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Abstract.

A spherical shell panel with two nanocomposite piezoelectric (NCP) facesheets and a functionally graded porous

(FGP) core is the subject of the present investigation. Not only are the layers firmly linked to one another, but their qualities are
functionally graded as well. When an electric voltage is provided externally to NCP patches, carbon nanotubes (CNTSs) are
utilized to enhance their electro-mechanical performance. The kinematic relations are shown by applying von Karman’s
assumptions and the first-order shear deformation theory (FSDT). By utilizing Hamilton’s principle and variational approach,
the equations regulating motion are derived. The differential motion equations are solved using an analytical method based on
Fourier series functions. After ensuring the accuracy of the results, the influence of various factors on the model’s normalized
frequencies is examined. These factors include the porosity index, patterns of pore distribution, patterns of CNT distribution, and
other critical parameters. More efficient smart structures and devices might be in the works according to this study’s results.
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1. Introduction

Nanoparticles have been widely studied as reinforcements
for composite structures due to their unique properties that
enable significant improvements in mechanical, thermal,
and electrical performance (Arshid et al. 2025, Arshid et al.
2023a, b, ¢, Chen et al. 2023, Shen, 2012, Yao and Arshid
2024). Among these nanoparticles, carbon nanotubes (CNTs)
have attracted considerable attention from researchers.
Their exceptional characteristics have motivated their
integration into composite materials, making them a subject
of extensive investigation across various scientific and
engineering disciplines. Carbon nanotubes are cylindrical
structures composed of carbon atoms arranged in a
hexagonal lattice. They are classified as single-walled carbon
nanotubes (SWCNTs) or multi-walled carbon nanotubes
(MWCNTSs), depending on the number of concentric
cylindrical layers (Arshid et al. 2024a, b, Givi et al. 2024,
Rasooli Jazi et al. 2024, Soleimani-Javid et al. 2021). CNTs
possess remarkable flexibility and resilience, enabling the
absorption and distribution of mechanical stresses more
effectively than many traditional materials. The nanoscale
size of CNTs ensures that they can be uniformly dispersed
within a polymer, ceramic, or metal matrix, creating
composites with enhanced isotropic properties. Once
dispersed effectively, CNTs provide a large interfacial area
between the reinforcement and the matrix, which facilitates
the efficient transfer of stress and enhances the overall
mechanical properties of the composite (Amir et al. 2019,
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Arefi et al. 2018a, Arshid 2024, Hou et al. 2023, Kaveh et
al. 2024, Melaibari et al. 2022, Song et al. 2016, Wang and
Shen 2012, Zavari et al. 2024).

One of the primary advantages of CNT-reinforced
composites lies in their application in fields where both
high performance and reduced weight are crucial. For
example, in the realm of sports equipment, CNT-based
composites have revolutionized the design and functionality
of various products (Arefi et al. 2019a, 2021, Bidgoli et al.
2022, Mohammad-Rezaei Bidgoli and Arefi 2019, 2023a).
Tennis rackets, golf clubs, bicycles, and hockey sticks have
been developed using CNT-enhanced composites, resulting
in equipment that is not only lighter but also stronger and
more durable. The improved stiffness and impact resistance
provided by CNTs enssure better energy transfer during use,
offering athletes an edge in performance. Moreover, the
durability of CNT-reinforced composites allows for the
development of sports equipment with longer lifespans,
reducing the need for frequent replacements and contributing
to sustainability efforts. In addition to mechanical benefits,
the electrical conductivity of CNTs has been harnessed in
the design of wearable sports gear that integrates sensors for
performance monitoring, further broadening their application
scope. The unique properties of CNTs have also been
utilized to enhance the vibrational damping capabilities of
sports equipment. By absorbing and dissipating energy,
CNTs reduce vibrations transmitted to the user, enhancing
comfort and reducing the risk of injury. This property is
particularly valuable in sports like tennis or cycling, where
repeated impacts and vibrations can lead to fatigue or strain.
The versatility of CNT-reinforced composites extends beyond
sports equipment, encompassing a wide range of industries,
including aerospace, automotive, and biomedical sectors.
Nonetheless, their use in sports represents a particularly
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impactful application, as it combines advancements in
material science with tangible benefits for end-users.

