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An analytical solution for vibration analysis of sandwich plates with
auxetic core and functionally graded faces in a thermal environment
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Abstract.  This study investigates the free vibration characteristics of rectangular sandwich plates that are partially supported
by two-parameter elastic foundations, while also accounting for environmental temperature variations. The sandwich plate is
constructed with an auxetic core layer, which exhibits a negative Poisson’s ratio (NPR), complemented by two functionally
graded (FG) face layers. The analysis considers the foundation's capacity to support the plate in either a complete or partial
manner. Utilizing Hamilton’s principle, the governing equations are derived based on a higher-order shear deformation theory
framework. The application of this analytical method to the governing partial differential equations (PDESs) yields a system of
algebraic equations. Solving this system in accordance with the specified boundary conditions results in an eigenvalue problem,
which facilitates the determination of the natural frequencies of the plate. The findings of this study are validated against existing
literature. Furthermore, the investigation explores the impact of various parameters including temperature fluctuations,
characteristics of the auxetic core, boundary conditions, elastic foundation distribution patterns, and spring coefficients on the
free vibration behavior of the sandwich plate. The results indicate that the auxetic core, characterized by its negative Poisson's
ratio, confers metamaterial properties, thereby suggesting that the proposed model possesses significant potential for diverse
engineering applications. In this analysis, higher-order shear deformation theory (HSDT) is employed to examine the free
vibration characteristics of the sandwich plate, which features an auxetic core and functionally graded faces, while being
subjected to a thermal medium and resting on a two-parameter elastic foundation. Given that the material properties of the NPR
auxetic core layer are influenced by three geometric parameters, a thorough examination of the effective material properties is
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conducted, leading to the computation of the natural frequencies of the sandwich plate.
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1. Introduction

In recent years, auxetic materials have attracted
particular attention from researchers worldwide. Many
researchers have studied auxetic materials due to their
unusual mechanical behavior in the sports equipment, the
electronics industry, the medical field, manufacturing, etc.
Auxetic structures exhibit the largest effective Young’s
modulus which is at least one order higher than the other
types of honeycomb core. Auxetic cores have a negative
Poisson’s ratio, and it can be adjusted with auxetic core
parameters. This feature gives additional metamaterial
properties, and thanks to this feature, they provide potential
for use in hiding applications from sonar and radar waves
(Wang et al. 2023). Wang et al. (2017) studied the dynamic
characteristics of auxetic sandwich plates (ASPs) with
asymmetrical metal honeycomb cores under explosive
loads. Qi et al. (2017) assessed the blast resistance of ASPs
with auxetic honeycomb cores for shock load mitigation.

*Corresponding author, Ph.D., Lecturer,
E-mail: 19181361823@163.com
*xCo-corresponding author, Ph.D., Lecturer,
E-mail: LSSY198808@163.com

Copyright © 2025 Techno-Press, Ltd.
http://www.techno-press.org/?journal=journal=anr&subpage=5

Various studies, including optimization of design parameters
(Wang et al. 2018), energy absorption of 3D- printed
structures (Sarvestani et al. 2018), and dynamic analysis
using finite element methods (Tran et al. 2020), have been
conducted on ASPs. Additionally, research on the nonlinear
dynamics of sandwich structures (Nguyen and Pham, 2018),
and the dynamic behavior of ASPs under different loading
conditions (Hajmohammad et al. 2019) has been reported,
highlighting their performance in various environments and
applications. Recently, research on the static and dynamic
responses of sandwich structures, specifically with an
auxetic material/structure core, has increased continuously
with their applications. Via TSDT, Natarajan and Manickam
(2012) presented bending and vibration analysis of
sandwich FGM plates. Alibeigloo and Alizadeh (2015)
performed static and free vibration analysis of sandwich
plates with FGM properties using the differential quadratic
method (DQM). Shen et al. (2017) studied vibration of
composite doubly curved shell resting in elastic foundation
by higher order deformation theory (HSDT). Ghaznavi and
Shariat (2019) researched the local and momentary changes
of transverse deformations and stress components of a
sandwich plate with an auxetic honeycomb core. According
to TSDT Zhou et al. (2019) studied the vibration response
of a sandwich plate with an auxetic core. Pham et al. (2020)
investigated and analyzed the bending of a sandwich plate
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with an auxetic aluminum core. TSDT and the finite
element method (FEM) have been used to solve the
equation of motion. In this research, all edges were
considered as CCCC and SSSS. In framework of HSDT,
Praveen et al. (2020) researched the response of free and
forced vibrations behavior of sandwich plates with
composite surfaces with a honeycomb core. FSDT and
FEM with account of von Karman’s geometric nonlinearity
were utilized in this paper. Furthermore, the equations of
motion were solved by utilizing Newton Raphson method at
different boundary conditions, in the thermal environment.
Chowdhary et al. (2021) studied the vibration behavior of
sandwich GPLRC plates with honeycomb cores. Within the
framework of an innovative quasi-3D shear deformation
theory, Arshid et al. (2021) studied the vibrational behavior
of a sandwich microplate with a FG core and piezoelectric
face sheets using the Navier’s solution approach. Singh and
Harsha (2021) investigated the free vibration response of
sandwich plates with honeycomb cores and FG platelets by
means Navier’s method. Jafari and Kiani (2021) used
Navier solution to analysis free vibration of composite
plates reinforced GPLs within the framework of a quasi-3D
plate model. Based on FSDT, Kumar and Harsha (2021)
studied the static and dynamic behavior of exponential FG
piezoelectric materials under thermo-electro-mechanical
loading. Based on FSDT, Kumar et al. (2021) investigated
the free vibration of FGM plates with porosity on an elastic
foundation using Galerkin method. Static and dynamic
behavior of plain-woven composite plates without thickness
periodicity was studied by Luo et al. (2021). Thang et al.
(2022) investigated the bending and vibration analysis of a
sandwich plate with an auxetic core and isotropic platelets
with FG properties in the direction of thickness with the
aids of FSDT and Navier solution. Vibration analysis of a
composite sandwich panel in a hygrothermal environment
in the framework of HSDT was conducted by Karimiasl and
Alibeigloo (2022) using DQM. Khoddami Maraghi et al.
(2022) used DQM to study the vibration and instability of a
sandwich circular plate consisting of a magnetorheological
fluid core. Utilizing the perturbation method, Karimiasl and
Alibeigloo (2023) studied the nonlinear static and vibration
characteristics of composite sandwich plate with honeycomb
core with HSDT and modified couple stress theory.
Namazinia et al. (2024) obtained the static response and
natural frequencies of a sandwich plate in the hygrothermal
environment with Reddy’s TSDT. The plate consists of an
auxetic core and Graphene platelet-reinforced composite
(GPLRC) facing sheets. The equations of motion plate are
obtained and solved by both Navier and the generalized
DQM. Bennai et al. (2015) developed a new refined
hyperbolic shear and normal deformation beam theory to
study the free vibration and buckling of functionally graded
(FG) sandwich beams under various boundary conditions.
Bouchafa et al. (2015) used refined hyperbolic shear
deformation theory (RHSDT) for the thermoelastic bending
analysis of functionally graded sandwich plates. Tahouneh
(2017) performed 3-D vibration analysis of MWCNT
curved panels in FG-MWCNTs sandwich structures.
Kormanikova et al. (2025) presented approaches for
determining longitudinal Young's modulus of thin uni-

