 

𝜏 = 𝑅(𝑟)𝑇(𝑡)Θ(𝜃) (19) 

Using Eq. 22, the governing equation is simplified as 

follows: 

𝑇́

𝑇
= 𝑘 [

𝑅̈

𝑅
+
𝑅̇

𝑟𝑅
+

Θ̈

𝑟2Θ
] (20) 

Using definition 
1

𝑘
= 𝑎2, Eq. 20 is converted to: 

𝑅̈

𝑅
+
𝑅̇

𝑟𝑅
+

Θ̈

𝑟2Θ
=
𝑎2 𝑇́

𝑇
= 𝜇1 (21) 

Eq. 21 is converted to the unknown format to arrive the 

solution: 

𝑎2 𝑇́

𝑇
= 𝜇1  ⟹  𝑎2 𝑇́ − 𝜇1𝑇 = 0 ⇒  𝑇́ −

𝜇1

𝑎2
 𝑇 = 0 (22) 

Using definition − 
𝜇1

𝑎2
=  𝑖𝜔, the solution is derived as: 

𝑇(𝑡) = 𝑒𝑖𝜔𝑡 = cos𝜔𝑡 + 𝑖 sin𝜔𝑡 .  𝜇1 = 𝑎
2𝑖 𝜔 (23) 
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Fig. 4 Curved Beam with Boundary condition type C 
 

 

Now, the solution for real part of  𝜏(𝑟. 𝜃. 𝑡)   is 

obtained as (Sayyad and Avhad 2022, Andey and 

Pradyumna 2021, Mohammadi and Dryden 2008): 

𝜏(𝑟. 𝜃. 𝑡) = 𝑅𝑒{𝜏(𝑟. 𝜃)𝑒𝑖𝜔𝑡} (24) 

For Θ(𝜃) also by using separation of variables, we will 

have: 

𝑟2
𝑅̈

𝑅
+ 𝑟

𝑅̇

𝑅
− 𝑟2𝜇1 = 𝑟

2
𝑅̈

𝑅
+ 𝑟

𝑅̇

𝑅
− 𝑟2𝑎2𝑖 𝜔 

= −
Θ̈

Θ
= 𝜇2 

(25) 

Using definition 𝜇2 = 𝑛
2 , the solution of Eq. 25 is 

completed as: 

Θ(𝜃) = 𝐴𝑛 cos 𝑛𝜃 + 𝐵𝑛 sin 𝑛𝜃     𝑛 = 1.2.3. …… (26) 

Now by applying the boundary condition, we will have: 

𝜕𝜏(𝑟. 𝜃𝑎 = 0. 𝑡)

𝜕𝜃
=
𝜕𝜏(𝑟. 𝜃𝑏 . 𝑡)

𝜕𝜃
= 0 ⇒ 𝐵𝑛 = 0 (27) 

And therefore the solution is obtained:  

Θ(𝜃) = 𝐴𝑛 cos 𝑛𝜃 (28) 

Now the solution for 𝑅(𝑟) is obtained using Eq. 25 as: 

𝑟2
𝑅̈

𝑅
+ 𝑟

𝑅̇

𝑅
− 𝑟2𝑎2𝑖 𝜔 − 𝑛2  

⇒ 𝑟2𝑅̈ + 𝑟𝑅̇ − (𝑖𝑎2𝜔 𝑟2 + 𝑛2)𝑅 = 0 

(29) 

By applying the second Boundary condition relate to 

outer side on this curved beam, 

𝜏(𝑟. 𝜃. 𝑡)@𝑡 𝑟 = 𝑟𝑜 = 𝑓(𝜃) cos(𝜔𝑡) 

𝑓(𝜃) cos(𝜔𝑡) = (𝐻𝑛[𝑏𝑒𝑟𝑛(𝑎√𝜔 𝑟𝑜) + 𝑖𝑏𝑒𝑖𝑛(𝑎√𝜔 𝑟𝑜)] 

+[𝑘𝑒𝑟𝑛(𝑎√𝜔 𝑟𝑜) + 𝑖𝑘𝑒𝑖𝑛(𝑎√𝜔 𝑟𝑜)]) 

× 𝐴́𝑛 cos 𝑛𝜃 × 𝑒
𝑖𝜔𝑡 = 𝑓(𝜃) cos(𝜔𝑡) 