Sandwich structures incorporating nanocomposite layers
as facesheets have garnered significant attention in materials
science and engineering due to their unique combination of
mechanical, thermal, and lightweight properties (Arshid et
al. 2024c, Abaei et al. 2024, Frostig and Thomsen 2004,
Kargar et al. 2021, Khoddami Maraghi and Arshid 2024, Li
and Liu 2024, Shen et al. 2022, Soleimani-Javid et al.
2022). These structures, which typically consist of two
outer facesheets bonded to a lightweight core, are widely
recognized for their ability to provide high strength and
stiffness while maintaining low overall weight. When
nanocomposite materials are used as the facesheets, the
performance of sandwich structures is significantly enhanced,
motivating researchers to explore their potential across
diverse scientific and technological fields. Nanocomposite
layers, comprising a matrix material reinforced with
nanoscale fillers such as CNTs, graphene, or other nano-
particles, offer exceptional properties that make them
particularly suitable for use in sandwich structures (Arefi et
al. 2018h, Bidgoli and Arefi 2023, Khayat et al. 2021, Yang
et al. 2021). By utilizing nanocomposite layers as facesheets,
the mechanical strength, durability, and overall performance
of the sandwich structure are substantially improved. The
incorporation of nanoparticles imparts superior tensile
strength, enhanced fracture toughness, and improved
stiffness to the facesheets, enabling them to withstand
higher loads and harsh operating conditions (Arefi et al.
2019b, Bidgoli and Arefi 2022, Mohammad-Rezaei Bidgoli
and Arefi 2023b).

The advantages of nanocomposite layers in sandwich
structures extend beyond mechanical properties. The
inclusion of nanoparticles, such as CNTs or graphene,
enhances thermal conductivity, enabling these structures to
perform effectively in environments subjected to extreme
temperatures (Ebrahimi-Mamaghani et al. 2023, 2024,
Mamaghani et al. 2013). This thermal stability is particularly
beneficial in applications where thermal cycling or
exposure to high temperatures is prevalent. Furthermore,
the electrical conductivity of certain nanocomposite
materials introduces multifunctionality to the sandwich
structures, allowing them to be used in applications
requiring both structural integrity and electrical performance,
such as electromagnetic shielding or energy storage systems
(He et al. 2024, Long et al. 2024, Wang et al. 2024, Xie et
al. 2025, Zhao et al. 2025). One of the unique properties of
nanocomposite layers that has motivated their use in
sandwich structures is their ability to provide superior
damage resistance. Traditional materials used as facesheets,
such as metals or fiber-reinforced polymers, often exhibit
vulnerabilities to impact and fatigue. Nanocomposite layers,
on the other hand, distribute stress more effectively due to
the high aspect ratio and strength of the embedded
nanoparticles, reducing the likelihood of crack initiation and
propagation. This characteristic has made nanocomposite-
enhanced sandwich structures a preferred choice in
applications requiring high impact resistance and durability
(Long et al. 2025).

The motivation to utilize nanocomposite layers in
sandwich structures lies in the unparalleled combination of

properties they offer. Through ongoing research and
development, challenges such as nanoparticle dispersion
and cost optimization are being addressed, paving the way
for broader adoption of these advanced materials. By
integrating the unique properties of nanocomposites into
sandwich structures, scientists and engineers continue to
push the boundaries of material performance, enabling
innovations that benefit a wide array of fields (Deng et al.
2024, Ni et al. 2024, Xu et al. 2025, Yang et al. 2024,
2025). Numerous works have been provided in considering
mechanical performances of engineering structures, such as
beams, plates, and shell that can be seen in Refs. (Mousavi
et al. 2021, Soleimani and Beni 2018).

Regarding the earlier statements, lightweight smart
structures with wide-ranging applications in many fields of
science and industry have received little attention in the
literature, according to the authors findings. As a result of
this finding, the authors set out to investigate how different
kinds of materials and geometrical features affected the free
vibration of spherical shells. We employed the first-order
shear deformation theory (FSDT) to characterize the shell’s
displacement components. By applying Hamilton’s principle,
we were able to derive the motion equations and analyze
how different parameters affected the shell’s frequencies.
This led to the development of more practical and effective
constructions. Our study can be seen as a benchmark for
future research.

2. Mathematical formulations
2.1 Model’s description

The under-evaluation shell consists of three layers
characterized by length a, width b, curvature radii R, and
R,, and an overall thickness of h. The middle layer
consists of functionally graded porous materials (FGPMs),
whereas the outer layers are composed of NCPMs that can
be activated by an electric field. The thickness of each layer
is represented as h;, he, and hy, respectively. The layers are
presumed to be securely bonded, with no anticipated
separation occurring between them.

2.2 Materials’ Relations
The core of the sandwich shell is composed of FGPMs.

The constitutive law for the FGPMs core is expressed as
follows (Alhaifi et al. 2021, Bekkaye et al. 2020):

Ux1x1 ¢ Q11 Q12 0 0 0 ‘ SX1X1
O-xzxz 021 sz 0 0 0 szxz
TXzZ = 0 0 Q44 0 0 VXZZ (1)
Txlz 0 0 0 QSS 0 YXlz
Tx1x, 0 0 0 0 Qo6 Yxix,

Stiffness matrix components, stress, and strain are all
graphically represented in this equation. To be more
precise, o;; stands for stress components and &, for
strain components. As described for the FGPM core in this
specific scenario, Qiju represents the stiffness matrix
components (Amir et al. 2020, Luo et al. 2021):
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0 = Q5 = E.(2)/(1 = vd),
Qfz = VvcEc(2)/(1 —vd), 2
Qis = Qs = Qg6 = Gc(2)

