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Abstract.

Small-scale tubular structures have garnered considerable interest owing to their exceptional mechanical gualities,

making them suitable for applications requiring lightweight and durable designs. This work examines the stability and buckling
behavior of these structures via an integrated approach that merges beam theory with modified couple stress theory, yielding a
more accurate comprehension of micro and nanoscale phenomena. The findings are particularly relevant to the sports industry,
where advances in equipment and practices may considerably impact player performance and safety. This study looks at how
these structures may improve the design of high-performance sports equipment, such as lightweight yet stable bicycle frames,
ski poles, and gymnastic vaulting poles, by increasing their strength-to-weight ratio for better performance. The study
emphasizes the potential applications in protective equipment and wearable technologies, where maintaining structural integrity
is essential for ensuring longevity while preserving mobility. The comprehension of mechanical stability has progressed, leading
to the development of a method for integrating advanced structural mechanics into sports engineering, thereby facilitating

innovations that improve athletic performance and safety.
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1. Introduction

There has been a significant increase in demand for
lightweight and durable materials across a variety of
industries, particularly sports engineering. The use of
advanced materials in sports equipment has dramatically
improved athletic performance and safety (Huo et al. 2021,
Zhang et al. 2021, Guo et al. 2024, Li et al. 2024, Liang et
al. 2024, Xiao et al. 2024, Zisong and Habibi 2024).
Functionally graded materials (FGMs) are an important
research domain due to their distinct properties (Omidi et
al. 2013, Mousavi et al. 2017, Shahabinejad et al. 2018).
Functionally graded materials are composites distinguished
by gradual changes in composition and structure, which
cause corresponding changes in mechanical properties
throughout their volume (Panchal and Ponappa 2022). This
gradation improves specific performance attributes such as
strength, flexibility, and weight, and is tailored to a variety
of applications. The use of functionally graded materials
in athletic equipment has been transformative (Song et al.
2024, Wang et al. 2024b, Yin et al. 2024, Liu et al. 2025).
The use of functionally graded materials in sports equipment
has been revolutionary. In sports such as cycling, snow-
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boarding, and skiing, lightweight constructions have been
demonstrated to enhance speed and performance significantly.
Materials like carbon fiber, which can be customized for
particular applications, have played a crucial role in these
developments (Wang et al. 2024a, ¢, 2025a). Designing
equipment that combines lightweight properties with
improved mechanical performance is essential for athletes
seeking optimal results. The idea of functionally graded
materials originated in Japan in 1984 as part of a space
plane project, with the objective of creating materials that
can endure significant temperature gradients (He et al.
2025, Zhao et al. 2025). Since then, FGMs have been
utilized across multiple domains, such as aerospace,
automotive, and biomedical engineering, owing to their
customized properties. The integration of functionally
graded materials in sports engineering has resulted in the
creation of equipment that satisfies the mechanical
requirements of high-performance sports while enhancing
athlete safety by minimizing injury risk through superior
material characteristics (Wang et al. 2022, Jia et al. 2023,
Zhang et al. 2023a, b, ¢, Qi et al. 2024). The ongoing
advancement of material science, especially regarding the
development and utilization of functionally graded
materials, presents considerable potential for the future of
sports engineering. Engineers can utilize the distinct
properties of these materials to design and produce sports
equipment that enhances performance, durability, and
safety, thus advancing athletic achievement (Mirjavadi et al.
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2020b, c, d, ).

Functionally graded materials have a wide range of
technical applications, but their use in athletic equipment
design is limited. Modern sports equipment is primarily
made of uniform materials, which may not enhance
performance as much as functionally graded materials
(Zhang et al. 2020, Wang et al. 2024i). The limited use of
FGMs stems from the difficulty of producing these
materials with the complex geometries required for sporting
equipment, as well as a lack of research on their specific
applications in this domain (Wang et al. 2024f, Wu et al.
2024). Furthermore, while the mechanical properties of
functionally graded materials have been extensively studied
in a variety of engineering applications, there is a significant
research gap in their stability and buckling behavior in
small-scale tubular structures used in sports equipment
(Leoni et al. 2023). Conventional buckling analysis methods
frequently overlook size-dependent effects, which are
critical at micro and nanoscale dimensions. The modified
pair stress theory offers a framework for integrating small-
scale effects, however, its application in evaluating the
buckling behavior of FGM-based sports equipment remains
underexplored (Wang et al. 2024b). Addressing these gaps
is essential for the advancement of sports engineering. An
in-depth analysis of the stability performance of light-
weight, functionally graded tubular structures can facilitate
the advancement of sports equipment that enhances athletic
performance via optimized strength-to-weight ratios while
also mitigating the risk of buckling failure (Gu et al. 2022).
Consequently, there is a pressing requirement for research
that integrates advanced material science with improved
mechanical analysis to explore the potential of functionally
graded materials in sports applications (Wang et al. 2024e,
g, h, Zhang et al. 2024b, Zhu et al. 2024a, b, Xia et al.
2025).

