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1. Introduction 
 

Introduction of novel materials for application in 

advanced structures and systems is new challenge for 

material scientists and engineers. The new structures with 

foldable micro structures are introduced for application in 

controllable structures. These materials and structures can 

be used in various situations with controllability properties 

due to its changeable properties in thermal environments 

and hydrogenation process. The foldable nanostructure 

reinforced composites are recently used in engineering 

structures. The main problem in analysis and design of 

foldable structures is estimation of the effective thermal and 

mechanical material properties of the graphene origami 

reinforced structures using the statistical and experimental 

methods. The literature review is organized here to show 

importance of graphene nanoplatelets, graphene sheets and 

recently introduced graphene origami.  
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Punera and Kant (2021) employed a novel corrected shear 

deformable model for dynamic/static bending responses of 

sandwich laminated panel using the analytical methods. The 

governing equations were derived using the Hamilton’s 

principle and the modified Bai et al. (2020) studied 

temperature dependent behaviors of metal un-saturated soils 

using solution of the coupled nonlinear contaminant-heat-

moisture equations. The effect of various parameters of 

moisture environment and thermal ambient was studied on 

the coupled nonlinear responses. Ye et al. (2023) extended 

an Isogeometric-based formulation for free vibration/static 

results of a cylindrical sandwich panel rested on an elastic 

foundation through 2D discrete method and curvilinear 

kinematic relations. They show efficiency and importance 

of suggested method for handling the solution procedure in 

curved boundaries. Singh and Kumari (2020) studied effect 

of various distribution of different layers on the vibration 

responses of hybrid sandwich composite panel with various 

boundary conditions through Hamiltonian formulation. The 

weak formulation was extended to derive distribution of 

electric potential, displacement, strain and stress components. 

The solution procedure was developed through employing 

the extended Kantorovich method for conversion of the 
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Abstract.  In this work, an analytical-based formulation for static bending analysis of a G-Ori reinforced shell in cylindrical 

form subjected to thermomechanical loads is presented. The governing equations are derived using a shear deformable-based 

kinematic model. The virtual work principle is used to derived governing equations in terms of in-plane displacement and 

rotations components. The solution procedure is extended in an analytical manner using the Navier’s technique. To constitute the 

behavioral relations, the effective material properties of graphene origami nanofiller in a copper matrix are derived using the 

statistical and experimental relations. The effective material properties are evaluated using the Halpin-Tsai micromechanical 

model and rule of mixture. The parametric results are obtained in terms of thermal loads, volume fraction and folding parameter. 

Some numerical results in tabular form is presented to investigated impact of content and folding characteristics of G-Ori on the 

static bending results. The results show a decrease in transverse deflection with an addition in graphene origami content. It is 

deduced that the transverse deflection is decreased about 20% with a 2% enhancement in the graphene origami content. 

Keywords:  cylindrical panel; folding characteristics; graphene origami; shear deformable model; virtual work principle 
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partial differential equations. Bai et al. (2017) studied the 

effect of velocity of the fluids on the penetration 

characteristics of a porous material and its impact on the 

absorption capacity of mentioned material. The general 

solution for particle’s migration was developed for a porous 

media.  
Jam et al. (2013) studied the impact of various edge 

conditions on the static distribution of stress and 
deformation in a hybrid sandwich panel using a novel 
numerical method named as generalized differential 

quadrature method. Deformability of the sandwich panel 
was modeled using the lower order shear deformation 
theory. The impact of grid points was studied on the 
numerical trends of the results. Lopatin and Morozov 
(2021) studied effect of complete clamped edge conditions 
on the dynamic formulation of sandwich panel made of 

elastic materials using the Galerkin’s approach. The 
required mode shapes for vibrational behavior were 
obtained from the static bending analysis. Authors verified 
their formulation and numerical results using the finite 
element based numerical packages. Bai et al. (2023) studied 
the effect of temperature on the mechanical properties of 

geo-polymers enriched with the alkali activator in the 
extended range of ambient temperature. Charles et al. 
(1972) studied effect of curved girder on the elastic bending 
of cylindrical panels using the Rayleigh-Ritz method. The 
results were extended in terms of geometric parameters. 
Banoqitah et al. (2022) studied natural frequency analysis 

of carbon nanotube reinforced structure. Khadimallah et al. 
(2024) extended nonlocal theory for stability response 
analysis of microtubules. Mercan et al. (2018) employed 
singular convolution method for vibration analysis of 
reinforced plate. Abouelregal et al. (2021) investigated 
impact of cylindrical hole on the behavior of unbounded 

structure. Solbhani et al. (2022) studied a parametric 
analysis on the vibration analysis of various shell structures 
composed of graphene nanoplatelets. 