In the following, we will talk about how the core’s
Poisson’s ratio (v.) and Young’s elasticity modulus (E.(z)),
which vary with thickness, are defined. The porosity of
FGPMs is mostly determined by their e, value, which is
the ratio of the bulk volume to the number of pores. The
porosity value might be anywhere from 0 to 1, so keep that
in mind. There are three possible configurations for the
core’s pores. There is no effect of thickness on the
elasticity-density relationship in the first distribution
(Distribution 1). Within this arrangement, we find (X. Shen
et al. 2024):

E. E;(1—eoy)) (1
{pc} N {plm} (e_o[l 3
G- "

It is possible to determine the mass density coefficient
(e,,) by utilizing the porosity coefficient. Here is the
equation that represents this relationship (abaei et al. 2020):

en=1—,1—¢ @)

“Distribution 2” describes the second symmetrical
pattern of pore implantation. The patterns of elasticity
modulus, density, and porosity are described by the
following equations (Kiran and Kattimani 2018):

A 1wt

= , (®)

(1 eneo ()

“Distribution 3” is the name given to the third, non-
symmetrical pattern of pore implantation in this paper. The
following functions determine the pattern’s elasticity
modulus and density as they change with core thickness
(Ebrahimi et al. 2019):

oy (o))
) ™ (1= sl () )

Pc(2)
According to the constitutive legislation that follows,
the NCPM facesheets behave as (Hamdia et al. 2018):

T\ [Qun Q2 0 0 07 rExx
szxz QZl QZZ 0 0 0 gxzxz
TXzZ = O O Q4,4, 0 0 )/Xzz

i)

Txlz O O O Q55 0 YXIZ

Tx1x, 0 0 0 0 Qe Yxix,
0 0 es f )
0 0 €39 Ex1

- O 624 0 Exz )
eis O 0 E,
0 0 0

Table 1 Values of CNTs’ efficiency parameters based on
different CNTs’ volume fractions (Kaddari et al. 2020).

UK M2 M1 Venr
0.715 1.022 0.137 0.12
1.138 1.626 0.142 0.17
1.109 1.585 0.141 0.28

And the electric displacements are as (Razavi et al.
2017):

Ex121

Dy, 0 0 0 es 07 |y

sz = [ 0 0 €24 0 0] Yxyz
D, €31 €3; 0 0 0 Y,z

Ve, ®)

Ky 0 071 (Ex
+]10 Kk, O Ey, ¢
0 0 Ks3 E,

When the electric field components are denoted by Ej
and the piezoelectric coefficients are represented by ey;;.
Additionally, the electric displacement vector is denoted by
D;, and the dielectric permeability coefficients are denoted
by x; . Additional notation for the facesheets is the
superscript f. These relations can be used to show the
facesheets’ stiffness components (Alhaifi et al. 2023, Arefi
et al. 2022):

Q11 = E11/(1 —vivp),
Q12 = Q21 = Vo1 E11 /(1 —vipv,1),
Q22 = Epp /(1 —vi3vy4),

9
Q44 = Ga3, ©
Qss = Gy3,
Qs6 = G12,

In the given relationships, v stands for Poisson’s ratio,
and E and G, respectively, represent Young’s modulus
and shear modulus. To forecast the same characteristics of
nanocomposites, the extended rule of mixture (ERM)
approach is frequently employed. It follows that (M. Babaei
et al. 2022):

Ey = 771VCNTE1C{VT + VnEn, (10)
n _V V

*[E,, = CNT/ gevr + /g, (11)
n _V V

6, = " gevr t m/Gm’ (12)

The shear modulus, longitudinal and transverse Young’s
moduli, and ESNT | ESNT | GENT | E,, and G, ,
respectively, represent the CNTs and the matrix. The
volume fraction of the matrix material is denoted by V,,
whereas the volume fraction of CNTs in the composite is
represented by V.yr. Ensuring the correctness of the ERM
technique requires precise determination of the efficiency
parameters n,, n,, and n; for the CNTs. This was
accomplished by contrasting the elasticity moduli calculated
by molecular dynamics simulations with those calculated by
the ERM approach. Table 1 displays the outcomes.
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Table 2 Material properties of single-walled CNTs at 300
Kelvin (Khoa et al. 2019)

Properties Value
p(kg/m3) 1400
E11(TPa) 5.6466
E»,(TPa) 7.0800
G1,(TPa) 1.9445

Table 3 Material properties of PVDF matrix at 300 Kelvin

Properties Value
p(kg/m?) 1780
E(GPa) 22

v 0.384
e31(C/m?) -0.13
e3,(C/m?) -0.45
e,4(C/m?) -0.276
e15(C/m?) -0.009

K11 = Koz = K33(C/Vm) 16 x 107°

On the other hand, a different equation can be used to
get the skins’ Poisson’s ratio, which is not dependent on the
CNT distribution pattern (Kiarasi et al. 2022):

T+ VipVins (13)

The formula V., which represents the volume fraction
of CNTs, is defined as (Zhong et al. 2018):

Went
wenr + (pCNT /Pm) _ (pCNT /pm)WCNT

In this case, weyy represents the weight percent of
CNTs, and pcyr and p,, denote the densities of CNTs
and matrix, respectively. Table 2 lists the material
parameters of single-walled carbon nanotubes, while Table
3 lists the same for the PVDF matrix.