The incorporation of functionally graded materials in the
design of sports equipment is expected to greatly improve
both athletic performance and safety. Functionally graded
materials demonstrate a seamless transition in composition
and structure, leading to customized mechanical properties
that are finely tuned for particular applications. This
distinctive feature facilitates the creation of equipment that
optimizes strength, flexibility, and weight, enhancing
performance and minimizing injury risk (Saad 2022). The
utilization of functionally graded materials in sports
engineering is significant. Lightweight constructions in
sports such as cycling, snowboarding, and skiing
significantly enhance speed and performance. Carbon fiber,
tailored for particular applications, has greatly enhanced
these developments (El-Galy et al. 2019). The ongoing
advancements in material science, especially regarding the
development and application of functionally graded
materials, present considerable opportunities for the future
of sports engineering. Engineers can utilize the distinct
characteristics of these materials to design and produce
sports equipment that enhances performance, durability, and
safety, thereby facilitating athletic achievement.

This study investigates the stability and buckling
properties of small-scale tubular structures made from
functionally graded materials (FGMSs) in the context of sports

engineering. This study seeks to enhance understanding of
the mechanical behavior of structures at micro and nano-
scale levels through the integration of beam theory and
modified couple stress theory (Dai et al. 2021, Shi et al.
2022, He et al. 2024, Man et al. 2024, Wang et al. 2024d,
2025h, Xue et al. 2024, Yu et al. 2024, Zhang et al. 2024c,
Zhao et al. 2024, Zhigiang et al. 2024, Jining et al. 2025,
Zhou et al. 2025). This study examines several important
facets:

+ Material Characterization: This analysis will examine
functionally graded materials, focusing on their composition,
microstructure, and the impact of these factors on
mechanical properties, including strength, flexibility, and
weight distribution. This characterization is crucial for
customizing materials to fulfill the specific requirements of
sports equipment (Nayak and Armani 2022).

» Theoretical Framework Development: This research
seeks to establish a theoretical framework integrating beam
theory and modified couple stress theory. This approach
seeks to provide a more precise depiction of the mechanical
behavior of small-scale structures, considering size-
dependent effects frequently neglected in conventional
analyses (Partskhaladze et al. 2019).

+ Buckling Analysis: A thorough buckling analysis of
small-scale tubular structures will be performed to
determine their stability under a variety of loading
conditions. This analysis is critical for determining the
structural integrity of sports equipment components that
experience dynamic forces during use, such as bicycle
frames, ski poles, and gymnastic vaulting poles (Godat et
al. 2012).

+ Application to Sports Equipment Design: The results
from the theoretical and analytical studies will guide the
creation of high-performance sports equipment. The goal is
to improve the strength-to-weight ratio of these products,
which will lead to better performance and safety for
athletes. This application is especially relevant for creating
lightweight and stable components that can endure the
challenging requirements of different sports (Lin and
Qiyuan 2023).

This study aims to connect advanced material science
with practical applications in sports engineering, ultimately
fostering the creation of innovative equipment designed to
improve athletic performance and ensure safety (Yan et al.
2024). Despite advancements in the application of
functionally graded materials across various engineering
domains, notable gaps persist in their use for sports
equipment design, especially concerning the analysis of
small-scale, non-uniform tubular structures subjected to
complex loading conditions (Chen et al. 2022, Li et al.
2025a). Many current studies concentrate on uniform
geometries, overlooking the combined impacts of nonlocal
elasticity, material gradation, and cross-sectional variability,
which are essential for accurately predicting the stability
and buckling performance of sports equipment (Wei et al.
2024, Li et al. 2025b). The literature has not sufficiently
addressed the influence of boundary conditions and size-
dependent phenomena at the nanoscale. The identified
shortcomings impede a thorough understanding and
optimization of FGMs for advanced sports applications
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(Gao et al. 2025, Wang et al. 2025c). This study introduces
a mathematical framework to analyze the stability behavior
of non-uniform, porosity-dependent functionally graded
tubular structures. This study combines advanced shear
deformation theory, nonlocal strain gradient theory, and the
Hamilton principle to accurately address important size-
dependent effects and sensitivities related to boundary
conditions. The use of varied cross-sectional profiles,
illustrated by four unique mathematical functions, marks a
significant advancement in simulating realistic designs for
sports equipment. This research stands out because of its
diverse approach to the intricate relationships between
geometry, material gradation, and size effects, providing a
thorough stability analysis of functionally graded materials
in sports engineering. The results offer valuable perspectives
on creating lightweight, high-performance sports gear,
emphasizing enhanced mechanical stability and safety
under various loading scenarios. This research lays the
groundwork for developing new materials and structures
aimed at improving athletic performance and ensuring
safety.

