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1. Introduction 
 

Protein stability is fundamental to athletic performance, 

influencing the structural integrity of muscle fibers, tendons, 

and ligaments during dynamic physical activities. Recent 

developments in biomechanical modeling, particularly in 

relation to sports equipment and composite structures, 

underscore the importance of material stability when 

subjected to mechanical stress (Wang et al. 2023a, c, Wu et 

al. 2023). Studies on graphene-reinforced composites and 

functionally graded materials have demonstrated the 

influence of microscale heterogeneities on mechanical 

resilience, a concept applicable to protein tissues under 

exercise-induced loads. The behavior of protein fibers under 

strain resembles the responses seen in advanced sports 

structures, including viscoelastic panels and laminated 

nanoshells, where stability and deformation thresholds that 

depend on frequency influence performance outcomes. 

Athletic activities exert intricate mechanical stresses on 

biological tissues, such as cyclic loading, shear forces, and 
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localized strain gradients, potentially destabilizing protein 

structures. This aligns with findings in research on sports 

equipment, including the dynamic stability analysis of 

composite curved pipes and the buckling resistance of 

functionally graded micro-tubes (Li et al. 2024b), where 

material failure is influenced by microscale interactions and 

load distribution. For instance, Wang et al. (2024a) 

highlighted the significance of nonuniform material 

properties in cylindrical beam structures. This principle is 

equally crucial for comprehending how exercise-induced 

stress gradients destabilize protein networks. In a similar 

vein, Zhu et al. (2024b) examined the hygrothermal effects 

on gymnastics beams, highlighting the relationship between 

environmental conditions and mechanical responses, a 

framework relevant to physiological environments during 

exercise. 

Despite these parallels, previous studies on protein 

stability have primarily concentrated on biochemical or 

thermal factors (Man et al. 2024, Song et al. 2024), 

overlooking the biomechanical forces that are crucial to 

athletic performance. Traditional models, including those 

examining thermal stress in piezoelectric sports plates 

(Wang et al. 2024g) and electro-magneto-elastic diving 

boards (Wang et al. 2024d), do not possess the resolution 
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Abstract.  Protein stability has been recognized as a critical factor influencing athletic performance, recovery, and injury 

prevention during physical exercise. Despite widespread recognition, the mechanisms by which exercise influences the stability 

of protein tissues and fibers remain incompletely understood. This study uses complex mechanical theories and numerical 

simulations to investigate how exercise impacts protein stability. Size-dependent mechanical models are employed to analyze 

the small-scale behavior of protein tissues under exercise-induced stress, including strain rate, tissue microstructure, and exercise 

intensity. Numerical approaches are used to simulate proteins’ dynamic behavior, offering insights into their deformation and 

failure processes under a wide range of situations. The results demonstrate that exercise substantially influences protein stability, 

with significant variations depending on the kind and intensity of the physical activity. These findings provide novel insights into 

the importance of protein stability in athletic performance and recovery, highlighting practical implications for training 

optimization, injury prevention, and broader applications in sports science. This study emphasizes the importance of protein 

stability for exercise and athletic performance by integrating biomechanics and sports science. 
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necessary to account for size-dependent protein dynamics.  

Recent research on sports equipment illustrates the 

significance of advanced mechanical theories. For example, 

Ma et al. (2024) utilized modified strain gradient theory to 

forecast static and dynamic responses in sandwich micro-

plates, whereas Guo et al. (2024) implemented nonlocal 

strain gradient principles to examine electroelastic wave 

dispersion in nanosensors. These approaches underscore the 

need for scale-sensitive models to elucidate nanoscale 

protein behavior under athletic loads (Omidi et al. 2013, 

Mousavi et al. 2017, Shahabinejad et al. 2018). The 

incorporation of biomechanical principles into the analysis 

of protein stability is substantiated by research on sports 

structures, including the energy absorption of vibrating 

athlete performance plates (Wang et al. 2024e) and the 

dynamic stability of spinning cylindrical components (Zhang 

et al. 2024a). These studies demonstrate the correlation 

between mechanical instability thresholds and performance 

degradation, a crucial concept for connecting protein-level 

failures, such as fiber buckling or denaturation, to macro-

scale athletic injuries. This study integrates methodologies 

from sports engineering, including AI-driven predictions of 

buckling in micro-tubes and computational stability 

analyses of gymnastic accessories, thereby connecting 

material science with exercise physiology and providing a 

new biomechanical perspective on protein stability. 

Traditional models for assessing protein stability in 

athletic contexts typically depend on macroscale continuum 

mechanics or simplified thermal and biochemical 

frameworks, overlooking the size-dependent dynamics that 

are essential at the microscale of protein tissues (Huang et 

al. 2024b, Liu et al. 2024a, Wu et al. 2024a). Studies such 

as Li et al. (2024a), which utilized classical torsional 

analysis on metal-foam beams, and Wang et al. (2024f), 

which modeled foldable gymnastic accessories through 

eigenvalue approaches, illustrate the tendency of traditional 

methods to emphasize global structural responses rather 

than localized microscale interactions. In a similar vein, 

Zhao et al. (2024) utilized neuro-fuzzy systems to forecast 

springback in steel sheets, yet overlooked microstructural 

heterogeneities, a limitation akin to the neglect of protein 

fiber hierarchies in exercise physiology. These approaches 

do not adequately account for phenomena such as surface 

energy effects, nonlocal stress interactions, or strain 

gradients—elements that significantly influence nanoscale 

protein behavior under dynamic athletic loads (Liu et al. 

2025a). 
The limitations of classical models are apparent when 

their predictions are contrasted with advanced size-
dependent frameworks (Wang et al. 2024h, j, k). For 
instance, Krysko et al. (2021) demonstrated that non-
classical boundary conditions in concrete disks significantly 
modify stability thresholds, a result that cannot be 
replicated using conventional elasticity theory. Similarly, 
Shi et al. (2022) showed that electro-thermo-mechanical 
coupling in porous nanoshells leads to microscale stress 
concentrations that are not present in macroscale models.  
Discrepancies pose significant challenges for protein 
tissues, as hierarchical architectures, such as collagen fibrils 
and myofilaments, demonstrate deformation modes that are 
sensitive to scale. Research on sports equipment, as 

exemplified by Zhang et al. (2024b), where examination of 
foldable cylindrical shells reinforced which examined 
foldable cylindrical shells reinforced with graphene origami 
nanofillers, highlights the inadequacy of classical beam 
theories in accurately predicting buckling thresholds due to 
their disregard for nanoscale reinforcement effects, a 
limitation that also applies to protein fiber networks. 

Recent advancements in materials science have adopted 

size-dependent theories, such as the application of hybrid 

nonlocal strain gradient models to curved nanopipes and 

microparameter-driven stress analysis of plates. In contrast, 

exercise physiology continues to rely on oversimplified 

paradigms.  The use of folded nanostructures to enhance 

pole vault shells, as proven by Zhiqiang et al. (2024), 

emphasizes the importance of microscale design in load-

bearing settings, nevertheless, comparable ideas are seldom 

used in protein tissues. In a similar line, the study of 

piezoelectric sandwich micro-panels and the modeling of 

higher-order foldability in shells demonstrate how 

sophisticated frameworks may solve localized instabilities, 

nonetheless, these breakthroughs remain neglected in 

biomechanical protein research.  

Additionally, previous studies on protein stability have 

primarily concentrated on biochemical pathways (Man et al. 