directional CFRP composites. Wang et al. (2025) studied
the effects of CNT waviness, aspect ratio, and damaged
core on the vibrational behavior of FG nanocomposite
sandwich beams on elastic foundations. Bouafia et al.
(2021) studied Natural frequencies of FGM nanoplates
embedded in an elastic medium. Khadir et al. (2021)
investigated buckling and free vibration of functionally
graded carbon nanotubes reinforced composite laminated
nanoplates. The frequency characteristics, and sensitivity
analysis of a size-dependent laminated composite cylindrical
nanoshell under bi-directional thermal loading using
Nonlocal Strain-stress Gradient Theory (NSGT) was
studied by Dai et al. (2021). In another study, Ebrahimi et
al. (2019) studied the frequency response of curved
magneto-electro-viscoelastic functionally graded (CMEV-
FG) nanobeams. Boutaleb et al. (2019) studied the dynamic
response of the functionally graded rectangular nanoplates.
Mohammed et al. (2024) study vibration of sandwich
cylindrical shell with damaged core and FG face sheets
resting on a two-parameter elastic foundation. In another
study (Hatami et al. 2024) used an exact finite strip method
for functionally graded-carbon nanotube sandwich plates to
get the exact natural frequencies of the plates. Liu et al.
(2024) study vibration of a composite cylindrical shell. The
core of the shell is made of functionally graded (FG) porous
materials and layers is fabricated of carbon nanotubes
(CNTs) reinforced nanocomposites. Alnujaie et al. (2024)
investigate free vibration response of plates, highlighting its
potential to advance the understanding and application of
material property variations in structural engineering. Shen
et al. (2024) study free vibration analysis of FG porous
spherical cap reinforced by graphene platelets resting on
Winkler-type elastic foundation.

