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1. Introduction 
 

Nanostructures are systems with one or more dimensions 

at the nanoscale. When structures are at nanoscale, they can 

exhibit distinct optical, mechanical, and electrical properties 

compared to their larger-scale counterparts. Nanoscale 

technology allows achieving desired performance with less 

material. Moreover, it enables the creation of high-

performance, lighter, stronger, and more durable structures. 

Although relatively new, nano-structures are being used in 

the construction engineering sector for insulation 

technologies, roofing and facade coatings, and within load-

bearing concrete systems. In addition, their exceptional 

magnetic, optical, and electronic properties make them 

highly applicable in fields such as healthcare, textiles, 

industry, and defence. Nano-technology is frequently utilized 

in sensors, optical and communication devices, print heads, 

and solar cells (Farajpour et al. 2018, Karami et al. 2019, 

Mehralian et al. 2016). Functionally graded materials 

(FGMs) are hetero-geneous materials in which properties 

are gradually varied in a controlled manner through the 

thickness. This concept was first introduced by Japanese 

scientists in the mid-1980s. FGMs are typically composed 

of a combination of metals and ceramics, leveraging the 
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heat and corrosion resistance of ceramics along with the 

high tensile strength of metals. FGMs are particularly useful 

in applications like space shuttle tiles, where ductility is 

needed on the inner side and extreme temperature resistance 

on the outer side. The material properties in FGMs 

continuously change, eliminating interfaces between 

different materials and thus mitigating issues related to 

material discontinuity, such as delamination failure 

(Ghayesh and Farajpour 2019, Karami and Janghorban 

2020, Kiani et al. 2012a, b, Wang et al. 2023). Porous 

materials, known for their lightweight characteristics, are 

widely utilized in the aerospace industry and hold 

significant importance in the literature. Additionally, due to 

imperfections in the manufacturing process, voids can 

naturally form within the materials. Therefore, analysing 

the effects of porosity on mechanical properties is crucial 

(Faleh et al. 2018, Civalek et al. 2023, Addou et al. 2024). 

For all these reasons, numerous studies in the literature 

focus on functionally graded materials, porosity, and 

nanoscale properties. 

Altenbach and Eremeyev (2011) highlighted surface 

stresses’ influence, which are essential in nanoscale 

structure such as nanofilm and nanoporous materials, 

demonstrating how these effects alter material stiffness and 

behaviour at the nano level. Ghadiri and Safarpour (2016) 

analysed the influence of material length scale, temperature 

variations, electrical and magnetic potentials, and shear 

correction factor on the natural frequencies of nanoshell 

subjected to combined thermo-electro-magnetic loadings 

with simply supported boundary conditions. Rouhi et al. 
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Abstract.  This paper presents dynamic analyses for nanoscale shells with various geometries, utilizing linear standard 

viscoelastic material properties and functionally graded porous materials. The displacements in Cartesian coordinates for FG 

porous nanoshell are formulated utilizing a stress and strain shape function based on higher order shear deformation theory, 

which has been previously employed in the literature. The motion’s equations are derived through Hamilton principle, 

incorporating energy expressions of the system. The forces and moments in motion’s equations are expressed with nonlocal 

terms based on Eringen’s nonlocal elasticity theory. Navier method, which allows analytical solutions for simply supported 

conditions, is employed in the analysis. For the dynamic analysis, dynamic distributed load applied to nanoshell is represented as 

a trigonometric series. To facilitate the solution, displacements are obtained in Laplace domain and subsequently transformed 

back into time domain. Material properties in the analysis are represented employing linear standard viscoelastic model. In this 

context, a computational method is developed utilizing Mathematica, and its accuracy is validated by performing a free vibration 

analysis. The obtained natural frequencies are compared with values from previous studies in the literature to demonstrate the 

model’s reliability. Subsequently, a series of forced vibration analyses are conducted under dynamic distributed loading as part 

of parametric study on functionally graded porous viscoelastic nanoshell. The influences of different geometries, geometric 

properties, nanoscale characteristics, material variations, linear standard viscoelastic coefficients, porosity distributions, and 

porosity on displacements are investigated. 
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(2016) investigated how surface characteristics, including 

elastic moduli and surface tension, impact nanoshells’ 

vibrational performance, particularly highlighting that 

surface stresses play a pivotal role in altering the resonant 

frequencies, especially in thin structures. Sahmani et al. 

(2016) conducted novel investigation into cylindrical nano-

shells’ nonlinear post-buckling response, incorporating 

surface stress impacts for the first time. Also, they 

examined how surface elasticity and residual surface stress 

influence both the critical buckling load and end-shortening 

in silicon nanoshells. Zhao et al. (2018) synthesized a novel 

porous metal-organic framework with uncoordinated O 

donor sites and investigated its potential for 5-fluorouracil 

loading, analysing drug-loading capacity, pH-sensitive 

release, and cytotoxicity against MG63. Mirjavadi et al. 

(2020) explored forced vibration response of porosity 

dependent functionally graded cylindrical nanoshells 

subjected to linear or triangular impulse loads. They 

examined how transient response are influenced by the 

shape and position of the impulse load, as well as by 

porosity levels, distribution, and nonlocal and strain 

gradient factors. Arefi (2020) introduced free vibration 

behaviour’s innovative analysis of doubly curved piezo-

electric nanoshells on Pasternak foundation, considering the 

integrated impacts of initial electro-mechanical loads, 

advanced shear deformation theory, and nonlocal elasticity. 

Kachapi (2020) examined how piezoelectric nanoshell’s 

natural frequencies and nonlinear responses vary under 

electrostatic voltage, different loading conditions, nanoscale 

effects, and interface properties. Eyvazian et al. (2020) 

examined how various factors such as size-dependent 

effects, weight ratio, number of GNP layers, elastic 

foundation characteristics, and excitation frequency 

influence functionally graded graphene nanoplatelets-

reinforced composite cylindrical nanoshell’s forced 

vibration response. Their study, which also accounts for 

changes in load velocity and time history, provided insights 

into nanoshell’s dynamic response under moving harmonic 

loads. Dai and Safarpour (2021) examined how doubly 

curved laminated nanoshell’s thermal buckling and natural 

frequency vary with geometric and material properties. Xu 

et al. (2021) incorporated the nonlocal stain gradient theory 

to account for nano scale impacts and analysed various 

nanoshell geometries, examining the influence of parameters 

such as porosity, material gradient, and elastic foundation to 

nanoshell’s dynamic response. Cao et al. (2021) addressed 

the mechanical response of three-dimensional functionally 

graded (FG) nanoshells and nanoplates for the first time. 

They investigated how nanoscale properties, variations in 

material characteristics, and different geometrical shapes 

affected natural frequencies. Vinh and Tounsi (2022) 

investigated FG doubly curved nanoshells’ free vibration 

response by incorporating a modified nonlocal elasticity 

theory with varying nonlocal parameters, addressing a gap 

in previous studies that assumed constant nonlocal 

parameters, while also investigating the impacts of geometric 

properties and material gradation. Monge et al. (2023) 

introduced novel semi-analytical 3D approach for FG 

nanoshell that incorporates the nano-scale effects derived 

from Eringen’s nonlocal elasticity theory. Their study 

focused on examining how curvature radii and various 

loading conditions affect the response of both isotropic and 

FG nanoshells. Thang et al. (2023) explored the influence 

of nonlocal and strain gradient factors, as well as varying 

carbon nanotube distributions, on the deflection and natural 

frequencies of double-curved functionally graded carbon 

nanotube reinforced composite nanoshell. Su et al. (2023) 

systematically examined the stress-strain responses, 

Young’s modulus, ultimate tensile strength, and energy 

dissipation characteristics of sintered silver nanoparticles, 

highlighting the statistical correlations between porosity 

distribution and material performance. Vinh et al. (2023) 

utilized Eringen’s nonlocal elasticity theory’s modified form 

to explore the impact of changes in material characteristics, 

geometry, porosity, and nonlocal parameters on nanoshell’s 

the vibration response. Ghazwani et al. (2024a) conducted a 

high-frequency vibration analysis FG sandwich nanobeams 

on elastic foundations by integrating nonlocal elasticity and 

quasi-3D theory to capture size-dependent impacts. 

Ghazwani et al. (2024b) analysed free vibration behaviour 

of FG sandwich nanobeams on elastic foundations utilizing 

a novel quasi 3D theory, incorporating size-dependent 

impacts and evaluating the impact of foundation properties. 

Fang et al. (2024) explored how mechanical and thermal 

loads, along with variations in volume fraction and 

reinforcement’s folding degree, influence nanoshell’s natural 

frequencies under different boundary conditions, applying 

micromechanical modelling techniques. Cong et al. (2024) 

explored the influence of material length scale, nonlocal 

factors, and geometric characteristics on the nonlinear 

vibration response of FG nanoshell supported by Kerr 

foundation under harmonic loading, employing nonlocal 

strain gradient theory alongside classical shell theory. 

Alnujaie et al. (2024) analysed novel coated functionally 

graded graphene reinforced composite nanoplates, 

investigating the impact of nanoscale effects and various 

material distributions and properties. Eltaher et al. (2024a) 

investigated the variations in bending deflections and 

critical buckling loads of doubly curved laminated shell 

with a novel graphene-based nanocomposite, considering 

the effects of nanoscale features, graphene reinforcement, 

and different shell geometries. Eltaher et al. (2024b) 

investigated the influences of reinforcement properties, 

foundation support, moving point load, geometric 

characteristics on functionally graded carbon nanotube 

nanoplates’ free and forced vibration responses. Zhang et al. 