This study explores various dispersion patterns of CNTs.
Consequently, the following functions are established:

Venr 18]

— /* CN'
Vi = Venrviz

Venr = ) (14)

2/ _he+h
2/ _h.+h
V(}NT = h'i 2 , (15)
2 he +hiN\T. L
h +h
]VCNT FG X
i=tb

In order to guarantee the satisfaction of Maxwell’s
relations, a certain variation in the electric potential across
the thickness direction of the face sheets is proposed
(Karami et al. 2018, Zhang et al. 2025):

P(xy,%,,2,t) = M (16)
hb(or)t

_ TTZp(or)t )
w('xli x21 t)COS ( /h'b(OT)t
By plugging the value of the applied voltage (Vo) into

Eqg. (16), we can get the electric field components. So (Huo
et al. 2024):

all_l T[Zb( )t alp
Ex - _0_ - COS( OT / b(or)t>_

' X1 dx,’
v nz d
E, =——=—=cos ( b(or)t/ )_l/)‘ (17)
’ 0x, b(or)t/) 0x,
E, = —a—lll = — ZVO — T[ sin (T[Zb(or)t/ )
‘ 0z hporye hpore hporye

2.3 Kinematic relations

The following equation demonstrates how the FSDT can
be used to express the displacements of any point in the
shell when the shear deformation effect is taken into
account (Liu et al. 2018):

z
u(xy, x5, 2,t) = (1 + R—)u(xl, X, t)

X1

+ 2y, (X1, %3, 1)
Z
7(xy, %5, 2,t) = (1 + R—) v(xq, x5, 1) (18)
X2

+ Z¢x2 (xlﬂ X2, t)
w(xq, %5, 2, t) = w(xq, Xy, t)

The structure’s displacements along the x;, x,, and z
axes are denoted by the symbols @, ¥, and w,
respectively. In addition, the rotations about the x, and x;
axes are denoted by ¢, and ¢,, accordingly. The strain
components are determined using von Karman’s
assumptions:

Ju w Oy,

I3 =— z
T 09x; Ry, 0x,
Jdv w aquZ
Fxzxz = dx, R,
_ u 0¢x1 6¢x2 dv  du
Ve, = 6x1 ( 6x2 a (6_x1 a 0_ch)> (19)
]/x1Z - ¢JC1 axl Rx
1
ow v
Yipz = Px, +6_x2_g
2
In which:
_ 1/ 1 1 20
Co = 2 R, R, (20)

The following is the formalized version of Hamilton’s
principle, which is used to derive the governing motion
equations (Amirabadi et al. 2021):

fS(U—T—W)dt=0 (21)

U and T are the strain and kinetic energy, respectively,
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and W is the external work, as defined in Eq. (21). Thinking
about the kinetic energy and how it changes is the initial
step. To do this, we can calculate the fluctuations of kinetic
energy using the following equation:

6T = f (pV.8V)dv

14
ou 0y, Asu A8y,
”[(Cﬁ” ot )(Cl%“ at

= (22)
N 6v+ Gl 66v+ 35,
25T )\ T ot
14
+6w 6w av
at ot
Which leads to:
u 0%y
6T = f[ 11 Freie I, 6t21> Su
0%v 0? ¢x2
+(_14 gz 5o (23)
0%u 0%,
+(_IZ ez s at21>5¢"1
0%v %4, 92w
+|—ls—=— e —1I3 7 by, + 106 > | dw|dA
That:
(10111'12113114—'15)
hy
2
= f p(l,(cl)z,zcl,zz, (CZ)ZJZCZ) dz (24)
_h/2
Note that:
Z Z
q=1+—, c=1+— (25)
Rx1 X

At this point, we should have the structure’s strain
energy. Both the core and the facesheets contribute to the
total strain energy of a shell. The strain energy can be
calculated using the following formula:

U= Ef[axlxlgxlxl t Oxyx, €x0, T ksszzyxzz
%4
+ ksTxlzyxlz + TxyxpVaqxp — Dx1 Ex1 (26)
— D,,E,, — D,E,| dAdz