(30) 

For calculation 𝐴́𝑛 used from Fourier transform 

𝑋 = [𝑘𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑘𝑒𝑖𝑛(𝑎√𝜔 𝑟)] 

𝑆 = 𝐻𝑛 × [𝑏𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑏𝑒𝑖𝑛(𝑎√𝜔 𝑟)] 

𝐴̀ =
1

𝜃𝑏 − 𝜃𝑎
×

1

[𝑋 + 𝑆 ]
∫ 𝑓(𝜃) × cos(𝑛𝜃) 𝑑𝜃
𝜃𝑏

𝜃𝑎

 

(31) 

And finally transient temperature distribution will be as 

below: 

𝜏(𝑟. 𝜃. 𝑡) = (∑𝐻𝑛 [𝑏𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑏𝑒𝑖𝑛(𝑎√𝜔 𝑟)]

∞

𝑛=0

+ [𝑘𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑘𝑒𝑖𝑛(𝑎√𝜔 𝑟)])

× 𝐴́𝑛 cos 𝑛𝜃 × 𝑒
𝑖𝜔𝑡  

(32) 

 

2.3 Boundary condition type C 
 
As shown as in Fig. 4, in case C, the boundary 

conditions will be as follows. The outer radius is subjected 

to heat flux, the inner radius has convection with air, and 

the other two sides of the curved beam are insulated. 

𝐼𝐶 → {𝜏(𝑟. 𝜃. 0) = 𝑇0

{
 
 
 

 
 
 

𝜕𝜏(𝑟. 𝜃𝑎. 𝑡)

𝜕𝜃
=
𝜕𝜏(𝑟. 𝜃𝑏 . 𝑡)

𝜕𝜃
= 0

𝜕𝜏

𝜕𝑟𝑟=𝑟𝑜
= 𝑓(𝜃) cos(𝜔𝑡)       𝑎𝑛𝑑  𝜔 = 𝑐𝑡𝑒

−𝑘
𝜕𝜏

𝜕𝑟𝑟=𝑟𝑖
= ℎ𝜏(𝑟, 𝜃𝑎, 𝑡)  𝑏𝑜𝑡𝑡𝑜𝑚 𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 

𝑤𝑖𝑡ℎ 𝑎𝑖𝑟

 (33) 

And then the final answer of this temperature 

distribution is Real part of below relation: 

𝜏 = (∑𝐶𝑛[𝑏𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑏𝑒𝑖𝑛(𝑎√𝜔 𝑟)]

∞

𝑛=0

 

+𝐷𝑛[𝑘𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑘𝑒𝑖𝑛(𝑎√𝜔 𝑟)]) × 𝐴𝑛 cos 𝑛𝜃

× 𝑒𝑖𝜔𝑡 

(34) 

Now, to find the coefficients of this equations, boundary 

condition should be apply on it. By applying the boundary 

conditions on Eq. (34) 

At 𝑟 = 𝑟𝑖  boundary condition is:  𝑘 
𝜕𝜏(𝑟.𝜃.𝑡)

𝜕𝑇
=

ℎ𝜏(𝑟. 𝜃𝑎 . 𝑡) 

𝐺 = 𝑘([𝑏𝑒𝑟́ 𝑛(𝑎√𝜔 𝑟𝑖) + 𝑖𝑏𝑒𝑖́ 𝑛(𝑎√𝜔 𝑟𝑖)]) 

𝑍 = ℎ([𝑏𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑏𝑒𝑖𝑛(𝑎√𝜔 𝑟)]) 

𝐾 = 𝑘[𝑘𝑒𝑟́ 𝑛(𝑎√𝜔 𝑟𝑖) + 𝑖𝑘𝑒𝑖́ 𝑛(𝑎√𝜔 𝑟𝑖)] 

𝑊 = [𝑘𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑘𝑒𝑖𝑛(𝑎√𝜔 𝑟)] 

−
𝐺 − 𝑍

𝐾 −𝑊
 

= 𝐹𝑛

[
 
 
 
  𝐹𝑛 [

𝑏𝑒𝑟́ 𝑛(𝑎√𝜔 𝑟𝑜)

+𝑖𝑏𝑒𝑖́ 𝑛(𝑎√𝜔 𝑟𝑜)
]

+ [
𝑘𝑒𝑟́ 𝑛(𝑎√𝜔 𝑟𝑜)