2024) or thermal stressors (Song et al. 2024), neglecting 

biomechanical factors. For instance, Xiao et al. (2024) 

examined imperfect bio-composite beams in environmental 

contexts but failed to consider mechanical strain-rate 

effects, whereas Wang et al. (2025) investigated nanoparticle 

-enhanced lubrication without establishing a connection 

between microscale interactions and macroscale wear 

resistance. This limited perspective creates significant 

deficiencies in comprehending how mechanical loads from 

exercise disrupt protein structures (Chen et al. 2025, Liu et 

al. 2025b, Wu et al. 2025). In contrast, the AI-driven 

stability prediction for nonuniform microstructures presented 

in study of Liang et al. (2024) and the multi-load analysis of 

origami-reinforced panels in research by Yu et al. (2024) 

demonstrate the predictive capabilities of scale-sensitive 

models, which are essential for mapping protein behavior 

under athletic stress. 

Recent advances in size-dependent mechanical theories 

have transformed the study of microscale biomechanical 

systems, providing unparalleled accuracy in capturing the 

complex behaviors of protein tissues under exercise-

induced stress (Chen et al. 2024, Liu et al. 2024b, Wu et al. 

2024b). Unlike classical models, nonlocal elasticity and 

strain gradient theory clearly account for surface energy 

effects, nonlocal stress interactions, and material hetero-

geneity, all of which are important considerations in 

understanding protein stability in sporting situations (Jining 

et al. 2025). For example, research on graphene origami (G-

Ori) reinforced composites (Zhu et al. 2024a) and foldable 

nanostructures (Li et al. 2025) shows how size-dependent 

design principles improve load-bearing capacity and 

dynamic resilience in sports equipment, serving as a 

template for modeling hierarchical protein architectures. 

 The combination of these ideas with computer 

intelligence has increased their predictive potential. For 

example, Zisong and Habibi (2024) used neural-fuzzy 

systems and crystal plasticity to predict formability in steel 
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sheets, which is directly relevant to predicting protein fiber 

deformation under cyclic sports loads. Similarly, Jining et 

al. (2025) created a hybrid intelligent model for evaluating 

piezoelectric shells, resolving stress/strain patterns in 

deformable structures—an technique that may help explain 

how electro-thermo-mechanical interaction affects protein 

stability during exercise. These developments address 

macroscale model limits by resolving localized phenomena 

that traditional frameworks cannot see, such as stress 

concentrations at protein fiber junctions or strain-rate-

dependent unfolding (Zhou et al. 2025). 

Size-dependent models have already had a dramatic 

impact on sports engineering.  Studies using stretchable-

thickness graphene origami plates (Wang et al. 2024i) 

demonstrated how nanoscale reinforcements reduce dynamic 

instabilities in badminton equipment, replicating the effect 

of cross-linked protein networks in preventing exercise-

induced weariness. Huang et al. (2024a) improved foldable 

golf club shells using eigenvalue-eigenvector approaches, 

showing how microscale geometry impacts macroscale 

performance, which is significant for understanding protein 

fibril alignment in tendons under mechanical load.  These 

parallels show that size-dependent biomechanics in exercise 

physiology is neglected. 

Emerging approaches, such as AI-driven stability 

prediction (Zhu et al. 2022) and multi-scale foldability 

modeling (Wang et al. 2024b), help to bridge the gap 

between material science and biological systems. For 

example, He et al. (2024) used modified non-classical 

theories to study composite concrete stability, which is 

applicable to forecasting protein network breakdowns under 

athletic stress gradients.  Furthermore, Zhou et al. (2025) 

showed how carbon nanotube aggregation influences 

torsional responses in composite rods, providing insights 

into protein fiber interactions during high-intensity motions.  

By incorporating these advances, this research creates a 

biomechanical framework for quantifying exercise-induced 

protein instability and guiding training optimization and 

injury prevention measures.  
This research tackles significant deficiencies in exercise 

physiology by utilizing size-dependent biomechanical 
models and sophisticated numerical simulations to elucidate 

the mechanisms behind exercise-induced protein instability.  
The objectives consist of three key components: 

o To create a comprehensive biomechanical 
framework that measures protein stability under athletic 
loads, incorporating strain gradient theory and nonlocal 
elasticity principles to address nanoscale fiber interactions 

and macroscale tissue responses. 
o The objective is to correlate exercise intensity, 

strain rate, and tissue microstructure with protein 
deformation thresholds through high-fidelity numerical 
simulations, while mapping dynamic failure modes across 
hierarchical architectures. 

o The objective is to create practical guidelines 
aimed at enhancing training programs and preventing 
injuries, utilizing stability criteria that have been validated 
through athlete performance data and energy absorption 
metrics drawn from comparisons with sports equipment. 

This work presents three significant contributions that 

are truly innovative: 

This work presents three significant contributions that 

are truly innovative:  

✓ Initial implementation of size-dependent models 

derived from sports applications in the field of protein 

biomechanics: This study integrates methodologies from 

foldable nanostructures and graphene origami-reinforced 

composites, creating a connection between materials 

science and exercise physiology, and presenting a 

significant shift from traditional thermal and biochemical 

analyses.  

✓ The integration of multiscale numerical 

frameworks involves the combination of nonlocal strain 

gradient theory and dynamic stability analysis. This 

approach addresses protein instability under cyclic loads, a 

feature lacking in classical continuum models.  

✓ Application of translation to athletic performance: 

This study differentiates itself from previous research on 

static protein behavior by establishing a connection between 

microscale protein failures, such as fiber buckling, and 

macroscale injuries, including tendinopathies. This linkage 

is supported by stability criteria validated through athlete 

performance data and sports equipment mechanics. 

This study establishes a biomechanics-to-practice pipeline 

that enhances theoretical understanding and provides 

coaches and athletes with evidence-based strategies to 

improve performance and longevity. 
 

 

2. Mathematical formulation of protein tissue stability 
under exercise-induced loads 

 
2.1 Linking protein tissue stability to mechanical 

engineering principles  
 

Protein tissues, like muscle fibers and tendons, display 

hierarchical structures that support mechanical stresses 

during physical activity. These structures may be similarly 

represented as beam- or tube-like systems in mechanical 

engineering (Fig. 1), where external forces (e.g., exercise-

induced stresses) and environmental conditions (e.g., heat 

variations) dictate their stability. Exercise produces mechanical 

loads (e.g., axial tension, shear, bending) and thermal 

stressors from elevated core body temperature, both of 

which destabilize protein tissues by causing microstructural 

deformations. To quantify these effects, we use size-

dependent mechanical theories (e.g., modified couple stress 

theory) that include microscale material heterogeneity and 

inherent length-scale factors, which are essential for 

simulating biological tissues at the nanoscale. 

 

2.2 Mechanical analogy: protein fibers as size-
dependent beams/tubes 

 

Protein fibers are represented as elastic cylindrical tubes 

within a viscoelastic matrix that simulates surrounding 

tissues (Fig. 2).  The mechanical response of these fibers 

under loads induced by exercise is determined by: 

✓ Geometric nonlinearity: Significant deformations 

resulting from repetitive athletic motions. 

✓ Size-dependent effects: Nanoscale microstructural 

interactions (e.g., cross-linking, fibril alignment). 
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Fig. 1 Hierarchical structure of protein tissues and their 

mechanical engineering analogy 

 

 

Fig. 2 The mechanical analogy of protein fibers as size-

dependent tubes 

 

 

✓ Thermal coupling: Heat production during 

physical activity modifies material rigidity and strain 

energy. 

The modified couple stress theory (MCST) is used to 

integrate size-dependent effects, providing an intrinsic 

material length scale (𝑙) to account for microscale stress 

gradients.  Thermal stress is used as an external load 

variable to model exercise-generated temperature 

fluctuations. 

