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1. Introduction 
 

Nanocomposite reinforcement has emerged as a 

transformative advancement in engineering materials due to 

its exceptional mechanical, thermal, and functional 

properties (Azmi et al. 2019). By integrating nanomaterials 

such as graphene, carbon nanotubes, or nanoclays into 

traditional matrices, engineers can achieve superior 

strength-to-weight ratios and enhanced durability (Ebrahimi 

et al. 2019a). These materials exhibit remarkable stiffness 

and strength at low filler concentrations, allowing for 

lightweight structural designs without compromising 

performance (Ebrahimi et al. 2019b). Nanocomposites also 

offer improved resistance to fatigue , fracture, and 

environmental degradation, making them ideal for high-

performance applications (Hajmohammad et al. 2018). In 

thermal management, their superior conductivity enables 

efficient heat dissipation in electronic and aerospace 

components (Jayakumari et al. 2024). Their multifunctional 

capabilities further allow for the integration of self-sensing, 

self-healing, and energy-harvesting functions within structural 

systems (Madenci et al. 2023). For civil and mechanical 

engineers, nanocomposite-reinforced structures promise 
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longer service life and reduced maintenance costs (Moradi 

et al. 2022). In the biomedical field, tailored nano-

composites enable the development of biocompatible 

implants with improved mechanical compatibility (Xia et 

al. 2023). Furthermore, advances in computational 

modeling and experimental techniques facilitate the precise 

design and optimization of nanocomposite architectures (Ye 

et al. 2024). Overall, nanocomposite reinforcement is 

revolutionizing material engineering by enabling the 

development of smarter, stronger, and more sustainable 

systems (Zerrouki et al. 2020).  

Stability analysis is a fundamental aspect of structural 

engineering, ensuring that structures can withstand applied 

loads without experiencing sudden or catastrophic failure 

(Zhao et al. 2022). It enables engineers to predict critical 

conditions under which structures may buckle, collapse, or 

lose equilibrium (Liu et al. 2021a). Accurate stability 

assessment is essential for designing safe and reliable 

buildings, bridges, aerospace components, and mechanical 

systems (Bentrar et al. 2023, Beitollahi et al. 2025). 

Through stability analysis, engineers can identify load-

bearing limitations and optimize material usage while 

maintaining structural integrity (Gawah et al. 2025). It plays 

a vital role in evaluating the effects of geometric 

imperfections, residual stresses, and nonlinear behaviors on 

structural performance (Gawah et al. 2024). In advanced 

systems, such as slender or composite structures, stability 

considerations become even more critical due to their 
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Abstract.  This study investigates the enhancement of structural and dynamic performance in concrete materials through nano-

modification using nano-alumina reinforcements. Emphasis is placed on curved concrete shell panels, where geometric 

complexity and material heterogeneity present challenges in mechanical stability and vibrational behavior. Nano-alumina 

particles are introduced in varying distribution patterns (Pattern A to Pattern X) to improve stiffness, mechanical strength, and 

overall durability. Through a detailed parametric analysis, the influence of foundation stiffness—represented by the 

dimensionless Winkler and Pasternak parameters on the relative frequency change (RFC) is evaluated. The study also assesses 

the impact of geometric ratios such as thickness-to-length and radius-to-length on natural frequencies. Results reveal that 

increasing nano-alumina content and optimizing its distribution lead to significant improvements in natural frequency response 

and relative frequency stability under various boundary and loading conditions. Comparative analysis with classical and higher-

order shear deformation theories further validates the proposed model, demonstrating close agreement with Reddy’s third-order 

shear predictions. These findings highlight the effectiveness of nano-modification in improving the dynamic behavior of 

concrete structures, suggesting promising applications in advanced construction materials and structural systems where vibration 

control and mechanical resilience are critical. 
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sensitivity to loading and environmental conditions (Youzera 

et al. 2025). The integration of analytical, numerical, and 

experimental methods enhances the precision of stability 

predictions under various boundary and loading conditions 

(Al-Houri et al. 2024). Moreover, stability analysis informs 

maintenance strategies and retrofitting decisions for aging 

infrastructure (Tounsi et al. 2024). For innovative designs 

involving smart materials or nanostructured composites, 

stability analysis guides the safe application of emerging 

technologies (Belabed et al. 2024a). Ultimately, it serves as 

a cornerstone for sustainable, efficient, and resilient 

engineering solutions across multiple disciplines (Belabed 

et al. 2024b). 

Machine learning (ML) algorithms have become 

powerful predictive tools in engineering, enabling data-

driven insights and decision-making in complex systems 

(Samaniego et al. 2020). They allow engineers to model 

nonlinear relationships and uncover hidden patterns from 

large datasets that traditional methods may not capture 

effectively (Zhuang et al. 2021). By training on historical or 

simulated data, ML algorithms can predict structural 

behavior, material properties, system failures, and 

performance trends with high accuracy (Guo et al. 2021). 

These predictive capabilities significantly enhance the 

efficiency of design, monitoring, and control processes 

across various engineering domains (Eshaghi et al. 2025). 

ML techniques such as support vector machines, neural 

networks, and ensemble models are particularly useful for 

optimizing design parameters and forecasting system 

responses under uncertainty (Mortazavi et al. 2023). In 

civil, mechanical, and aerospace engineering, ML assists in 

damage detection, load prediction, and lifecycle assessment 

(He et al. 2022). For materials science, ML accelerates the 

discovery and optimization of advanced materials, including 

nanocomposites (Goswami et al. 2020). The integration of 

ML with simulation tools and sensor data enables real-time 

prediction and adaptive control in smart structures (Buaria 

and Sreenivasan 2023). Moreover, ML supports the 

development of digital twins, providing engineers with 

virtual models that evolve with real-time input for improved 

diagnostics and performance evaluation (Li et al. 2023). As 

engineering challenges grow in complexity, ML-based 

prediction stands as a critical component of intelligent and 

resilient system design (Wu et al. 2024).  

Modeling plays a critical role in modern engineering (Li 

et al. 2024, Liu et al. 2024). It allows engineers to represent 

complex systems in a simplified, manageable way (Wang et 

al. 2025, Zhang et al. 2025). Through modeling, abstract 

ideas can be visualized, analyzed, and communicated 

effectively (Sun et al. 2017, Niu et al. 2024). This process 

helps engineers predict how systems will behave under 

various conditions. It also aids in identifying potential 

design flaws early in development (Long et al. 2024, Zhang 

et al. 2024). By using models, engineers save time and 

reduce costs associated with physical prototyping (Zhang et 

al. 2022, Rong et al. 2025). Computer-aided modeling 

enables simulations that mimic real-world scenarios with 

impressive accuracy (Huang et al. 2022, Khorshidi et al. 

2022). These simulations provide valuable data without the 

need for extensive field testing (Chen et al. 2023, Yang et 

al. 2023a). Modeling supports innovation by allowing rapid 

iteration of design concepts (Song et al. 2024, Yang et al. 

2024a). It also enhances decision-making by presenting 

data-driven insights (Yang et al. 2023b, 2024b). Whether in 

mechanical, civil, electrical, or software engineering, 

models are foundational tools (Hu et al. 2023, Wu et al. 