(2025a) systematically investigated the impacts of carrier 

concentration, interface conditions, plate thickness, and bias 

electric fields on phase velocity dispersion and attenuation 

characteristics in multilayered piezoelectric semiconductor 

plates with imperfect interfaces. Zhang et al. (2025b) 

developed MoS_2/BPC composites from bagasse-derived 

porous carbon utilizing a hydrothermal process and 

examined how hydrothermal temperature and duration 

impact structural characteristics, graphitization, chemical 

composition, and electromagnetic wave absorption. Doan et 

al. (2025) investigated damped vibration response of FG 

graphene oxide powder-reinforced composite plates on 

viscoelastic foundations, emphasizing the impacts of 

graphene oxide distribution and damping parameters on 
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vibration behaviour. Alam et al. (2025) derived closed-form 

analytical solution for linear and nonlinear frequencies of 

magneto-electro-elastic composite nano beams resting on a 

Pasternak-type substrate utilizing HSDT and variational 

principles, providing insights into the impacts of geometric 

nonlinearity, long-range molecular interactions, and 

substrate stiffness. Vinh and Zenkour (2025) investigated 

damped vibration response of FG sandwich porous plates 

resting on a visco-Winkler-Pasternak foundation, analysing 

the impacts of various boundary conditions, porosity, and 

damping. He et al. (2025) investigated the impacts of 

stiffness, damping ratios, time delay, fractional order, and 

excitation force on rolling mills’ nonlinear vertical 

vibration. Son et al. (2025) analysed the damped vibration 

response of FG sandwich porous plates on a visco-Winkler-

Pasternak foundation, examining the impacts of various 

boundary conditions, porosity, and damping. Yang et al. 

(2025) examined flexible risers’ vortex-induced vibration 

by integrating the wake-oscillator model with structural 

motion equations, analysing displacement, dominant mode, 

dominant frequency, energy conversion, and space time 

evolution. Babagi et al. (2025) proposed a novel set of 

scalar potential functions to decouple governing equations 

in the free vibration and stability analysis of simply 

supported nanoplates utilizing nonlocal elasticity theory. 

Vinh (2025) analysed FG nanoplates combining the 

advantages of nonlocal elasticity and strain gradient 

theories. Ö zbey and Calim (2025) investigated the dynamic 

behaviour of FG viscoelastic nanoplates under dynamic 

loading, considering nonlocal impacts, material gradation, 

viscoelastic damping, and geometric parameters, while 

developing an analytical approach for both free and damped 

forced vibration analysis. 

An extensive literature review has identified a gap in 

research focused on the damped forced vibration analysis of 

functionally graded (FG) porous nanoshells with double 

curvature using viscoelastic material models, which provide 

more realistic results. Notably, there is a lack of studies in 

the literature that focus on investigating the dynamic 

behaviour of nanoshells with an emphasis on viscoelastic 

material properties and functionally graded porous 

materials. Although elastic vibration models can incorporate 

damping impacts and offer simpler solutions, viscoelastic 

models better capture material behaviour due to internal 

friction, resulting in more accurate outcomes. This study 

utilizes the linear standard viscoelastic material model to 

achieve this realism. While displacement fields for nano-

shell are derived utilizing higher order shear deformation 

theory (HSDT), nanoscale impacts are incorporated into the 

analysis through stresses employing Eringen’s nonlocal 

elasticity theory. The governing motion’s equation, 

formulated with Hamilton’s principle involving energy 

expressions, are solved employing Navier method based on 

double Fourier series. Displacements are determined in 

Laplace domain, bypassing time-step selection, and 

subsequently transformed to the time domain through 

Durbin’s procedure. A new computational method is 

developed with Mathematica, and its accuracy is confirmed 

by comparing free vibration analysis results with existing 

literature. Subsequently, a series of damped forced vibration 

 

 
Even porosity distribution 

 
Uneven porosity distribution 

Fig. 1 FG porous viscoelastic nanoshell 

 

 

analyses are performed to investigate FG porous 

viscoelastic nanoshell’s dynamic response. Initially, the 

influences of various parameters, including the retardation 

time linked to the relaxation function, porosity, nonlocal, 

and power law parameters, on FG porous viscoelastic 

nanoshell’s time dependent displacements are examined. 

Following this, a study focusing on the impact of linear 

standard viscoelastic material model coefficients (the 

retardation time linked to the relaxation function and the 

proportion of the instantaneous value) on FG porous 

viscoelastic nanoshell’s time dependent displacements is 

conducted. Finally, a series of maximum displacement 

analyses are carried out to explore the effects of different 

shell geometries, curvature radii, nanoshell thicknesses, 

porosity distributions, and the parameters of porosity, 

nonlocal and power law on FG porous viscoelastic 

nanoshell’s maximum displacements. 

 

 

2. Formulation 
 
This research focuses on the dynamic performance of 

simply supported FG viscoelastic nanoshell with porous and 

defined by dimensions 𝑎  (length), 𝑏  (width), and ℎ 

(thickness), as illustrated in Fig. 1. Nanoshell’s geometry 

varies depending on the radii of curvature in the 𝑥 and 𝑦 
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directions (𝑅𝑥, 𝑅𝑦). Specifically, this relationship is defined 

as 𝑅𝑥 = 𝑅𝑦 ≠ ∞ for spherical shell, 𝑅𝑥 ≠ ∞ and 𝑅𝑦 =

∞ for cylindrical shell and 𝑅𝑥 = 𝑅𝑦 = ∞ for plate.  

The upper surface of FG porous nanoshell (𝑧 = ℎ/2) 

is composed of ceramic, while the lower surface (𝑧 =
−ℎ/2) is made of metal. Within FG porous nanoshell, from 

𝑧 = −ℎ/2  to 𝑧 = ℎ/2 , material properties (Young’s 

modulus (𝐸), Poisson’s ratio(𝜐), and mass density (𝜌)) 

transition functionally from metal to ceramic. This variation 

is governed by function 𝑃(𝑧) dependent on 𝑧 coordinate. 

For even porosity distribution (𝑃𝐼) , 𝑃(𝑧)  function is 

applied as shown below. 

𝑃(𝑧) = 𝑃𝑚 + (𝑃𝑐 − 𝑃𝑚) (
1

2
+

𝑧

ℎ
)

𝑘

−
𝜉

2
(𝑃𝑐 + 𝑃𝑚) (1) 

In cases where porosity is unevenly distributed (𝑃𝐼𝐼) 

across FG porous nanoshell, the material variation is 

governed by function 𝑃(𝑧), as shown below. 

𝑃(𝑧) = 𝑃𝑚 + (𝑃𝑐 − 𝑃𝑚) (
1

2
+

𝑧

ℎ
)

𝑘

−
𝜉

2
(𝑃𝑐 + 𝑃𝑚) (1 −

2|𝑧|

ℎ
) 

(2) 

𝑘 defines power law parameter, controlling the gradual 

shift from ceramic to metal material properties. The 

porosity parameter is represented by 𝜉, which defines the 

level of voids within the material. The properties denoted 

by 𝑚  correspond to the metal, while 𝑐  represents the 

ceramic characteristics. 

The displacement components in FG nanoshell’s 𝑥, 𝑦 

and 𝑧  directions are formulated utilizing HSDT, as 

demonstrated in the subsequent expressions. 

𝑢 = (1 +
𝑧 

𝑅𝑥
) 𝑢𝑜 − 𝑧𝑤𝑜,𝑥 + 𝑓(𝑧)   

(3) 𝑣 = (1 +
𝑧 

𝑅𝑦
) 𝑣𝑜 − 𝑧𝑤𝑜,𝑦 + 𝑓(𝑧) 𝜓   

𝑤 = 𝑤𝑜  

In this context, 𝑢𝑜, 𝑣𝑜, and 𝑤𝑜 signify FG nanoshell’s 

the displacements along 𝑥, 𝑦, and 𝑧  axis of the central 

plane, respectively. Rotations around the 𝑥 and 𝑦 axes are 

represented by  and 𝜓, respectively. 𝑓(𝑧) describes the 

distribution of deformation and stresses and is formulated 

utilizing trigonometric shape functions derived from HSDT 

(Zaoui et al. 2019, Calim and Ö zbey 2023, Rachid et al. 

2022, Cuma et al. 2023). 

𝑓(𝑧) =
𝜋 ℎ

𝜋4 + ℎ4
𝑒

(
ℎ𝑧

𝜋
)
(𝜋2𝑠𝑖𝑛 (

𝜋𝑧

ℎ
) + ℎ2𝑐𝑜𝑠 (

𝜋𝑧

ℎ
))

−
𝜋 ℎ3

𝜋4 + ℎ4
 

(4) 

Utilizing the displacements in Eq. (3) and their 

derivatives, normal and shear strains for FG nanoshell are 

derived as follows, based the assumption (1 + (𝑧 𝑅𝑥⁄ )) ≈

1  and (1 + (𝑧 𝑅𝑦⁄ )) ≈ 1 , which arises from the 

conditions ℎ ≪ 𝑅𝑥 and ℎ ≪ 𝑅𝑦. 