You can ignore the last three phrases since they only
apply to the piezoelectric facesheets and not the FGPM
core. This leads us to the following expression for the strain
energy variations:

a6 1) a6
ou  dw 00¢x
0x1 Ry, 0xq

aov ow 66¢x2 (27)
+Ux2x2 (E + R_x2 +z 6X2

gl

asw 61})

|
{ +ksszz <6¢X2 + a—xz — R_
X2

k 6 -—
+ sTxlz< ¢x1 + axl Rx1
08y, N 8y,
ddu 9dév 0x, 0x;
ax, | 0x, ~ 0617 06u
6x1 axz //
nZ aé nZ a6
_Dx1 (COS( b(or)t) lp) _ sz <COS< b(or)t) I»b)
hb(or)t axl hb(or)t axz
T . T[Zb(or)t>
sin B
hb(or)t (hb(or)t )
The shear correction factor of FSDT, denoted as kg, is

5/6 in this report. Here is another way to express the same
equation:

adw 6u>

+Toix,

_Dz <_6¢

dadu a5,
N,}lx1 a— + N7 2, W + My o, ox, L
Yo}
68U = f +NL ., —— o, Y N2 ,.,6w+ M, ., szz
4 ) dsw
N (86, +50)
adw
_NZ,6v + N}, (&pxl + a_xl) — N2,6u (28)
ddu dév Yo} Y0}
+Nx1x2 <— —) J%lxz L + a:
dx, 0x4 dx, 0xq
L, (0000 00, o0
12 \gx,  0x, 1 9x, *2 9x,
+ 5261,0] dA
In the previous equation, the hired stress is defined as:
h/2
1
(N;1X1‘N9?1x1’MX1X1) = f lexl <1’R_’Z> dz
X1
_h/2
n,
1
( X2X2’ xzxz' xzxz) = j axzxz 1’R_’Z dZ'
X2
_h/2
h/2
1
(Nagzzt Nagzz) = f ksszz (1’ R_> dZ,
—hy *2
2
ny,
1
(Naglz' xlz) = f ksTxlz <1:R_> dz, (29)
h *1
- /2
h/2
(lexzﬁM;IxzﬁMaglxz) = f TX1X2(1I Z,2¢,) dz,
_h/2
ny,
_ _ mZ,
(Dxl, sz) = f cos <M> (Dxl, sz) dz,
4 hb(or)t
- /2
h/2
D, = - " sin (7;Zb(or)t> D,dz
—h/z b(or)t b(or)t
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_OWNim o
sU _f dx, 1z 9x, dx,
( aN;zxz N2 ONy x, N 6M§1x2> S

Finally, it yields:
5 ONy, x, B aMfle) su

A+

X2Z
Jdx, 0xq 0x;

ON} dN}
2 2 X2Z X1Z
+ (lex1 + N;sz2 - 9%, - 6—3611) ow

OMy », oML,
I St N1 _ 112 (S
+< axl + X1Z 6x2 ¢X1
OMy,, oML,
e N ) s
+< axz + X2Z axl ¢X2

oD, 0D, _
A4 -2, p
+<6x1 + ox, +D, |6y

(30)

The piezoelectric skins are, as said before, supplied with
voltage. By following these steps, you can determine how
much energy has changed due to the external load:

5W—f AL P 31)
Sl Trax2 T oxl e

N,, and N,, represent the applied electric voltage in
the x and y courses, respectively:

Ny, = Ny, = —2e31Vp (32)

We can obtain the equations that regulate motion in
terms of stress resultants by substituting the derived
formulas for changes in strain energy, kinetic energy, and
external work into Hamilton’s principle:

P 6N,§1x1 a2 ONy, x, 6M,§1x2
T 0xg Az gx, 0x, (33)
62 62¢
Ty A S
ot? ot2 ’
Sv: — aNJ}ZXZ N2 aNx1x2 + aMaglxz
" 0x, 2Z 9x, 0x, (34)
0? 0%¢
+I4_ —v + 15 2 =0
ot? ot? ’

ONy,, ONg,

SW:NZ o +NZ o,

dx, J0x;
0w 2w 02w (35)
toge ~Na gz ~Magz =0
oM} 0%u
) - X1X1 1 X1X2 i
20 dx, T Naiz ax, Z 9t2 (36)
0% ¢,
I L=,
e
0 M} 0%v
Obxyi =g T Ny~ = s g
, 2 1 (37)
0%y,
+I3 F = 0,
oD, 9D,  _
Sy L 2+D,=0, 38
v 0x, + 0x, 0 (38)

Egs. (33)-(38) can be used to derive the displacement-
based governing equations for motion once the stress
resultants have been defined:

9%u ow 02¢,, 9% \

A+ Ay—+ A +A
Yox2 T TPox, T ax? *0x,0x,

ou: —
v aw by, O /

+A4s

— 4 A _-
0x; T4 0x,0x, 7 9x,

ow Y
- <A8¢x1 + Ag P Aqu — Ay ﬁ)
1 1
o%v 0%u 0%,
Aj———+ A —+A4,—=
3 " 9x,0x, *Au dx2 Tz 0x,0x, (39)
0%y, 0%v 0%u
Box,0x, " ox?
A 0% +4 62u+A 0",
Yox,0x,  oxZ TV ox,0x,
0% ¢y, 0%*v 0%*u