2. Mathematical modeling

To maximize performance and safety, modern sports
equipment should be made of lightweight, strong, and
highly stable materials. The use of porosity-dependent non-
uniform functionally graded microtubes is an innovative
solution to this issue. These structures are particularly
useful in applications requiring weight reduction, increased
strength, and dynamic stability for athletic performance,
such as bicycle frames, ski poles, and gymnastics vaulting
poles. This section provides a thorough mathematical and
mechanical analysis of the buckling behavior of non-
uniform FGM microtubes, as well as recommendations for
improving their design to meet the stringent requirements of
sports engineering (Mirjavadi et al. 2020a, 20223, ¢, Kazemi
et al. 2023).

2.1 Geometric configuration

To achieve a balance between strength and weight
distribution in sports applications, the non-uniform
geometry of tubular components is often a carefully
considered design decision. For example (Fig. 1):

+ Bicycle frames: To reduce weight while retaining
structural integrity, tubes are thinner in straight sections and
thicker at joints.

» Ski poles: Gradual tapering increases strength and
aerodynamic efficiency in areas with concentrated forces,
such as the handle and tip of ski poles.

» Gymnastic vaulting poles: Gymnastic vaulting poles of
varying thicknesses aid in stress distribution during
dynamic bending.

Weight and stiffness can be optimized along the length
of the microtube by modeling it with an axial length ‘L’, an
outer radius ‘Ro(x)’, and a thickness ‘t’ that are functions
of the axial coordinate ‘x” (Fig. 2).

Suppose a uniform internal radius, ‘R;,, = D;,/2’, SO

Fig. 1 Non-uniform tubular structures in sports such as,
bicycle frames, ski poles, and gymnastic vaulting poles,
optimized for strength, weight, and performance

the thickness is calculated as follows:
t(x) = Ro(x) — R, (1a)

where ‘Ro(x)’ is the external radius function. Also, the
three types of nonuniform functions involving the linear,
concave, and convex types are supposed for the external
radius tube to make the nonuniformity, which is figured in
Fig. 2, and the mathematical formulation of them is
represented in the following (Xia et al. 2025).

Nonuniform external linear function:

1253 1x
Ro(x) = 957 (1 - EZ) Rinitiar (1b)
Nonuniform external concave function:
1211 183 x\2
Ro(x) = W(l - mz) Rinitial (1c)
Nonuniform external convex function:
191 3x\%°
Ro(x) = ﬁ(l - ZZ) Rinitial (1d)

where ‘Ri.iriq;” 1S the external radius at ‘x = 0°. Also, for
the external uniform radius, ‘Ro(x) = Rinitiar -

2.2 Material gradation for enhanced performance

The use of functionally graded materials (FGMSs) with
porosity provides a transformative approach to optimizing
sports equipment in which both lightweight properties and
structural stability are required. FGMs’ material properties
vary gradually throughout the structure, allowing for tailored
mechanical responses that improve performance, durability,
and athlete safety (Afshari Behzad et al. 2022, Mirjavadi et
al. 2022b, 2023, Kazemi et al. 2024).
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Fig. 2 A tube section schematic involves three types of non-
uniform sections: nonuniform concave, linear, and convex

2.2.1 Porosity effects on lightweight design and
stability

Porosity in FGMs significantly reduces weight, which is
critical in sports applications that require high speed, agility,
and energy efficiency. By strategically incorporating graded
porosity, the material’s density can be optimized to maintain
strength while removing unnecessary mass.

» Cycling: Using a lightweight bicycle frame with
porosity-graded materials improves acceleration and
reduces fatigue during long rides, thereby increasing
endurance.

» Skiing: Ski poles with optimized porosity improve
maneuverability while maintaining strength in high-stress
areas, resulting in greater skier control.

» Gymnastics: A vaulting pole with precise porosity
levels increases flexibility and energy absorption,
preventing failure under dynamic loads.

Although these advantages are significant, uncontrolled
porosity can reduce stiffness and stability, particularly in
load-bearing sports equipment. Excessive porosity can

reduce buckling resistance, making the structure more prone
to deformation when exposed to external forces. As a result,
striking the right balance between weight reduction and
mechanical integrity is critical to ensuring both performance
and safety.

2.2.2 Non-uniform material distribution for sports
optimization

In non-uniform tubular structures, such as bicycle
frames, ski poles, and gymnastic vaulting poles, functionally
graded porosity allows for:

+ Weight reduction in low-stress regions to enhance
speed and ease of movement.

« Higher density in critical load-bearing areas to prevent
instability and premature buckling.

» Gradual stiffness variation to absorb impact forces,
thereby increasing resilience and durability.

Sports engineers can use advanced porosity-dependent
material gradation to design equipment that improves
athletic performance while ensuring long-term reliability.
This approach represents a significant advancement in
sports engineering, allowing for the creation of lighter,
stronger, and more efficient sports structures.