+𝑖𝑘𝑒𝑖́ 𝑛(𝑎√𝜔𝑟𝑜)
] 
]
 
 
 
 

𝐷𝑛𝐴𝑛 cos 𝑛𝜃 = 𝐴̀ 

(35) 

the Eq. 32 becomes to below 

𝜏(𝑟. 𝜃. 𝑡) =  (∑𝐹𝑛 [𝑏𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑏𝑒𝑖𝑛(𝑎√𝜔 𝑟)]

∞

𝑛=0

 

+[𝑘𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑘𝑒𝑖𝑛(𝑎√𝜔 𝑟)])𝐴́𝑛 cos 𝑛𝜃 𝑒
𝑖𝜔𝑡 

(36) 

Same above the second Boundary condition relate to 

outer side on this curved beam should be apply, finally, 

transient temperature distribution will be as below: 
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Fig. 5 Thermal flux distribution on the outer diameter of a 

curved beam 

 

 

Fig. 6 3D temperature distribution along the radial direction 
 

 

𝜏(𝑟. 𝜃. 𝑡) = (∑𝐻𝑛 [𝑏𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑏𝑒𝑖𝑛(𝑎√𝜔 𝑟)]

∞

𝑛=0

 

+[𝑘𝑒𝑟𝑛(𝑎√𝜔 𝑟) + 𝑖𝑘𝑒𝑖𝑛(𝑎√𝜔 𝑟)])𝐴́𝑛 cos 𝑛𝜃 𝑒
𝑖𝜔𝑡 

(37) 

In which: 

 𝑁 = 𝐹𝑛[𝑏𝑒𝑟́ 𝑛(𝑎√𝜔 𝑟𝑜) + 𝑖𝑏𝑒𝑖́ 𝑛(𝑎√𝜔 𝑟𝑜)] 

𝑌 = [𝑘𝑒𝑟́ 𝑛(𝑎√𝜔 𝑟𝑜) + 𝑖𝑘𝑒𝑖́ 𝑛(𝑎√𝜔 𝑟𝑟𝑜)] 

𝐴̀ =
1

𝜃𝑏 − 𝜃𝑎
×

1

[ 𝑁 + 𝑌 ]
 

(38) 

 

 
4. Result and validation 
 

In this section, the analytical solution results for the curved 

beam under study were compared and validated against the 

numerical solution obtained through COMSOL simulations.  

 

Fig. 7 Temperature distribution within a curved beam at the 

inner, middle, and outer radii 

 

 

Evaluations were conducted under boundary conditions A, B, 

and C. Discussions on the agreement and discrepancies 

between the solutions were also included 
 
4.1 Results and validation of boundary condition type A 
 
4.1.1 Analytical solution results 
For type A boundary conditions,  Fig. 3 shows the 

distribution of the assumed heat flux applied to the outer 

radius. This graph represents the variation of heat flux 

applied along the angular direction (θ) on the outer radius of 

a curved beam. Fig. 5 shows the distribution of thermal flux 

applied to the outer diameter of a curved beam. The thermal 

flux is normalized by the maximum thermal flux and is 

plotted against the angle θ, which represents the position 

along the outer diameter of the curved beam. The relation of 

this heat flux is as equation No.38: 

𝑓(𝜃) = 600 ∗ 𝑠𝑖𝑛(8 ∗ 𝜃 +  12.3)  +  1700 (39) 

Therefore, the temperature distribution throughout the 

curved beam, based on the applied thermal flux under 

boundary condition type A, is described in the following 

section. The material properties are assumed as follows: 

 

Fig. 6 shows that the three-dimensional distribution of 

heat due to the assumed heat flux on the outer radius. 
Fig. 7 shows temperature distribution within a curved 

beam under external heat flux. The graph illustrates the 

temperature variation as a function of the angular position 

(θ in radians) at the inner, middle, and outer radii of the 

beam. The analytical solution demonstrates distinct 

temperature profiles across the beam’s radial sections, 

highlighting the influence of curvature on heat transfer. 