2023). They facilitate collaboration among multi-disciplinary 

teams through a shared understanding (Han et al. 2023a, b). 

Models also serve as documentation that guides future 

development and maintenance (Liu et al. 2021b, Taheri et 

al. 2021). In safety-critical fields like aerospace or 

biomedical engineering, modeling is essential for risk 

assessment (Taheri et al. 2020, Feng et al. 2021). It helps 

ensure that systems meet regulatory standards and 

performance benchmarks (Taheri et al. 2019, Mehrabi et al. 

2021a). Educationally, modeling nurtures problem-solving 

skills and analytical thinking (Firouzianhaji et al. 2021, 

Mehrabi et al. 2021b). Overall, modeling is not just a 

technical necessity—it’s a cornerstone of engineering 

excellence (Toghroli et al. 2020, Mehrabi et al. 2024, 

Mehrabi et al. 2025). 

The present work explores the vibrational behavior and 

mechanical enhancement of curved concrete shell panels 

embedded with nano-alumina reinforcements. By leveraging 

the superior properties of nanomaterials, particularly nano-

alumina, the study aims to improve the structural integrity 

and dynamic performance of concrete elements subjected to 

complex boundary conditions. A detailed parametric 

analysis is performed to evaluate the effects of nanoparticle 

distribution patterns, shell geometry (expressed via 

thickness-to-length and radius-to-length ratios), and elastic 

foundation characteristics modeled by Winkler and 

Pasternak parameters. The concept of relative frequency 

change is introduced as a metric to assess the sensitivity of 

natural frequencies under these varying conditions. Results 

indicate a clear trend of frequency enhancement with 

increasing nano-alumina content, especially when 

strategically distributed. The findings also confirm the 

substantial influence of foundation stiffness on vibrational 

responses, with stiffer foundations yielding higher natural 

frequencies. Comparative evaluations with classical plate 

theory and Reddy’s higher-order shear deformation theory 

validate the proposed methodology, confirming its accuracy 

and robustness. This research underscores the potential of 

nano-engineered materials in advancing structural performance 

and opens new pathways for smart, vibration-resistant 

concrete systems in modern infrastructure.  

 

 

2. Mathematical modeling 
 
2.1 Material properties formulations of nano-Alumina 
 

Nano-Alumina ( 𝑛𝐴𝑙2𝑂3 ) significantly enhances the 

mechanical properties of concrete, including compressive 

strength, tensile capacity, and durability. Its high surface 

area and reactivity improve the matrix-reinforcement 

bonding, resulting in better stress transfer and crack 

resistance. Due to its nanoscale size, 𝑛𝐴𝑙2𝑂3 fills 

microvoids and refines the pore structure, leading to 
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improved density and reduced permeability. This makes 

concrete more resistant to aggressive environments, such as 

freeze-thaw cycles, sulfate attack, or chloride penetration. 

Ultimately, incorporating nano-alumina extends the service 

life and structural performance of concrete infrastructures 

while maintaining a lightweight design. The various 

patterns of this kind of innovative reinforcement is as 

follows: 

Pattern X: 𝑉𝑛𝐴𝑙2𝑂3

𝐴 (𝔄3) =
4|𝔄3|

ℎ
𝑉𝑛𝐴𝑙2𝑂3

𝑇

 
(1a) 

Pattern O: 𝑉𝑛𝐴𝑙2𝑂3

𝑂 (𝔄3) = (2 −
4|𝔄3|

ℎ
) 𝑉𝑛𝐴𝑙2𝑂3

𝑇

 
(1b) 

Pattern V: 𝑉𝑛𝐴𝑙2𝑂3

𝑉 (𝔄3) = (
𝔄3

ℎ
+ 0.5) 2𝑉𝑛𝐴𝑙2𝑂3

𝑇

 
(1c) 

Pattern UD: 𝑉𝑛𝐴𝑙2𝑂3

𝑈𝐷 (𝔄3) = 𝑉𝑛𝐴𝑙2𝑂3

𝑇

 
(1d) 

Pattern A: 𝑉𝑛𝐴𝑙2𝑂3

𝑋 (𝔄3) = (1 −
𝔄3

ℎ
) 𝑉𝑛𝐴𝑙2𝑂3

𝑇

 
(1e) 

The geometry factor represents the shape and aspect 

ratio of nano-Alumina particles, which strongly influences 

mechanical reinforcement behavior. It is calculated using 

the ratio of particle diameter to thickness. 

𝜉𝑙 = 𝜉𝑡 =
2𝑑𝑛𝐴𝑙2𝑂3

ℎ𝑛𝐴𝑙2𝑂3

 (2) 

These parameters capture the efficiency of reinforcement 

based on the stiffness mismatch between matrix and nano-

alumina. They are influenced by both the mechanical 

properties and geometry of the particles. 

𝜂𝑙 =
(

𝐸𝑛𝐴𝑙2𝑂3

𝐸𝑀
− 1)

(
𝐸𝑛𝐴𝑙2𝑂3

𝐸𝑀
+ 𝜉𝑙) 

(3a) 

𝜂𝑡 =
(

𝐸𝑛𝐴𝑙2𝑂3

𝐸𝑀
− 1)

(
𝐸𝑛𝐴𝑙2𝑂3

𝐸𝑀
+ 𝜉𝑡) 

(3b) 

These two equations compute the directional stiffness 

(moduli) of the nanocomposite: longitudinal ( 𝐸𝑙 ) and 

transverse (𝐸𝑡). They incorporate particle content, geometry, 

and matrix compatibility. 

𝐸𝑛𝐴𝑙2𝑂3
= 0.49𝐸𝑙 + 0.51𝐸𝑡

 
(4a) 

𝐸𝑙 =
𝐸𝑀(1 + 𝜉𝑙𝜂𝑙𝑉𝑛𝐴𝑙2𝑂3

)

1 − 𝜂𝑙𝑉𝑛𝐴𝑙2𝑂3  
(4b) 

𝐸𝑡 =
𝐸𝑀(1 + 𝜉𝑡𝜂𝑡𝑉𝑛𝐴𝑙2𝑂3

)

1 − 𝜂𝑡𝑉𝑛𝐴𝑙2𝑂3  
(4c) 

This equation gives the overall Young’s modulus of the 

reinforced composite by combining both directional moduli. 

The weights (0.49 and 0.51) reflect an empirical balance 

derived from literature. 

𝜐𝑛𝐴𝑙2𝑂3
= 𝜐𝑀𝑉𝑀 + 𝜐𝑛𝐴𝑙2𝑂3

𝑉𝑛𝐴𝑙2𝑂3
, (5) 

Poisson’s ratio of the composite is computed using the 

rule of mixtures, weighted by volume fractions. It 

represents how the composite behaves under transverse 

strain.  