𝜀𝑥   =
𝜕𝑢

𝜕𝑥
+

w0

Rx

= 𝑢0,𝑥 +
w0

Rx

− 𝑧 𝑤0,𝑥𝑥 +  𝑓(𝑧) ,𝑥 

(5) 

𝜀𝑦   =
𝜕𝑣

𝜕𝑦
+

w0

R𝑦

= 𝑣0,𝑦 +
w0

R𝑦

− 𝑧 𝑤0,𝑦𝑦 +  𝑓(𝑧) 𝜓,𝑦 


𝑦𝑧

=
𝜕𝑣

𝜕𝑧
+

𝜕𝑤 

𝜕𝑦
−

𝑣0

R𝑦

= 𝑓 ′(𝑧) 


𝑥𝑧

=
𝜕𝑢

𝜕𝑧
+

𝜕𝑤

𝜕𝑥
−

𝑢0

Rx

= 𝑓 ′(𝑧)  


𝑥𝑦

=
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
= 𝑢0,𝑦 + 𝑣0,𝑥  − 2𝑧 𝑤0,𝑥𝑦 +  𝑓(𝑧) (,𝑦

+ 𝜓,𝑥) 

Considering nanoshell’s thickness, it is observed that 

displacements in 𝑧  direction are quite minimal. 

Consequently, strains and deformations along 𝑧 axis can 

be considered negligible. The relationship between stress 

and strain is established through the stiffness coefficients 

(Ԛ𝑖𝑗) as demonstrated below. 

[
 
 
 
 
𝑥
𝑦

𝑦𝑧

𝑥𝑧

𝑥𝑦]
 
 
 
 

=

[
 
 
 
 
Ԛ11 Ԛ12 0 0 0
Ԛ21 Ԛ22 0 0 0
0 0 Ԛ44 0 0
0 0 0 Ԛ55 0
0 0 0 0 Ԛ66]

 
 
 
 

[
 
 
 
 
𝜀𝑥
𝜀𝑦


𝑦𝑧


𝑥𝑧

𝑥𝑦]

 
 
 
 

  

(6) 

𝑄11 =
𝐸(𝑧)

(1−(𝑧)2)
  

𝑄12 = 𝑄11 (𝑧)   

𝑄22 = 𝑄11  

𝑄21 = 𝑄12  

𝑄44 = 𝑄55 = 𝑄66 =
𝐸(𝑧)

2 (1+(𝑧))
  

Below is a detailed description of how forces, moments, 

and stresses are interrelated. 

{𝑁𝑥 , 𝑁𝑦 , 𝑁𝑥𝑦} = ∫ {𝑥 ,𝑦, 𝑥𝑦} 𝑑𝑧
ℎ

2

−
ℎ

2

  

(7) 

{𝑄𝑥 , 𝑄𝑦} = ∫ {𝑥𝑧, 𝑦𝑧} 𝑓′(𝑧) 𝑑𝑧
ℎ/2

−ℎ/2
  

{𝑀𝑥
𝑏, 𝑀𝑦

𝑏, 𝑀𝑥𝑦
𝑏 } = ∫ {𝑥 ,𝑦 , 𝑥𝑦} 𝑧 𝑑𝑧

ℎ

2

−
ℎ

2

  

{𝑀𝑥
𝑠, 𝑀𝑦

𝑠 , 𝑀𝑥𝑦
𝑠 } = ∫ {𝑥 ,𝑦 , 𝑥𝑦} 𝑓(𝑧) 𝑑𝑧

ℎ/2

−ℎ/2
  

By utilizing stress-strain connection defined in Eq. (6) 

and force-moment-stress interaction outlined in Eq. (7), the 

corresponding forces and moments for nanoshell are 

determined. 
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𝑁𝑥 = 𝐴11 (𝑢𝑜,𝑥 +
𝑤0

𝑅𝑥

) + 𝐴12 (𝑣𝑜,𝑦 +
𝑤0

𝑅𝑦

)—𝐵11𝑤𝑜,𝑥𝑥

− 𝐵12𝑤𝑜,𝑦𝑦 + 𝐴𝑠11,𝑥
+ 𝐴𝑠12𝜓,𝑦 

(8) 

𝑁𝑦 = 𝐴21 (𝑢𝑜,𝑥 +
𝑤0

𝑅𝑥

) + 𝐴22 (𝑣𝑜,𝑦 +
𝑤0

𝑅𝑦

)—𝐵21𝑤𝑜,𝑥𝑥

− 𝐵22𝑤𝑜,𝑦𝑦 + 𝐴𝑠21,𝑥
+ 𝐴𝑠22𝜓,𝑦 

𝑁𝑥𝑦 = 𝐴66𝑢𝑜,𝑦 + 𝐴66𝑣𝑜,𝑥—2𝐵66𝑤𝑜,𝑥𝑦 + 𝐴𝑠66,𝑦

+ 𝐴𝑠66𝜓,𝑥 

𝑄𝑥 = 𝐴𝑐𝑐55  

𝑄𝑦 = 𝐴𝑐𝑐44  

𝑀𝑥
𝑏 = 𝐵11 (𝑢𝑜,𝑥 +

𝑤0

𝑅𝑥

) + 𝐵12 (𝑣𝑜,𝑦 +
𝑤0

𝑅𝑦

) 

—𝐷11𝑤𝑜,𝑥𝑥—𝐷12𝑤𝑜,𝑦𝑦 + 𝐵𝑠11,𝑥
+ 𝐵𝑠12𝜓,𝑦 

𝑀𝑦
𝑏 = 𝐵21 (𝑢𝑜,𝑥 +

𝑤0

𝑅𝑥

) + 𝐵22 (𝑣𝑜,𝑦 +
𝑤0

𝑅𝑦

) 

—𝐷21𝑤𝑜,𝑥𝑥 − 𝐷22𝑤𝑜,𝑦𝑦 + 𝐵𝑠21,𝑥
+ 𝐵𝑠22𝜓,𝑦 

𝑀𝑥𝑦
𝑏 = 𝐵66𝑢𝑜,𝑦 + 𝐵66𝑣𝑜,𝑥—2𝐷66𝑤𝑜,𝑥𝑦 

+𝐵𝑠66,𝑦
+ 𝐵𝑠66𝜓,𝑥 

𝑀𝑥
𝑠 = 𝐴𝑠11 (𝑢𝑜,𝑥 +

𝑤0

𝑅𝑥

) + 𝐴𝑠12 (𝑣𝑜,𝑦 +
𝑤0

𝑅𝑦

) 

— 𝐵𝑠11𝑤𝑜,𝑥𝑥—𝐵𝑠12𝑤𝑜,𝑦𝑦 + 𝐴𝑠𝑠11,𝑥
+ 𝐴𝑠𝑠12𝜓,𝑦 

𝑀𝑦
𝑠 = 𝐴𝑠21 (𝑢𝑜,𝑥 +

𝑤0

𝑅𝑥

) + 𝐴𝑠22 (𝑣𝑜,𝑦 +
𝑤0

𝑅𝑦

) 

— 𝐵𝑠21𝑤𝑜,𝑥𝑥 − 𝐵𝑠22𝑤𝑜,𝑦𝑦 + 𝐴𝑠𝑠21,𝑥
+ 𝐴𝑠𝑠22𝜓,𝑦 

𝑀𝑥𝑦
𝑏 = 𝐴𝑠66𝑢𝑜,𝑦 + 𝐴𝑠66𝑣𝑜,𝑥—2𝐵𝑠66𝑤𝑜,𝑥𝑦 

+𝐴𝑠𝑠66,𝑦
+ 𝐴𝑠𝑠66𝜓,𝑥 

In this context, 𝐴𝑖𝑗 , 𝐵𝑖𝑗 , 𝐴𝑠𝑖𝑗 , 𝐷𝑖𝑗 , 𝐵𝑠𝑖𝑗 , 𝐴𝑐𝑐𝑖𝑗 , and 𝐴𝑠𝑠𝑖𝑗  

correspond to displacement parameters and are determined 

according to the calculations provided below. 

{𝐴𝑖𝑗 , 𝐵𝑖𝑗 , 𝐴𝑠𝑖𝑗 , 𝐷𝑖𝑗 , 𝐵𝑠𝑖𝑗 , 𝐴𝑐𝑐𝑖𝑗 , 𝐴𝑠𝑠𝑖𝑗} =

∫ {1, 𝑧, 𝑓(𝑧), 𝑧2, 𝑧𝑓(𝑧), 𝑓′(𝑧)2, 𝑓(𝑧)2 } 𝑄𝑖𝑗𝑑𝑧
ℎ/2

−ℎ/2
                           

𝑖, 𝑗 = 1, 2, 6  

(9) 

The equations of motion are formulated through 

Hamilton’s principle, which involves the variations in strain 

energy caused by the system’s deformation, kinetic energy 

arising from system’s motion, and potential energy resulting 

from external loads applied to system. 

𝛿 ∫ (𝛱 − 𝑇 − 𝑉)𝑑𝑡 = 0
𝑡2

𝑡1

 

(10) 

𝛿𝛱 = ∫ ∫ (
𝑥𝛿𝜀𝑥 + 𝑦 𝛿𝜀𝑦 + 𝑥𝑦𝛿𝑥𝑦

+𝑥𝑧𝛿𝑥𝑧
+ 𝑦𝑧𝛿𝑦𝑧

)

ℎ/2

−ℎ/2

𝑑𝑧 𝑑𝐴

𝐴

 

𝛿𝑇 = ∫ ∫ (𝑧)(−𝑢̈𝛿𝑢 − 𝑣̈𝛿𝑣 − 𝑤̈𝛿𝑤)

ℎ/2

−ℎ/2
𝐴

𝑑𝑧 𝑑𝐴 

𝛿𝑉 = ∫𝑞(𝑥, 𝑦) 𝛿𝑤
𝐴

𝑑𝐴 

∫

(

 
 
 
 

∫[
𝑥

𝑉

𝛿𝜀𝑥 + 𝑦𝛿𝜀𝑦 + 𝑥𝑦𝛿𝑥𝑦

+𝑥𝑧𝛿𝑥𝑧
+ 𝑦𝑧𝛿𝑦𝑧

−(𝑧)(−𝑢̈𝛿𝑢 − 𝑣̈𝛿𝑣 − 𝑤̈𝛿𝑤)]𝑑𝑣

− ∫[𝑞(𝑥, 𝑦)𝛿𝑤]𝑑𝐴
𝐴 )

 
 
 
 

𝑡2

𝑡1

𝑑𝑡 = 0 

where ( ̇ )  symbolizes the first time derivative, (𝑧) 

indicates the mass density, and 𝛿 represents the variation. 