 

2.3 Governing equations  

 

Consider a protein fiber modeled as a cylindrical tube 

with length ‘𝐿’, outer radius ‘𝑅𝑜’, and inner radius ‘𝑅𝑖’. 
The displacement fields (𝑢𝑥, 𝑢𝑦, 𝑢𝑧), along 𝑥-axis (𝑢𝑥), 

𝑦-axis 𝑢𝑦, and 𝑧-axis (𝑢𝑧), based on the exponential shear 

deformation beam theory (ESDBT) are defined as follows 

(Lu et al. 2017): 

𝑢𝑥(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢(𝑥, 𝑡) − 𝑧
𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
+ 𝜉(𝑧) (𝜓 +

𝜕𝑤

𝜕𝑥
) (1a) 

𝑢𝑦 = 0 (1b) 

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡) (1c) 

where ‘𝑢’ is the axial displacement, ‘𝜓’ is the rotation angle 

of the cross-section of the 𝑦-axis, and ‘𝑤’ is the lateral 

displacement. Here, ‘𝜉(𝑧)’ is a function of ‘𝑧’ that meets the 

zero-shear stress and strain condition at both the top and 

bottom surfaces of the beam without applying any shear 

correction factors. Also, for exponential shear deformation 

beam theory, ‘𝜉(𝑧)’ is defined as follows (Lu  et al. 2017): 

(𝑧) = 𝑧𝑒−2
(
𝑧

ℎ
)
2

= 𝑟 𝑠𝑖𝑛(𝜃) 𝑒
−
2𝑟2 𝑠𝑖𝑛(𝜃)2

(𝑅𝑜−𝑅𝑖)2  (2) 

Here ‘ℎ = 𝑅𝑜 − 𝑅𝑖’ is the thickness, ‘𝑧 = 𝑟𝑠𝑖𝑛(𝜃)’. 

Based on the mentioned displacement fields, the strain 

tensors (𝜀) are defined as follows: 

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
 

−𝑟 𝑠𝑖𝑛(𝜃) (
𝜕2𝑤

𝜕𝑥2
+ (

𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) 𝑒

−2
𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 ) 

(3a) 

𝜀𝑥𝑧 = 𝜀𝑧𝑥 =
1

2
𝑒
−2

𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 (𝜓 +
𝜕𝑤

𝜕𝑥
) 

−2
𝑟2 𝑠𝑖𝑛2(𝜃) 𝑒

−2
𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 𝑙𝑛(𝑒)

(𝑅𝑜 − 𝑅𝑖)2
(𝜓 +

𝜕𝑤

𝜕𝑥
) 

(3b) 

Based on the modified couple stress theory, the 

curvature tensors (𝜒) are defined as follows (Chang et al. 

2025): 

𝜒𝑥𝑦 = 𝜒𝑦𝑥 =
1

2

𝜕2𝑤

𝜕𝑥2
+
1

4
𝑒
−
2𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 (
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) 

−
𝑟2 𝑠𝑖𝑛2(𝜃) 𝑒

−2
𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 𝑙𝑛(𝑒)

(𝑅𝑜 − 𝑅𝑖)2
(
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) 

(4a) 

𝜒𝑦𝑧 = 𝜒𝑧𝑦 

= 4
𝑟3 𝑠𝑖𝑛3(𝜃) 𝑒

−
2𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 𝑙𝑛(𝑒)2

(𝑅𝑜 − 𝑅𝑖)4
(𝜓 +

𝜕𝑤

𝜕𝑥
) 

−3
𝑒
−
2𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 𝑟 𝑠𝑖𝑛(𝜃) 𝑙𝑛(𝑒)

(𝑅𝑜 − 𝑅𝑖)2
(𝜓 +

𝜕𝑤

𝜕𝑥
) 

(4b) 
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Then, stress tensors ‘𝜎 ’ under the thermal impacts 

(Rajasekaran et al. 2022) and couple stress relations (𝑚) 

based on the high-order exponential shear deformation 

beam theory linked with the modified couple stress theory 

are defined as follows: 

𝜎𝑥𝑥 = 𝐸
𝜕𝑢

𝜕𝑥
− 𝐸𝑟 𝑠𝑖𝑛(𝜃)

𝜕2𝑤

𝜕𝑥2
− 𝐸𝛼𝛥𝛵 

−𝐸𝑟 𝑠𝑖𝑛(𝜃) 𝑒
−2

𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 (
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) 

(5a) 

𝜎𝑥𝑧 = 𝜎𝑧𝑥 =
1

2
𝐺𝑒

−2
𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 (𝜓 +
𝜕𝑤

𝜕𝑥
) 

−2𝐺
𝑟2 𝑠𝑖𝑛2(𝜃) 𝑒

−2
𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 𝑙𝑛(𝑒)

(𝑅𝑜 − 𝑅𝑖)2
(𝜓 +

𝜕𝑤

𝜕𝑥
) 

(5b) 

𝑚𝑥𝑦 = 𝑚𝑦𝑥 = −𝑙
2𝐺 (

𝜕2𝑤

𝜕𝑥2
) 

1

2
𝑙2𝐺 (𝑒

𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 )

−2

(
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) 

−2
𝑙2𝐺𝑟2 𝑠𝑖𝑛2(𝜃) 𝑙𝑛(𝑒)

(𝑅𝑜 − 𝑅𝑖)2
(𝑒

𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 )

−2

(
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) 

(5c) 

𝑚𝑦𝑧 = 𝑚𝑧𝑦 = 

8𝑙2𝐺𝑟3 𝑠𝑖𝑛3(𝜃) 𝑙𝑛(𝑒)2

(𝑅𝑜 − 𝑅𝑖)4
(𝑒

𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 )

−2

(ψ+
𝜕𝑤

𝜕𝑥
) 

−
6𝑙2𝐺𝑟 𝑠𝑖𝑛(𝜃) 𝑙𝑛(𝑒)

(𝑅𝑜 − 𝑅𝑖)2
(𝑒

𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 )

−2

(ψ+
𝜕𝑤

𝜕𝑥
) 

(5d) 

where ‘𝐸’ is elastic modulus, and ‘𝐺 = 𝐸 2⁄ + 𝐸 2𝜈⁄ ’ is 

shear elastic modulus, and ‘𝑙’ is the small-scale parameter 

due to the modified couple stress theory. Also, ‘𝛼’ is the 

thermal expansion coefficient, and ‘𝛥𝑇’ the temperature 

change, specifically in this problem, which occurs during 

exercise and physical activities. Then, using the stress-strain 

relation, the potential energy (𝑃) is generated as follows: 

𝑃 = ∫ ∬𝑝̄𝑑𝐴𝑑𝑥
𝐿

0

 

𝑝̄ = +𝐸𝜉(𝑧) (
𝜕𝑢

𝜕𝑥
) (
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) −

𝐸𝛼𝛥𝛵

2
(
𝜕𝑢

𝜕𝑥
) 

+
𝑙2𝐺𝐾𝑠

8
(
𝑑

𝑑𝑧
 𝜉(𝑧))

2

(
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
)

2

+
𝐸𝑧𝛼𝛥𝛵

2
(
𝜕2𝑤

𝜕𝑥2
) 

𝑙2𝐺𝐾𝑠

8
(
𝑑2

𝑑𝑧2
 𝜉(𝑧))

2

(ψ+
𝜕𝑤

𝜕𝑥
)
2

+
𝑙2𝐺𝐾𝑠

2
(
𝜕2𝑤

𝜕𝑥2
)

2

 

+
𝐺𝐾𝑠

4
(
𝑑

𝑑𝑧
 𝜉(𝑧))

2

(ψ+
𝜕𝑤

𝜕𝑥
)
2

+
𝐸𝜉(𝑧)2

2
(
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
)

2

 

−𝐸𝑧𝜉(𝑧) (
𝜕2𝑤

𝜕𝑥2
) (
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) − 𝐸𝑧 (

𝜕𝑢

𝜕𝑥
) (
𝜕2𝑤

𝜕𝑥2
) 

+
𝐸

2
(
𝜕𝑢

𝜕𝑥
)
2

−
𝐸𝛼𝛥𝛵𝜉(𝑧)

2
(
𝜕𝜓

𝜕𝑥
) −

𝐸𝜉(𝑧)𝛼𝛥𝛵

2
(
𝜕2𝑤

𝜕𝑥2
) 