Babaei and Eslami (2021) extended a new perturbation-

based solution procedure for numerical solution of the large 

deflection behavior of cylindrical panel subjected to 

mechanical and thermal loads through a shear deformable 

model. The bending results of small scale panel was studied 

using the nonlocal strain gradient theory with accounting 

neutral surface effect. Rahbar Ranji and Rostami 

Hoseynabadi (2012) included effect of various loading type 

and edge conditions on the static bending responses of 

circular cylindrical panel using the semi analytical methods. 

For example, Guo et al. (2019) reported details of two 

experimental works regarding preparation of SiO2 nano-

composites with graphene sheets using the hydrothermal 

reaction. Du et al. (2021) extended a single step operation 

for application of carbon fibers as reinforcement in a folded 

structure using graphene origami. Some analytical 

approaches were developed for providing upper and lower 

limits of out of plane and in plane compressive strengths. 

Various characteristics such as failure modes, history of 

deformation and compressive strengths of manufactures 

composite structure were computed using theoretical, 

numerical and experimental analyses. Yang et al. (2023) 

suggested application of folded structures in a doubly 

curved structures for application in bending analysis. The 

shell was subjected to mechanical loads and the constituent 

materials were simulated as a nanocomposite structure with 

effective material properties in which the Halpin-Tsai 

micro-mechanical model was used in order to constitute 

material properties. An enhancement in bending deflection 

is observed with an increase in foldability characteristics 

and a decrease in content of graphene content.  
Vali and Arefi (2023) employed a higher-order 

kinematic based formulation for vibrational characteristic 
analysis of graphene origami porous cylindrical panel in 
thermal and mechanical environment. Hamilton’s principle 
and generalized three dimensional Hooke’s law were 

extended in three dimensional state in order to derived 
governing equations of motion. After applying an analytical 
method, the results indicated that maximum natural 
frequencies are obtained for X-type pattern of folded 
reinforcement. Importance of these materials in reflecting 
an extended response and providing a wide range of 

dynamic responses with major tuneability in terms of 
temperature and foldability was explained in detail. 
Furthermore, an overview on the effect of wave number and 
various patterns of nanofillers was presented. Fan and Shen 
(2022) defined characteristics and importance of graphene 
origami as a metamaterial with solid phase in micro scales. 

It was confirmed that the overall material properties of 
graphene origami inside a copper matric reflects a general 
anisotropic property and a negative Poisson’s ratio. 
Furthermore, temperature dependent material properties of 
those materials was explained in detail. Zhao et al. (2021) 
presented an atomistic overview on the new metamaterials 

with negative Poisson’s ratio using a programmable 
manufacturing process. In order to overcome the serious 
conditions of some auxetic materials due to local exceed 
deformations or high loading failures, the graphene origami 
was metamaterials was introduced with excellent 
tuneability. A more range of negative values for Poisson’s 

ration and higher values for elasticity modulus was reported 
through this experimental work. Nguyen and Phan (2023) 
studied nonlinear vibration analysis of a porous plate made 
of bi directionally functionally graded materials through a 
nonlinear kinematic model using an isogeometric analysis.  

Ranjbar and Feli (2019) studied effect of temperature 

dependent material properties on the low velocity impact 

analysis of a micro beam reinforced with novel nanofillers. 

Ray (2023) presented an elasticity formulation for analysis 

of doubly curved shells composed of antisymmetric 

composite layers. Tornabene (2016) employed a higher-

order kinematic formulation for vibration analysis of doubly 

curved shells in various shapes. Arefi and Mohammad-

Rezaei Bidgoli (2019) studied effect of an initial electric 

potential on the stress and displacement analysis of the 

smart doubly curved shells. Effect of thermal loads as well 

as lateral pressure was studied on the stability responses of 

rectangular nanoplates by Shen et al. (2021). As instance, 

Wang et al. (2023a) organized a novel work on the 

production of nano-reinforced composites. Using the 

recycled fibers in the production of nanocomposite 

structures yields to a material bonded through hydrogen 

bonding. Qu et al. (2021) used first order plate theory for 

thickness stretching analysis of a piezoelectric semi-

conductor plate. Thai and Choi (2014) developed a three-
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part transverse field for closed form solution of a plate 

made of functionally graded materials. Meng et al. (2021) 

extended a novel process for conversion of two dimensional 

graphene sheets structure to three dimensional structures 

through a folding process where a chemical process 

including hydrogenation was used. Continuum-based 

formulation as well as molecular dynamic simulation were 

extended in order to evaluate Miura-ori effective properties. 