Eringen’s nonlocal elasticity approach offers a 

comprehensive method for examining nanoscale’s impact 

on nanoshell’s the mechanical response. Unlike conventional 

theories, which assert that stress at a specific point is 

directly related to the strain at that same location. Eringen’s 

approach proposes that stress at a specific point is 

influenced by strains throughout the material. This approach 

reveals how nanoscale characteristics modify the mechanical 

properties of shell through their stress response. Within the 

context of Eringen’s nonlocal elasticity, the interaction 

between local and nonlocal stresses is articulated as follows 

(Eringen, 1972a, b, 1983, Eringen and Edelen 1972): 

(1 − 𝜇 ∇2)𝑖𝑗
𝑛𝑙 = 𝑖𝑗 

(11) 

∇2= 𝜕2

𝜕𝑥2⁄ + 𝜕2

𝜕𝑦2⁄  

In this expression, 𝑖𝑗
𝑛𝑙  and 𝑖𝑗  symbolize nonlocal 

and local stress. Also 𝜇  and ∇2  refer to nonlocal 

parameter and second order Laplace operator. 

The force and moments required for derived motion’s 

equation through Hamilton’s principle are expressed in 

terms of nonlocal stresses, as shown below. 

{𝑁𝑥 , 𝑁𝑦 , 𝑁𝑥𝑦} = ∫ (1 − 𝜇 ∇2){𝑥 ,𝑦 , 𝑥𝑦} 𝑑𝑧

ℎ

2

−
ℎ

2

 

(12) 

{𝑄𝑥 , 𝑄𝑦} = ∫ (1 − 𝜇 ∇2){𝑥𝑧 , 𝑦𝑧} 𝑓′(𝑧) 𝑑𝑧
ℎ/2

−ℎ/2

 

{𝑀𝑥
𝑏 , 𝑀𝑦

𝑏 , 𝑀𝑥𝑦
𝑏 } = ∫ (1 − 𝜇 ∇2){𝑥 ,𝑦 , 𝑥𝑦} 𝑧 𝑑𝑧

ℎ

2

−
ℎ

2

 

{𝑀𝑥
𝑠, 𝑀𝑦

𝑠,𝑀𝑥𝑦
𝑠 } = ∫ (1 − 𝜇 ∇2){𝑥,𝑦 , 𝑥𝑦} 𝑓(𝑧) 𝑑𝑧

ℎ/2

−ℎ/2

 

By incorporating the force and moments from Eq. (12) 

into Hamilton’s principle expressed in Eq. (10), along with 

displacement and strain components from Eq. (3) and Eq. 

(5), Hamilton’s principle’s a more detailed formulation is 

obtained as follows. 
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∫

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

−𝑁𝑥,𝑥𝛿𝑢0 +
𝑁𝑥

𝑅𝑥
𝛿𝑤0 − 𝑀𝑥,𝑥,𝑥

𝑏 𝛿𝑤0

−𝑀𝑥,𝑥
𝑠 𝛿0 − 𝑁𝑦,𝑦𝛿𝑣0 +

𝑁𝑦

𝑅𝑦
𝛿𝑤0

−𝑀𝑦,𝑦,𝑦
𝑏 𝛿𝑤0 − 𝑀𝑦,𝑦

𝑠 𝛿𝜓0 − 𝑁𝑥𝑦,𝑦𝛿𝑢0

−𝑁𝑥𝑦,𝑦𝛿𝑣0 − 2𝑀𝑥𝑦,𝑦,𝑥
𝑏 𝛿𝑤0

−𝑀𝑥𝑦,𝑦
𝑠 𝛿0 − 𝑀𝑥𝑦,𝑥

𝑠 𝛿𝜓0 + 𝑄𝑥𝛿0

+𝑄𝑦𝛿𝜓0 + ((1 − 𝜇 ∇2)

(𝐼1𝑢̈0𝛿𝑢0 + 2
𝐼2𝑢̈0

𝑅𝑦
𝛿𝑢0 +

𝐼3𝑢̈0

𝑅𝑥
2 𝛿𝑢0

−𝐼2𝑤̈0,𝑥𝛿𝑢0 −
𝐼3𝑤̈0,𝑥

𝑅𝑥
𝛿𝑢0 + 𝐼4̈0𝛿𝑢0 +

𝐼5̈0

𝑅𝑥
𝛿𝑢0 + 𝐼1𝑢̈0𝛿𝑣0 + 2

𝐼2𝑢̈0

𝑅𝑦
𝛿𝑣0

+
𝐼3𝑢̈0

𝑅𝑥
2 𝛿𝑣0 − 𝐼2𝑤̈0,𝑥𝛿𝑣0 −

𝐼3𝑤̈0,𝑥

𝑅𝑥
𝛿𝑣0 + 𝐼4̈0𝛿𝑣0

+
𝐼5̈0

𝑅𝑥
𝛿𝑣0 + 𝐼2𝑢̈0,𝑥𝛿𝑤0 +

𝐼3𝑢̈0,𝑥

𝑅𝑥
𝛿𝑤0

−𝐼3𝑤̈0,𝑥,𝑥𝛿𝑤0 +
𝐼3𝑣̈0,𝑦

𝑅𝑦
𝛿𝑤0 + 𝐼5𝜓̈0,𝑦𝛿𝑤0

+𝐼5̈0,𝑥𝛿𝑤0 + 𝐼2𝑣̈0,𝑦𝛿𝑤0 − 𝐼3𝑤̈0,𝑦,𝑦𝛿𝑤0

+𝐼1𝑤̈0𝛿𝑤0 + 𝐼4𝑢̈0𝛿0 +
𝐼5𝑢̈0

𝑅𝑥
𝛿0

−𝐼5𝑤̈0,𝑥𝛿0 + 𝐼6̈0𝛿0 + 𝐼4𝑣̈0𝛿𝜓0

+
𝐼5v̈0

𝑅𝑦
𝛿𝜓0 − 𝐼5𝑤̈0,𝑦𝛿𝜓0 + 𝐼6𝜓̈0𝛿𝜓0

−𝑞(𝑥, 𝑦)𝛿𝑤0)) )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑡2

𝑡1

𝑑𝑡

= 0 

(13) 

where the inertia components 𝐼, are determined utilizing 

the calculations provided below. 

{𝐼1, 𝐼2, 𝐼3, 𝐼4, 𝐼5, 𝐼6}

= ∫ (𝑧){1, 𝑧, 𝑧2, 𝑓(𝑧), 𝑧𝑓(𝑧), 𝑓(𝑧)2 } 𝑑𝑧
ℎ/2

−ℎ/2

 (14) 

Eq. (13) is then grouped under 𝛿𝑢0, 𝛿𝑣0, 𝛿𝑤0,  𝛿0 

and 𝛿𝜓0, resulting in the following motion’s equations. 

−𝑁𝑥,𝑥 − 𝑁𝑥𝑦,𝑦 + (1 − 𝜇 ∇2) (𝐼1ü𝑜 + 2 𝐼2
ü𝑜

𝑅𝑥
+

𝐼3
ü𝑜

𝑅𝑥
2 − 𝐼2𝑤̈𝑜,x − 𝐼3

𝑤̈𝑜,x

𝑅𝑥
+ 𝐼4̈0 + 𝐼5

̈0

𝑅𝑥
)  = 0  

(15) 

−𝑁𝑦,𝑦 − 𝑁𝑥𝑦,𝑥 + (1 − 𝜇 ∇2) (𝐼1𝑣̈𝑜 + 2 𝐼2
𝑣̈𝑜

𝑅𝑦
+

𝐼3
𝑣̈𝑜

𝑅𝑦
2 − 𝐼2𝑤̈𝑜,y − 𝐼3

𝑤̈𝑜,y

𝑅𝑦
+ 𝐼4𝜓̈0 + 𝐼5

𝜓̈0

𝑅𝑦
) = 0   

−𝑀𝑥,𝑥𝑥
𝑏 − 𝑀𝑦,𝑦𝑦

𝑏 − 2𝑀𝑥𝑦,𝑥𝑦
𝑏 +

𝑁𝑥

𝑅𝑥
+

𝑁𝑦

𝑅𝑦
+ (1 −

𝜇 ∇2) (𝐼1𝑤̈𝑜 + 𝐼2(𝑢̈𝑜,x + 𝑣̈𝑜,y) − 𝐼3(𝑤̈𝑜,xx + 𝑤̈𝑜,yy) +

𝐼3𝑢̈𝑜,x

𝑅𝑥
+

𝐼3𝑣̈𝑜,y

𝑅𝑦
+ 𝐼5(̈0,𝑥 + 𝜓̈0,𝑦) − 𝑞(𝑥, 𝑦)) = 0  

−𝑀𝑥,𝑥
𝑠 − 𝑀𝑥𝑦,𝑦

𝑠 + 𝑄𝑥 + (1 − 𝜇 ∇2) (𝐼4ü𝑜 + 𝐼5
𝑢̈𝑜

𝑅𝑥
−

𝐼5𝑤̈𝑜,𝑥+𝐼6̈𝑜) = 0  

−𝑀𝑦,𝑦
𝑠 − 𝑀𝑥𝑦,𝑥

𝑠 + 𝑄𝑦 + (1 − 𝜇 ∇2)(𝐼4𝑣̈𝑜 + 𝐼5
𝑣̈𝑜

R𝑦
−

𝐼5𝑤̈𝑜,y+𝐼6𝜓̈0) = 0  

The motion equations in Eq. (15) are tackled utilizing an 

analytical approach known as Navier method, which 

employs double Fourier series. This technique is particularly 

efficient for addressing simply behaviour of FG nanoshell 

with simply supported boundary conditions. By expressing 

the displacements as Fourier series, Navier method 

simplifies the resolution process by breaking down complex 

displacements into basic trigonometric elements. The 

displacement functions for simply supported FG nanoshell, 

expressed through Fourier series, are detailed below. 