Fig. 8 illustrates the three-dimensional temperature 

distribution across the inner, middle, and outer radii of the 

curved beam over time and angular position (θ). The results  

38000 , 17 , 502o o

P
kg m k W m K C J kg K = = =
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(a) Inner radius 

 
(b) Middle radius 

 
(c) Outer radius 

Fig. 8 Three-dimensional temperature distribution in the 

curved beam with Boundary condition A 
 

 
(a) In the beginning 

 
(b) At the end 

Fig. 9 Temperature change a curved beam modeled by 

COMSOL with Boundary condition A 

 

 

indicate that temperature decreases due to heat dissipation 

and exhibits periodic variations along θ, reflecting the non-

uniform heat flux application. Over time, the temperature 

stabilizes as the system approaches thermal equilibrium, 

with peak values diminishing progressively across all radii. 

 
4.1.2 Validation 
This section presents a comparison between the 

analytical solution and the results obtained from COMSOL 

software simulations to evaluate their agreement. 

The curved beam was modeled in COMSOL under 

boundary condition A. Fig. 9 illustrates the curved beam at 

the beginning and end of the time period during which it 

was subjected to the applied thermal flux. 

Shown in Fig. 10 is the comparison between analytical 

and those results obtained from Comsol simulation along 

the circumferential direction. An acceptable agreement 

between the present theoretical and numerical results is 

observed.  

As shown in Fig. 10, the results obtained from the 

analytical solution of the studied curved beam have been 

compared and evaluated with the solution provided by 

Comsol software. 

 
4.2 Results and validation of boundary condition type B 
 
4.2.1 Analytical solution results 
Under boundary condition type B, the outer radius of the 

curved beam was subjected to a temperature profile. Fig. 11 

presents the temperature profile applied to the outer radius of 

the curved beam. The corresponding thermal flux is defined by 

the equation provided in Eq. (40) 

𝑓(𝜃) = (600 ∗ 𝑠𝑖𝑛(8𝜃 )  +  1700) (40) 

Fig. 12 presents three-dimensional diagrams of the 

temperature distribution for boundary condition type B 

across the inner, middle, and outer radii of the curved beam. 

These diagrams illustrate the temperature variation over 

time (t) and angular position (θ). The surface plots highlight 

periodic temperature fluctuations along θ, which are 

influenced by the applied boundary conditions. 

Fig. 13 shows Temperature distribution in the curved beam 

under Type B boundary conditions. The graph depicts  
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(a) Outre radius 

 
(b) Inner radius 

Fig. 10 Comparison between analytical and those results 

obtained from Comsol simulation 

 

 
Fig. 11 Temperature Profile applied to outer radius in 

Boundary condition type B 

 

 
(a) Inner radius 

 
(b) Middle radius 

 
(c) Outer radius 

Fig. 12 Three-dimensional temperature distribution in the 

curved beam with Boundary condition B 
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Fig. 13 2D temperature distribution in curved beam in  

Boundary condition type B 

 

 
(a) In the beginning 

 
(b) At the end 

Fig. 14 Temperature change a curved beam modeled by 

COMSOL with Boundary condition B 

 

 

temperature variation as a function of angular position (θ, in 

radians) across the inner, middle, and outer radii of the beam. 

The results highlight the temperature profile within the curved 

beam, emphasizing the thermal response at different radial 

positions under the applied boundary conditions. 

 

4.2.2 Validation 
The curved beam was modeled in COMSOL under 

boundary condition B. Fig. 14 shows the curved beam at the 

beginning and end of the time period during which it was 

subjected to the applied thermal flux. The validation of the 

analytical solution against the COMSOL simulation results 

demonstrates a close agreement between the two, confirming 

the accuracy of the analytical solution. 

For this case, the analytical solution was compared with 

the numerical solution obtained from COMSOL. The 

comparison charts are presented in Figs. 15(a) and (b), 

illustrating the temperature distribution along the circum-

ferential direction of the curved beam. The analytical solution 

 
(a) Outre radius 

 
(b) Inner radius 

Fig. 15 Comparison between analytical and those results 

obtained from Comsol simulation 

 

 
Fig. 16 Thermal flux applied to outer radius in Boundary 

condition type C 

 

 

is represented by a solid gray line, while the COMSOL 

simulation results are shown as scattered blue points. The  
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Analytical solution of transient temperature distribution in curved beam 

 
(a) Inner radius 

 
(b) Middle radius 

 
(c) Outer radius 

Fig. 17 Three-dimensional temperature distribution in the 

curved beam with Boundary condition C 
 

 
(a) In the beginning 

 
(b) At the end 

Fig. 18 Temperature change a curved beam modeled by 

COMSOL with Boundary condition C 

 