Programmability and tuneability of the constituent materials 

were explained with changes of important parameters.  

Characteristics of graphene origami based composite 

metamaterial through a hydrogenation process was 

illustrated by Guo et al. (2023). They concluded on the 

effect of various dispersion of folded microstructures and 

thermal loads on the overall material properties of 

composite structure. Effect of characteristics of folded 

structure was examined on the wave dispersion 

characteristics and general behavior of enabled structure. 

Murari et al. (2019) used a Timoshenko framework for 

investigating the vibrational behavior of enabled 

metamaterial nanocomposite beam reinforced with folded 

nanomaterials where the reinforcements were dispersed 

with a layerwise pattern along the thickness direction. 

Differential quadrature numerical method was extended for 

investigating the impact of foldability characteristics as well 

as content and dispersion patterns of folded graphene on the 

dynamic responses. Some experimental works were 

suggested for preparation and characterization of graphene 

based nanocomposite structures. There are some important 

works on the modeling and material science of graphene 

and origami materials in the literature. 

Bai et al. (2022, 2023b, 2024a, b, c) provided the detailed 

procedures for providing the novel material compositions. 

The novel method for analysis of joint distribution was 

addressed by Bao et al. (2025). One can find some new 

analysis on the nano material analysis and effective material 

properties by Cui et al. (2024), Chen et al. (2024), Fu et al. 

(2023) and Fan et al. (2024a, b). The new material with 

energy consumption property and electroelastic property for 

application in battery was illustrated by Gao et al. (2023) 

and Guo et al. (2024). Huang et al. (2024 a, b) and Han et 

al. (2022 a, b, 2025) illustrated application of novel 

materials and new methods for application in advanced 

investigations. The novel properties of metamaterials such 

as acoustic and energy consumption properties of the 

advanced composite materials were illustrated by Ji et al. 

(2023), Kong et al. (2024), Lai et al. (2024), Liang et al. 

(2024a) and Long et al. (2024). Multi-functional 

applications of the materials and structures subjected to 

multi-load condition were illustrated by Li et al. (2024a, b, 

2025), Lv et al. (2024) and Lu (2024). Metamaterial-based 

materials and compositions using the 4D-Printing and data 

analysis of composed structure were developed by Pi et al. 

(2025), Peng et al. (2024a), Ren et al. (2024), Shi et al. 

(2024) and Song et al. (2024). There is electrical properties 

of novel materials for application in various situations as 

reported by Wang et al. (2023b, 2024 a, b, c) and Wu et al. 

(2024). There are some studies about application of 

nanomaterials and metamaterial structures with innovative 

applications as reported by Xiao et al. (2022), Xu et al. 

(2023), Yan et al. (2024) and Yu et al. (2021, 2025). The 

new nanocomposite materials are used for application in the 

dynamic loading and consequently an impact analysis is 

required for this type of material. There are some theoretical 

works on the crack analysis in various materials by Zhang 

et al. (2014, 2015, 2018, 2020, 2023a).  

The literature review with studying the more related 

works on the novel material and strictures and various 

production methods was presented in the Introduction 

section. Furthermore, we provided a deep review on the 

nanostructures such as graphene sheets, graphene platelets 

and graphene origami. The effective material properties of 

aforementioned nanofillers reinforced structures were 

explained with changes of constituent materials, geometric 

parameters of nanostructure, thermal loads and hydro-

genation process. It was concluded that manufacturing the 

novel nanocomposite structures made of graphene origami 

offers a novel controllable structure for application in 

special condition and desired purposes. The responses of 

graphene origami reinforced structures subjected to 

mechanical and thermal loads leads to interesting outputs in 

both static and dynamic problems that encourage readers for 

further investigation. It is concluded that employing these 

materials leads to a controllable and tuneable material and 

structure in thermal environment. The static bending results 

of a composite cylindrical shell composed of copper matrix 

reinforced with G-Ori are presented in this paper. 