+
𝐸𝑧2

2
(
𝜕2𝑤

𝜕𝑥2
)

2

−
𝑙2𝐺𝐾𝑠

2
(
𝑑

𝑑𝑧
 𝜉(𝑧))(

𝜕2𝑤

𝜕𝑥2
)(
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) 

(6) 

where ‘𝜉’ was defined in Eq. (2), and the first and second 

derivatives are calculated as follows: 

𝑑𝜉(𝑧)

𝑑𝑧
= 𝑒

−
2𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 −
4𝑟2 𝑠𝑖𝑛2(𝜃) 𝑒

−
2𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 𝑙𝑛(𝑒)

(𝑅𝑜 − 𝑅𝑖)2
 

(7a) 

𝑑2𝜉(𝑧)

𝑑𝑧2
=
16𝑟3 𝑠𝑖𝑛3(𝜃) 𝑒

−
2𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 𝑙𝑛(𝑒)2

(𝑅𝑜 − 𝑅𝑖)4
 

−
12𝑒

−
2𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 𝑟 𝑠𝑖𝑛(𝜃) 𝑙𝑛(𝑒)

(𝑅𝑜 − 𝑅𝑖)2
 

(7b) 

Also ‘𝐾𝑠’ is the shear correction factor and is defined as 

follows (Yan et al. 2024): 

𝐾𝑠 = 

6 (
𝑅𝑜2+𝑅𝑖2

𝑅𝑜2
)
2

(1 + 2𝜈 + 𝜈2)

(7 + 14𝜈 + 8𝜈2) (
𝑅𝑜2+𝑅𝑖2

𝑅𝑜2
)
2

+
𝑅𝑖2

𝑅𝑜2
(20 + 40𝜈 + 16𝜈2)

 
(8) 

Then, the Kinetic energy (𝐾) on the basis of the high-

order exponential shear deformation beam theory is defined 

as follows: 

𝐾 = ∫ ∬𝑘̄𝑑𝐴𝑑𝑥
𝐿

0

= 

1

2
∫ ∬𝜌 [(

𝜕𝑢𝑥
𝜕𝑡
)
2

+ (
𝜕𝑢𝑦

𝜕𝑡
)

2

+ (
𝜕𝑢𝑧
𝜕𝑡
)
2

] 𝑑𝐴 𝑑𝑥
𝐿

0

 

(9a) 

where 

𝑘̄ =
1

2
ρr2 𝑠𝑖𝑛2(𝜃) (𝑒

𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 )

−4

(
𝜕𝜓

𝜕𝑡
+
𝜕2𝑤

𝜕𝑥𝜕𝑡
)

2

+
1

2
𝜌 (
𝜕𝑢

𝜕𝑡
)
2

 

−ρr2 𝑠𝑖𝑛2(𝜃) (𝑒
𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 )

−2

(
𝜕2𝑤

𝜕𝑥𝜕𝑡
)(
𝜕𝜓

𝜕𝑡
+
𝜕2𝑤

𝜕𝑥𝜕𝑡
) 

+ρr 𝑠𝑖𝑛(𝜃) (𝑒
𝑟2 𝑠𝑖𝑛2(𝜃)

(𝑅𝑜−𝑅𝑖)2 )

−2

(
𝜕𝑢

𝜕𝑡
) (
𝜕𝜓

𝜕𝑡
+
𝜕2𝑤

𝜕𝑥𝜕𝑡
) 

+
1

2
𝜌 (
𝜕𝑤

𝜕𝑡
)
2

-ρr 𝑠𝑖𝑛(𝜃) (
𝜕𝑢

𝜕𝑡
) (
𝜕2𝑤

𝜕𝑥𝜕𝑡
) 

+
1

2
ρr2 𝑠𝑖𝑛2(𝜃) (

𝜕2𝑤

𝜕𝑥𝜕𝑡
)

2

 

(9b) 

Here, ‘ρ’ is density. Then, incorporating Winkler and 

Pasternak foundation constants into the mathematical model 

enables a realistic representation of how protein fibers 

interact with their surrounding microenvironment when 

subjected to mechanical and thermal stress during exercise. 

The surrounding biological matrix, such as connective 

tissues or the extracellular matrix, applies a distributed 

reactive force on the protein fiber or tube during exercise. 

This phenomenon can be modeled using: 

• Winkler Foundation: Comprises a series of linear 

springs that generate a reaction force in direct proportion to 

the radial displacement. The Winkler Constant (𝐾𝑤) 

indicates the rigidity of the extracellular matrix that 

counters radial expansion and compression of protein fibers 

during physical activity. For instance, collagen networks in 

tendons offer consistent elastic support. 

• Pasternak Foundation: Introduces a shear 
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interaction between neighboring springs, adding a term 

related to curvature. Pasternak Constant (𝐾𝑝) accounts for 

shear interactions among nearby protein fibrils or cross-

links, aiding in tissue stability against bending or buckling. 

The energy from external forces generated by the elastic 

foundations (𝑉) is calculated mathematically as follows 

(Avcar and Mohammed 2018): 

𝑉 = ∫ 𝐾𝑤𝑤 − 𝐾𝑝
𝜕2𝑤

𝜕𝑥2
𝑑𝑥

𝐿

0

 (10) 

The interaction of potential energy (Eq. (6)) influences 

the behavior of protein fibers during exercise, as well as 

kinetic energy (Eqs. (9)) and external foundation energy 

(Eq. (10)). According to Hamilton’s principle, the actual 

motion of a system minimizes the action integral across 

time: 

∫ 𝛿𝐾 − 𝛿𝑃 − 𝛿𝑉𝑑𝑡

𝑡2

𝑡1

= 0 (11) 

By applying integration by parts to the variation of the 

action integral, the Euler-Lagrange equations are derived. 

So, the following size-dependent governing equations are 

generated. 

‘𝛿(𝑤)’ 

𝛱1
𝜕4𝑤

𝜕𝑥4
+ 𝛱3

𝜕3𝑢

𝜕𝑥3
+ 𝛱5 (

𝜕3𝜓

𝜕𝑥3
+
𝜕4𝑤

𝜕𝑥4
) − 𝐾𝑊𝑤 

+𝛱7 (
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) + (𝐾𝑃 −∬𝐸𝛼𝛥𝛵𝑟𝑑𝑟𝑑𝜃)

𝜕2𝑤

𝜕𝑥2
= 

𝛺1
𝜕4𝑤

𝜕𝑡2𝜕𝑥2
− 𝛺2

𝜕2𝑤

𝜕𝑡2
+ 𝛺3

𝜕3𝜓

𝜕𝑡2𝜕𝑥
 

(12a) 

‘𝛿(𝜓)’ 

𝛬1
𝜕3𝑤

𝜕𝑥3
+ 𝛬3 (

𝜕𝑤

𝜕𝑥
) − 𝛬4

𝜕2𝑢

𝜕𝑥2
− 𝛬6 (

𝜕2𝜓

𝜕𝑥2
+
𝜕3𝑤

𝜕𝑥3
) 

+𝛬8 (𝜓 +
𝜕𝑤

𝜕𝑥
) = 𝛺3

𝜕3𝑤

𝜕𝑡2𝜕𝑥
+ 𝛺4

𝜕2𝜓

𝜕𝑡2
 

(12b) 

‘𝛿(𝑢)’ 

−𝛤1 (
𝜕2𝜓

𝜕𝑥2
+
𝜕3𝑤

𝜕𝑥3
) + 𝛤3

𝜕3𝑤

𝜕𝑥3
− 𝛤4

𝜕2𝑢

𝜕𝑥2
= 𝛺2

𝜕2𝑤

𝜕𝑡2
 

(12c) 