Table 1 The material properties of concrete structure 

reinforced by 𝑛𝐴𝑙2𝑂3 

Material 
Elasticity 

Modulus (GPa) 
Mass Density 

(kg/m³) 
Poisson’s Ratio 

Concrete 30 2300 0.2 

Nano-Alumina 350 3900 0.22 

 

 

 

 

Fig. 1 Geometrical features of the cylindrical shell 
 

 

𝜌𝑛𝐴𝑙2𝑂3
= 𝜌𝑀𝑉𝑀 + 𝜌𝑛𝐴𝑙2𝑂3

𝑉𝑛𝐴𝑙2𝑂3
 (6) 

Similar to Poisson’s ratio, the overall density is 

determined from the mass densities and volume fractions of 

each component. This is essential for structural and 

dynamic simulations. 

𝑉𝑛𝐴𝑙2𝑂3
+ 𝑉𝑀 = 1 (7) 

This constraint ensures volume consistency, stating that 

the total material is made up of matrix and reinforcement 

only. It anchors all other formulations to a physically 

meaningful system. The material properties of concrete 

structure reinforced by 𝑛𝐴𝑙2𝑂3  is given in Table 1 

(Lamond and Pielert 2006, Fu et al. 2018). 

 

2.2 Theoretical formulations 
 

Consider a concrete cylindrical panel as illustrated in 
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Fig. 1, characterized by its length 𝐿, thickness ℎ, radius 𝑅, 

constant arc length 𝑆 , and subtended angle 𝛽 . The 

reference surface of the panel is defined at its mid-surface, 

and an orthogonal coordinate system 𝔄1, 𝔄2 and 𝔄3 is 

employed for analysis. In this system, the 𝔄1, 𝔄2 and 𝔄3 

axes correspond to the axial, circumferential, and radial 

directions, respectively, as depicted in Fig. 1. 

 

2.2.1 Displacement field 
An arbitrary location within the displacement field of 

the cylindrical panel can be described based on the higher-

order shear deformation theory (HSDT) as presented as 

follows: 

𝒰1(𝔄1, 𝔄2, 𝔄3, 𝓉) = 𝓊1(𝔄1, 𝔄2, 𝓉) +

𝔄3ℱ1(𝔄1, 𝔄2, 𝓉) − 𝔓𝒸2𝔄3
3 (ℱ1(𝔄1, 𝔄2, 𝓉) +

𝜕𝓊3(𝔄1,𝔄2,𝓉)

𝜕𝔄1
), 

(8a) 

𝒰2(𝔄1, 𝔄2, 𝔄3, 𝓉) = (1 +
𝔄3

𝑅
) 𝓊2(𝔄1, 𝔄2, 𝓉) +

𝔄3ℱ2(𝔄1, 𝔄2, 𝓉) − 𝔓𝒸2𝔄3
3 (ℱ2(𝔄1, 𝔄2, 𝓉) +

𝜕𝓊3(𝔄1,𝔄2,𝓉)

𝑅𝜕𝔄2
), 

(8b) 

𝒰3(𝔄1, 𝔄2, 𝔄3, 𝓉) = 𝓊3(𝔄1, 𝔄2, 𝓉). (8c) 

The displacement components along the 𝔄1, 𝔄2, and 

𝔄3  directions are indicated by 𝒰1 , 𝒰2  and 𝒰3 , 

respectively. Time is denoted by 𝓉, while 𝓊1, 𝓊2 and 𝓊3 

represent the displacements at a point located on the mid-

surface. The rotational components of the normal vectors to 

the mid-surface, relative to the 𝔄1  and 𝔄2  axes, are 

labeled as ℱ1  and ℱ2 . Additionally, the equations 

corresponding to the first-order shear deformation theory 

(FSDT) can be obtained by setting 𝔓 = 0. Considering von 

Karman-type geometric nonlinearity, the strain-displacement 

relationships can be formulated as follows. 

𝜖𝑖 = 𝜖𝑖
0 + 𝔄3(𝛽𝑖

0 + 𝔄3
2𝛽𝑖

2), 𝑖 = 1,2,6 (9a) 

𝜖𝑗 = 𝜖𝑗
0 + 𝔄3

2𝛽𝑗
1,  𝑗 = 4,5 (9b) 

where 

𝜖1
0 = 𝓊1,1 +

1

2
(𝓊3,1)

2
,  𝜖2

0 =
1

𝑅
𝓊2,2 +

𝓊3

𝑅
+

1

2
(

1

𝑅
𝓊3,2)

2

, 𝜖4
0 = ℱ2 +

1

𝑅
𝓊3,2, 

(10a) 

𝜖5
0 = ℱ1 + 𝓊3,1, 𝜖6

0 = 𝓊2,1 +
1

𝑅
𝓊1,2 +

1

𝑅
𝓊3,1𝓊3,2, 

𝛽1
0 = ℱ1,1, 𝛽2

0 =
1

𝑅
ℱ2,2, 

(10b) 

𝛽6
0 = ℱ2,1 +

1

𝑅
ℱ1,2, 𝛽4

1 = −𝒸𝒸1 (ℱ2 +
1

𝑅
𝓊3,2), 

𝛽5
1 = −𝒸1(ℱ1 + 𝓊3,1), 

(10c) 

𝛽1
2 = −𝒸2(ℱ1,1 + 𝓊3,11), 𝛽2

2 = −𝒸2 (
1

𝑅
ℱ2,2 +

1

𝑅2 𝓊3,22),  
(10d) 

𝛽6
2 = −𝒸2 (ℱ2,1 +

1

𝑅
ℱ1,2 + 2

1

𝑅
𝓊3,12). (10e) 

where 𝒸1 = 4/ℎ2 and 𝒸2 = 𝒸1/3. 

 
2.3 Constitutive equations 
 
The elastic constitutive relations for the composite 

cylindrical panel under a plane stress condition are 

expressed as follows. 

𝜎11 = ℚ11𝜖11 + ℚ12𝜖22, (11a) 

𝜎22 = ℚ12𝜖11 + ℚ22𝜖22, (11b) 

𝜎23 = ℚ44𝜖23, (11c) 

𝜎13 = ℚ55𝜖13, (11d) 

𝜎12 = ℚ66𝜖12. (11e) 

where ℚ𝑖𝑗  represents the transformed reduced stiffness 

matrix which can be obtained as 

ℚ11 =
𝐸𝑐𝑛𝐴𝑙2𝑂3

1−(𝜐𝑛𝐴𝑙2𝑂3)
2, ℚ22 =

𝐸𝑛𝐴𝑙2𝑂3

1−(𝜐𝑛𝐴𝑙2𝑂3)
2, 

ℚ12 =
𝜐𝑛𝐴𝑙2𝑂3𝐸𝑛𝐴𝑙2𝑂3

1−(𝜐𝑛𝐴𝑙2𝑂3)
2 , 

(12a) 

ℚ44 =
𝐸𝑛𝐴𝑙2𝑂3

2(1+𝜐𝑛𝐴𝑙2𝑂3)
, ℚ55 =

𝐸𝑛𝐴𝑙2𝑂3

2(1+𝜐𝑛𝐴𝑙2𝑂3)
, 

ℚ66 =
𝐸𝑛𝐴𝑙2𝑂3

2(1+𝜐𝑛𝐴𝑙2𝑂3)
. 