An elastic foundation reinforcement can significantly
enhance the stiffness of a structure. In engineering practice,
structures are usually only locally supported by elastic
foundations, giving rise to the concept of the partially
supported elastic foundation (PSEF) have potential
applications. The plates supported on partial foundations
have been considered for vibration analysis by researchers.
For instance, Motaghian et al. (2012) studied the free
vibration characteristics of rectangular plates on specific
regions of elastic foundations. Jahromi et al. (2013)
employed the generalized differential quadrature (GDQ)
method to study the free vibration of a rectangular plate
resting on PSEF with Pasternak type. Kim (2015)
investigated the vibration response of a FG cylindrical shell
partly supported by a Pasternak elastic foundation.
Shahbaztabar and Arteshyar (2019) considered the buckling
response of FG plates partially on an elastic foundation with
the differential quadrature element method. Moraveji Tabasi
et al. (2020) extended the ES-MITC3 element based on
first-order shear deformation theory (FSDT) for the free
vibration analysis of FG plates resting on the partially
supported elastic foundation. Nguyen et al. (2022)
examined buckling and free vibration analysis of fiber
metal-laminated plates on a total and partial elastic
foundation. However, these studies on localized -elastic
foundations typically involve complex numerical techniques.
Recently, Hoang et al. (2024) proposed a simpler analytical
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method based on Galerkin’s method to identify the location
of localized elastic bases through straightforward
integration, eliminating the need for complex algorithms.
Ameer et al. (2024) studied free vibration behavior of
trapezoidal shaped coupled double-layered graphene sheets
(DLGS) system using first-order shear deformation theory
(FSDT) and incorporating nonlocal elasticity theory. Barka
et al. (2016) studied thermal post-buckling behavior of
imperfect temperature-dependent sandwich FGM plates
resting on Pasternak elastic foundation. Park et al. (2016)
used modified couple stress based third-order shear
deformation theory for dynamic analysis of sigmoid
functionally graded materials (S-FGM) plates. Bhatti et al.
(2023) study the behavior of hybrid nanofluid flow using a
model based on third-grade sodium alginate. Sodium
alginate has the potential to be used in the extraction of
geothermal energy. The investigation of the reflection issue
in a hygrothermal medium in nonlocal elasticity conducted
by Yadav et al. (2024). Arefi (2015) suggested an analytical
solution of a curved beam with different shapes made of
functionally graded materials (FGMs). Abo-Dahab et al.
(2020) used the generalized thermoelasticity theory, with
one thermal relaxation time (TR), to examine the
thermoelastic problem of a functionally graded thin slim
strip (TSS). Bouguenina et al. (2015) studied FG plates
with variable thickness subjected to thermal buckling.
Hosseini and Zhang (2018) considered wave propagation
analysis in a FG Graphene platelets-reinforced nano-
composite cylinder. Marin (2010) considered a right cylinder
composed of a physically dipolar thermoelastic material for
which one plane end was subjected to an excitation which is
harmonic in time. Marin et al. (2022) used a linear theory
for the thermoelasticity of type Ill for Cosserat media.
Marin et al. (2014) have tried to extend the domain of
influence result to cover the micropolar thermo-elastic
diffusion. Tahouneh et al. (2019) used trimming technique
to create the cutout in geometry of L-shape plate. Tahouneh
et al. (2020) studied vibration of vacancy defected graphene
sheet as a nonisotropic structure via molecular dynamic and
continuum approaches. Tornabene (2009) used four-
parameter power-law distribution to study the dynamic
behavior of moderately thick functionally graded conical
and cylindrical shells. Tornabene and Ceruti (2013) studied
a mixed static and dynamic optimization of four-parameter
functionally graded material (FGM) doubly curved shells
and panels. Tornabene et al. (2014) studied free vibration of
free-form doubly-curved shells made of functionally graded
materials using higher-order equivalent single layer
theories.

The review highlights that auxetic core layers are
commonly used in sandwich structures due to their
advantages, such as high damping, impact absorption, and
fracture resistance. FGM materials have also gained
significant attention for their properties, making them
suitable for developing adaptive structures. Combining
these two materials in sandwich configurations can provide
unique mechanical properties for various applications.
However, research on sandwich structures with auxetic
cores and FGM surfaces is still limited. Therefore, studying
the vibration of these sandwich plates is essential to deepen
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Fig. 1 Schematic view of the sandwich plate with auxetic
core, resting on PSEF

our understanding of their mechanical behavior. The
vibration analysis of the existing sandwich plate with a
metamaterial property will be presented for the first time
subjected to temperature change and partially supported
elastic foundation.

2. Theory and formulation
2.1 Sandwich plate with auxetic core

In this study, we consider a smart sandwich plate with
two FGM layers, an auxetic core layer, which has length a,
width b, and total thickness h as illustrated in Fig. 1, resting
on PSEF. x and y are in-plane axes located at the middle
layer of the auxetic core, and z is the direction that extends
along the thickness of the plate. he and hy are the
thicknesses of core layer and FG layer, respectively. Also,
the top surface subjected to temperature rise (AT). Figure
1b demonstrates three typical distribution patterns of
foundations, where the colorful parts are the distribution
zones of substrate. The various distribution patterns of
elastic foundations are characterized by the coordinates of
points on the x and y axes xi and yi . (i=1,2).

The core layer of the proposed sandwich plate is made
of an auxetic material with NPR. The auxetic core layer
consists of honeycomb cells placed in a systematic way,
where 6, I, |1, and ti=t3 represent the angle of inclination,
the length of the horizontal wall, the length of the inclined
cell wall, and the thickness of the cell wall, respectively.
The material properties such as young modulus (E), shear
modulus (G), Poisson’s ratio (v), thermal expansion
coefficients («®11) and density (p) of the auxetic core can be
expressed using the following equations (Zhu et al. 2019,
Ha et al. 2022):

£ (B, —sin )3
M1[(Bisec? (6) + tan? (6))BZ + 1]cos? ()

Ef = @
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ES, =E i

227 M1 (B2 + tan? (8))(cos (8)B; — cos (6)sin (8))
__Jﬁ__%
(282 + By)cos 6

2sin2 () + B, —sin (@) + B Bs
2(B; — sin (0)) 2B +1 ] 2cos (0)

(2 + B1)Bs
2(B; — sin (8))cos (6)

o= Bscos (6)
17 TM B 1 sin ()

o = (sin (8) — B1)(sin (0))(1 — B3)
127 cos? (0)[B2(Bisec? (B) + tan? () + 1]

In which g1 = /11 and S5 = ti/l1. Also, the superscript ¢
and subscript M represent the core layer and metallic
material, respectively. 8 is the inclined angle which is in the

range 6 < arcsin (%). Figures (2a-2d) shows the effect of

the parameter B3 and inclined angle 0 on the density and
Elastic moduli of auxetic core made of SUS304,
respectively. As shown in the Figs. (2a, 2b) as the B3
parameter increases for any fixed value of 0, the p and Ey;
value rises too. Besides, with the increase in the inclined
angle 0 for any PBs, the density and Elastic moduli in the x
direction increases, too. As shown in the Fig.3 (a-d),
Poisson’s ratios of auxetic core in different directions are
functions of geometrical parameters of core’s cell. The NPR
can be madified in the xy and yx directions and thus the
Shear moduli can be adjusted.