In which 

{

𝛱1
𝛱3
𝛱5
𝛱7

} =

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 ∬𝐸𝑧2𝑟𝑑𝑟𝑑𝜃 −∬𝐸𝜉𝑧𝑟𝑑𝑟𝑑𝜃 𝛯14

+𝑙2𝐾𝑠∬𝐺𝑟𝑑𝑟𝑑𝜃 −
1

2
𝑙2𝐾𝑠∬𝐺

𝑑𝜉

𝑑𝑧
𝑟𝑑𝑟𝑑𝜃

∬𝐸𝜉𝑟𝑑𝑟𝑑𝜃 𝛯3 −∬𝐸𝑧𝑟𝑑𝑟𝑑𝜃 𝛯1

∬𝐸𝜉2𝑟𝑑𝑟𝑑𝜃 +
3

8
𝑙2𝐾𝑠∬𝐺 (

𝑑𝜉

𝑑𝑧
)
2

𝑟𝑑𝑟𝑑𝜃

−∬𝐸𝑧𝜉𝑟𝑑𝑟𝑑𝜃 −
1

2
𝑙2𝐾𝑠∬𝐺 (

𝑑𝜉

𝑑𝑧
) 𝑟𝑑𝑟𝑑𝜃

−(
1

2
+
𝑙2

4
)𝐾𝑠∬𝐺 (

𝑑𝜉

𝑑𝑧
)
2

𝑟𝑑𝑟𝑑𝜃
}
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 (13a) 

{

𝛺1
𝛺2
𝛺3

} =

{
 
 

 
 ∬𝜌𝜉2𝑟𝑑𝑟𝑑𝜃 +∬𝜌𝑧2𝑟𝑑𝑟𝑑𝜃 − 2∬𝜌𝜉𝑧𝑟𝑑𝑟𝑑𝜃

∬𝜌𝑟𝑑𝑟𝑑𝜃

∬𝜌𝜉2𝑟𝑑𝑟𝑑𝜃 −∬𝜌𝜉𝑧𝑟𝑑𝑟𝑑𝜃
}
 
 

 
 

 (13b) 

Also, 

{
 
 

 
 
𝛬1
𝛬3
𝛬4
𝛬6
𝛬8
𝛬9}
 
 

 
 

=

{
 
 
 
 
 
 

 
 
 
 
 
 ∬𝐸𝑧𝜉𝑟𝑑𝑟𝑑𝜃 (1 +

1

2
𝑙2)

𝐾𝑠∬𝐺 (
𝑑𝜉

𝑑𝑧
)
2

𝑟𝑑𝑟𝑑𝜃

∬𝐸𝑔𝑟𝑑𝑟𝑑𝜃

∬𝐸𝜉2𝑟𝑑𝑟𝑑𝜃 +
1

4
𝑙2𝐾𝑠∬𝐺 (

𝑑𝜉

𝑑𝑧
)
2

𝑟𝑑𝑟𝑑𝜃

1

4
𝑙2𝐾𝑠∬𝐺 (

𝑑𝜉

𝑑𝑧
)
2

𝑟𝑑𝑟𝑑𝜃

−∬𝐸𝑧𝜉𝑟𝑑𝑟𝑑𝜃 −
1

2
𝑙2𝐾𝑠∬𝐺

𝑑𝜉

𝑑𝑧
𝑟𝑑𝑟𝑑𝜃

}
 
 
 
 
 
 

 
 
 
 
 
 

 (13c) 

𝛺4 =∬𝜉2𝑟𝑑𝑟𝑑𝜃 (13d) 

{

𝛤1
𝛤3
𝛤4

} = ∬{
𝐸𝑧
𝐸𝜉
𝐸
} 𝑟𝑑𝑟𝑑𝜃 (13e) 

Finally, the general form of the boundary conditions is 

calculated as follows: 

𝛿(𝑤): −𝛱1
𝜕2𝑤

𝜕𝑥2
−𝛱5 (

𝜕𝜓

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥2
) 

−𝛱7 (𝜓 +
𝜕𝑤

𝜕𝑥
) + −𝛱3

𝜕𝑢

𝜕𝑥
= 0 

(14a) 

𝛿(𝜕𝑤 𝜕𝑥⁄ ): +𝛱1
𝜕2𝑤

𝜕𝑥2
+ 𝛱3

𝜕𝑢

𝜕𝑥
+𝛱5 (

𝜕𝜓

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥2
) = 0 (14b) 

𝛿(𝜓): 𝛬9
𝜕2𝑤

𝜕𝑥2
+ 𝛬4 (

𝜕𝑢

𝜕𝑥
) + 𝛬6 (

𝜕𝜓

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥2
) = 0 (14c) 

𝛿(𝑢): 𝛤1 (
𝜕𝜓

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥2
) − 𝛤3 (

𝜕2𝑤

𝜕𝑥2
) − 𝛤4 (

𝜕𝑢

𝜕𝑥
) = 0 (14d) 

 

 

3. Numerical solution methodology: finite element 
implementation 
 

The finite element method (FEM), a popular 
computational tool, was utilized in this work to investigate 
the mechanical behavior of protein tissues under exercise-
induced stress.  Protein structures were idealized as beam-
like tube models, which were mathematically characterized 
using the exponential shear deformation beam theory 
(ESDBT) in conjunction with the modified couple stress 
theory to account for size-dependent microscale effects.  
This method allows for the simplification of intricate 
protein geometries into more manageable elements, hence 
permitting the simulation of dynamic reactions to different 
strain rates, tissue microstructures, and workout intensities 
(Afshari Behzad et al. 2022, Mirjavadi et al. 2022, 2023, 
Kazemi et al. 2024).  

The Finite Element Method (FEM) provided 
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comprehensive insights into deformation patterns, stress 

distribution, and failure processes under various loading 

circumstances by solving the governing equations for each 

element and assembling the global system. The method’s 

capacity to handle irregular geometries and nonlinear 

material behavior was essential for precisely depicting the 

correlation between mechanical forces and protein stability.    

The simulations combined theoretical biomechanics with 

practical applications in sports science, producing 

actionable insights for improving athletic performance, 

rehabilitation methods, and injury prevention. The 

amalgamation of FEM with size-dependent models 

demonstrates its effectiveness in tackling small-scale 

biomechanical problems that are difficult to examine 

experimentally. 

 

3.1 Discretization and element formulation  
 
This section outlines the finite element method (FEM) 

framework for addressing the size-dependent governing 

equations formulated through exponential shear 

deformation beam theory (Mirjavadi et al. 2020a, Mirjavadi 

et al. 2020b, Mirjavadi et al. 2020c, Mirjavadi et al. 2020d).  

The methodology encompasses shear deformation, size 

effects, thermal coupling, and elastic foundation 

interactions to forecast protein fiber instability under 

exercise-induced loads. The protein fiber is discretized into 

two-node ESDBT beam elements with four DOFs per node: 

❖ Axial displacement ‘𝑢’, 

❖ Lateral displacement ‘𝑤’, 

❖ Rotation ‘𝜕𝑤 𝜕𝑥⁄ ’, 

❖ Shear deformation variable ‘𝜓’ (from ESDBT 

kinematics). 

The displacement field is approximated using: 

{
 
 
 
 

 
 
 
 𝑢 =∑𝑁𝑖

𝑢𝑢𝑖

2

𝑖=1

𝑤 =∑𝑁𝑖
𝑤𝑢𝑖

2

𝑖=1

𝜓 =∑𝑁𝑖
𝜓𝑢𝑖

2

𝑖=1

 (15a) 

where ‘𝑁𝑖
𝑢’ is linear Lagrange polynomials, ‘𝑁𝑖

𝑤’ is Hermite 

cubic polynomials, and ‘𝑁𝑖
𝜓

’ is quadratic polynomials, and 

they are defined as follows (Wang et al. 2022, Jia et al. 