2.2.3 Functionally graded materials

Functionally graded materials are important in sports
applications because they provide a smooth transition in
mechanical properties. The gradation can be customized to
meet specific needs:

« Strength-to-Weight Ratio: Gradation increases stiffness
in high-stress regions while decreasing weight in low-stress
areas.

* Impact Resistance: Gradual material transitions
increase energy absorption, lowering the likelihood of
catastrophic failure during high-impact activities.

 Fatigue Resistance: Non-uniform FGMs distribute
stresses more evenly, allowing sports equipment to last
longer under repeated loading.

Porosity-dependent material properties, such as Young’s
modulus (E), are defined as functions of both radial and
axial positions:

r— R\ 9"
E(x,r) = ﬁ(Ein - Eout) ( t(x)L )

Tr—R; 7 — R\ /9™
cos (— m) +Eip + (Egue — Ei) ( m) (2a)

2 t(x) t(x)
nr— R,
~Einf cos (E o) )

where ‘fgm’ is the FGM parameter, ‘B’ is the porosity
parameter, ‘E;,’ is the Elastic modulus in the internal
surface (r = Ry,), and ‘E,,;’ is the Elastic modulus at the
external surface (r = R,). Also, the Poison ratio (v) is
defined as follows:

V(1) = B0 = vou) (— Sin)fgm

cos (nr _ Rin) + Vin + Wour — Vin) <T _ Ri")fgm (2b)

2 t(x) t(x)
Tr — Ry,
~Vinf cos (E t(x) )
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where, Poison ratio at the internal and external surface are
Vi and vy,

2.3 Governing equations

The analysis uses the Timoshenko beam theory to
account for shear deformation and rotational inertia and the
modified couple stress theory to account for size-dependent
effects important in small-scale structures to generate the
governing equations for the buckling analysis for the
porosity-dependent nonuniform FGM tube. Using the
energy principle based on the conservation of energy
method, the total energy in the system is composed of
potential strain energy, strain energy (U), and potential
energy due to the external work (V) performed by applied
forces. For buckling analysis, the total potential energy of
the system is given as:

N=U-V=0 (3a)

Since the system is in equilibrium at the buckling point,
the variation of total energy must be zero, i.e.,

SU—8V =0 (3b)

The virtual potential energy due to the axial buckling
force ‘F’ is calculated as follows:

1 ow\?
== — 3c
v 26<1UFF<ax) dv) (3¢)
Also, the virtual strain energy (8V) is calculated as
follows:

5U=%6(fﬂ'(£ij:oij+m,-,-:)(,-j)dv> (3d)

where ‘¢’, ‘g”’, ‘x’, and ‘m’ are the strain, stress, symmetric
curvature, and modified stress tensors, respectively. The
strain tensors are calculated as follows:

1
o= —(11. . i. . 4
L ) y
Eij 2(u11+u“) (4)

where ‘%’ is the displacement field according to the
Timoshenko beam theory and they consider as follows:

= (u); + (uy)}. + (U (5a)
Uy = u(x) — zo(x) (5b)
u, =0 (5¢)

u, = w(x) (5d)

where ‘u’, ‘w’, and ‘@’ are the axial, lateral and rotational
component, respectively. According to first-order shear
deformation displacement fields, the strain tensors (¢;;) are
calculated as follows:

du do
=— — 6a
Fxx 6x+z<6x) (62)
1 10w

= = - - 6b
gXZ SZX 2(p+2 ax ( )

Exy = Eyx = Eyy T &y = &5y, =5, =0 (6¢)

Then the stress tensors (a;;) are calculated as follows:

du do
=F— — 7a
Txx E6x+EZ(6x) (72)
1 1 ow
Oyyz = Oz = EGKS([] + EGKSa (7b)
Oxy = Oyx = Oyy = Oy, = 0Oz = 05, = 0 (7c)

where ‘G(x,r) =E(x,7)/(2+2v)’, and ‘K’ is shear
correction factor and it calculated as follows (Wang et al.
2024b):

K;
K= (79)
K = 6(1+9(x)2)%(1+9(x))° (7e)
Rin
90) = i @
Ko = (7+148(x) + 890D+ 0D
49002 (5 + 109(x) + 49(x)?) (79)

Also, the symmetric curvature tensors ( x;; ) are
calculated as follows:
19 10%w
40x 4 0x?

Xxy = ny = (8&)
Xox = Xxz = Xyy = Xyz = Xax = Xzy = Xzz = 0 (8b)
Then the modified couple stress tensors (m;;) are

calculated as follows:

1 0w
—EG&——JZ (9a)

m =m =
xy yx dx2

My = Myz = Myy = Myy = My = My = My = 0 (9b)

The strain energy (U) is calculated by combining Egs.
(6)-(9) with Eq. (3b). Using the energy conservation
method, the governing equations and boundary conditions
for the buckling stability of the porosity-dependent
nonuniform FGM tube are determined.