(12b) 

  
2.4 Dynamic equations 
 
The nonlinear dynamic equations that govern the 

behavior of the composite cylindrical panel are derived 

based on Hamilton's principle. 

∫

𝓉2

𝓉1

(𝛿𝑈 + 𝛿𝑉 − 𝛿𝑇)𝑑𝓉 = 0 (13) 

In this formulation, 𝑈  and 𝑇  represent the strain 

energy and kinetic energy, respectively, and they can be 

determined as follows: 

𝑈 =
1

2
∬ ∫ (𝜎11𝜖11 + 𝜎22𝜖22 + 𝜎12𝜖12 +

ℎ 2⁄

−ℎ/2𝐴

𝜎13𝜖13 + 𝜎23𝜖23)𝑑𝔄3𝑑𝐴. 
(14a) 

𝑇 =
1

2
∬ ∫ 𝜌𝑛𝐴𝑙2𝑂3

(𝔄3)(𝒰̇1
2 + 𝒰̇2

2 +
ℎ 2⁄

−ℎ/2𝐴

𝒰̇3
2)𝑑𝔄3𝑑𝐴. 

(14b) 

Here, a superimposed dot denotes differentiation with 

respect to time. The variation in the work performed by the 

Winkler-Pasternak foundation can be derived using the 

following expressions: 

𝑉1 =
1

2
∬ (Kwo(𝔄1, 𝔄2)𝓊3 −

𝜕

𝜕𝔄1
(𝐾po(𝔄1, 𝔄2)

𝜕𝓊3

𝜕𝔄1
) −

𝐴
(15) 
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1

𝑅2

𝜕

𝜕𝔄2
(𝐾po(𝔄1, 𝔄2)

𝜕𝓊3

𝜕𝔄2
)) 𝓊3 𝑑𝐴. 

For Exponential elastic foundation 

𝐾wo(𝔄1, 𝔄2) = 𝐾𝑤 × (1 + 𝑒𝑥𝑝 (
𝔄1

𝐿
)) × (1 + 𝑒𝑥𝑝 (

𝔄2

𝛽
)), (16a) 

𝐾po(𝔄1, 𝔄2) = 𝐾𝑝 × (1 + 𝑒𝑥𝑝 (
𝔄1

𝐿
)) × (1 + 𝑒𝑥𝑝 (

𝔄2

𝛽
)). (16b) 

Utilizing Hamilton's principle, the nonlinear dynamic 

governing equations (Eqs. 17a-e) are derived through a 

series of mathematical operations, including the application 

of the Green-Gauss theorem to eliminate the gradients of 

virtual displacements (Khdeir et al. 1989). 

𝛿𝓊1: 𝒩1,1 +
1

𝑅
𝒩6,2 = ℐ1̅𝓊̈1 + ℐ2̅ℱ̈1 − 𝔓ℐ3̅𝓊̈3,1, (17a) 

𝛿𝓊2: 𝒩6,1 +
1

𝑅
𝒩2,2 = ℐ1̅

' 𝓊̈2 + ℐ2̅
' ℱ̈2 −

𝔓

𝑅
ℐ3̅
' 𝓊̈3,2, (17b) 

𝛿𝓊3: 𝒬1,1 +
1

𝑅
𝒬2,2 − 𝔓𝒸1 (ℒ1,1 +

1

𝑅
ℒ2,2) + 𝔓𝒸2 (𝒫1,11 +

1

𝑅2 𝒫2,22 +
2

𝑅
𝒫6,12) −

1

𝑅
𝒩2 − Kw(𝔄1, 𝔄2)𝓊3 +

𝜕

𝜕𝔄1
(𝐾p(𝔄1, 𝔄2)

𝜕𝓊3

𝜕𝔄1
) +

1

𝑅2

𝜕

𝜕𝔄2
(𝐾p(𝔄1, 𝔄2)

𝜕𝓊3

𝜕𝔄2
) =

𝔓 (ℐ3̅𝓊̈1,1 + ℐ5̅ℱ̈1,1 +
ℐ3̅
'

𝑅
𝓊̈2,2 +

ℐ5̅
'

𝑅
ℱ̈2,2 − 𝒸2

2ℐ7 (𝓊̈3,11 +

1

𝑅2 𝓊̈3,22)) + ℐ1𝓊̈3, 

(17c) 

𝛿ℱ1: ℳ1,1 +
1

𝑅
ℳ6,2 − 𝒬1 + 𝔓𝒸1ℒ1 − 𝔓𝒸2 (𝒫1,1 +

1

𝑅
𝒫6,2) = ℐ2̅𝓊̈1 + ℐ4̅ℱ̈1 − 𝔓ℐ5̅𝓊̈3,1, 

(17d) 

𝛿ℱ2: ℳ6,1 +
1

𝑅
ℳ2,2 − 𝒬2 + 𝔓𝒸1ℒ2 − 𝔓𝒸2 (𝒫6,1 +

1

𝑅
𝒫2,2) = ℐ2̅

' 𝓊̈2 + ℐ4̅
' ℱ̈2 −

𝔓

𝑅
ℐ5̅
' 𝓊̈3,2, 

(17e) 

where the stress resultants are evaluated using the following 

expressions: 

(𝒩𝑖 , ℳ𝑖 , 𝒫𝑖) = ∫
ℎ 2⁄

−ℎ/2
𝜎𝑖(1, 𝔄3, 𝔄3

3)𝑑𝔄3, = 1,2,6 (18a) 

(𝒬1, ℒ1) = ∫
ℎ 2⁄

−ℎ/2
𝜎5(1, 𝔄3

2)𝑑𝔄3, (18b) 

(𝒬2, ℒ2) = ∫
ℎ 2⁄

−ℎ/2
𝜎4(1, 𝔄3

2)𝑑𝔄3. (18c) 

The relationship between stress resultants and strains is 

defined through the following constitutive equations (Reddy 

and Liu 1985) 

𝒩𝑖 = 𝒶𝑖𝑗𝜖𝑗
0 + 𝒷𝑖𝑗𝛽𝑗

0 + 𝔓ℯ𝑖𝑗𝛽𝑗
2, (19a) 

ℳ𝑖 = 𝒷𝑖𝑗𝜖𝑗
0 + 𝒹𝑖𝑗𝛽𝑗

0 + 𝔓𝒻𝑖𝑗𝛽𝑗
2, (19b) 

𝒫𝑖 = ℯ𝑖𝑗𝜖𝑗
0 + 𝒻𝑖𝑗𝛽𝑗

0 + 𝒽𝑖𝑗𝛽𝑗
2, (19c) 

𝒬2 = 𝒶4𝑗𝜖𝑗
0 + 𝔓𝒹4𝑗𝛽𝑗

1, (19d) 

𝒬1 = 𝒶5𝑗𝜖𝑗
0 + 𝔓𝒹5𝑗𝛽𝑗

1, (19e) 

𝐾2 = 𝒹4𝑗𝜖𝑗
0 + 𝒻4𝑗𝛽𝑗

1, (19f) 