 
(a) Outre radius 

 
(b) Inner radius 

Fig. 19 Comparison between analytical and those results 

obtained from Comsol simulation 

 

 

comparison indicates that the overall trends align closely, 

demonstrating a reasonable convergence between the 

analytical and numerical (COMSOL) results. 
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4.3 Results and validation of boundary condition type C 
 
4.3.1 Analytical solution Results 
Under boundary condition type C, the outer radius of the 

curved beam is subjected to thermal flux, while the inner 

radius experiences convection with air. The remaining two 

sides of the curved beam are thermally insulated. Fig. 16 

illustrates the distribution of the applied thermal flux along the 

angular direction (θ) on the outer radius. In this section, the 

results of the analytical solution for this boundary condition are 

presented and analyzed. The corresponding thermal flux is 

defined by the equation provided in Eq. (40) 

𝑓(𝜃) = 600 ∗ 𝑠𝑖𝑛(8 ∗ 𝜃 +  12.3)  +  1700 (40) 

Fig. 17 presents the three-dimensional temperature 

distribution in the curved beam, obtained from the analytical 

solution, for the outer radius (a), middle radius (b), and inner 

radius (c). These diagrams illustrate the transient thermal 

behavior of the curved beam as a function of time and angular 

position (θ) at different radial locations. 

For boundary condition type C, the effect of convective 

heat transfer on the inner radius is clearly more pronounced 

compared to boundary condition type A, where the inner 

radius was insulated. This distinction highlights the 

significant influence of convection on the overall thermal 

behavior of the curved beam. 

 
4.3.2 Validation 
Fig. 18 presents the COMSOL simulation results for the 

curved beam under boundary condition type C, showing the 

temperature distribution at two distinct time points: the 

beginning (a) and the end (b) of the heat transfer process. 

The simulation illustrates the transient thermal behavior of 

the curved beam, where an initially uniform temperature 

distribution gradually transforms into a complex, non-

uniform pattern. This transformation results from the 

combined effects of applied thermal flux, convection, and 

the beam’s curvature. The results underscore the importance 

of boundary conditions and geometry in shaping the thermal 

performance of the system. 

The results of confirmation and validation of the 

analytical solution and numerical solution by CMSOL, 

which shows the closeness of the analytical solution with 

the numerical solution for case C, are shown in Fig. 19. 
 

 

5. Conclusions 

 
This study presents a comprehensive investigation of the 

transient thermal analysis of curved beams under various 

boundary conditions. Analytical solutions were derived 

using the method of separation of variables, considering 

three boundary condition types: Type A, Type B, and Type 

C. The accuracy of these solutions was validated by 

comparing them with numerical simulations performed in 

COMSOL, demonstrating strong agreement across all cases. 

For boundary condition type A, the results indicated that 

the applied heat flux on the outer radius generated periodic 

temperature distributions, with a clear thermal gradient 

developing from the inner to the outer radius over time. The 

system exhibited heat dissipation as it progressed toward 

thermal equilibrium. 

Under boundary condition type B, the temperature 

profile displayed periodic sinusoidal variations along the 

angular direction at different radial positions. The outer 

radius experienced the highest temperature, while the inner 

radius exhibited smaller fluctuations. This pattern aligned 

with the non-uniform heat flux applied to the system. 

In boundary condition type C, which involved 

convection at the inner radius and heat flux on the outer 

radius, the temperature distribution demonstrated a complex 

interaction between radial and circumferential heat transfer. 

A significant thermal gradient developed, influenced by the 

combined effects of convection and the applied thermal 

flux. 

In all boundary conditions, temperature decreased over 

time as the system approached thermal equilibrium, with 

variations shaped by the beam’s curvature and boundary 

conditions. The analytical solutions accurately captured 

both the periodicity and thermal gradients present in the 

curved beams. 

This study underscores the importance of precise heat 

transfer modeling in curved structures, as thermal gradients 

and periodic temperature variations can significantly impact 

structural behavior. The findings validate the analytical 

solutions as reliable and efficient tools for analyzing 

transient thermal conditions, providing a solid foundation 

for future research on stress, strain, and vibrations in curved 

beams. 
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