On the other hand, the material properties of power-
law FG layers are defined as:

Glcz = GM[

G163 = GM[

p°=pM[

hcp h, h,
P=Pm+(PC—Pm)<Z—7) ;?SZS?‘Fhfg
h p
P=Pm+(Pc_Pm)<_Z_7€) ; )

(4 c
T—hfg SZS_7

In which the parameter P represents the power index of
FG layers.

2.2 Temperature field on the sandwich plate

In the presence of a nonlinear temperature increase
(NLTR) across the thickness direction of the plates, the one-
dimensional heat transfer problem given below can be
addressed with specific temperature boundary limits to
figure out the upper and lower surface temperatures of the
plate. The temperature field assumed to be uniform over the
plate surfaces and varying along the thickness of the plate
due to heat conduction. In such a case, the temperature
variation along the plate thickness can be obtained by
solving the steady-state heat transfer equation as (Daikh et
al. 2019, Daikh and Megueni, 2018):

d dT(z)) o

T dz (K(Z) dz

% ©)

The temperature boundary is: T(-htg-h./2) =T, at the
bottom surface and T(h+ho/2)=T; at top surface, in which
T=Tu+AT. The temperature distribution of sandwich plate
is obtained as (Daikh et al. 2019, Daikh and Megueni,
2018):

Zz
hpg-he/2 k(z)dz

hfg+hc/2 dz (4)

~hfg=he/2 I(z)

T(z) =T, + AT

Here, k(z) denotes the thermal conductivity coefficient.

2.3 Kinematical formulations
Based on the higher-order shear deformation theory, the
displacement field of the plate at any point, in terms of mid-
plane displacements through x- and y-axes (u and v,
respectively), bending and shear components of transverse
displacement of the midplane (wyand ws, respectively), and
the time expression (t), can be assumed by Jung et al.
(2016):
adw,, ow,
Wy zt) =u@y,0 -z~ f@)

ox

ow, (5)
oy’
u3(x,y, Z, t) = Wb(x! Y, t) + Ws(x! Y, t)

aWb
u(x,y,2,t) = v(x, y, t) = 25y~ f(2)

In which (z) =z —2 sin (E) , is the shear stress
bid h

distribution  function through the sandwich plate’s
thickness. Nonzero strains of the four-variable plate model
are defined as:

Ex & Ky K3
0 b N
Ey =< & y + z Ky + f Ky ;
0 b S
Vxy Yxy Kxy Kxy (6)

{yyz} =g {Y;z}
VYxz y)fz
wWhere =1 - , and:

0z

b

gl O, u Kb — 0y Wp
0 b —
Ey = ayv ; Ky = aybe )
0 b —
Yay Oyu + 0y v K2, 20,y W
) ; ™)
Ky —OxxWs s
s\ ) — w. L. Vyz| _ ayWs
y - yys 1] s - a w.
Ky =20,y Ws xz xS

3. Hamilton principle

Employing the Hamilton’s principle, the motion
equation could be decided by as follows in terms of strain
and kinetic energies (/s and Ik, respectively), and external
forces’ work (I1w) (Zhang et al. 2022).

t
f 8 — My + My + Up)dt = 0 (8)
0
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Fig. 3 Variation of Poisson’s ratios of auxetic core in different directions versus the geometrical parameters of auxetic layer;
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The virtual strain energy variation can be stated as:

(SHS = J- Jij65ij dv
v

0,0&x + 0,0, + 04, 0Yxy ©)
[ w
+Jy26sz + szgyxz
aéu 026w, 026w,
oew b b _ s s
N 0x Mz 0x? * Ox?
a6v ., 0%8w, 028w,
| NGy My My
811, = fo o (5459 Do, |dX(0)
Y\oy = ox Y 9xdy
o 026w, N 06w, N LU
Xy a ay Qyz ay QXZ ax ]
In which the stress variables can be defined by:
(N;, MP , M§) = f (1,2, o dA ;i=(x,yxy)
! (12)

QL=f go; dA ;i = (xz,yz)
A

The variation of externally applied N,, N,°, and Ny, in-
plane forces work can be penned in the subsequent form:
d(wy, +wy) 36 (wy, + wy)

+
dx dx
d(wy, + wy) 36 (wy, + wy)
3y 3y + |dxdy (12)
a(Wb + Ws) a(Wb + Ws)
0x dy

The variation of work done by partially elastic
foundation with surface As equals to:

Ne

l
5Hw=f Ny
0

26N2,

ky (wy, + wg)8(wy, + wy) +
a(wy + wy) 36 (wy, + wy)

svp= [ | [~ ax o dxdy (13
Py o(wy + wy) d85(wy, + wy)
ady ay

The detailed variation of the integration on different
PSEF is given in Appendix A. The virtual Kinetic energy
variation of the plate can be described as:

66 axz 22 a 2 12 66 axay
23wy, 3wy,
—Byy——= 3y? — (B + 2366) 9x%dy "
s 0w s s 3WS
—B3, 6—y3 — (Bi, + 2366) EWOE

» 62v+1 23w, N aws
09tz " 1 ayot? S dyot?
Where the lo, 11, J1, Iz, J2 and J; are mass moments of
inertias, and equals to:

h/2

(10111']1'12v12v]3) = f (1'Z' f!ZZ'Zf' fz)P(Z)dZ (15)

—h/2

The coupled equations are obtained by substituting Eq.
(10) and Egs. (12-14) into Eq. (8), while the du, &v, dw,
dws and 3¢ coefficients are all zero:

IN, anyzlaZu 3wy, 3wy
ax = ay  %oar? h5xaez 1 oxar

(16a)

N,y

oNy v Dm0
ax ' ay  °oar?

h ayat?  1ayot?

(16b)

RE N M2, N 9*M}
dx? dxdy  dy?
iy (W, + wg) — kpV2(wy, + wg) =

% (wy, + wy) ; a3u 2%v (16c)
T \oxot2 ~ ayot?

NCRY 02wy
~kV at2 —)2V*Ga
oMy My OPMS 00y,
dx? oxdy = 0y? dx
aQyz
dy

_ 0%u d03%v
v (L 20

— NEV2(wp, + wy)

— NEVZ(wy, + wy) + kyy (wy, + wy)
(16d)

dxdt? = dydt?
%w 2w,
_]ZVZ< at? > JsV <6t2 )

The stress-strain relations for each layer of sandwich
plate subjected to the thermo-mechanical loads can be
organized as:

Oxx = (511€xx + G128y — .[ilAT)
Oyy = (5125xx + 511fyy - ,BlAT); Oxy = 666):xy a7)
Oxz = (655yszx - ﬁlAT); Oyz; = (Essyyz - ﬁlAT)
In which, ¢&; represent the elastic stiffness coefficients
for the plane stress and g, is thermo-elastic coupling
CZ

coefficients equals to: - 01—3 ;Clp = C1p —
3

€11 =11
Z:: Co6 = Cop -

Integrating Eq. (17) for the cross-section of plate, the
force-strain and the moment-strain relations can be reached
for the sandwich plate, showing by detail in the Appendix
B. Finally, the coupled governing equations regarding the
displacements for the refined four-variable shear
deformation of the plate can be obtained by replacing Egs.
(B1)-(B4) from Appendix B, into Egs. (16a)-(16d) in the
next relations as:

2%u %u
A11ﬁ + A66ﬁ + (A12 + Age)
a%v 3wy, 3wy,
3xdy —Bii——= EPE (B1z+2366)a y?
s 03w 3w,

—Bi1——% EPE - (B, +2366)a 3y +

162 b 3wy, 3w “o
09tz " 1gxat? ]16x6t2

(18a)
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02 0%v 0%u
A66a 2+Azzay2+(A12+ 66)6 %3y
3wy, 23wy,
—Byy—— 393 — (Byz +2Bge) 555 3220
el ol (18b)
—B3, W; — (B, + 2326) —

162v+16wb aws “o
03¢z " 1 ayar? thgvee dyot?

&u &u
Bﬂ%+(812 +ZBGG)W+
ov v
(B1z + 2866) Bzz A3
ox*oy oy
o'w,

ox*oy?

o'w,

—Dll? 2(Dlz +2D66)

o'w, L 0w,
4
2(Dj, +2Dg) o'w, b5, W
ox*oy? oy
0% (W, +w. 3 3
L O+ 5)_|(6u .\ avj+

N "l oxat? oyt

2 2
v % |, g v O |,
ot Fa

Ku (W, +w,) = (NT =K, ) V2 (w, +w,) =0

_Dzz
(18¢c)

. % s .\ Ou
B — " +(By+2B% ) —— 55y +
. v A
(Blz + 2866) + By A3
X 5’3/ oy
. 84 . 0w,
_Dn >+ Ass =+ A44 ayz

o'w,
aXZayZ
4
aaywb He, aast _ (18d)
o'w, . 0w,

aXZayZ - 22 8y4 -
0% (W, +w,) ofu o
IO 2 - ‘]1 7t 2
ot oxot oyot
2 2
+J,V? [6&%} +J3,V? (6& J+kw(wb+w)

_(NT —EP)VZ(WD+WS)=0

—2(Df2+2D§6)

S
D22

2(Hy, +2Hg)

4. Solution method

Considering different boundary conditions, the
displacement where satisfy the boundary condition, in the

form of unknown coefficients (u_~ v__ w,

mn

w, ) and
trigonometric functions are expressed as (Arani et al. 2018):

Xin ()Y (¥)

Umn a

Vinn. m(x) Y w(y) | eifhmnt (19)

Wb mn m(x)Y )
Ws 1 Xm () Yn (V)