𝐾1 = 𝒹5𝑗𝜖𝑗
0 + 𝒻5𝑗𝛽𝑗

1. (19g) 

where i, j = 1,2,6 and the inertias ℐ𝑖̅ and ℐ𝑖̅
'  (𝑖 = 1, 2, 3, 

4, 5) are defined by the following equations 

ℐ1̅ = ℐ1, ℐ1̅
' = ℐ1 + 𝔓

2

𝑅
ℐ2, (20a) 

ℐ2̅ = ℐ2 − 𝔓𝒸2ℐ4, ℐ2̅
' = ℐ2 + 𝔓 (

ℐ3

𝑅
− 𝑐2 (ℐ4 +

ℐ5

𝑅
)), (20b) 

ℐ3̅ = 𝑐2ℐ4, ℐ3̅
' = 𝑐2 (ℐ4 +

ℐ5

𝑅
), (20c) 

ℐ4̅ = ℐ3 − 𝔓𝒸2(2ℐ5 − 𝒸2ℐ7), ℐ4̅
' = ℐ4, (20d) 

ℐ5̅ = 𝒸2(ℐ5 − 𝒸2ℐ7), ℐ5̅
' = ℐ5̅, (20e) 

(ℐ1, ℐ2, ℐ3, ℐ4, ℐ5, ℐ7) =

∫
ℎ 2⁄

−ℎ/2
 𝜌𝑛𝐴𝑙2𝑂3

(𝔄3)(1, 𝔄3, 𝔄3
2, 𝔄3

3, 𝔄3
4, 𝔄3

6)𝑑𝔄3. 
(20f) 

 

 

3. Solution procedure 
 

3.1 A brief of NURBS-based isogeometric analysis 
 

Isogeometric Analysis (IGA) is grounded in the 

isoparametric concept, which advocates using identical 

basis functions for both the geometric representation and 

the discretization of unknown field variables. In IGA, the 

commonly used basis functions are NURBS (Non-Uniform 

Rational B-Splines), which are formed by a weighted 

combination of B-splines. Extensive discussions on B-

splines and NURBS can be found in existing literature, 

however, a few essential aspects are summarized below for 

completeness. 
 

3.2 A brief of B-spline and NURBS basis functions 
 

A non-decreasing knot vector, denoted as 𝚷 =

{𝕒1, 𝕒2, … , 𝕒𝑛+𝑝+1}  can be introduced in the parametric 

domain, where each 𝕒𝑖 represents a knot value with 𝑖 =
1, … , 𝑛 + 𝑝 . Here, 𝑛  indicates the number of basis 

functions, and 𝑝 is the polynomial degree of the basis 

functions. A knot vector is termed 'open' if its first and last 

knot values appear p + 1 times. The continuity of a B-

spline basis function is 𝒸∞ within a knot span, 𝒸𝑝−1 at a 

simple knot, and 𝒸𝑝−𝑘 at a knot of multiplicity 𝑘. The B-

spline basis functions of degree 𝑝 = 0 are defined using 

the Cox-de Boor recursion formula as follows: 

𝒩𝑖,0(𝕒) = {
1 if  𝕒𝑖 ≤ 𝕒 ≤ 𝕒𝑖+1

0 otherwise
 (21) 

and the order p ≥ 1 B-spline basis functions are specified 

as 

𝒩𝑖,𝑝(𝕒) =
𝕒 − 𝕒𝑖

𝕒𝑖+𝑝 − 𝕒𝑖
𝒩𝑖,𝑝−1(𝕒) 

+
𝕒𝑖+𝑝+1 − 𝕒

𝕒𝑖+𝑝+1 − 𝕒𝑖+1

𝒩𝑖+1,𝑝−1(𝕒) 
(22) 

Following this, the derivatives of B-spline basis 

functions can be computed recursively, starting from lower-

order derivatives. The first-order derivative of a B-spline 
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basis function is given by: 

d

d𝕒
𝒩𝑖,𝑝(𝕒) =

𝑝

𝕒𝑖+𝑝 − 𝕒𝑖

𝒩𝑖,𝑝−1(𝕒) 

−
𝑝

𝕒𝑖+𝑝+1 − 𝕒𝑖+1

𝒩𝑖+1,𝑝−1(𝕒) 
(23) 

and the derivative of kth order is given as 

d
𝑘

d𝕒𝑘
𝒩𝑖,𝑝(𝕒) =

𝑝

𝕒𝑖+𝑝 − 𝕒𝑖

(
d

𝑘−1

d𝕒𝑘−1
𝒩𝑖,𝑝−1(𝕒)) 

−
𝑝

𝕒𝑖+𝑝+1 − 𝕒𝑖+1

(
d

𝑘−1

d𝕒𝑘−1
𝒩𝑖+1,𝑝−1(𝕒)) 

(24) 

Two-dimensional B-spline basis functions in the 

parametric coordinates 𝜉  and ℬ  can be constructed by 

taking the tensor product of B-splines defined in the 𝕒 and 

ℬ-directions, using two corresponding knot vectors 𝚷 =

{𝕒1, 𝕒2, … , 𝕒𝑛+𝑝+1} and 𝚺 = {𝕓1, 𝕓2, … , 𝕓𝑚+𝑞+1}. 

𝒩𝐴(𝕒, 𝕓) = 𝒩𝑖,𝑝(𝕒)ℳ𝑗,𝑞(𝕓) (25) 

Here, the jth B-spline basis function of order q in the 

η-direction is represented by ℳ𝑗,𝑞(𝕓). 

 
3.3 Discrete equations based on NURBS 

approximations 
 
By using the previously defined NURBS basis functions, 

the displacement field in the composite cylindrical panel 

can be approximated as follows: 

𝓾ℎ(𝕒, 𝕓) = ∑ 𝑅𝐴(𝕒, 𝕓)𝕢𝐴

𝑛×𝑚

𝐴=1

 (26) 

Here, 𝕢𝐴  represents the vector of nodal degrees of 

freedom (DOFs) associated with control point A, and 

𝑛 × 𝑚  indicates the total number of NURBS basis 

functions. 

𝕢𝐴 = {𝓊1𝐴𝓊2𝐴𝓊3𝐴ℱ1𝐴ℱ2𝐴}T (27) 

The strain-displacement relation that arises from 

substituting Eq. (26) into Eqs. (9a) and (9b) is as follows: 

𝛜 = ∑(𝕭𝐴
𝐿 +

1

2
𝕭𝐴

𝒩𝐿)𝕢𝐴

𝑛𝒸𝑃

𝐴=1

 (28) 

The symbols 𝕭𝐴
𝐿  and 𝕭𝐴

𝑁𝐿  represent the linear 

infinitesimal strain matrix and the nonlinear strain matrix, 

respectively. Consequently, the discrete equations that 

govern the high-amplitude free vibrations of composite 

cylindrical panels can be derived as follows: 

[𝕜𝐿 + 𝕜𝑁𝐿1(𝕢) + 𝕜𝑁𝐿2(𝕢)]𝕢 + 𝕞𝕢̈ = 𝟎 (29) 