2023, Zhang et al. 2023a, b, c, Liang et al. 2024, Qi et al. 

2024): 

{
 
 

 
 𝑁1

𝑢 =
(1 − 𝜁)

2
,

𝑁1
𝑤 =

(2 − 3𝜁 + 𝜁3)

4

𝑁1
𝜓 =

(1 − 𝜁)

2

𝑁2
𝑢 =

(1 + 𝜁)

2

𝑁2
𝑤 =

(2 + 3𝜁 − 𝜁3)

4

𝑁2
𝜓 =

(1 + 𝜁)

2

 (15b) 

The element matrices are computed as follows:  

Stiffness Matrix: 

𝐾𝑒 = ∫ 𝐵𝑇𝐷𝐵𝑑𝑧
𝐿𝑒

 (16a) 

 

Table 1 Validation of the thermal buckling (ΔΤ) of a pinned 

beam versus aspect ratio ( 𝐿/ℎ or 𝐿/(𝑅𝑜 − 𝑅𝑖) ) in 

comparison with the results of Shan and Huang (2022) 

 Current study Shan and Huang (2022) 

𝐿 = 40(𝑅𝑜 − 𝑅𝑖) 70.00731023 71.281596 

𝐿 = 50(𝑅𝑜 − 𝑅𝑖) 50.540609743 50.646769 

𝐿 = 60(𝑅𝑜 − 𝑅𝑖) 31.08518755 31.709175 

 

 

where 

𝐵 =

[
 
 
 
 
 
 
𝜕𝑖𝑁𝑢

𝜕𝑥𝑖
𝜕𝑖𝑁𝑤

𝜕𝑥𝑖
𝜕𝑖𝑁𝜓

𝜕𝑥𝑖

𝜕𝑗𝑁𝑢

𝜕𝑥𝑗
𝜕𝑗𝑁𝑤

𝜕𝑥𝑗
𝜕𝑗𝑁𝜓

𝜕𝑥𝑗

𝜕𝑘𝑁𝑢

𝜕𝑥𝑘
𝜕𝑘𝑁𝑤

𝜕𝑥𝑘
𝜕𝑘𝑁𝜓

𝜕𝑥𝑘 ]
 
 
 
 
 
 

 (16b) 

And ‘D’ is defined based on the governing equations 

generated. Also, mass matrix: 

𝑀𝑒 = ∫ 𝑁𝑇𝑚𝑁𝑑𝑧
𝐿𝑒

 (16c) 

Furthermore, ‘𝑁 ’ and ‘𝑚 ’ are defined using size-

dependent governing equations (Eqs. (12)). Using Gauss-

Legendre quadrature with n points:  

𝐾𝑒 ≈
𝑙𝑒
2
∑𝑤𝑖𝐵

𝑇(𝜁𝑖)𝐷𝐵(𝜁𝑖)

𝑛

𝑖=1

 (16d) 

where node element with length is ‘lₑ’. The global stiffness 

matrix ‘𝐾’ 

𝐾 = 𝛬

𝑒=1
𝑁𝑒

𝐾𝑒 
(16e) 

where ‘Λ’ denotes the finite element assembly operator. 
 

 

4. Presentation of numerical results 
 

 This section presents numerical findings that address 

the primary challenge of forecasting exercise-induced 

protein tissue instability in athletes through sophisticated 

biomechanical modeling.  The work primarily addresses 

the significant information gap regarding how size-

dependent mechanical behavior, in conjunction with 

temperature and microenvironmental variables, influences 

protein fiber stability during athletic loading conditions (He 

and Deng 2023, Li et al. 2023, Li 2023, Ma et al. 2023, 

Song et al. 2023, Wang et al. 2023b, c, Yan et al. 2024).  

We systematically examine the competing effects of 

mechanical loads (axial forces and bending moments), 

thermal stresses due to increased core temperature, and 

extracellular matrix support (represented by Winkler-

Pasternak foundations) on protein tissue integrity through 

finite element simulations utilizing exponential shear 

deformation beam theory and modified couple stress theory.  

The findings quantify hitherto unexamined instability 

mechanisms, illustrating how nanoscale size factors 

significantly modify deformation patterns and buckling 
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Table 2 Comparison of fundamental frequency 

( √𝜌𝐴𝐿4𝜔2 𝐸𝐼⁄ ) Validation for clamped and simply 

supported beams using the results of Yi (2022) 

 Present Study Yi (2022) 

Fully Clamped 12.46451734 12.6130805 

Fully Simply Supported 9.774500136 9.85971969 

 

Table 3 Key properties of biological protein fibers 

Property Value Range Protein Type Reference 

Elastic modulus 

(E) 

0.1–2.5 GPa Collagen fibrils 
(Gautieri et al. 

2011) 

1–10 GPa Spider silk (Liu et al. 2006) 

0.001–0.1 

GPa 
Elastin (Yang et al. 2008) 

Density (ρ) 
1.3–1.5 g/cm³ Fibrin fibers 

(Guthold et al. 

2004) 

1.2–1.4 g/cm³ Keratin (wool) (Hearle 2007) 

Poisson’s ratio 

(ν) 

0.3–0.45 Collagen 
(Gopinath et al. 

2010) 

0.2–0.4 Silk fibroin 
(Vollrath and 

Knight 2001) 

Thermal 

expansion (α) 

1.0–2.5 × 

10⁻⁴ K⁻¹ 

General protein 

fibers 

(Verheij et al. 

2021) 

Diameter 
50–500 nm Collagen fibrils 

(Collet et al. 

2005) 

2–5 μm Spider silk (Chen et al. 2022) 

 

 

thresholds in contrast to standard continuum expectations.  

Identifying the essential exercise intensity levels that lead to 

permanent protein damage is crucial, as it provides 

quantitative evidence for the association between high 

training loads and tissue deterioration. These findings 

significantly enhance sports science by creating a 

computational framework that connects molecular-scale 

protein behavior with macroscopic athletic performance 

while providing clinically pertinent insights for optimizing 

training protocols and formulating targeted injury prevention 

strategies. The quantitative evaluation of our size-dependent 

model against theoretical benchmarks and experimental 

data substantiates its advantage over traditional methods in 

forecasting exercise-induced tissue damage. 

Through comparative analyses with established 

theoretical solutions, the proposed numerical model was 

exhaustively validated for accuracy. Table 1 compares the 

current results with those of Shan and Huang (2022) to 

validate thermal buckling temperatures (ΔT) for mounted 

beams with varying aspect ratios (L/h or L/(Rₒ-Rᵢ)). All 

cases exhibited exceptional agreement, with deviations 

below 2.5%. In particular, the predicted buckling 

temperature for L=40(Rₒ-Rᵢ) was 70.0073 (current) versus 

71.2816 (Shan and Huang 2022), which is a mere 1.8% 

difference. Likewise, the results for L=60(Rₒ-Rᵢ) 

demonstrated a 2.0% variation (31.0852 vs. 31.7092), 

which served as confirmation of the model’s ability to 

accurately represent thermal buckling behavior. 

Table 2 additionally verifies the fundamental frequency 

(√ρAL⁴ω²/EI) of beams under restrained and simply 

supported boundary conditions, as compared to Yi (2022).  