𝑢𝑜(𝑥, 𝑦, 𝑡) =

∑ ∑ 𝑈𝑚𝑛 𝐶𝑜𝑠 (
𝑚

𝑎
𝑥)  𝑆𝑖𝑛 (

𝑛

𝑏
𝑦) 𝑆𝑖𝑛(𝑖𝜔𝑡)∞

𝑛=1
∞
𝑚=1   

(16) 

𝑣𝑜(𝑥, 𝑦, 𝑡) =

∑ ∑ 𝑉𝑚𝑛𝑆𝑖𝑛 (
𝑚

𝑎
𝑥) 𝐶𝑜𝑠 (

𝑛

𝑏
𝑦)∞

𝑛=1
∞
𝑚=1 𝑆𝑖𝑛(𝑖𝜔𝑡)  

𝑤𝑜(𝑥, 𝑦, 𝑡) =

∑ ∑ 𝑊𝑚𝑛 𝑆𝑖𝑛 (
𝑚

𝑎
𝑥)  𝑆𝑖𝑛 (

𝑛

𝑏
𝑦) 𝑆𝑖𝑛(𝑖𝜔𝑡) ∞

𝑛=1
∞
𝑚=1   

(𝑥, 𝑦, 𝑡) =

∑ ∑ 𝑚𝑛 𝐶𝑜𝑠 (
𝑚

𝑎
𝑥)  𝑆𝑖𝑛 (

𝑛

𝑏
𝑦) 𝑆𝑖𝑛(𝑖𝜔𝑡)∞

𝑛=1
∞
𝑚=1   

𝜓(𝑥, 𝑦, 𝑡) =

∑ ∑ 𝜓𝑚𝑛 𝑆𝑖𝑛 (
𝑚

𝑎
𝑥)  𝐶𝑜𝑠 (

𝑛

𝑏
𝑦)∞

𝑛=1 𝑆𝑖𝑛(𝑖𝜔𝑡)∞
𝑚=1   

In this context, 𝑈𝑚𝑛 , 𝑉𝑚𝑛 , 𝑊𝑚𝑛 , 𝑚𝑛  and 𝜓𝑚𝑛 

denote displacement-related variables that are required to 

satisfy the following boundary conditions for simply 

supported FG nanoshell. 

𝑢0(𝑥, 0, 𝑡)
= 0 

𝑢𝑜(𝑥, 𝑏, 𝑡)
= 0 

𝑣𝑜(0, 𝑦, 𝑡)
= 0 

𝑣𝑜(𝑎, 𝑦, 𝑡)
= 0 

(17) 

𝑤𝑜(𝑥, 0, 𝑡)
= 0 

𝑤𝑜(𝑥, 𝑏, 𝑡)
= 0 

𝑤𝑜(0, 𝑦, 𝑡)
= 0 

𝑤𝑜(𝑎, 𝑦, 𝑡)
= 0 

𝑀𝑦
𝑠(𝑥, 0, 𝑡)

= 0 

𝑀𝑦
𝑠(𝑥, 𝑏, 𝑡)

= 0 
𝑀𝑥

𝑠(0, 𝑦, 𝑡)
= 0 

𝑀𝑥
𝑠(𝑎, 𝑦, 𝑡)

= 0 

𝑀𝑦
𝑏(𝑥, 0, 𝑡)

= 0 

𝑀𝑦
𝑏(𝑥, 𝑏, 𝑡)

= 0 

𝑀𝑥
𝑏(0, 𝑦, 𝑡)

= 0 
𝑀𝑥

𝑏(𝑎, 𝑦, 𝑡)
= 0 

(𝑥, 0, 𝑡) = 0 (𝑥, 𝑏, 𝑡) = 0 
𝜓(0, 𝑦, 𝑡)
= 0 

𝜓(𝑎, 𝑦, 𝑡)
= 0 

𝑁𝑦(𝑥, 0, 𝑡)

= 0 

𝑁𝑦(𝑥, 𝑏, 𝑡)

= 0 

𝑁𝑥(0, 𝑦, 𝑡)
= 0 

𝑁𝑥(𝑎, 𝑦, 𝑡)
= 0 
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Vibration analysis of viscoelastic functionally graded porous nanoshell 

The vertical distributed dynamic load acting on the 

system is formulated by employing a double series 

expansion of trigonometric functions, as detailed below. 

𝑞(𝑥, 𝑦, 𝑡) =

∑ ∑ 𝑄𝑚𝑛(𝑡) 𝑆𝑖𝑛 (
𝑚𝜋𝑥

𝑎
) 𝑆𝑖𝑛 (

𝑛𝜋𝑦

𝑏
)∞

𝑛=1
∞
𝑚=1    

(18) 

𝑄𝑚𝑛(𝑡) =
4

𝑎𝑏
∫ ∫ 𝑞(𝑥, 𝑦, 𝑡) 𝑆𝑖𝑛 (

𝑚𝜋𝑥

𝑎
) 𝑆𝑖𝑛 (

𝑛𝜋𝑦

𝑏
) 𝑑𝑦𝑑𝑥

𝑏/2

−𝑏/2

𝑎/2

−𝑎/2
  

Laplace transform provides a means to convert time-

variable functions into linear algebraic equations. This 

approach streamlines equations’ solution by removing the 

necessity of selection an appropriate time step. The 

following section outlines the procedure for applying 

Laplace transform to functions that vary with time (Calim 

and Cuma 2022, 2023, Cuma and Calim 2021a, b, 2022, 

Türker et al. 2023). 

𝐿[𝑓(𝑡)] = 𝐹̅(𝑠) = ∫ 𝑓(𝑡)𝑒−𝑠𝑡

∞

0

 (19) 

𝑠  signifies the variable associated with Laplace 

transform. The first and second derivatives of 𝑓(𝑡), which 

depend on time, are illustrated in Laplace domain as 

indicated below. The system is assumed to be in a state of 

rest at the beginning. Therefore, the initial conditions are set 

as 𝑓(0) = 0 and 𝑓̇(0) = 0. 

𝐿[𝑓̇(𝑡)] = 𝑠 𝐹̅(𝑠) − 𝑓(0)  

(20) 

𝐿[𝑓̈(𝑡)] = 𝑠2𝐹̅(𝑠) − 𝑠𝑓(0) − 𝑓̇(0)  

When the displacements represented by Fourier series in 

Eq. (16), along with the forces and moments outlined in Eq. 

(8), are incorporated into the equations of motion and 

reformulated in matrix notation, the resulting expression is 

shown below. 

(

 
 
 
 
 
 
 

[
 
 
 
 
𝑘11 𝑘12 𝑘13 𝑘14 𝑘15

. 𝑘22 𝑘23 𝑘24 𝑘25

. . 𝑘33 𝑘34 𝑘35

. . . 𝑘44 𝑘45

. . . . 𝑘55]
 
 
 
 

+

𝑠2(1 + 𝜇(2 + 𝛽2))

[
 
 
 
 
𝑚11 𝑚12 𝑚13 𝑚14 𝑚15

. 𝑚22 𝑚23 𝑚24 𝑚25

. . 𝑚33 𝑚34 𝑚35

. . . 𝑚44 𝑚45

. . . . 𝑚55]
 
 
 
 

)

 
 
 
 
 
 
 

 

[
 
 
 
 
 
𝑈𝑚𝑛

𝑉̅𝑚𝑛

𝑊̅𝑚𝑛

̅𝑚𝑛

𝜓̅𝑚𝑛]
 
 
 
 
 

= (1 + 𝜇(2 + 𝛽2))

[
 
 
 
 
 

𝑃̅𝑥

𝑃̅𝑦

𝑄̅𝑚𝑛

𝑚̅𝑥

𝑚̅𝑦 ]
 
 
 
 
 

 

(21) 

Furthermore, the matrix can be expressed in closed 

form, as illustrated in the following. 

[𝑲𝑚𝑛 + 𝑠2 (1 + 𝜇(2 + 𝛽2))𝑴𝑚𝑛] 𝑫̅𝑚𝑛 =

(1 + 𝜇(2 + 𝛽2))𝑭̅𝑚𝑛   
(22) 

In this formulation, 𝑫̅𝑚𝑛  symbolizes the unknown  

 

Fig. 2 Linear standard viscoelastic model 

 

 

displacement vector, while 𝑭̅𝑚𝑛 refers to the external force 

vector in Laplace domain. Additionally, the stiffness and 

mass matrices are symbolized by 𝑲𝑚𝑛  and 𝑴𝑚𝑛 . 