In this context, 𝕢  denotes the global displacement 

vector, mmm represents the global mass matrix, and 𝕜𝑁𝐿1 

and 𝕜𝑁𝐿2  correspond to the global nonlinear stiffness 

matrices, exhibiting quadratic and linear dependence on 𝕢, 

respectively. The global linear stiffness matrix is indicated 

by 𝕜𝐿 . To analyze the relationship between the nonlinear 

frequency ratio and vibration amplitude in a harmonic 

vibration scenario, the unknown displacement vector can be 

formulated as: 

𝕢 = 𝕢∗sin(𝜔𝓉) (30) 

The vector 𝕢∗  signifies the nonlinear mode shape, 

while 𝜔 denotes the natural frequency of vibration. By 

inserting Eq. (30) into Eq. (29), the resulting residual 

expression is derived as follows: 

𝐑 = (𝕜𝐿 + 𝕜𝑁𝐿1sin(𝜔𝓉) + 𝕜𝑁𝐿2sin2(𝜔𝓉))𝕢∗sin𝜔𝓉
− 𝜔2𝕞𝕢∗sin(𝜔𝓉) (31) 

The time parameter is removed using the Galerkin 

weighted residual approach, i.e. 

∫ 𝐑sin(𝜔𝓉)d𝓉
𝜋 (2𝜔)⁄

0
= 0, (32) 

Consequently, the nonlinear eigenvalue problem 

characterizes the large-amplitude vibrations of the 

composite cylindrical panel within the frequency domain as 

follows: 

(𝕜𝐿 +
8

3𝜋
𝕜𝑁𝐿1 +

3

4
𝕜𝑁𝐿2 − 𝜔2𝕞)𝕢∗ = 0 (33) 

Eq. (33) can be approached as an eigenvalue problem. 

By removing the nonlinear terms 𝕜𝑁𝐿1 and 𝕜𝑁𝐿2, a linear 

eigenvalue equation is obtained. This allows the 

determination of the primary eigenvalue—representing the 

fundamental frequency—and its associated eigenvector, 

which corresponds to the vibration mode. To incorporate a 

specific transverse displacement, the vibration mode is 

scaled accordingly, enabling the computation of the updated 

nonlinear stiffness matrices 𝕜𝑁𝐿1 and 𝕜𝑁𝐿2. The revised 

eigenvalue problem is then solved to obtain a new 

eigenvalue (nonlinear frequency) and its corresponding 

mode shape. This iterative process is repeated until the 

relative difference between successive eigenvalue vectors 

falls below the specified tolerance—set at 10−5  in this 

study. Additionally, the dimensionless parameters are defined 

as follows: 

𝐾𝑊
∗ =

𝐾𝑤𝑅5

𝐸𝑚𝐼
, 𝐾𝑃

∗ =
𝐾𝑝𝑅3

𝐸𝑚𝐼
, 𝜔̅ = 𝜔√

𝜌𝑚

𝐸𝑚
 (34) 

The relative frequency change (RFC) in this work can 

be formulated as follows: 

𝑅𝐹𝐶 =
𝜔1 − 𝜔2

𝜔2

 (35) 

where 𝜔1 and 𝜔2 are natural frequency of the structure 

with and without nanocomposite reinforcement. 

 

 
4. Result 

 
4.1 Validation with nondestructive testing 
 
Table 2 presents a benchmark comparison of non-

dimensional natural frequencies for the first six vibration 

modes of a cylindrical panel with simply supported edges, 

using three theoretical models: the present model (likely 

higher-order or refined), Classical Plate Theory (CPT), and 

Reddy’s Third-Order Shear Deformation Theory (TSDT). 
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Fig. 2 The influence of various nano-alumina reinforcement 

distribution patterns on the RFC of a curved concrete 

cylindrical panel as a function of the normalized arc length 

 

 

The present model consistently predicts slightly lower 

values for all six modes compared to CPT and TSDT, with 

maximum differences occurring in higher modes. This 

behavior reflects the greater accuracy of the present approach 

in capturing the effect of transverse shear deformation, 

especially at higher frequencies. While CPT tends to over-

estimate natural frequencies due to its neglect of shear 

effects, TSDT provides closer agreement with the present 

model, particularly from the third mode onward. The 

alignment across all models validates the reliability of the 

present method while also highlighting its improved 

predictive capability in complex shell structures reinforced 

with nano-materials. 

 
4.2 Parametric results 
 

Fig. 2 explores the influence of various nano-alumina 

reinforcement distribution patterns on the RFC of a curved 

concrete cylindrical panel as a function of the normalized 

arc length (𝑆/𝐿). Patterns A, O, V, X and UD (uniform 

distribution) are compared. The results indicate that Pattern 

V and Pattern O consistently lead to higher RFC values 

compared to other configurations, reflecting their superior 

reinforcement effectiveness in dynamic performance. 

onversely, Pattern X yields the lowest RFC, suggesting a 

less favorable vibration behavior. Notably, as 𝑆/𝐿 increases, 

the RFC for Pattern X exhibits an increasing trend, while 

 

 

Fig. 3 The impact of the dimensionless Winkler foundation 

stiffness parameter on the RFC of the curved concrete 

panel, plotted against S/L 

 

 
C the others show slight decreasing or plateauing behavior. 
These variations underscore the critical role that nano-
alumina spatial distribution plays in tuning the mechanical 
vibrational response of nano-modified concrete shells. 
Selecting an optimal reinforcement pattern can significantly 
enhance structural dynamics, especially in curved geometries 
where localized stiffness variations are more influential. 

Fig. 3 demonstrates the impact of the dimensionless 
Winkler foundation stiffness parameter on the RFC of the 
curved concrete panel, plotted against 𝑆/𝐿 . As the 
foundation stiffness increases from 𝐾𝑊

∗ = 0.3 , the RFC 
experiences a consistent and substantial elevation. This 
behavior is attributed to the enhanced elastic support 
provided by the Winkler foundation, which increases the 
overall system stiffness and thereby elevates natural 
frequency responses. The influence of 𝐾𝑊

∗  is particularly 
significant at lower values of 𝑆/𝐿, where curvature effects 
dominate. As 𝑆/𝐿 increases, the RFC converges across all 
values of 𝐾𝑊

∗ , suggesting that the role of foundation 
stiffness diminishes with larger arc lengths. This insight is 
valuable in foundation design, especially for curved panels 
in contact with elastic media, as tailored foundation 
parameters can effectively modify vibrational characteristics. 