 

 

2. Formulation 

 

The static bending results of a shear deformable 

cylindrical panel is studied in this section using a shear 

deformable model. The structure is assumed composed of a 

copper based matric reinforced with distribution of 

graphene origami.  

The foldability-dependent constitutive relations for a 

cylindrical panel are extended with accounting the thermal 

strain as follows (Arefi et al. 2020, Bidgoli and Arefi 2023, 

Addou et al. 2023, Luo et al. 2024): 

{
 
 

 
 
𝜎𝑥𝑥
𝜎𝜃𝜃
𝜏𝑥𝜃
𝜏𝑧𝜃
𝜏𝑥𝑧}

 
 

 
 

=
𝐸𝑒𝑓𝑓

(1 − 𝜈𝑒𝑓𝑓
2 )

 

[
 
 
 
 
 
1 𝜈𝑒𝑓𝑓 0 0 0

𝜈𝑒𝑓𝑓 1 0 0 0

0
0
0

0
0
0

1 − 𝜈𝑒𝑓𝑓

2
0
0

0
1 − 𝜈𝑒𝑓𝑓

2
0

0
1 − 𝜈𝑒𝑓𝑓

2 ]
 
 
 
 
 

{
 
 

 
 
𝜀𝑥𝑥 − 𝛼𝑒𝑓𝑓𝑇

𝜀𝜃𝜃 − 𝛼𝑒𝑓𝑓𝑇
𝛾𝑥𝑡
𝛾𝑧𝑡
𝛾𝑥𝑧 }

 
 

 
 

 

(1) 

In which 𝜎𝑖𝑗 , 𝜏𝑖𝑗 , 𝜀𝑥𝑥 , 𝛾𝑥𝑡  are stress and strain 

components. Furthermore 𝐸𝑒𝑓𝑓 , 𝜈𝑒𝑓𝑓  are effective modulus 

of elasticity and Poisson’s ratio, respectively. The shell 

structure is subjected to uniform temperature rising. 

Furthermore, the foldability/thermal/volume fraction 

dependent relations for effective modulus of elasticity, 

Poisson’s ratio, and heat expansion coefficients are assumed 

as follows: 
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𝐸 = 𝐸𝐶𝑢 {

1.11 − 1.22𝑉𝐺.𝑂 − 0.134𝑇 𝑇0⁄

+0.559𝑉𝐺.𝑂 𝑇 𝑇0⁄ − 5.5𝑉𝐺.𝑂𝐻𝐺𝑟
+38𝑉𝐺.𝑂

2 𝐻𝐺.𝑂 − 20.6𝑉𝐺.𝑂
2 𝐻𝐺.𝑂

2

} 

(
1 + 2(𝑙𝐺𝑟 𝑡𝐺𝑟⁄ ) (𝐸𝐺𝑟 𝐸𝐶𝑢⁄ − 1) (𝐸𝐺𝑟 𝐸𝐶𝑢⁄ + 2 𝑙𝐺𝑟 𝑡𝐺𝑟⁄ )⁄

𝑊𝐺𝑟 (𝑊𝐺𝑟 + 𝜌𝐺𝑟 𝜌𝐶𝑢⁄ (1 −𝑊𝐺𝑟))⁄
)

(1 − (𝐸𝐺𝑟 𝐸𝐶𝑢⁄ − 1) (𝐸𝐺𝑟 𝐸𝐶𝑢⁄ + 𝜉)⁄ 𝑉𝐺.𝑂)
, 

𝜈 = {1.01 − 1.43𝑉𝐺.𝑂 + 0.165𝑇 𝑇0⁄ − 1.1𝑉𝐺𝑟𝐻𝐺𝑟 𝑇 𝑇0⁄

− 16.8𝑉𝐺.𝑂𝐻𝐺.𝑂 + 16𝑉𝐺.𝑂
2 𝐻𝐺.𝑂

2 } 

(𝜈𝐺𝑟𝑊𝐺𝑟 (𝑊𝐺𝑟 + 𝜌𝐺𝑟 𝜌𝐶𝑢⁄ (1 −𝑊𝐺𝑟))⁄ + 𝜈𝐶𝑢(1 − 𝑉𝐺𝑟)), 

𝛼 = (𝛼𝐺𝑟𝑊𝐺𝑟 (𝑊𝐺𝑟 + 𝜌𝐺𝑟 𝜌𝐶𝑢⁄ (1 −𝑊𝐺𝑟))⁄

+ 𝛼𝐶𝑢(1 − 𝑉𝐺.𝑂)) 