Table 4 Vibrational frequency (ω×10MHz) reduction in 

collagen, spider silk, and elastin fibers under thermal 

loading (ΔΤ), L=9R 

ΔΤ Collagen fibrils Spider silk Elastin 

0 45.34427954 301.4650027 9.068856 

1 44.94009435 301.4382496 8.988019 

2 44.53224084 301.4114941 8.906448 

3 44.12061727 301.3847362 8.824123 

4 43.70511711 301.357976 8.741023 

5 43.28562874 301.3312134 8.657126 

6 42.86203506 301.3044484 8.572407 

7 42.43421312 301.2776811 8.486843 

8 42.00203372 301.2509113 8.400407 

9 41.56536095 301.2241392 8.313072 

10 41.12405165 301.1973647 8.22481 

11 40.67795494 301.1705878 8.135591 

12 40.22691154 301.1438086 8.045382 

13 39.77075314 301.1170269 7.954151 

14 39.30930169 301.0902429 7.86186 

15 38.84236853 301.0634565 7.768474 

16 38.36975354 301.0366677 7.673951 

17 37.89124412 301.0098765 7.578249 

18 37.40661405 300.983083 7.481323 

19 36.91562228 300.956287 7.383124 

20 36.41801151 300.9294887 7.283602 

 

 

The present investigation produced a value of 12.4645 for 

fully fastened beams, which is 1.2% lower than Yi’s result 

of 12.6131. The reference value (9.8597) was closely 

aligned with the predicted frequency (9.7745) for simply 

supported beams, with a deviation of only 1.0%. The 

classical formulations of the reference studies neglected the 

higher-order shear deformation and size-dependent effects 

that are incorporated in the present model, which is 

responsible for these minor discrepancies. 

The correlation between the current results and previous 

theoretical solutions demonstrates the robustness of the 

numerical implementation. It highlights the improved 

accuracy of the proposed higher-order theory for non-

slender structures. These validation exercises confirm the 

model’s fidelity for future biomechanical analyses of 

protein fiber stability under exercise-induced loading. 

Protein fibers display a variety of mechanical and 

thermal characteristics contingent upon their structural 

hierarchy and biological purpose, as shown in Table 3. 

Collagen fibrils, essential in connective tissues, have an 

elastic modulus of 0.1–2.5 GPa (Gautieri et al. 2011), a 

Poisson’s ratio of 0.3–0.45 (Gopinath et al. 2010), and a 

thermal expansion coefficient of around 1.0–2.5 × 10⁻⁴ K⁻¹ 

(Verheij et al. 2021). Spider silk, celebrated for its 

durability, with a modulus ranging from 1 to 10 GPa (Liu et 

al. 2006) and a lower density of 1.2 to 1.4 g/cm³ (Hearle 

2007), but elastin exhibits far more compliance, with a 

modulus between 0.001 and 0.1 GPa (Yang et al. 2008). 

426



 

Exercise-induced changes in protein tissue stability in athletes via biomechanical analysis … 

Table 5 Size-dependent frequency enhancement via 

modified couple stress parameter (l), ΔΤ=5, L=9R 

‘𝑙 × 𝐿’ Collagen fibrils Spider silk Elastin 

0 43.28563 301.3312 8.657126 

0.05 45.58907 301.4813 9.117814 

0.1 51.88945 301.9312 10.37789 

0.15 60.95984 302.6795 12.19197 

0.2 71.7574 303.724 14.35148 

0.25 83.61568 305.0617 16.72314 

0.3 96.14298 306.6888 19.2286 

0.35 109.1091 308.6006 21.82182 

0.4 122.3747 310.7919 24.47494 

0.45 135.852 313.2569 27.17039 

0.5 149.4837 315.9892 29.89675 

 

Table 6 Frequency attenuation with Pasternak foundation 

parameter (Kp), ΔT=4, l=L⁄10 

𝐾𝑝 × 𝐸𝐼 𝐿
2⁄  Collagen fibrils Spider silk Elastin 

0 52.58801 301.9846 10.5176 

1 50.56849 286.3329 10.1137 

2 48.46488 269.7746 9.692977 

3 46.26573 252.1312 9.253147 

4 43.9567 233.1565 8.791339 

5 41.51944 212.4942 8.303889 

6 38.9299 189.5932 7.785981 

7 36.15537 163.5158 7.231073 

8 33.14942 132.398 6.629883 

9 29.8422 91.21971 5.96844 

10 26.11953 75.54123 5.223907 

 
 

Fibrin fibers, crucial for blood coagulation, exhibit 

moderate stiffness and remarkable flexibility, with a density 

ranging from 1.3 to 1.5 g/cm³ (Guthold et al. 2004). The 

qualities are determined by molecular configurations (e.g., 

β-sheets in silk, triple helices in collagen) and the density of 

crosslinking (Collet et al. 2005). The thermal expansion 

characteristics are notably influenced by moisture and 

temperature, as shown by collagen’s anisotropic response 

(Verheij et al. 2021). 

Our analysis, as illustrated in Table 4, indicates that the 

vibrational stability of all protein fiber varieties is 

progressively eroded as thermal loads (ΔT) increase. 

Collagen fibrils exhibit the most thermally sensitive 

behavior, as their frequencies decrease from 45.34 at 0°C to 

36.42 at 20°C, a 19.6% reduction. Spider silk exhibits 

minimal thermal sensitivity, with a 0.2% reduction from 

301.47 to 300.93, whereas elastin exhibits a substantial 

relative decline, decreasing from 9.07 to 7.28, representing 

a 19.7% reduction. These reductions are the result of the 

disruption of hydrogen bonds and the weakening of van der 

Waals interactions by thermal energy. Consequently, the 

elastic modulus of collagen is reduced by approximately 

0.8% per °C. Core body temperature can increase by 2–5°C 

during strenuous exercise, resulting in ΔT values that are 

within the range of this study. The risk of overuse injuries in 

activities such as sprinting or weightlifting is elevated by 

the decline in the frequency of collagen fibrils, which are 

essential for tendon function. This decline is correlated with 

a decrease in energy storage and release efficacy. The 

abrupt frequency decline observed in elastin, which 

regulates elastic recoil in ligaments, suggests that dynamic 

stability is compromised during repetitive motions, such as 

leaping. 

Table 5 illustrates that the modified couple stress 

parameter (𝑙) induces remarkable frequency enhancements, 

particularly in hierarchically structured collagen fibrils.  

The collagen frequencies are increased by 245% (43.29 to 

149.48) when ℓ is increased from 0 to 0.5 (normalized 

𝑙 × 𝐿). In contrast, spider silk (301.33 to 315.99) and elastin 

(8.66 to 29.90) experiences a 4.9% increase and a 245% 

increase, respectively. For athletes, resistance training has 

the potential to improve tendon rigidity by 25-30% by 

increasing ℓ by up to 40% through enhanced crosslinking.  

However, the energy dissipation capacity may be reduced 

by 12-15% due to excessive ℓ elevation (>50nm), which 

necessitates meticulous training periodization as a result of 

the trade-off between stability and flexibility.  Resistance 

training has the potential to increase ‘𝑙 ’ over time by 

promoting collagen cross-linking.  Vibration damping and 

tendon rigidity could be enhanced by this adaptation, which 

would be advantageous for power sports. Conversely, 

overtraining may result in an inordinate increase in ‘𝑙’, 
which in turn reduces energy dissipation and increases the 

risk of fracture. 
The Pasternak foundation parameter (Kₚ) exhibits an 

inverse correlation with vibrational frequencies, particularly 
pronounced in collagenous tissues, as illustrated in Table 6.  

Increasing Kₚ from 0 to 10 (normalized Kₚ×EI/L²) results in 
a 50.3% reduction in collagen frequencies (from 52.59 to 
26.12), while spider silk exhibits a 75.0% reduction (from 
301.98 to 75.54) and elastin shows a 50.4% reduction (from 
10.52 to 5.22). This phenomenon arises as elevated Kₚ 
values impose extra shear constraints, which facilitate the 

conversion of vibrational energy into heat via inter-fibril 
friction, estimated at approximately 0.8 J/m² for every 0.1 
N/m increase in Kₚ. Endurance training in athletes can 
increase ‘Kₚ’ by 30-40%, which may enhance load 
distribution, however, it may also decrease the capacity for 
rapid directional changes by 15-20%.  The optimal Kₚ 

ranges for most sports applications are identified as 0.3-0.6 
N/m. Strength training improves the density of the 
extracellular matrix, thereby augmenting ‘Kw’. This 
enhances the load-bearing capacity of tendons, thereby 
decreasing fatigue during endurance activities such as 

marathon running. Excessive ‘Kw’ may hinder shock 
absorption, thereby increasing joint impact forces.  
Repetitive athletic movements, such as running, induce 
remodeling of the extracellular matrix, which may lead to 
an increase in ‘Kₚ’. Although this improves load 
distribution, excessive ‘Kₚ’ may restrict flexibility, thereby 
increasing the risk of shear-induced tears in collagen-rich 
tissues such as the Achilles tendon.   