1
®ox2

4 0%v N 0%u
3 Mox2 " M ox,0x, P ox? (40)
+A 0°¢x, A 62v+A ou
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—+A4 +A 2
ax? " TMox0x, " 0x?
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B ox,0x, ~Cox? T ox,0x,
v 0%,

=+ 1
Yotz 0 ge?
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:0,
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Az dx, +4s2 0x,0x, +4ss 0x,
ow o
+ (A34¢x1 + A346_xl — Agsu — Azg 6_361)
82 82u 9%, 9%,
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ow Y
+ (A47¢x2 + Ay — %, — AugV — Ay ax )
0%v 62u az%
A376 2+A376 0%, + Asg ax2

+A 9% —A 0% +A o'u
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L0 Pw o Lo
47 a 2 475 2 axz 48 axz 495 2 axz
0P, 0*w ou 21,0)
Ags =2 4 Agy— — Ags — — Agg——
34 o, 34 ax12 35 ox, 36 6x12

+N (az + aZW>+1 vy
F\ox,? ' ax,> o9tz

44

ou 0y, av (44)
+A,0=—+ AW+ A, ——
0xy 0x,

d
+A,,w + Aysg 0

The Appendix defines the variables that are utilized in
these equations.

— A6 =0

3. Solution technique

The resultant differential equations are solved using
Navier’s method. This Fourier series-based closed-form
approach meets supported boundary criteria. To be more
precise, the following operations are expected to (Zenkour
and Hafed 2020):

u(xy, x,,t) = Ucos (mnx ) ( ) iwt (45)
s (e
mle) sin (mzxz) elwt,  (47)

mle) sin (m;xz) el@t,  (48)

mmx nmx,\
B, (X1, X2, 8) = (szsin( . 1) cos( 2) elwt  (49)

v(xy, x5, ) = Vsin(

w(xy,x,,t) = Wsin(

¢x1 (xlt X2, t) = t;bxlcos (

1,0()61, X2, t) = Ysin (mZX1) sin (Tlixz) eiwt‘ (50)
We have m for the x; axial wavenumber and n for the
x, axial wavenumber.
The following equations are produced by replacing the
assumed functions with the corresponding components of
displacement in the governing motion equations:

(IK] = w?[MD{X} = {03, (51)

The matrixes [K] and [M] indicate stiffness and mass,
respectively, and the natural frequency is denoted by w in
the resultant equations (Eq. (51)). Finding the structure’s
natural frequencies is as simple as solving the eigenvalue
issue in Eq. (51).

4. Results and discussion
4.1 Validation study

The study checked the reliability of the results by
comparing them to the previous results to make sure they
were consistent. A spherical composite shell reinforced with
one layer of FG-CNT was the object of the study. The

normalized frequencies ( @ = wa?/h\/pp/E, ) Were
calculated and compared with those of Kiani (2017) based
on various Viyr and CNTs’ distribution patterns, and the
results were listed in Table 4 for the first two modes. Also,
in Table 4, a/b=1, a/R=0.5 and a/h =20. It is
clear that there was a high level of concordance between
this study and the one conducted by Kiani (Kiani, 2017).
The natural frequencies remained relatively close despite
minor variations in the displacement field selection and
solution approach. All things considered, the formulations
and solution method were proven to be reliable, and the
outcomes of the current investigation will be presented in
the sub-section that follow.

4.2 Case study

Here we shall now give the study’s results about the
frequency domain. Keep in mind that the core material
possesses specific characteristics, including a density (p1) of
7850 kg/m?, a Young’s modulus (E;) of 200 GPa, and a
Poisson’s ratio (v) of 0.33. Additionally, it is worth
mentioning that all the reported results are normalized with
the aid of below relation:

Dimensionless Frequency = wh/py,/En
where o is the dimensional natural frequency. Moreover,
for a spherical shell, R,, = R,, = R.

Table 5 illustrates the impact of the porosity coefficient
and varying porosity distribution patterns on the normalized
natural frequencies of the spherical shell. The data indicate
that an increase in porosity correlates with a general
decrease in frequencies, attributable to alterations in the
shell’s stiffness, which is inversely related to the stiffness-
to-density ratio. Furthermore, the table highlights the effect
of different pore placement patterns within the FGP core on
the shell’s frequencies, revealing that “Distribution 2”
yields
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Table 4 First two natural frequency parameters for spherical
panels with SSSS boundary conditions

Table 7 Effect of CNTs’ distribution patterns and R/h ratio
on the results

Wy w2
o DISTEION proseny o presemt e
U 17.9058  17.9031 235324 23.5431
FG-X 19.8065  19.7988  25.1829  25.1890
012 FG-O 15.2784 152777 215136  21.5338
FG-V 16.4823  16.4618 229657  22.9602
FG-A 16.2341  16.2611 220231 22.0731
U 22.3069 223035 29.8122  29.7966
FG-X 247699 247601  32.1985  32.1017
0.17 FG-O 19.0987  19.0980  27.2473  27.2808
FG-V 20.5726  20.5414  29.2196  29.1698
FG-A 20.2774  20.3214  28.0455  28.1247
U 255837 255868  32.8458  32.8576
FG-X 28.7191 287121  36.4841  36.4174
0.28 FG-O 21.8216  21.8389  29.6173  29.6657
FG-V 235838  23.5241  32.0952  32.0265
FG-A 23.4972 235648 31.3721  31.4888