Where Q,,, is the natural frequency. The functions
X (x), Y, (v) depends on boundary condition of plate in the
X, y directions, respectively; and can be written as (Arani et
al. 2018):

X () = sin(Q,,x) + {,, cos(Q,,,x)
+1,, sinh(Q,,x) + &,,cosh(Q,,x)

Yn(y) = Sin(ﬂny) + ¢ COS(Qny)
+1, sinh(Q,y) + &,cosh(Q,y)

These constant coefficients are defined in Table 1 for
different boundary conditions. Substituting Eq. (19) and Eq.
(20) into Egs. (18a-18d), the final relation for free vibration
problem is obtained in the matrix form as:

([K] = Q*[M]){A} = {0} (21)
In which {A}=(u,, V,, W, Also, [K]

and [M] are stiffness and inertia matrices, which are not
presented here to avoid the length of the text. Finally, the
natural frequencies of the system can be obtained by
solving the eigenvalue equation |[K] — Q?[M]| = 0.

m=1n=1

(20)

Wsmn) ’

5. Results and discussion
5.1 Validation of the method

For the first case, the first and second dimensionless

— 2
natural frequencies (Q = Q% Pi) of isotropic plates
m

partially supported by an elastic foundation parallel to the
plate edges, similar to type 2 in which x;1=a/3, x,=5a/6,
yi=b/4, y, =7b/8 ; validated by numerical results of
Motaghian et al. (2012), Jahromi et al. (2013) and Nguyen
et al. (2022) for various boundary condition and substrate
Winkler stiffness (Kw) at Tables 2(a) and (2b). Physical and
Geometrical Parameters of isotropic plate are: a/h=20,
b/a=0.5, h=10cm, En=200GPa and pm=7.85g/cm® The
similarity between the results reveals the accuracy and
reliability of the model in calculating the frequency of the
sandwich plates.

As another example, square three-layer SSSS sandwich
plates with the auxetic core layer and isotropic faces have
been considered, resting on Elastic Foundation (EF) with
Winkler stiffness Ky and shear stiffness Kp. All layers are
isotropic and made by aluminum, also the geometrical
parameters of the core layer are 0, f1and 3=0.01385

The first natural frequencies with different values of the
EF parameter and geometrical parameters of the core layer
are presented in Table 3 and validated by numerical results
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Table 1 Coefficients of Eq. (20) for various boundary conditions

BC Qr (—r Nr fr
ss rm ° 0_ :
sin (Q,)
sc (4r + D /4 : )0 @ “sinh (@) °
sin(Q,) — sinh(Q,
cc 2r + 1)m/2 - B )
@r+ Dm/ cos(Q,) — cosh(Q,) "
sin(Q,.) + sinh(Q,)
CF 2r—1)m/4 - * B
2r —Dm/ cos(Q,) + cosh(Q,) -
in(Q,.) — sinh(Q
. vt 12 sin(Q,) — sinh(Q;) 1 O

B cos(Q,) — cosh(Q,)

Table 2(a) Comparison and validation of results for an isotropic plates partially supported by an elastic
foundation, with Motaghian et al. (2012) and Jahromi et al. (2013) at various B.Cs.

Present study Jahromi et al. (2013) Motaghian et al. (2012)

B.Cs o 1t 2nd 1t 2nd 1t ond

10 4.862 7.885 5.003 8.001 5.003 8.001
5558 1000 5.265 8.086 5.372 8.149 5.310 8.130

10 5.118 8.745 5.239 8.729 5.279 8.880
€SS 1000 5.519 8.714 5.621 8.883 5.604 9.013

10 5.440 9.470 5.551 9.585 5.658 9.982
CCS 1000 5.805 9.931 5.915 9.737 5.958 10.11

Table 2(b). Comparison and validation of results for an isotropic CCCC plates partially supported by an elastic
foundation, with Motaghian et al. (2012) and Nguyen et al. (2022)

Present study Jahromi et al. (2013) Motaghian et al. (2012)

K 1st 2nd 1st 2nd 1st 2nd
10 10.04 13.09 10.03 13.12 10.29 13.35
1000 10.24 13.25 10.22 13.23 10.48 13.45

Table 3 Validation of The first natural frequencies (Hz) of SSSS sandwich plate with auxetic core made of Al with
different values of B;, 8 and foundation stiffness, with Tran et al. (2020)

Substrate (K1, K2) Tran et al. (2020) Present study
(10°Pa/m, 10°Pa-m) P 0 =10° @ =35° ® =10° ® =35°
1 151.61 149.78 149.95 148.16
without (0,0) 2 152.17 151.71 150.50 150.05
4 152.41 152.20 150.73 150.53
1 197.43 195.04 194.76 192.42
Winkler (0.1,0) 2 198.16 197.56 195.47 194.88
4 198.47 198.20 195.78 19551
1 250.34 247.31 246.37 243.41
Pasternak (0,0.05) 2 251.27 250.51 247.27 246.53
4 251.67 251.32 247.66 247.32
) 1 280.47 277.06 275.70 272.39
W'”‘(((')‘f{’z%;‘;r”ak 2 281.51 280.66 276.72 275.88
4 281.97 281.57 277.16 276.78
of Tran et al. (2020) with h¢/h=1.5, h=0.1m, a/h=20, 5.2 Numerical results
3=0.01385. It can be seen that when the EF parameters
increase, natural frequencies of plate increase. Also, results In this subsection, the frequency analysis of the sandwich