Fig. 4 assesses how varying the Pasternak foundation 
parameter affects the RFC across a range of normalized are 
lengths. The Pasternak model extends the Winkler approach 
by incorporating shear interaction within the foundation, 
offering a more comprehensive simulation of subgrade 

Table 2 A comparative analysis conducted for the first six nondimensional frequency parameters (𝜔̅ = 𝑟0√𝜌 𝐸⁄ ) 

of cylindrical panels under various boundary condition configurations (α = 90°, 𝑟0 = 𝑅 +
ℎ

2
, 𝐿/𝑟0 = 1.5, 𝑟0/ℎ =

100, 𝐸 = 210 GPa, 𝜈 = 0.3, 𝜌 = 7800kg/m3, 𝑆𝑆𝑆𝑆) 

Method 𝜔̅1 𝜔̅2 𝜔̅3 𝜔̅4 𝜔̅5 𝜔̅6 

Present 0.24250 0.25641 0.34229 0.38532 0.39243 0.42000 

Classical plate theory (Arani et al. 2021) 0.24450 0.25813 0.34741 0.38647 0.39623 0.42883 

Reddy’s third-order shear deformation 

theory (Akbari et al. 2022) 
0.24483 0.25809 0.34319 0.38708 0.39442 0.41824 
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Fig. 4 The influence of Pasternak foundation parameter on 

the RFC across a range of normalized arc lengths 

 

 

Fig. 5 The role of geometrical curvature, expressed through 

the radius-to-length ratio, on the RFC of the nano-

reinforced cylindrical panel 

 
 

reactions. As shown, increasing 𝐾𝑃
∗ leads to a pronounced 

rise in RFC, especially at lower 𝑆/𝐿 values. For instance, 

at 𝐾𝑃
∗ = 0.3 , the RFC reaches nearly 1.6, indicating a 

marked enhancement in vibrational response due to shear 

coupling within the substructure. This effect diminishes 

with increasing arc length, echoing the behavior seen with 

the Winkler foundation. The results highlight that shear 

modulus inclusion significantly amplifies the dynamic 

stiffness, making the Pasternak model a more sensitive and 

effective foundation representation when analyzing advanced 

concrete shell structures under nano-reinforcement. 

Fig. 5 examines the role of geometrical curvature, 

expressed through the radius-to-length ratio, on the RFC of 

the nano-reinforced cylindrical panel. Multiple values of 

𝑅/𝐿 (1.5 to 3) are compared over increasing arc length 

ratios. The results reveal that as 𝑅/𝐿 increases (i.e., the 

shell becomes flatter), the RFC slightly rises and eventually 

stabilizes across all 𝑆/𝐿 values. This indicates a reduction 

 

Fig. 6 The variation of the RFC as a function of the 

dimensionless Winkler foundation parameter, for different 

arc-length ratios 

 

 

Fig. 7 The combined influence of the Winkler foundation 

stiffness and the Pasternak shear interaction parameter on 

RFC 

 

 

in curvature-induced stiffness, yielding a more uniform 

vibrational response. The most significant changes in RFC 

occur at low 𝑆/𝐿, where curvature effects are strongest. 

The converging trend as 𝑆/𝐿  increases suggests a 

dominant role of arc length over curvature in governing 

dynamic behavior in elongated panels. These findings 

underscore the need to consider geometrical nonlinearities 

in vibration analysis, particularly for highly curved shells 

where curvature radius significantly interacts with material 

and foundation properties. 

Fig. 6 illustrates the variation of the RFC as a function 

of the dimensionless Winkler foundation parameter, for 

different arc-length ratios. As the stiffness of the Winkler 

foundation increases, RFC experiences a significant 

nonlinear rise, highlighting the substantial influence of 

elastic support on vibrational behavior. For each value of 
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Fig. 8 The variation of RFC with increasing Winkler 

foundation stiffness, across different values of the radius-to-

length ratio 

 

 

Fig. 9 The variation of RFC with increasing 𝐾𝑃
∗, across 

different values of the radius-to-length ratio 
 

 

𝐾𝑊
∗ , lower arc-length ratios (e.g., 𝑆/𝐿=1.5) consistently 

exhibit higher RFC values, implying a stiffer dynamic 

response due to the shorter arc and increased geometric 

curvature. In contrast, elongated panels ( 𝑆/𝐿 =3) show 

reduced sensitivity, suggesting geometric flexibility offsets 

foundation effects. This relationship suggests that panels 

with reduced arc length and supported by stiffer elastic 

media are more dynamically responsive. These insights 

support optimization of curved shell designs in structural 

systems requiring controlled frequency characteristics, 

particularly through adjustment of arc geometry and 

subgrade stiffness. 

Fig. 7 analyzes the combined influence of the Winkler 

foundation stiffness and the Pasternak shear interaction 

parameter on RFC. For each fixed value of 𝐾𝑃
∗, the RFC 

increases monotonically with increasing 𝐾𝑊
∗ . However, the 

inclusion of shear interaction significantly amplifies this 

 

Fig. 10 The variation in relative frequency change with 

respect to the dimensionless Pasternak foundation 

parameter, for different levels of the dimensionless Winkler 

foundation parameter 
 

 

effect. Notably, the curve corresponding to 𝐾𝑃
∗=0.3 yields 

the highest RFC at each value of 𝐾𝑊
∗ , with RFC reaching 

up to 4.5 when 𝐾𝑊
∗ =1. The results emphasize the 

compound enhancement in vibrational response when both 

vertical and shear foundation stiffness are considered. At 

low 𝐾𝑊
∗ , the differences among curves are minimal, but 

diverge rapidly at higher stiffness values, underscoring the 

nonlinear coupling between foundation types. These 

findings advocate for the Pasternak foundation model in 

precision structural design, where subtle shear-support 

interactions can markedly influence dynamic performance. 

Fig. 8 presents the variation of RFC with increasing 

Winkler foundation stiffness, across different values of the 

radius-to-length ratio. As expected, all curves demonstrate a 

strong, nearly exponential increase in RFC with 𝐾𝑊
∗ , 

indicative of rising system stiffness and natural frequency. 

However, geometric curvature, represented by 𝑅/𝐿 , 

modulates this trend. Panels with smaller curvature (higher 

𝑅/𝐿) show slightly reduced RFC values, indicating lower 

vibrational sensitivity. In contrast, highly curved shells 

(e.g., 𝑅/𝐿  =1.5) display a more pronounced response. 

These differences, though subtle, highlight the impact of 

geometry in conjunction with foundation support on 

dynamic characteristics. Importantly, the converging 

behavior at low 𝐾𝑊
∗  and diverging behavior at higher values 

suggest a geometric amplification of foundation effects in 

stiffer subgrade conditions. This finding informs design 

considerations for nano-modified concrete shells requiring 

specific vibrational performance through curvature control. 

This subfigure investigates how curvature, defined by 

the radius-to-length ratio, affects the RFC with respect to 

the Pasternak foundation paramete. Across all values of 

𝑅/𝐿, RFC increases steadily and nonlinearly with increasing 

increasing 𝐾𝑃
∗, indicating that the inclusion of shear 

interaction in the foundation significantly enhances 

vibrational stiffness. The effect is consistent regardless of 
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Fig. 11 The influence of shell geometry—specifically the 

arc length to total length ratio—on RFC as a function of 𝐾𝑃
∗ 

 

 

Fig. 12 The relationship between the radius-to-length ratio 

and RFC for varying arc length-to-length ratios 

 

 

shell geometry, though curvature-induced differences are 

observed: the most curved shell (𝑅/𝐿=1.5) demonstrates 

slightly higher RFCs at all 𝐾𝑃
∗ values compared to flatter 

shells. This suggests that the geometric stiffness inherent in 

curved panels synergizes with shear foundation reactions, 

amplifying the vibrational frequency shift. The modest 

divergence between curves implies that while curvature 

plays a secondary role to foundation shear in influencing 

RFC, its influence remains non-negligible in high-

performance structural optimization. The results reinforce 

the need to jointly consider geometry and foundation 

modeling in concrete nanocomposite vibration design. 