‘Su’
d Ju (10a)
dx (08 ax) =0

Sw’
02 0 6g0+62W N 0? 0 2*w
ax2\ M\ox ' ox? dx2\ *\ 9x2
10 0( +6w> 1l26 0( +6W)
20x\ 78 ¢ ox 4" gx\ 8 g ox

02 0 6(p+62w +1262 o o%*w
ax2\ M\ox  9x? ax2\ 16\ 9x2
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0? o 0w a(FaW)—O
ax2\ 1\ 9x2 ax\" ax/)

S
+1@ (6w> 12@< +aw)+ 0 o*w

2 % \ox s\? 7 ox) Tox\ 1\ ox2
9 0 6<p+62 +1l d
ax\ *Z\ox ' 9x? 2 ox
0

a
a’w (10c)
1_0 dp 0*w
—— 2_ — — —
4l ax(QS <6x * 6x2>>

Also, boundary conditions are:

fé‘u)
o (6u)_0 (11a)
8\ox/)
(5W)
0 6<p 0w +1@< +6w>
14\ ox Vo2 s\9 " o
1, ow ow 2w
+3l0 (o3 ) +Fa - re(5a) )
dp 0d*w ) op 0*w
@12<ax+ﬁ>+l O16\z9x T 922
3 op 0*w
_ 252 (9P TWY_
81 @8(6x 6x2> 0
(5(p)
dp 1. (3¢ *w\ 1, 92w (11c)
@145"‘1[ @8<a+ axz _El @16 W —0
where

{05 014 916}=f{E Ez?2 G}x,r)rdrdd (12)

3. Solution methodology

The study uses the finite element method (FEM) to
investigate the buckling behavior of a porosity-dependent,
nonuniform functionally graded material tube, with a focus
on material gradation and small-scale effects. This
numerical method effectively addresses the challenges
posed by nonuniform cross-sections and porosity distributions,
making it appropriate for sports applications requiring
lightweight structures with increased stability. The non-
uniform FGM tube is discretized into Timoshenko beam
elements, which account for transverse shear deformation

and rotational inertia effects. The structure is divided into
finite elements of variable lengths, allowing for precise
modeling of nonuniform geometry and porosity effects. The
material properties vary along the length of the tube and are
computed at integration points within each element (Li et
al. 2022, Zhang et al. 2024a). The displacement fields are
approximated with interpolation functions (shape functions).

Lagrange interpolation functions are used for axial
displacement (u), and Hermite polynomials for transverse
displacement (w) and rotation (¢). The stiffness matrix (K,)
of each element is derived using the virtual work principle
and expressed as:

K] = f BT DBdx (13a)

where ‘B’ and ‘D’ are the strain and elasticity matrix,
respectively. Similarly, the mass matrix (M,) of each
element is given by:

[M,] = fo ' aax< Z‘::) dx (13b)

The matrices are calculated numerically through Gaussian
quadrature integration to accommodate nonuniform section
properties. The element matrices are combined into global
stiffness and mass matrices using the standard finite
element assembly procedure. This step accounts for non-
uniformity in geometry and material properties, resulting in
an accurate representation of porosity-dependent mechanical
behavior. Using Timoshenko beam theory, the displacement
field within each element is approximated as:

u(x) = N, (0){U} (14)
w(x) = N, (x){W} (14b)
u(@) = Ny C){I'} (14c)

where ‘N,, N,, and N, are interpolation (shape) functions,

and ‘{U}, {W}, and {Y}> are nodal displacement vectors.
Where

M@ =t 7] (14)

Hermite cubic polynomials ensure continuity in
transverse displacement (w) and rotation (¢).

N, (x) = N(p(x) =

2 3 2 3

x2  x
=354 20502+ (140)
x? x®  x? %3
ATt L

The element matrices are assembled into global
stiffness, mass, and geometric stiffness matrices:

[K.l{q} = A[M.}{q} (14f)

where ‘A’ and ‘g’ are the buckling eigenvalue and buckling
eigen vectors, respectively. The critical buckling loads are
determined by solving the generalized eigenvalue problem:

det([K,] — A[M,]) =0 (149)
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Table 1 Validation of calculated numerical buckling load
(FL?/[[ Er3sin®*(0)drdf) for pinned tube versus the
aspect ratio compared to other research results

¢ L — L _ L _
Rinitial~ Rin Rinitial— Rin Rinitial= Rin
10° 20° 100°
Wang et al. (2024b), High-order tube theory
9.609656938 9.787789586 9.87135321
Zhang et al. (2023a), High-order tube theory
9.610618 9.788279 9.86642
Reddy (2007), first-order shear deformation beam theory
9.6227 9.8067 9.8671
Present study, first-order shear deformation beam theory
9.62366227 9.79787397 9.86611329