show the EF parameters make the plate become stiffener. plate with auxetic core and FG face layers, resting on PSEF,
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Fig. 4 Variation of the natural frequencies as a function of
the auxetic layer’s aspect ratio, at different inclined angle of
the auxetic core
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Fig. 5 Variation of the frequencies as a function of the
auxetic layer’s aspect ratio at various thickness of the walls
in the auxetic core

and in thermal medium is examined with respect to the
parameters of temperature rise, FGM index, Winkler
coefficient and type of elastic foundation, core to face
thickness ratio and geometrical features of auxetic core (6,
B1and Bs). The core and Face layers are made of stainless-
steel metal (SUS304) and silicon—nitride ceramic (SisNs).
The Young’s modulus, and the density of each material are
supposed to be Em = 208GPa, vm = 0.3, and pm = 8166
kg/m® of SUS304 and Ec = 322GPa, vc = 0.3, pc = 2370
kg/m3 of Si3N3.

Fig. 4 illustrates how natural frequencies of plate depend
on the aspect ratio of the cells in the auxetic core (B1) and
the inclined angle (). Increasing the inclined angle raises
the number of cells and density, leading to various effects
on the stiffness coefficients and increased inertia, which
decreases the natural frequencies. The increase of parameter
0 leads the unit cell’s struts to become more inclined, and

05F

ook ¥

0 E]2 O,b4 O,IUG 0 68 0‘1;)
h/a

Fig. 6 Variation of Fundamental frequency of square plate

as a function of thickness to length ratio at various BCs

27— =
2.0

1.8

1.2+

he! hy
Fig. 7 Variation of fundamental frequency of sandwich
plate versus core to face thickness ratio at various boundary
conditions

reducing their effective length, resulting in fewer resistance
to deformation and softening the core, which causes a
reduction in the natural frequency. Besides, Increasing B
parameter reduces the number of cells and density of core,
causing changes in stiffness that ultimately raise the natural
frequencies.

Fig. 5 investigates the dependency of the natural
frequencies on the thickness of the walls of the cells in the
auxetic core (B3). By increasing the B3 parameter, both
density and elastic moduli increased based on Fig. 2 . As
shown in Fig. 5, the natural frequencies decline with an
increase in the thickness of the walls of the cells. Thus, as
the thickness of the cells walls rised, the rate of density
increase is exceeds than the increase rate in the elastic
moduli.

Variation of Fundamental frequency of square plate
versus the thickness to length ratio of plate have been
plotted in Fig. 6 at various boundary conditions. Based on
Fig. 6, higher limitations of deformation on boundary
conditions causing rise in natural frequencies. Consequently,
we can sort the boundary conditions in descendent order as
SCSC, SSSC, SSSS, SFSC, SSSF and SFSF. Besides, Fig. 6
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Fig. 8 Variation of fundamental frequency of CCCF

sandwich plate versus temperature rise at different

coefficients of EF for various Winkler Spring coefficients
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Fig. 9 Variation of fundamental frequency of CCCF

sandwich plate versus temperature rise at different

coefficients of EF for various Pasternak coefficients

ok

shows that the natural frequencies rises by increasing the
total thickness of sandwich plate.

Based on Fig. 7, it is observed that decreasing the core-
to-FG face sheet thickness ratio (hc/hrg) leads to higher
natural frequency. By reducing the h¢/heg ratio (an increase
in the thickness of the FG layer and a decrease in the
thickness of the core layer); since the stiffness of the FG
layer is considerably greater than that of the core layer.

Figs. 8 and 9 exhibit the variation of the first natural
frequency of the plate versus the temperature rise (AT) in
the range of 0-500 °C with the step 25°C at different
Winkler and Pasternak coefficients of EF. As the temperature
rises, the first frequency of sandwich plate decreases
slowly. The Q reduced as the AT increases, while the rate of
the decline is high at high temperature changes. The cause
for this reduction in the frequency is the decrease in the
structure’s stiffness, due to compressive in-plane force
created by increasing temperature. Based on Figs. 8 and 9,
increasing both Winkler and Pasternak coefficients of
foundation leads to enhancing the system’s rigidity, and
cause to rise of the natural frequencies.

Fig. 10 demonstrate the variation of the fundamental
frequency versus temperature rise for three different power

1.25

£ 120

=
c

L B

1.15 e— p=0.5 .

--m-- p=1 . ]

1100 PR b

I I 1 I I 1]

0 100 200 300 400 500

AT

Fig. 10 Variation of fundamental frequency of SSSC
sandwich plate versus temperature rise at various power
indices of FGM faces

115F -w.- B1=5, /=02 =t

100 200 300 400 500
AT

Fig. 11 Variation of the first natural frequency of the plate

versus the temperature rise (AT) for diverse combinations

of (B1, 0)

o

indices of FGM faces. Based on the Fig. 10, reducing the
power indices and metallic phase in FGM face layers leads
the rigidity to enhance, and it caused increasing in natural
frequency. As can be seen, the natural frequency increased
with increasing ceramic’s volume fraction value. Enhancing
the natural frequency is credited to the higher stiffness
property of SisN3 compared to SUS304. In addition, the
thermal stress resultant of the plate increased with
increasing metallic’s volume fraction, and a substantial
decrease in the natural frequency happened.