Additionally, the displacements obtained from the matrix 

solution are in Laplace domain. Durbin’s method has been 

employed to transform these displacements back into time 

domain. For further details on this transformation, the 

following references can be consulted (Calim 2003, Temel 

et al. 2004, Calim and Ö zbey, 2023, Cuma et al. 2023, 

Ö zbey et al. 2024). 

Forced vibration analysis can be carried out in either 

damped or undamped forms. For this purpose, elastic and 

viscoelastic material models are utilized. While elastic 

models simplify the solution process, viscoelastic models 

yield more realistic outcome due to the material’s internal 

friction. By employing the correspondence principle 

outlined by Boley and Weiner (1960), viscoelastic models 

can be incorporated into the analysis, allowing elastic 

constants to be replaced with their viscoelastic counterparts. 

A comprehensive literature review has revealed that one 

of the most widely used viscoelastic models is linear 

standard viscoelastic model illustrated in Fig. 2. This model 

facilitates the transition from elastic material properties to 

viscoelastic material models, as outlined below. 

In this framework, 𝐸̅𝑣 refers to Young’s modulus for 

viscoelastic materials, and 𝐺̅𝑣  corresponds to shear 

modulus within the same category (Eratlı et al. 2014). 

𝐸̅𝑣(𝑧) = 𝐸̅(𝑧) (
1 + 𝛽𝐺𝜏𝑟

𝐺𝑠

1 + 𝜏𝑟
𝐺𝑠

)   

𝐺̅𝑣(𝑧) = 𝐺̅(𝑧) (
1 + 𝛽𝐺𝜏𝑟

𝐺𝑠

1 + 𝜏𝑟
𝐺𝑠

) 

(23) 

where 𝛽𝐺  illustrates the proportion of the instantaneous 

value, whereas 𝜏𝑟
𝐺 denotes the retardation time linked to 

the relaxation function specific to linear standard model and 

are calculated as indicated below. 

𝜏𝑟
𝐺 =

𝜂𝐸

𝐸1 + 𝐸2

, 𝛽𝐺 =
𝐸1 + 𝐸2

𝐸2

> 1 (24) 

  

 

3. Numerical examples 
 
This paper explores the response of simply supported 

FG porous viscoelastic nanoshell subjected to dynamic 

distributed loads, analysing how various material and 

geometric properties affects FG porous viscoelastic 

nanoshell’s behaviour. FG nanoshell’s displacement fields 
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are determined by employing shape function based on 

HSDT. The governing motion equations are formulated 

utilizing Hamilton’s principle incorporating energy terms 

and solved analytically via Navier’s method. By computing 

the displacements in Laplace domain, the requirement to 

select specific time step is bypassed Subsequently, the 

displacements are reverted to time domain through Durbin’s 

technique’s application. Nanoshell’s material properties are 

modelled with linear standard viscoelastic approach to 

capture realistic material behaviour. In light of this data, a 

computation method is developed utilizing Mathematica 

software, and free vibration analysis for FG porous 

nanoshell is conducted to validate this method’s accuracy. 

The resulting fundamental frequencies are then compared 

with those reported in existing literature to confirm the 

model’s reliability. Subsequently, within the scope of a 

parametric study, a series of forced vibration analyses are 

performed by applying a dynamic distributed load to FG 

porous viscoelastic nanoshell. Initially, the variation in FG 

porous viscoelastic nanoshell’s displacement-time relationship 

is examined with respect to different the retardation times 

linked to the relaxation function, porosity, nonlocal, and 

power law parameters. Following this, a detailed 

investigation is carried out on the influences of viscoelastic 

parameters, including the retardation times linked to the 

relaxation function and the proportion of the instantaneous 

value, on FG porous viscoelastic nanoshell’s displacement-

time relationship. Lastly, a series of maximum displacement 

analyses are conducted, where FG porous viscoelastic 

nanoshell’s maximum displacements are evaluated. First, 

the influences of different shell geometries, nonlocal, and 

power law parameters are examined. Next, the influence of 

varying nanoshell geometries, porosity distributions, as well 

as porosity and power law parameters are analysed. Lastly, 

the study investigates the changes in maximum displace-

ments considering various nanoshell geometries, nanoshell 

thicknesses, and radii of curvature. 

 
3.1 Validation 
 
In order verify the proposed method’s accuracy, free 

vibration analysis for simply supported FG porous 

nanoshell is carried out. The variation of FG nanoshell’s 

dimensionless fundamental frequencies is obtained for 

different shell geometries (spherical shell, cylindrical shell 

and plate), porosity distributions (even and uneven porosity 

distributions), and power law (𝑘 = 1, 2) , nonlocal (𝜇 =
0, 1, 2, 4) and porosity parameters (𝜉 = 0,0.3). The results 

are then compared with those of Van Vinh et al. (2023), 

demonstrating the proposed method’s accuracy. The 

analysed FG porous nanoshell’s geometric properties can be 

found in Table 1, while material properties are detailed in 

Table 2.  

The variation dimensionless fundamental frequencies 

with different shell geometries, porosity distribution, power 

law, nonlocal and porosity parameter is provided in Table 3. 

As observed in Table 3, the dimensionless fundamental 

frequencies obtained are consistent with those in Vinh et al. 

(2023) from literature, confirming proposed method’s 

accuracy. 

Table 1 FG porous nanoshell’s geometric properties 

ℎ (𝑛𝑚) ℎ0 (𝑛𝑚) 𝑆0 (𝑛𝑚2) 𝑅𝑥  (𝑛𝑚) 𝑎 (𝑛𝑚) 𝑏 (𝑛𝑚) 

0.5 1 100 20 10 10 

 
Table 2 FG porous nanoshell’s material properties 

Properties Metal (𝑆𝑈𝑆304) Ceramic (𝐴𝑙2𝑂3) 

𝐸 (𝐺𝑃𝑎) 201.02 349.55 

𝜌 (𝑘𝑔/𝑚3) 8166 3800 

𝜈 0.3262 0.24 

 
 
3.2 Parametric Study 
 

A parametric study is conducted by applying a dynamic 

distributed load on FG porous viscoelastic nanoshell and 

performing damped forced vibration analysis. FG porous 

nanoshell’s material properties are modelled utilizing linear 

standard viscoelastic model to obtain more realistic results. 

For computational convenience, displacements are first 

obtained in Laplace domain and then transformed back into 

time domain employing Durbin’s method. The magnitude 

of dynamic distributed load applied to nanoshell is 

103 𝑁/𝑚2. The total analysis time is set to 2.56 × 10−10 𝑠, 

with 512 Laplace parameters used. The coefficients 𝑚 

and 𝑛  are taken as 21  for the iteration. Nanoshell’s 

material properties used in the analysis are applied as 

provided in Table 2. Nanoshell under analysis has length 

equal to its width, both set 10 𝑛𝑚 , with thickness of 

0.5 𝑛𝑚 . Additionally, shell geometry is spherical, with 

curvature radii in x and y directions taken as 40 𝑛𝑚. In this 

example, the proportion of the instantaneous value (𝛽𝐺) is 

taken as constant and set to 1.5. Fig. 3 illustrates how 

displacement over time for FG porous viscoelastic 

nanoshell is influenced by changes in the retardation times 

linked to the relaxation function (𝜏𝑟
𝐺 = 𝑠𝑡𝑎𝑡𝑖𝑐, 0, 5 ×

10−13, 1 × 10−12)  and porosity (𝜉 = 0.1, 0.3) , nonlocal 
(𝜇 = 0,1,4 ) and power law (𝑘 = 1, 5) parameters. 

The impact of various the retardation times linked to the 

relaxation function, as well as the influences of porosity, 

nonlocal and power law parameters on displacement-time 

response of FG porous viscoelastic spherical nanoshell 

subjected to distributed dynamic load of 103 𝑁/𝑚2, can be 

observed in Fig. 3. Power law parameter (𝑘) is set to 0, 

material consist entirely of ceramic. As this parameter 

increases, material transitions from ceramic to metal. As 

noted in Table 2, ceramic’s Young’s modulus is higher than 

that of metal, meaning that as power law parameter 

increases, material strength decreases. Consequently, as 

expected, Fig. 3 illustrates that an increase in power law 

parameter leads to higher displacements. An increase in 

nonlocal parameter (𝜇) amplifies nanoscale impacts, 

which in turn enhances shell’s fragility and reduces its 

stiffness. As a results, as depicted in Fig. 3, the rise in 

nonlocal parameter leads to increase in displacements. 