Table 5 Effect of porosity distribution patterns and porosity
index on the results

Porosity distribution

¢ Distribution 1 Distribution 2 Distribution 3
0 0.2297 0.2297 0.2297
0.1 0.2267 0.2293 0.2271
0.2 0.2236 0.2291 0.2244
0.3 0.2203 0.2291 0.2215
0.4 0.2167 0.2295 0.2182
0.5 0.2129 0.2303 0.2145
0.6 0.2086 0.2317 0.2102
0.7 0.2039 0.2342 0.2052
0.8 0.1984 0.2386 0.1992
0.9 0.1917 0.2471 0.1923

Table 6 Effect of CNTs’ distribution patterns and porosity
index on the results

Pattern of CNTs

€o

FG-UU FG-OO FG-VA FG-AV FG-XO
0 02296  0.22960 0.23141  0.22792  0.22967
0.1 0.22715 0.22708  0.22897  0.22533  0.22716
0.2 0.22443  0.22436  0.22633  0.22253  0.22444
0.3 0.22147  0.22140 0.22346  0.21948  0.22148
0.4 0.21819 0.21811  0.22029  0.21609  0.21820
0.5 0.21449 0.21441  0.21672  0.21226  0.21450
0.6 0.21024 0.21015 0.21263  0.20784  0.21025
0.7 0.20524 0.20515 0.20785  0.20262  0.20526
0.8 0.19925 0.19914  0.20215 0.19631  0.19926
09 0.19225 0.19213  0.19564 0.18882  0.19227

Pattern of CNTs

R/h FG-UU FG-OO FG-VA FG-AV FG-XO
10 0.48203  0.48201  0.48275  0.48133  0.48204
20 031071 0.31066  0.31205 0.30938  0.31072
30 0.26318 0.26312 0.26482  0.26155  0.26319
40 0.24407  0.24400  0.24585  0.24228  0.24408
50 0.23465 0.23458  0.23651  0.23278  0.23466
60 0.22937 0.22930 0.23128  0.22745  0.22938
70 0.22612 0.22605  0.22806  0.22418  0.22613
80 0.22399 0.22392 0.22596  0.22203  0.22400
90 0.22253  0.22245  0.22450 0.22054  0.22253
100 0.22147  0.22140  0.22346  0.21948  0.22148

the highest frequencies, whereas “Distribution 1” results in
the lowest frequencies. The numerical values used to
generate this table are as follows: m=n=1,R =
100h,Viyr = 0.12,V, = 0,FG — UU.

Table 6 indicates that the FG-VA pattern typically
yields greater frequencies than the distribution patterns of
other CNTs, while the FG-AV pattern exhibits the lowest
values. The previous findings about the impact of the
porosity index are corroborated. The numerical values used
to generate this table are as follows: m=n=1,R =
100h,Viyr = 0.12,V, = 0, Porosity distribution 3.

Both the impact of the CNTs’ distribution patterns and
the radius-to-thickness ratio on the fundamental frequencies
are taken into account in Table 7. The frequencies drop
dramatically as the aforementioned ratio is increased. It
happens because the shell’s rigidity decreases. The
numerical values used to generate this table are as follows:
m=n =1, Viyr = 012, V, = 0, e, = 0.3, Porosity
distribution 3.

Table 8 shows the same effect for distinct types of
porosity distributions, the results show that “Distribution 2”
produces the highest frequencies and “Distribution 1”
produces the lowest. The numerical values used to generate
this table are as follows: m=n=1 ,Viy; = 0.12,V, =
0,e,=0.3,FG—UU.

In Table 9, the impact of the thickness-to-width ratio on
the outcomes for different pore distribution patterns is
examined. A rise in the h¢/h, ratio is accompanied with an
improvement in the frequencies. The increase in the shell’s
rigidity is the cause of this. Reason being, the ratio of
stiffness to mass, when squared, gives rise to the natural
frequency. The distribution of all CNT kinds shown in the
table follows this pattern, which is important to remember.
It appears that the mechanical properties of the structure are
more affected by changes in the shell’s geometry than by
the exact arrangement of CNTs within it. Nevertheless, the
distribution type of CNTs utilized can affect the amount of
the frequency augmentation. The numerical values used to
generate this table are as follows: m=n=1,h=
Constant, R = 100h , Viyr =0.12, V3 =0, ¢, =0.3,
FG — UU.
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Table 8 Effect of porosity distribution patterns and R/h ratio
on the results