Table 2 Comparison and validation of numerical buckling
load (F L?/[[ Er3 sin?(6)drd®) of the current study via
results of Xia et al. (2025) versus the different boundary
conditions as well as different types of radius functions
involving the uniform, linear, convex, and concave types of
section

Uniform Concave Linear Convex

Clamped type of boundary conditions
Xia et al. (2025), High-order tube theory

10.06538 6.850861 6.812317 6.833164
Present study, first-order shear deformation beam theory
10.0955761 6.80290497 6.76394955 6.78601517

Pinned type of boundary conditions
Xia et al. (2025), High-order tube theory

2.516346 1.69825 1.747681 1.880133
Present study, first-order shear deformation beam theory
2.52389504 1.68636225 1.73527246 1.86716008

The FEM formulation is implemented in MATLAB/
Python using the following steps:

* Mesh generation involves refining nonuniform
elements to capture porosity effects.

» Matrix assembly is the process of calculating global
stiffness, mass, and geometric stiffness matrices.

 Eigenvalue computation involves solving for critical
buckling loads.

* Result Interpretation: ldentifying the best designs for
sports applications.

4. Presentation of numerical results

This section presents the numerical results of a finite
element analysis that examined the effects of porosity,
material gradation, and geometric nonuniformity on the
buckling behavior of functionally graded microtubes.
Critical trends in stability performance are identified by
rigorously assessing key parameters such as the gradation
index, porosity coefficient, and cross-sectional tapering.

These findings are critical for developing lightweight,
structurally resilient components in sports engineering. To
ensure the accuracy and dependability of the results, the
numerical findings are compared to established analytical
solutions and previous studies on FGM beams. In addition
to theoretical validation, the implications of these findings
are investigated in practical applications such as bicycle
frames, ski poles, and gymnastic vaulting poles, where an
optimal balance of weight reduction and structural integrity
is required. This analysis combines computational
mechanics and practical sports engineering, providing
critical insights for developing high-performance sports
equipment.

To validate the accuracy of the proposed finite element
framework, the numerical buckling loads obtained in this
study were compared to previously published analytical and
numerical results. These comparisons are summarized in
Tables 1 and 2, which show strong agreement and confirm
the current methodology’s reliability.

Table 1 compares the dimensionless critical buckling
load ( FL?/[[ Er3®sin?(8)drd6 ) of a pinned FGM
microtube across varying aspect ratios (L/(Rinitiar — Rin))-
The results are benchmarked against high-order tube theory
solutions from Wang et al. (2024b) and Zhang et al.
(2023a), as well as first-order shear deformation beam
theory (FSDT) results from Reddy (2007). The present
FSDT-based FEM results exhibit excellent agreement with
all references, with relative errors of less than 0.15%,
confirming the robustness of the formulation. For instance,
at’L/(Riniriar — Rin) = 10°, the buckling load calculated
in this study (9.6237) aligns closely with Reddy’s FSDT
solution (9.6227). Minor discrepancies at higher aspect
ratios (e.g., 9.8661 vs. 9.8713 for’L/(Rinitiat — Rin) =
100 ° arise from differences in higher-order shear
deformation assumptions but remain within acceptable
tolerances.

Table 2 broadens the validation to include various
boundary conditions and cross-sectional radius functions
(uniform, concave, linear, convex). The findings are
compared with those of Xia et al. (2025), who utilized
high-order tube theory. For clamped boundary conditions,
the FSDT-based buckling loads obtained in this study (e.g.,
10.0956 for uniform sections) closely align with the high-
order solutions provided by Xia et al. (10.0654), exhibiting
deviations of less than 0.3%. A comparable agreement is
noted for pinned boundaries, with the current results (e.g.,
2.5239 for uniform sections) differing by less than 0.4%
from the values reported by Xia et al. (2.5163). The
concave and convex radius functions demonstrate slightly
reduced buckling loads relative to uniform sections,
indicating the sensitivity of stability to geometric
nonuniformity. The current FEM model and reference
studies consistently capture these trends, thereby validating
the framework’s capacity to manage complex geometries
and boundary conditions.

The strong correlation of results in Tables 1 and 2
highlights the effectiveness of the proposed FEM method in
forecasting the buckling behavior of nonuniform FGM
microtubes. The observed minor deviations are ascribed to
variations in theoretical assumptions, such as high-order
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versus first-order shear deformation, and numerical
discretization strategies. The validations indicate that the
existing methodology serves as a dependable instrument for
assessing stability performance in sports engineering
contexts, where accurate predictions of buckling resistance
are essential for lightweight, high-strength designs.