{0.794 − 16.8𝑉𝐺.𝑂
2 − 0.0279(𝑇 𝑇0⁄ )2

+ 0.182(1 + 𝑉𝐺.𝑂)(𝑇 𝑇0⁄ )}, 

(2) 

in which, 𝑉𝐺.𝑂 = 𝑊𝐺𝑟 (𝑊𝐺𝑟 + 𝜌𝐺𝑟 𝜌𝐶𝑢⁄ (1 −𝑊𝐺𝑟))⁄ , 𝑉𝐶𝑢 =

(1 − 𝑉𝐺.𝑂) . Furthermore, it is assumed that the 

reinforcements are distributed uniformly along the thickness 

direction. The environment and local temperatures are 

assumed as 𝑇, 𝑇0 respectively. It is assumed that the shell 

is shear deformable and the deformations are changed 

linearly along the thickness direction. The shear 

deformability kinematic relations are extended in the 

cylindrical coordinate as follows (Luo and Dong 2024, 

Meng et al. 2018, 2019, 2023, 2024): 

𝑢(𝑥, 𝜃, 𝑧) = 𝑢0(𝑥, 𝜃) + 𝑧𝜑𝑥(𝑥, 𝜃), 

𝑣(𝑥, 𝜃, 𝑧) = 𝑣0(𝑥, 𝜃) + 𝑧𝜑𝜃(𝑥, 𝜃), 

𝑤(𝑥, 𝜃, 𝑧) = 𝑤(𝑥, 𝜃) 

(3) 

The geometric linear strain-displacement relations for 

small deformation yields strain components as follows: 

𝜀𝑧 = 𝑤,𝑧, 𝜀𝜃 = 𝑤 𝑟⁄ + 𝑣,𝜃 𝑟⁄ , 𝜀𝑥 = 𝑢,𝑥 ,

𝛾𝑥𝑡 = 𝑣,𝑥 + 𝑢,𝜃 𝑟⁄ , 𝛾𝑧𝑡 = 𝑤,𝜃 𝑟⁄ + 𝑣,𝑧 − 𝑣 𝑟⁄ ,
𝛾𝑥𝑧 = 𝑤,𝑥 + 𝑢,𝑧,

 (4) 

Substitution of Eq.1 into Eq.2 gives strain components 

as follows (Zhang et al. 2024 b, c, d): 

𝜀𝑥 = 𝑢0,𝑥 + 𝑧𝜑𝑥,𝑥,

𝜀𝜃 = 𝑣0,𝜃 𝑟⁄ + 𝑧𝜑𝜃,𝜃 𝑟⁄ + 𝑤 𝑟⁄ ,

𝜀𝑧 = 0,

𝛾𝑥𝜃 = 𝑣0,𝑥 + 𝑧𝜑𝜃,𝑥 + 𝑢0,𝜃 𝑟⁄ + 𝑧𝜑𝑥,𝜃 𝑟⁄ ,

𝛾𝑧𝜃 = 𝑤,𝜃 𝑟⁄ + 𝜑𝜃 − 𝑣0 𝑟⁄ − 𝑧 𝜑𝜃 𝑟⁄ ,
𝛾𝑥𝑧 = 𝑤,𝑥 + 𝜑𝑥 ,

 (5) 

Variation of strain energy is computed with definition of 

resultant components as follows (Tlidji et al. 2022, Madenci 

et al. 2023, Xin et al. 2024, Xie et al. 2024) 

𝛿𝑈

= ∫ ∫

(

 

𝑁𝑥𝑢0,𝑥 +𝑀𝑥𝜑𝑥,𝑥 + 𝑁𝜃𝑣0,𝜃 +𝑀𝜃𝜑𝜃,𝜃
+𝑁𝜃𝑤 + 𝑁𝑥𝜃𝑣0,𝑥 +𝑀𝑥𝜃𝜑𝜃,𝑥 + 𝑃𝑥𝜃𝑢0,𝜃
+𝑆𝑥𝜃𝜑𝑥,𝜃 + 𝑃𝑧𝜃𝑤,𝜃 +𝑁𝑧𝜃𝜑𝜃 − 𝑃𝑧𝜃𝑣0