Fig. 10 presents the variation in relative frequency 

change with respect to the dimensionless Pasternak 

foundation parameter, for different levels of the 

dimensionless Winkler foundation parameter. The results 

show a consistently increasing trend in RFC as 𝐾𝑃
∗ 

increases, which is more pronounced at higher 𝐾𝑊
∗  values. 

This indicates a synergistic effect of the foundation 

parameters on the vibrational response of the nano-

reinforced cylindrical concrete shell. The enhancement in 

RFC reflects improved stiffness characteristics due to the 

dual elastic foundation, underscoring the role of subgrade 

modeling in nano-modified structural systems. The curved 

shell, reinforced with nano-alumina, demonstrates that 

mechanical vibration resistance can be finely tuned through 

foundation parameters. This finding is valuable in 

optimizing structural elements under dynamic loading, 

especially for applications involving curved concrete 

components in smart infrastructure. 

Fig. 11 investigates the influence of shell geometry—

specifically the arc length to total length ratio—on RFC as a 

function of 𝐾𝑃
∗. A clear pattern emerges, where higher 𝑆/𝐿 

ratios result in lower RFC values at equivalent 𝐾𝑃
∗. This 

suggests that increasing the arc length of the cylindrical 

shell reduces its natural frequency sensitivity to foundation 

stiffness. Notably, at higher 𝐾𝑃
∗ values, the impact of the 

shell’s geometry becomes more significant. The results 

imply that shells with greater curvature (larger arc lengths) 

distribute stresses more evenly and are less susceptible to 

foundation-induced vibrational amplification. This insight is 

critical in the design of curved concrete panels reinforced 

by nano-alumina, providing a guideline to tailor structural 

curvature for vibration control. The graph further supports 

the potential for geometric tuning to mitigate vibrational 

response in nano-composite-enhanced shell structures. 

Fig. 12 illustrates the relationship between the radius-to-

length ratio and RFC for varying arc length-to-length ratios. 

The curves indicate a mild downward trend in RFC as 𝑅/𝐿 

increases, leveling off at higher values. The results reveal 

that increasing the radius—resulting in a flatter shell—

slightly reduces the relative frequency response, particularly 

for smaller 𝑆/𝐿 values. The effect, however, is marginal 

across the studied range, suggesting that radius plays a less 

dominant role in vibrational characteristics compared to 

other geometric parameters. Nonetheless, this observation is 

important in the context of large-span structures where 

radius may significantly influence construction feasibility. 

The small changes in RFC highlight the structural stability 

of nano-alumina-reinforced shells across a wide range of 

curvature configurations, affirming their robustness in 

practical deployment scenarios. 

Fig. 13 evaluates how variations in 𝐾𝑊
∗ , the Winkler 

foundation stiffness parameter, influence the RFC as a 

function of the radius-to-length ratio. The curves show a 

prominent reduction in RFC with increasing 𝑅/𝐿 , 

stabilizing after a certain point. Higher 𝐾𝑊
∗  values notably 

increase the RFC across the entire 𝑅/𝐿 range, with the 

most dramatic effects occurring at low 𝑅/𝐿 values (i.e., 

more curved shells). This indicates that highly curved 

panels are more sensitive to subgrade stiffness, and thus the 

vibrational response can be strongly influenced by the 

foundation behavior. As the shell becomes flatter (higher 

𝑅/𝐿), the impact of 𝐾𝑊
∗  diminishes. These results are vital 

for engineering applications requiring dynamic stability on 

elastic foundations, and they highlight the effectiveness of 

nano-alumina reinforcement in maintaining performance 

across different curvature levels.  
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Fig. 13 The relationship between the radius-to-length ratio 

and RFC for varying 𝐾𝑊
∗  values 

 

 

Fig. 14 The effect of varying the dimensionless Pasternak 

foundation parameter on the relative frequency change with 

respect to the radius-to-length ratio 
 

 

Fig. 14 explores the effect of varying the dimensionless 
Pasternak foundation parameter on the relative frequency 
change with respect to the radius-to-length ratio. The plots 
reveal a steep decline in RFC as 𝑅/𝐿 increases from 0.5 to 
around 1.0, after which the trend stabilizes. Higher 𝐾𝑃

∗  
values consistently result in elevated RFC levels across the 
𝑅/𝐿  range, highlighting the enhanced stiffness and 
frequency response due to increased shear layer interaction 
in the Pasternak foundation model. This sensitivity is 
especially prominent at low 𝑅/𝐿, where shell curvature is 
more pronounced, indicating stronger foundation-structure 
interaction. As the shell becomes flatter (higher 𝑅/𝐿), the 
influence of the subgrade shear parameter diminishes, 
yielding more uniform frequency behavior. These results 
underscore the importance of curvature in tuning dynamic 
performance, and confirm that Pasternak-type foundations 
are highly effective for controlling vibrations in nano-
alumina-reinforced cylindrical concrete panels. 

 

5. Conclusions 

 
This study comprehensively investigated the vibrational 

response of curved concrete shell panels reinforced with 

nano-alumina particles, focusing on the influence of 

geometric parameters, nanoparticle distribution, and elastic 

foundation stiffness. By incorporating nano-alumina into 

the concrete matrix, the structural performance of the panels 

under dynamic loading conditions was significantly 

enhanced. The analysis demonstrated that the addition of 

nano-alumina effectively increased the natural frequencies 

of the panels, particularly when the reinforcement was non-

uniformly distributed in optimized patterns. This 

improvement was attributed to the superior mechanical 

characteristics of nano-alumina, including its high stiffness 

and strength at the nanoscale, which contributed to 

improved load transfer and energy dissipation within the 

structure. The study further examined the impact of 

geometric configurations, including the radius-to-length and 

thickness-to-length ratios, revealing that thinner and more 

curved panels exhibited higher sensitivity to changes in 

reinforcement and foundation stiffness. The incorporation 

of Winkler and Pasternak elastic foundations provided a 

realistic simulation of support conditions, and the results 

showed that both parameters significantly influenced the 

vibrational characteristics. Higher foundation stiffnesses led 

to increased natural frequencies, underscoring the 

importance of boundary conditions in dynamic behavior. To 

assess the relative change in vibrational behavior due to 

these parameters, the concept of Relative Frequency change 

was introduced and employed effectively. Finally, the 

present formulation was validated against results obtained 

using Classical Plate Theory and Reddy’s third-order shear 

deformation theory. The comparisons confirmed the 

accuracy and efficiency of the proposed approach, 

particularly in capturing the effects of nanoscale 

reinforcement. Overall, the findings of this research 

provided valuable insights into the design of nano-

reinforced shell structures and highlighted the potential of 

nanotechnology in enhancing the dynamic performance of 

concrete infrastructure. These results offered practical 

implications for the development of high-performance, 

vibration-resistant structural systems. 
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