Porosity describes presence of voids within material 

structure. As porosity parameter (𝜉) increases, it naturally 

weakens shell’s stiffness. Consistent with expectations, Fig.  
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Fig. 3 The variation of temporal displacement behaviour of FG porous viscoelastic nanoshell with the retardation times 

linked to the relaxation function and porosity, nonlocal, and power law parameters 
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Table 3 FG porous nanoshell’s dimensionless fundamental frequencies 𝜔̅ = 𝜔
𝑆0

ℎ0
√

𝜌𝑐

𝐸𝑐
 

𝜉 𝜇 

Spherical shell (𝑅𝑥 = 𝑅𝑦) Cylindrical shell (𝑅𝑦 = ∞) Plate (𝑅𝑥 = 𝑅𝑦 = ∞) 

𝑘 = 1 𝑘 = 2 𝑘 = 1 𝑘 = 2 𝑘 = 1 𝑘 = 2 

Vinh et 

al. (2023) 
Present 

Vinh et 

al. (2023) 
Present 

Vinh et 

al. (2023) 
Present 

Vinh et 

al. (2023) 
Present 

Vinh et 

al. (2023) 
Present 

Vinh et 

al. (2023) 
Present 

0
 

0 3.9764 3.9870 3.5961 3.6068 2.6325 2.6497 2.3969 2.4139 2.0590 2.0590 1.8921 1.8918 

1 3.6339 3.6435 3.2864 3.2962 2.4058 2.4215 2.1904 2.2051 1.8817 1.8817 1.7292 1.7288 

2 3.3669 3.3759 3.0449 3.0540 2.2290 2.2436 2.0295 2.0431 1.7435 1.7434 1.6021 1.6018 

4 2.9724 2.9803 2.6882 2.6962 1.9679 1.9807 1.7917 1.8037 1.5392 1.5392 1.4144 1.4142 

0
.3

 

E
v

en
 p

o
ro

si
ty

 

d
is

tr
ib

u
ti

o
n
 0 3.9491 3.9556 3.4179 3.4252 2.5833 2.5988 2.2538 2.2678 1.9896 1.9896 1.7562 1.7558 

1 3.6089 3.6149 3.1235 3.1302 2.3608 2.3749 2.0597 2.0724 1.8182 1.8182 1.6050 1.6046 

2 3.3438 3.3493 2.8940 2.9002 2.1874 2.2005 1.9084 1.9202 1.6847 1.6847 1.4871 1.4867 

4 2.9521 2.9569 2.5549 2.5604 1.9311 1.9427 1.6848 1.6952 1.4873 1.4873 1.3128 1.3125 

0
.3

 

U
n

ev
en

 

p
o

ro
si

ty
 

d
is

tr
ib

u
ti

o
n
 0 4.0149 4.0248 3.5702 3.5804 2.6861 2.7034 2.4094 2.4252 2.1274 2.1268 1.9297 1.9284 

1 3.6690 3.6781 3.2627 3.2720 2.4548 2.4706 2.2019 2.2163 1.9442 1.9436 1.7634 1.7623 

2 3.3995 3.4079 3.0230 3.0317 2.2744 2.8909 2.0401 2.0535 1.8013 1.8008 1.6339 1.6328 

4 3.0012 3.0086 2.6688 2.6765 2.0080 2.0209 1.8011 1.8129 1.5903 1.5898 1.4425 1.4415 

  
𝛽𝐺 = 1.5 𝛽𝐺 = 3 

 
𝛽𝐺 = 6 

Fig. 4 The variation of temporal displacement behaviour of FG porous viscoelastic nanoshell with the retardation times 

linked to the relaxation function and the proportion of the instantaneous value 
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3 demonstrates that higher porosity levels result in greater 

displacements. It is also observed that the retardation times 

linked to the relaxation function (𝜏𝑟
𝐺) gradually decrease 

displacements, causing them to stabilize at constant value 

over time. Furthermore, an increase in 𝜏𝑟
𝐺 accelerates this 

reduction, leading to a quicker stabilization. Additionally, 

when examining nonlocal parameter’s influence on 

damping within analysis, it is observed that an increment in 

this parameter reduces damping’s impact on displacements. 

Examining the impact of power law parameter alongside 

nanoscale influence and porosity reveals that increases in 

both porosity and nonlocal parameters amplify power law 

parameter’s influence. This occurs because, similar to 

power law parameter, increases in porosity and nonlocal 

parameters lead to a reduction in nanoshell’s stiffness. The 

same applies to porosity parameter’s impact on 

displacements in relation to the other two parameters, as 

well as nonlocal parameter’s influence on displacements in 

relation to the other two parameters. Additionally, when 

examining periods in Fig. 3, the following conclusions are 

drawn: an increase in power law parameter leads to longer 

periods.  Moreover, it is observed that the retardation 

times linked to the relaxation function do not have a 

significant effect on periods. When nonlocal parameter is 1, 

periods are smaller compared to when it is 5. Similar to the 

 

 

other two parameters, an increase in porosity parameter 

results in longer periods.  Additionally, the largest 

displacement and periods occur when nonlocal, porosity, 

and power law parameters are all at their maximum values. 

Finally, it can be stated that the increase in nonlocal and 

power law parameters reduces the damping effect. It is 

observed that at lower values of both parameters, 

displacements tend to dampen more rapidly.  

In addition to this study, a detailed investigation is 

carried out on FG porous viscoelastic spherical nanoshell’s 

displacement-time relationship, considering linear standard 

viscoelastic material coefficients, including the retardation 

time linked to the relaxation function (𝜏𝑟
𝐺 = 𝑆𝑡𝑎𝑡𝑖𝑐, 1. 5 ×

10−13, 3 × 10−13, 6 × 10−13)  and the proportion of the 

instantaneous value(𝛽𝐺 = 1.5, 3, 6). The analysis uses the 

same material and geometric properties, total solution time, 

radius of curvature, and uniformly distributed dynamic load 

as the previous example. Additionally, porosity, nonlocal, 

and power law parameters are kept constant at 0.1, 1 and 1, 

respectively. 
In Fig. 4, the influence of various values of the 

retardation time linked to the relaxation function and the 

proportion of the instantaneous value on FG porous visco-

elastic spherical nanoshell’s displacement-time response is 

analysed. In the study by Calim and Ö zbey (2023), FG  

 
(a) 

 
(b) 

Fig. 5 The variation of maximum displacement behaviour of FG porous viscoelastic nanoshell with shell geometries, 

nonlocal and power law parameters 
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porous viscoelastic shell’s displacement-time relationship 

was investigated. They used 𝛽𝐺 values of 1.1, 2, 3, 4 and 

𝜏𝑟
𝐺  values of 2 × 10−5, 4 × 10−5, 10 × 10−5 to achieve a 

stable oscillation and damping. In the current study, 𝛽𝐺  

values of 1.5, 3, 6 and 𝜏𝑟
𝐺  values of 1. 5 × 10−13, 3 ×

10−13, 6 × 10−13  are employed. From this, it can be 

deduced that nanoscale influences have no significant 

impact on 𝛽𝐺 . However, the substantial difference between 

𝜏𝑟
𝐺  values used in both studies highlights the clear influence 

of nanoscale effects on 𝜏𝑟
𝐺 . 𝜏𝑟

𝐺  reduces displacements over 

time, stabilizing them at a constant value. Moreover, as 𝜏𝑟
𝐺  

increases, it not only accelerates this reduction but also 

decreases displacements to a greater extent. It is also 

observed that an increase in 𝛽𝐺 amplifies 𝜏𝑟
𝐺’s impact on 

the analysis. Similar to 𝜏𝑟
𝐺 ,  𝛽𝐺  promotes a gradual 

reduction and further decreasing displacements. 

Additionally, an increase in 𝛽𝐺 enhances 𝜏𝑟
𝐺’s impact on 

the analysis. Neither of these parameters shows a significant 

influence on the periods. Furthermore, analyses are 

performed for double increments of both parameters. It is 

evident that when 𝜏𝑟
𝐺 and 𝛽𝐺  are increased at the same 

rate, the effect of increasing 𝛽𝐺 on the analysis is more 

pronounced than that of 𝜏𝑟
𝐺. 

As part of parametric analysis, maximum displacements 

of FG porous viscoelastic nanoshell are evaluated with 

respect to varying shell geometries and different values of 

nonlocal and power law parameters. For this purpose, a 

dynamic distributed load of 103 𝑁/𝑚2  is applied to 

nanoshell. The total analysis time, the proportion of the 

instantaneous value, the retardation time linked to the 

relaxation function, and porosity parameter are kept 

c o n s t a n t  a t  2.56 × 10−10 𝑠, 1.5, 5 × 10−13, a n d  0.1 , 

respectively. Fig. 5(a) presents maximum displacements’ 

variation for spherical nanoshell in relation to nonlocal and 

power law parameters, while Fig. 5(b) illustrates the same 

for a cylindrical nanoshell. For spherical shell, the radii of 

curvature in both x and y directions are equal at 40 nm, 

 

 

while for cylindrical shell, they are set at 40 nm and 

infinity, respectively. Additionally, the values of m and n 

are set to 21 for iteration. Also, the geometric and material 

properties of nanoshell in current analysis are assumed to be 

identical to those in the previous example. 

Fig. 5(a) presents the variation of maximum 

displacements in spherical nanoshell both in relation to 

nonlocal and power law parameters, while Fig. 5(b) shows 

the same for cylindrical shells. For both shell geometries, it 

is observed that as nonlocal parameter increases, the 

displacements also increase, which can be attributed to the 

rise in FG nanoshell’s flexibility. The increase in nonlocal 

parameter results in a similar rate of displacement increase 

across all values of power law parameter. Additionally, the 

rate of increase in displacement due to the nonlocal 

parameter is more pronounced in cylindrical nanoshells 

than in spherical nanoshells. The increase in the power law 

parameter, which leads to a reduction in Young's modulus, 

also causes an increase in displacements. This increase is 

more significant at lower values of the power law 

parameter, and as the parameter increases, the rate of 

change in displacements decreases. Notably, a sharp change 

in displacements between power law values of 0 and 1 is 

evident for both shell geometries. Furthermore, Fig. 5 

clearly shows that displacements in cylindrical shells are 

larger than those in spherical shells. This can be explained 

by the increase in the radius of curvature, which enhances 

nanoshell’s flexibility, and the fact that the cylindrical 

shells have an infinite radius of curvature in the y-direction. 