−𝑆𝑧𝜃𝜑𝜃 + 𝑁𝑥𝑧𝑤,𝑥 + 𝑁𝑥𝑧𝜑𝑥 )

 
𝑥𝜃

𝑑𝜃𝑑𝑥 (6) 

Using definition of various multi-field resultant components 

as presented below (Bidgoli and Arefi 2022, 2023a, b, c, d, 

Arefi et al. 2018, 2019, 2021, 2022, Arefi and Bidgoli 2019,  

 

Fig. 1 The schematic figure of the graphene origami 

reinforced panel 
 

 

Zhang et al. 2023b, Adab et al. 2022, Arefi and Zenkour 

2016 a, b, 2017, 2018, 2019, Arefi et al. 2012, 2016, Arefi 

2016, 2018, Arefi and Rahimi 2010, 2012, Mohammadimehr 

et al. 2016, Arefi and Allam 2015): 

{𝑁𝑥 , 𝑀𝑥 , 𝑆𝑥} = ∫ 𝑟𝜎𝑥{1, 𝑧}d𝑧

ℎ

2

−
ℎ

2

, 

{𝑁𝜃, 𝑀𝜃} = ∫ 𝜎𝜃𝑟{1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

, 

{𝑁𝑥𝑧} = ∫ 𝑟𝜎𝑥𝑧d𝑧

ℎ

2

−
ℎ

2

, 

{𝑁𝑥𝜃, 𝑀𝑥𝜃 , 𝑃𝑥𝜃, 𝑆𝑥𝜃} = ∫ 𝜎𝑥𝜃𝑟{1, 𝑧, 1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

, 

 {𝑁𝑧𝜃, 𝑃𝑧𝜃 , 𝑆𝑧𝜃} = ∫ 𝜎𝑧𝜃𝑟{1, 1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

, 

(7) 

The schematic figure of the problem is presented in Fig. 

1 (Gong et al. 2024, Yu et al. 2024, Gao et al. 2024, Lu et 

al. 2025, Shi et al. 2025). 

One can arrive at the variation in strain energy as 

follows (Sekkak et al. 2024, Shen et al. 2024, Sun et al. 

2024, Zhao et al. 2024): 

𝛿𝑈 = ∫ ∫

(

  
 

−𝑁𝑥,𝑥𝛿𝑢0 − 𝑃𝑥𝜃,𝜃𝛿𝑢0 + 𝑁𝑥𝑧𝛿𝜑𝑥
−𝑀𝑥,𝑥𝛿𝜑𝑥 − 𝑆𝑥𝜃,𝜃𝛿𝜑𝑥 − 𝑁𝜃,𝜃𝛿𝑣0
−𝑁𝑥𝜃,𝑥𝛿𝑣0 − 𝑃𝑧𝜃𝛿𝑣0 −𝑀𝜃,𝜃𝛿𝜑𝜃
−𝑀𝑥𝜃,𝑥𝛿𝜑𝜃 + 𝑁𝑧𝜃𝛿𝜑𝜃 − 𝑆𝑧𝜃𝛿𝜑𝜃
+𝑁𝜃𝛿𝑤 − 𝑃𝑧𝜃,𝜃𝛿𝑤 − 𝑁𝑥𝑧,𝑥𝛿𝑤 )

  
 

𝑥𝜃

𝑑𝜃𝑑𝑥 (8) 

The structure is subjected to uniform loading, thermal 

and mechanical loads. The external work of initial multi-

field loading is assumed as (Zhang et al. 2021a, b, 20222a, 

b, 2024a): 

𝛿𝑊 = ∫{𝑞 − 𝑁𝑥̅̅̅̅ 𝑤,𝑥,𝑥 − 𝑁𝜃̅̅̅̅ 𝑤,𝜃,𝜃 𝑅2⁄ }𝛿𝑤𝑅𝑑𝑥𝑑𝜃                                          (9) 

in which 𝑁𝑥̅̅̅̅ = (𝑁𝑥0
𝑀𝑒𝑐ℎ +𝑁𝑥0

𝑇ℎ𝑒𝑟𝑚), 𝑁𝜃̅̅̅̅ = (𝑁𝜃0
𝑀𝑒𝑐ℎ + 𝑁𝜃0

𝑇ℎ𝑒𝑟𝑚) . 