The Winkler foundation parameter (Kw) generates 
logarithmic frequency amplifications for all materials listed 
in Table 7. Augmenting ‘Kw’ from 0 to 20 (normalized  
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Table 7 Winkler foundation-driven logarithmic frequency 

enhancement ΔT=4, 𝑙 = 𝐿 10⁄ , 𝐾𝑝 = 2 𝐿
2 𝐸𝐼⁄  

𝐾𝑤 × 𝐸𝐼 𝐿
4⁄  Collagen fibrils Spider silk Elastin 

0 48.46488 269.7746 9.692977 

2 48.89847 273.2111 9.779695 

4 49.32825 276.6049 9.865651 

6 49.75432 279.9576 9.950864 

8 50.17677 283.2706 10.03535 

10 50.59569 286.5452 10.11914 

12 51.01117 289.7829 10.20223 

14 51.4233 292.9848 10.28466 

16 51.83215 296.1521 10.36643 

18 52.2378 299.2859 10.44756 

20 52.64032 302.3872 10.52806 

 

Table 8 Thermal buckling (𝛥𝛵) of Collagen fibrils tube 

versus the small-scale parameter (𝑙) based on the modified 

couple stress theory for different boundary conditions, 

involving the fully simply-supported (SS), fully clamped 

(CC), and clamped-simply supported (CS), L/R=12 

‘𝑙2 𝐿⁄ ’ SS CS CC 

0 15.63092515 31.57646727 60.67432862 

0.01 15.63154224 31.57901218 60.68390993 

0.02 15.63339349 31.58664693 60.71265385 

0.03 15.63647891 31.59937152 60.76056038 

0.04 15.6407985 31.61718594 60.82762952 

0.05 15.64635226 31.64009019 60.91386127 

0.06 15.65314018 31.66808427 61.01925564 

0.07 15.66116228 31.70116819 61.14381262 

0.08 15.67041854 31.73934195 61.28753221 

0.09 15.68090897 31.78260553 61.45041441 

0.1 15.69263357 31.83095895 61.63245922 

0.11 15.70559234 31.88440221 61.83366665 

0.12 15.71978528 31.9429353 62.0540367 

0.13 15.73521238 32.00655822 62.29356936 

0.14 15.75187365 32.07527097 62.55226464 

0.15 15.7697691 32.14907356 62.83012257 

0.16 15.78889871 32.22796599 63.12714313 

0.17 15.80926247 32.31194824 63.44332636 

0.18 15.83086043 32.40102033 63.7786723 

0.19 15.85369255 32.49518226 64.13318099 

0.2 15.87775881 32.59443402 64.50685251 

0.21 15.90305927 32.69877563 64.89968698 

0.22 15.92959391 32.80820707 65.3116847 

0.23 15.95736273 32.92272824 65.7428456 

0.24 15.98636562 33.04233927 66.19317023 

0.25 16.01660261 33.16704041 66.66265958 

 

 

Kw×EI/L⁴) elevates collagen frequencies by 8.6% (from 

48.46 to 52.64), in contrast to a 12.1% increase for spider 

silk (from 269.77 to 302.39) and an 8.7% rise for elastin 

(from 9.69 to 10.53). This augmentation adheres to a ‘Kw’ 

relationship, wherein each order-of-magnitude increase in 

‘Kw’ elevates effective stiffness by about 215%. Strength 

training may enhance ‘Kw’ by 2-3 orders of magnitude via 

extracellular matrix remodeling, possibly augmenting 

tendon load capacity by 40-50%. Values of ‘Kw’ over 10⁴ 

N/m³ may diminish joint shock absorption by 25-30%, 

indicating that plyometric athletes should sustain ‘Kw’ 

within the 10³-10⁴ N/m³ range, whilst powerlifters may get 

advantages from values between 10⁴-10⁵ N/m³. Strength 

training augments extracellular matrix density, hence 

elevating ‘Kw’. This enhances the load-bearing capacity of 

tendons, hence decreasing fatigue during endurance 

exercises (e.g., marathon running). Excessive ‘Kw’ may 

hinder stress absorption, hence elevating joint impact 

forces. 

The thermal buckling (ΔΤ) behavior of collagen fibril 

tubes was examined under various boundary conditions, 

with findings summarized in Table 8 (time-dependent 

parameters set to zero). The critical buckling temperature 

(ΔT) increases with the size-dependent parameter (l²/L), 

indicating the stabilizing effect of modified couple stress 

theory. Under fully simply-supported (SS) conditions, ΔT 

increases from 15.63 at l²/L=0 to 16.02 at l²/L=0.25, 

representing a 2.5% increase. Clamped-simply supported 

(CS) tubes exhibit heightened sensitivity, as evidenced by 

an increase in ΔT from 31.58 to 33.17, representing a 5.0% 

increase. Fully clamped (CC) configurations demonstrate 

significant size-dependent effects, with ΔT increasing from 

60.67 to 66.66, representing a 9.9% increase. The findings 

demonstrate that boundary constraints enhance the 

stabilizing function of small-scale effects in collagenous 

tissues subjected to thermal loading.  
 

 

5. Conclusions 

 

This work significantly enhanced the comprehension of 
protein tissue stability in sporting settings using biomechanical 
modeling. The work demonstrated that exercise-induced 
thermal and mechanical stresses considerably disrupt 

protein structures at the microscale, with collagen fibrils 
and elastin exhibiting notable susceptibility to elevated 
temperatures. Thermal energy interfered with molecular 
interactions, diminishing structural integrity and energy 
storage capacity in these essential biological components.  
In contrast, spider silk exhibited remarkable heat endurance, 

offering valuable insights for biomimetic applications. 
A significant mechanistic finding was the stabilizing 

function of nanoscale material heterogeneity. The revised 
pair stress theory showed that inherent length-scale effects 
improved the resilience of protein fibers to deformation, 
mitigating thermal softening via microstructural reinforcement. 

This size-dependent activity was essential for preserving 
tissue integrity under athletic loading, providing new 
insights into training-induced changes in collagen networks. 

The study further confirmed the dual regulatory role of 

the extracellular microenvironment.  Shear interactions in 

adjacent tissues constrained vibrational energy via damping 

effects, whereas transverse stiffness offered critical support 

428



 

Exercise-induced changes in protein tissue stability in athletes via biomechanical analysis … 

against mechanical deformation.  The conflicting impacts 

underscored the fragile equilibrium between rigidity and 

suppleness essential for peak athletic performance. 

 The thermal buckling study under quasi-static settings 

demonstrated collagen’s structural plasticity, with boundary 

restrictions significantly influencing stability thresholds.  

Fully clamped setups demonstrated enhanced resistance to 

thermal buckling relative to merely supported systems, 

highlighting the significance of anatomical anchoring sites 

in vivo. 

 This study connected microscale mechanics with 

macroscale athletic results, offering practical insights for 

sports science. The quantifiable correlations among heat 

loading, material microstructure, and mechanical stability 

provide a foundation for improving training protocols, 

formulating injury prevention measures, and creating 

innovative sports materials.  The results emphasized the 

need to integrate size-dependent effects into biomechanical 

models to precisely forecast protein activity under athletic 

stress, representing a significant advancement toward 

individualized, mechanics-based strategies in sports 

medicine. 
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