Fig. 11 displays the influences of the temperature rise,
1 and B3 on the frequencies of first mode in the sandwich
plate. As shown in Fig. 11, the value of the fundamental
frequency declines as both g3 and AT increase. The cause
for this reduction in the frequency is decreasing the elastic
moduli of all the materials in the sandwich plate’ layer with
growing temperature, and reduce in the structure’s stiffness.
Additional cause for the reduction in the frequency is that
the stiffness of the auxetic core growths as 3 enhances, but
the mass increases further than the stiffness.

To more examine the result of the PSEF on the
fundamental frequency of the sandwich plate, two
distributions of foundations are considered with assumptions



An analytical solution for vibration analysis of sandwich plates with auxetic core... 195

—e— x4/a=0

L e --m-- Xq/a=0.2
14F 7 i
A e Xola=0.4
I MR - P P P P P PRI

0.6 0.7 0.8 09 1.0

Xla
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geometric parameters on the fundamental frequency of the
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Fig. 13 Influence of arbitrarily distributed foundation

geometric parameters on the fundamental frequency of the
SCSC sandwich plate (Type 3)

y1 = X1, and y» =xp. Figs. 12 and 13 give the effect of
PSEF’s geometric constraints on the fundamental frequency.
As can be seen from Fig. 12, for Type 2, the fundamental
frequency of the sandwich plate increases as parameter xva
reduces. The fundamental frequency rises as the value of
X2a growths.

In Fig. 13, Type 3 illustrates the reverse order, since as
the value of x1/a reduces, the overall area of PSEF Type 2
rises though the overall area of PSEF Type 3 declines. As
the value of Xya parameter growth, the overall area of PSEF
Type 2 rises whereas the over-all area of PSEF Type 3
reduces. When the entire area of the PSEF rises, the
stiffness of the system enhances.

The influence of the PSEF position on the fundamental
frequency of the sandwich plate is considered in Figs. 14
and Fig. 15 Considering two different types of PSEF and
assume that the center’s coordinates for the PSEF are (Xo,

yo) i xp =22y, =122 also, yi=x; and y.=Xz. The

total area of PSEF Type 2 and Type 3 have been kept

constant at values of ab/4 and 3ab/4, respectively; and the
borders of both Xxo/a and yo/b are in [0.25-0.75] bond. Based
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Fig. 14 Influence of the location of the PSEF on the
fundamental frequency of the SCSC sandwich plate (Type
2)
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Fig. 15 Influence of the location of the PSEF on the
fundamental frequency of the SCSC sandwich plate (Type
3)

on, these figures for PSEF Type 2, the value of the
fundamental frequency rises and then declines as Xo/a
growths, and enhances and then reduces as the amplitudes
of yo/b reduces. The result’s trend has been reversed for
PSEF type 3. For PSEF Type 2, the value of the
fundamental frequency is highest if the foundation locates
in the plate’s center. For PSEF Type 3, the maximum value
of frequency is obtained by inserting an empty space at all
the four corners of the sandwich plate.

6. Conclusions

In the present study, the HSDT is used to analyses the
free vibration characteristics of sandwich plate with auxetic
core and FGM faces, subjected to thermal medium and
resting on PSEF. Since the material properties of the NPR
auxetic core layer vary based on the three geometric
parameters (B1, B3, and 0); the effective material properties
were examined, and then the natural frequencies of the
sandwich plate were obtained. The main findings are as
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following:

* The elastic modulus, density and NPR of the auxetic
core can be adjusted using the three main parameters of
cells including thickness, aspect ratio and inclined angle.

* By increasing the parameter 6, the resistance to
deformation in the core layer’s auxetic cells decline and the
stiffness of plate decrease, thus the variations in stiffness
and inertia of plate result in lower frequencies.

* Rising the parameter 31 decreases the number of cells
and reduces the core layer’s density. Also, the variations in
inertia and stiffness of plate result in higher frequencies.

 Adjusting the geometrical parameters of the auxetic
core layer can be an effective tactic in modifying the
vibration behaviour of sandwich plate.

By growing the temperature, the plate stiffness reduces
and the natural frequencies, decrease.

* Placing the PSEF nearer to the plate’s center enhances
the plate's fundamental frequency. Hence, the design must
prioritize locating resilient foundations at the center.

» As the power indices of FGM layers enhances, the
plate vibrates at higher frequencies.

The present study recommends a new outlook on how to
modify the mechanical characteristics of sandwich plate
with thick auxetic core. Its illustrations that by regulating
the three main parameters of cells it is possible to have a
significant influence on their elastic moduli, density and
NPR. This paper highlights the opportunity of attractive
auxetic materials for precise engineering applications by
employing these characteristics, thus allowing the progress
of advanced material designs with upgraded impact
resistance, vibration damping, shape memory capabilities
and proficiencies in various engineering fields, such as
aerospace, automotive and biomedical engineering.

In the future, researchers could investigate more
studies about the dynamic characteristics of structures with
auxetic layers, specifically in response to unexpected
stimuli like vibration and impact, and prepare valuable
information for practical applications.
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Appendix A

The domain of integral of Eq. (13) for different types of
PSEF are described as follows:
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