This study investigates a functionally graded material
composed of carbon fiber-reinforced polymer (CFRP) and
aluminum alloy (Al 6061), which is widely regarded as the
optimal combination for sporting applications. This FGM
combines CFRP’s high strength-to-weight ratio and
stiffness with aluminum’s ductility, toughness, and impact
resistance. This combination is ideal for sports equipment
such as bicycle frames, ski poles, and vaulting poles that
need to be lightweight, strong, and long-lasting. The CFRP
phase provides the required stiffness and load-bearing
capacity, while the aluminum phase improves energy
absorption and dynamic load resistance, ensuring
performance and safety (Mallick 2007). The mechanical
properties of these phases have been extensively studied in
the literature. CFRP’s elastic modulus ranges from 70 to
200 GPa, depending on fiber orientation and volume
fraction, with a Poisson’s ratio of 0.28 to 0.34 (Jones 1999).
The elastic modulus of aluminum alloy (Al 6061) is 68.9
GPa, while the Poisson’s ratio is 0.33 (Handbook-Committee
1990). CFRP-AIl FGM is appropriate for sports engineering
due to its properties, which enable the construction of
lightweight structures with tailored stiffness and strength.

In this study, the dimensionless buckling load (A) is
used to evaluate the stability of functionally graded
microtubes. The parameter is defined as:

-1

LZ
A= F?(ff Eq 6061r3sin2(6)drd9) (15)

In this equation, ‘F’ represents the applied axial load, ‘L’
represents the microtube’s length, ‘E4; 6061 1S the elastic
modulus, ‘7’ is the radial coordinate, and 6’ is the
circumferential angle. The denominator integral takes into
account the material distribution and cross-sectional
geometry of the microtubes. This dimensionless formulation
allows for the comparison of buckling behaviors across
different microtube configurations and material gradations
by normalizing the critical buckling load against geometric
and material parameters. Such normalization is required to
understand how factors such as porosity, material gradation,
and geometric nonuniformity affect the stability performance
of functionally graded microtubes.

This section provides the numerical results of the
buckling analysis for porosity-dependent, nonuniform,
functionally graded microtubes and examines their
implications for sports engineering applications. This
research analyzes the primary factors affecting buckling
loads, such as small-scale modified couple stress effects,
material gradation, porosity, and cross-sectional shape.
Specifications are critical for producing lightweight, high-
performance sports equipment such as bicycle frames, ski
poles, and vaulting poles.

Fig. 3 demonstrates the relationship between buckling
load and the small-scale modified couple stress parameter for
various cross-sectional geometries and boundary conditions.
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T

0.5F b
uUs
== == NCcS
— NS
- NCS
O 1 1 L L 1 1
0 5 10 15 20 25 30 35
Buckling load, A
2 (b): Pinned-Clamped
5
g15¢F b
=
s
a
=z
2
H
=
.8
g
£ 05F B
A uUs
== == NCcS
— NS
=== NCS
O 1 1 L L 1 1
0 10 20 30 40 50 60 70
Buckling load, A
2 (c): Clamped-Clamped
s
g15¢F b
<
g
2
<
2
2
=
2
g
£ 05F B
A Us
== == NCcS
— NS
- NCS
O 1 1 L L 1 1
0 20 40 60 80 100 120 140

Buckling load, A

Fig. 3 Dimensionless buckling load (A) of microtube versus
the small-scale modified couple stress parameter (12/R;nitiq1)
for different boundary conditions for both uniform section
(US) and nonuniform sections involving the nonuniform
linear section (NLS), nonuniform concave section (NCcS),
and nonuniform convex section (NCS) types, L=
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The results indicate that an increase in the small-scale
parameter (I) is associated with a rise in the buckling load,

implying enhanced structural stability. Clamped arrangements
produce the highest buckling loads by limiting rotational
flexibility, whereas pinned configurations yield the lowest
loads due to increased rotational compliance.

The results indicate that uniform sections exhibit better
resistance to buckling than nonuniform sections. In the
nonuniform category, convex profiles demonstrate superior
performance to concave profiles due to enhanced stress
distribution and stability. The findings possess considerable
practical implications. Clamped connections and uniform
cross-sections in vaulting poles and bicycle frames enhance
load-bearing capacity. Intentionally integrating nonuniform
shapes, such as convex tips on ski poles, enhances
flexibility while preserving overall strength. The size-
dependent parameter [ enhances deformation resistance via
microstructural interactions. This is particularly advantageous
for smaller athletic components. The results establish a
foundation for optimizing material distribution and boundary
constraints in sports equipment, enhancing performance and
ensuring player safety.

Fig. 4 shows the numerical buckling load of microtubes
made from functionally graded materials as a function of
the FGM parameter (fgm). These results were obtained
pinned, clamped, and mixed boundary conditions using the
same cross-sectional geometries as in Figure 3. The analysis
indicates that an increase in the FGM parameter results in a
reduction of the buckling load. The observed behavior
results from a reduction in the volume fraction of carbon
fiber reinforced polymer (CFRP) in the composite material.
The elastic modulus of CFRP is considerably more
significant, with values ranging from 70 to 200 GPa,
compared to aluminum alloys, which have an elastic
modulus of approximately 68.9 GPa. Augmenting the FGM
parameter reduces the composite’s overall stiffness,
resulting in a decrease in buckling resistance.