In the continuation of parametric study, the maximum 

displacements of FG nanoshell under dynamic distributed 

load of 103 𝑁/𝑚2 are analysed, considering various shell 

geometries (spherical and cylindrical shells), power law 

parameters (𝑘 = 1 − 10), porosity distributions (even 

(𝑃𝐼) and uneven (𝑃𝐼𝐼) porosity distribution), and porosity 

parameters (𝜉 = 0.1, 0.2, 0.3). The same material properties 

as in the previous example are used in the analysis. The 

  
(a) (b) 

Fig. 6 The variation of maximum displacement behaviour of FG porous viscoelastic nanoshell with porosity 

distribution, shell geometries and porosity and power law parameters 
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examined nanoshell’s geometrical dimensions are 𝑎 = 𝑏 =
10 𝑛𝑚 and ℎ = 0.5 𝑛𝑚. The radii of curvature are 𝑅𝑥 =
40 𝑛𝑚 and 𝑅𝑦 = ∞ for cylindrical nanoshell, while the 

radii of curvature are 𝑅𝑥 = 𝑅𝑦 = 40 𝑛𝑚  for spherical 

nanoshell. Additionally, the parameters 𝛽𝐺 = 1.5,  𝜏𝑟
𝐺 =

5 × 10−13, and 𝜇 = 1 are employed in the analysis. The 

total solution time is set to 2.56 × 10−10 𝑠 and 𝑚 and 𝑛 

coefficients are taken as 21 to perform the iteration. 

Fig. 6 illustrates the variation in FG nanoshell’s 

maximum displacements based on different porosity 

parameters and distributions, power law parameters, and 

shell geometries. As power law parameter increases, the 

material transitions more rapidly from ceramic to metal, 

reducing FG porous nanoshell’s rigidity. Consequently, as 

seen in Fig. 6, an increase in power law parameters leads to 

an increment in FG porous nanoshell’s displacements, with 

this effect being more pronounced at lower values of power 

law parameter. The displacement increase is most significant 

between power law values of 0 and 1, while for larger 

values, the increment in displacement diminishes and tends 

to stabilize. Additionally, the increment in displacements 

caused by power law parameter is more pronounced at 

higher porosity parameters. Furthermore, the influence of 

power law parameter on displacements is similar for both 

porosity distributions, with the impact being more 

pronounced in even porosity distribution compared to 

uneven distribution. As porosity parameter increases, voids-

pores within material increase, leading to reduction in 

nanoshell’s stiffness and resulting in larger displacements. 

This increment becomes more pronounced at higher 

porosity parameters. Moreover, displacement increase due 

to the rise in porosity parameter is much more significant 

for even porosity distribution compared to uneven porosity 

distribution. Fig. 6 shows that displacements in cylindrical 

nanoshells are larger than those in spherical nanoshells, 

which can be attributed to the increased nanoshell’s slender- 

 

 

ness caused by curvature radius. As power law parameter 

increases, the curves tend to diverge, but beyond a certain 

value of power law parameter, the rate of increase in the 

difference between the curves diminishes. In other words, 

with an increase in power law parameter, the difference in 

displacement calculated for different porosity parameters at 

the same power law parameter grows up to a specific point, 

after which this growth rate begins to decrease. Lastly, it is 

clearly observed that the displacements for even porosity 

distribution are higher than those for uneven porosity 

distribution. This indicates that pores’ even distribution 

within FG nanoshell leads to a greater reduction in its 

stiffness. It is also observed that the difference in 

displacements calculated for various porosity parameters is 

minimal in uneven porosity distribution, whereas this 

difference becomes much more pronounced in even 

porosity distribution.   

In the final part of parametric study, the variation of 

maximum displacements with respect to geometric 

parameters such as different shell geometries, curvature 

radii, and nanoshell thickness is examined. A dynamic 

distributed load of 103 𝑁/𝑚2  is applied to nanoshell’s 

surface to calculate maximum displacements. The total 

analysis time is set to 2.56 × 10−10 𝑠, and 512 Laplace 

parameters are used. Material properties are taken as 

provided in Table 2. The width and length of nanoshell are 

considered to be 10 𝑛𝑚 . Additionally, power law, 

nonlocal, and porosity parameters, as well as 𝛽𝐺 , and  𝜏𝑟
𝐺, 

are held constant at 1, 1, 0.1, 1.5, and 5 × 10−13 , 

respectively, throughout the analysis. m and n parameters 

are set to21 to initiate the loop.  

Fig. 7(a) presents the variation of maximum 

displacements for spherical nanoshell, while Fig. 7(b) 

illustrates the same for cylindrical nanoshell, both plotted 

against different nanoshell thicknesses and radii of 

curvature. An increment in the radius of curvature leads to a 

  
(a) (b) 

Fig. 7 The variation of maximum displacement behaviour of FG porous viscoelastic nanoshell with shell geometries 

radii of curvature and thicknesses 
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rise in displacements, which can be attributed to the 

increase in nanoshell’s slenderness. This impact is more 

pronounced at smaller values of the radius of curvature. The 

impact of changes in the radius of curvature on the 

maximum displacements is more significant in spherical 

nanoshells compared to cylindrical nanoshells. This is due 

to the fact the radius of curvature in y direction is taken as 

infinite and constant for cylindrical nanoshells. Moreover, it 

is observed that changes in the radius of curvature have a 

sharp effect on maximum displacements when nanoshell’s 

thickness is smaller. As nanoshell’s thickness increases, this 

effect diminishes considerably. Specifically, for thickness 

values of 1.5 nm and beyond, the influence of the radius of 

curvature on maximum displacements becomes significantly 

reduced. An increment in nanoshell’s thickness leads to a 

reduction in displacements, because nanoshell’s slenderness 

decreases and its rigidity increases. This reduction is more 

pronounced at lower thickness values. Additionally, an 

increment in the radius of curvature enhances the impact of 

thickness on the maximum displacements. It is also 

observed that the effect of curvature radius variation on the 

influence of thickness changes on maximum displacements 

is less significant than the effect of thickness variation on 

the influence of curvature radius changes on maximum 

displacements. Moreover, the influence of thickness variation 

is more prominent in cylindrical nanoshells compared to 

spherical nanoshells, with higher displacements observed in 

cylindrical nanoshells. This can be attributed to the 

increased slenderness caused by the curvature radius and 

the fact that the radius of curvature in y direction is infinite 

for cylindrical nanoshells.  
 

 

4. Conclusions 
 

In this study, the dynamic response of simply supported 

FG porous viscoelastic nanoshell under step-type uniformly 

distributed dynamic load is investigated for different 

geometries. FG porous shell’s displacements are obtained 

utilizing stress and strain shape function based on higher 

order shear deformation theory. Utilizing HSDT and 

Eringen’s nonlocal elasticity theory, the motion’s equations 

are formulated via Hamilton’s principle and solved utilizing 

Navier method and Laplace domain approach. A 

computational model developed in Mathematica is validated 

through free vibration analysis. Parametric studies examine 

the impacts of viscoelastic coefficients, porosity, non-

locality, power law parameters, and nanoshell geometry on 

displacements. The findings from these analyses are 

summarized below. 

• When power law parameter is zero, the material is 

fully ceramic. As this parameter increases, the transition to 

metal accelerates, leading to reduced stiffness and increased 

displacement and period. This effect is more pronounced at 

lower power law parameters and this impact tends to 

stabilize as the parameter increases. Additionally, the 

displacement increase associated with power law parameter 

is more pronounced in even porosity distributions compared 

to uneven porosity distributions. 

• A higher nonlocal parameter amplifies nanoscale 

impacts, decreasing stiffness and increasing displacement 

and period. This impact is more noticeable in spherical 

nanoshells at lower values but becomes dominant in 

cylindrical nanoshells at higher values. Additionally, 

damping decreases with increasing nonlocal parameter.  

• Increasing porosity reduces the material’s stiffness, 

leading to greater displacements and longer periods. The 

displacement increase is more pronounced in uniform 

porosity distributions compared to other distributions and is 

more significant in cylindrical nanoshells than in spherical 

ones.  

• It is observed that porosity, nonlocal, and power law 

parameters enhance each other’s impacts in the analysis. 

The increasing nonlocal and power law parameters results 

in a decrease in damping. At lower values of these 

parameters, the displacements diminish at a faster rate. 

• Retardation times associated with the relaxation 

function and the proportion of the instantaneous value 

reduce displacements, stabilizing them over time. An 

increase in these parameters accelerates this reduction, 

while their impact on periods remains negligible.  

• 𝛽𝐺 and  𝜏𝑟
𝐺 mutually enhance their impacts on the 

analysis. While nanoscale impacts have a negligible impact 

on 𝛽𝐺, their influence on  𝜏𝑟
𝐺 is quite significant. When 

both 𝛽𝐺  and  𝜏𝑟
𝐺  are increased at the same rate, it is 

evident that the impact of increasing 𝛽𝐺 on the analysis is 

more pronounced than that of  𝜏𝑟
𝐺. 

• A higher curvature radius increases nanoshell’s 

slenderness, resulting in greater displacements. This effect 

is more pronounced at smaller curvature radius values. 

Additionally, due to variations in both x and y directions, its 

influence on displacements is more significant in spherical 

nanoshells. As thickness increases, this effect diminishes.  

• The reduction in nanoshell’s thickness increases its 

fragility and decreases its rigidity, leading to an increase in 

displacements. An increment in the radius of curvature 

amplifies impact of nanoshell’s thickness on displacements. 

Thickness variation’s impact is more pronounced in 

cylindrical nanoshells compared to spherical nanoshells. 
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