Porosity distribution

R/h o N N
Distribution 1 Distribution 2 Distribution 3
10 0.4814 0.4861 0.4820
20 0.3100 0.3166 0.3107
30 0.2623 0.2699 0.2632
40 0.2431 0.2512 0.2441
50 0.2336 0.2420 0.2346
60 0.2283 0.2369 0.2294
70 0.2250 0.2337 0.2261
80 0.2228 0.2316 0.2240
90 0.2214 0.2302 0.2225
100 0.2203 0.2291 0.2215

Table 9 Effect of porosity distribution patterns and he/hy
ratio on the results

h./hy Porosity distribution
(hy = hy) Distribution 1 Distribution2  Distribution 3
2 0.1841 0.1888 0.1846
4 0.2110 0.2189 0.2120
6 0.2276 0.2371 0.2289
8 0.2383 0.2488 0.2397
10 0.2456 0.2567 0.2472
12 0.2510 0.2625 0.2526
14 0.2550 0.2669 0.2567
16 0.2582 0.2703 0.2599
18 0.2608 0.2730 0.2625
20 0.2629 0.2753 0.2646
22 0.2646 0.2772 0.2664
24 0.2661 0.2788 0.2679

Table 10 Effect of porosity distribution patterns and
externally applied electric voltage on the results

Porosity distribution

Voolt) 1. iribution 1 Distribution 2 Distribution 3
500 0.1705637 0.1725112 0.1707299
-400 0.1705630 0.1725104 0.1707292
-300 0.1705622 0.1725097 0.1707284
-200 0.1705615 0.1725090 0.1707277
-100 0.1705608 0.1725083 0.1707270

0 0.1705601 0.1725076 0.1707263
100 0.1705594 0.1725069 0.1707256
200 0.1705586 0.1725062 0.1707249
300 0.1705579 0.1725055 0.1707241
400 0.1705572 0.1725048 0.1707234
500 0.1705565 0.1725040 0.1707227
500 0.1705637 0.1725112 0.1707299

Table 10 shows the impact on the shell’s natural
frequencies of a change from a negative to a positive
externally supplied electric voltage. The natural frequencies

Table 11 Effect of porosity distribution patterns, CNTs’
distribution patterns, CNTs’ volume fractions, and mode
numbers on the results

Pattern of Porosity distribution
CNTs yz,r m,n Distribution 1 Distribution 2 Distribution 3
11 0.2203 0.2291 0.2215
012 1.2 0.4862 0.5089 0.4894
2,2 0.8101 0.8408 0.8147
1,1 0.2294 0.2379 0.2306
FG-UU 0.17 1.2 0.4926 0.5150 0.4957
2,2 0.8408 0.8699 0.8452
1,1 0.2452 0.2531 0.2462
028 1,2 0.5007 0.5227 0.5037
2,2 0.8915 0.9182 0.8956
1,1 0.2223 0.2311 0.2235
012 1,2 0.4871 0.5097 0.4903
2,2 0.8168 0.8472 0.8214
11 0.2323 0.2406 0.2334
FG-VA 017 1.2 0.4940 0.5163 0.4971
2,2 0.8500 0.8787 0.8544
11 0.2495 0.2573 0.2505
028 1.2 0.5033 0.5251 0.5062
2,2 0.9048 0.9309 0.9089

are lowered as the applied voltage is increased because the
shell rigidity is reduced. The table clearly demonstrates that
the natural frequencies tend to decrease as the applied
voltage rises. There may be ramifications for the shell’s
behavior and performance due to the decrease in natural
frequencies, even though the changes are minor. The
numerical values used to generate this table are as follows:
m=n=1,R=100h ,Viyr =0.12 ,e, = 0.3,FG — UU.

Table 11 provides a thorough analysis of how different
parameters impact the natural frequencies of the under-
evaluation shell. The most important thing to take away
from this table is that the frequencies go up dramatically
when the volume % of CNTs goes up. This is because
CNTs are very stiff. The numerical values used to generate
this table are as follows: R = 100h,e, = 0.3.

5. Conclusions

An FGP spherical shell with two NCPMs facesheets is
tested for vibrational performance under an externally
applied electric voltage in this study. The FSDT is used to
characterize the displacements, and the layers’ attributes are
functionally graded. The natural frequencies of the shell
with simply supported edges are extracted using Navier’s
solution method after the governing motion equations are
determined by applying Hamilton’s principle. Among the
three patterns for porosity distribution that were evaluated,
symmetric patterns had the highest frequency values, and
the study examined and discussed the impacts of different
parameters on the natural frequencies. It was shown that
increasing porosity generally reduces the outcomes.
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lowering the frequency is achieved by raising the external
voltage applied to the NCP facesheets. Along the thickness
path of the faces, the FG-VA pattern has the highest
frequencies and the FG-AV pattern the lowest frequencies
of the patterns of CNTSs dispersion that were considered.
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Appendix

The used coefficients in Egs. (39)-(44) are defined as:
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