Fig. 3 depicts the effects of cross-sectional geometry
and boundary conditions on buckling loads. These findings
are directly applicable to the design of sports equipment,
where strategic material gradation can be used to customize
performance characteristics.

A CFRP-rich gradation (fgm = 0) in high-stress areas,
such as the heads of tennis rackets or hockey sticks,
improves stiffness and power transfer. In contrast, an
aluminum-rich gradation (fgm > 2) in areas such as grips
can improve vibration damping and user comfort by
maintaining an optimal balance of rigidity and flexibility.

Fig. 5 illustrates how the porosity parameter (B) affects
numerical buckling load across various cross-sectional
geometries while accounting for different material
distributions: pure CFRP, pure aluminum alloy, and their
combination as a functionally graded material. The results
indicate that buckling load decreases linearly as porosity
increases. CFRP exhibits the highest buckling load among
the materials, succeeded by FGM composite, whereas
aluminum alloy demonstrates the lowest buckling load. This
hierarchy reflects the inherent stiffness of the materials,
demonstrating that CFRP possesses greater stiffness than
aluminum alloys. Comprehending the significance of porosity
in sports applications is essential for enhancing the strength-
to-weight ratio of equipment, ensuring durability, and
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optimizing performance efficiency.
The numerical results indicate that small-scale effects,

material gradation, geometric nonuniformity, and porosity
all have a significant impact on the buckling behavior of
functionally graded microtubes. These findings have
important implications for the design and development of
sports equipment, allowing for the creation of lightweight
and mechanically resilient structures.

Porosity creates localized weaknesses, reducing the
effective load-bearing area and stiffness. CFRP has
significantly better mechanical properties than aluminum
(Ecrrp > E4;), making it less vulnerable to the effects of
porosity. Maintaining structural integrity in protective gear,
such as helmets and rowing oars, requires minimizing
porosity (S < 0.2). CFRP-aluminum functionally graded
materials combine CFRP stiffness with aluminum’s energy
absorption properties, resulting in improved safety and
performance.

5. Conclusions

This research examined the buckling characteristics of
porosity-dependent, nonuniform functionally graded material
microtubes utilizing a finite element approach grounded in
Timoshenko beam theory and modified couple stress theory.
The analysis examined the impact of critical parameters
size-dependent mechanics, material gradation, porosity, and
cross-sectional geometry on the stability performance of
microscale structures. The results offer essential insights for
enhancing the design of lightweight, high-performance
sports equipment, where structural integrity and weight
optimization are crucial.

Key conclusions include:

« Size-Dependent Effects: The buckling load increases
with the small-scale parameter (), emphasizing the
significance of microstructural interactions in improving the
stability of small-scale components. This effect is especially
important for sports equipment such as bicycle chain stays
and gymnastic grips, where microscale geometry and
material behavior dominate performance.

» Boundary Conditions: Clamped configurations have
much higher buckling resistance than pinned or pinned-
clamped conditions. This emphasizes the role of constrained
joints in sports equipment, such as vaulting poles and
bicycle frames, in increasing load-bearing capacity.

» Cross-Sectional Geometry: Uniform cross-sections
have higher buckling resistance because of their symmetric
stress distribution. Nonuniform profiles, such as convex
sections, provide an excellent balance of flexibility and
strength, making them ideal for adaptive designs like ski
poles and archery bows.

» Material Gradation: Buckling resistance is inversely
related to the FGM parameter, with CFRP-rich compositions
(fgm~0) demonstrating the greatest stability. Material
gradation facilitates enhanced designs, including rigid
CFRP areas in tennis racket heads and aluminum-rich grips
for vibration attenuation.

« Porosity Effects: Porosity reduces buckling loads by
introducing localized vulnerabilities. Reducing porosity
(B<0.3) in critical areas of protective equipment, like
helmets or rowing oars, preserves structural integrity and
lightweight benefits.
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The results indicate that the integration of advanced
materials science and computational mechanics has the
potential to transform sports engineering. Engineers can
create equipment that integrates lightweight characteristics
with remarkable stability by optimizing functionally graded
materials gradation, regulating porosity, and selecting
suitable cross-sectional geometries. CFRP-aluminum FGMs
with clamped uniform sections are optimal for high-stress
applications such as bicycle frames, while nonuniform
convex profiles with regulated porosity enhance flexibility
in ski poles without compromising durability.

This study combines theoretical mechanics with real-
world sports applications, providing a solid foundation for
developing next-generation athletic equipment. Future
research could look into dynamic loading conditions,
fatigue resistance, and experimental validation to help
refine these models. Using the findings of this study, sports
engineers can push the boundaries of performance, safety,
and innovation, ultimately improving athletic achievement
and equipment reliability.
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