Using Hamilton’s principle, the governing equations are 

derived as follows (Zhang and Zhuang 2018a, b, 2019, 

Zhang and Meng 2020, Zhang 2017): 
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𝛿𝑢0: 𝑁𝑥,𝑥 + 𝑃𝑥𝜃,𝜃 = 0,

𝛿𝜑𝑥: 𝑀𝑥,𝑥 + 𝑆𝑥𝜃,𝜃 − 𝑁𝑥𝑧 = 0,

𝛿𝑣0: 𝑁𝜃,𝜃 + 𝑁𝑥𝜃,𝑥 + 𝑃𝑧𝜃 = 0

𝛿𝜑𝜃:𝑀𝜃,𝜃 +𝑀𝑥𝜃,𝑥 + 𝑆𝑧𝜃 −𝑁𝑧𝜃 = 0

𝛿𝑤:𝑁𝜃 − 𝑃𝑧𝜃,𝜃 − 𝑁𝑥𝑧,𝑥 +𝑁𝑥̅̅̅̅ 𝑤,𝑥,𝑥 + 𝑁𝜃̅̅̅̅ 𝑤,𝜃,𝜃 𝑅2⁄ = 𝑞,

 (10) 

Furthermore, we will have (Peng et al. 2024b, Xiao et 

al. 2024a, b, Xu et al. 2024a, b) 

𝑁𝑥 = ℒ1𝑢0,𝑥 + ℒ2𝜑𝑥,𝑥 + ℒ3𝑣0,𝜃 + ℒ4𝜑𝜃,𝜃 + ℒ3𝑤 − ℒ1
𝑇 

𝑀𝑥 = ℒ5𝑢0,𝑥 + ℒ6𝜑𝑥,𝑥 + ℒ7𝑣0,𝜃 + ℒ8𝜑𝜃,𝜃 + ℒ7𝑤 − ℒ2
𝑇 

𝑁𝜃𝜃 = ℒ9𝑣0,𝜃 + ℒ10𝜑𝜃,𝜃 + ℒ9𝑤 + ℒ11𝑢0,𝑥 + ℒ12𝜑𝑥,𝑥 − ℒ3
𝑇 , 

𝑀𝜃𝜃 = ℒ13𝑣0,𝜃 + ℒ14𝜑𝜃,𝜃 + ℒ13𝑤 

+ℒ15𝑢0,𝑥 + ℒ16𝜑𝑥,𝑥 − ℒ4
𝑇 , 

𝑁𝑥𝑧 = ℒ17(𝑤,𝑥 +𝜑𝑥) 

𝑁𝑥𝜃 = ℒ18𝑣0,𝑥 + ℒ19𝜑𝜃,𝑥 + ℒ20𝑢0,𝜃 + ℒ21𝜑𝑥,𝜃 

𝑀𝑥𝜃 = ℒ22𝑣0,𝑥 + ℒ23𝜑𝜃,𝑥 + ℒ24𝑢0,𝜃 + ℒ25𝜑𝑥,𝜃 

𝑃𝑥𝜃 = ℒ26𝑣0,𝑥 + ℒ27𝜑𝜃,𝑥 + ℒ28𝑢0,𝜃 + ℒ29𝜑𝑥,𝜃 

𝑆𝑥𝜃 = ℒ30𝑣0,𝑥 + ℒ31𝜑𝜃,𝑥 + ℒ32𝑢0,𝜃 + ℒ33𝜑𝑥,𝜃  

𝑁𝑧𝜃 = ℒ35𝑤,𝜃 + ℒ34𝜑𝜃 − ℒ35𝑣0 − ℒ36𝜑𝜃  

𝑃𝑧𝜃 = ℒ38𝑤,𝜃 + ℒ37𝜑𝜃 − ℒ38𝑣0 − ℒ39𝜑𝜃 

𝑆𝑧𝜃 = ℒ41𝑤,𝜃 + ℒ40𝜑𝜃 − ℒ41𝑣0 − ℒ42𝜑𝜃 

(11) 

In which the integration constants are defined as follows 

(Xue et al. 2024, Ling et al. 2024, Liang et al. 2024b, Xinde 

et al. 2024, Huang et al. 2024c) 

{ℒ1, ℒ2} = ∫
𝑟𝐸𝑒𝑓𝑓

(1 − 𝜈𝑒𝑓𝑓
2 )

{1, 𝑧}d𝑧

ℎ

2

−
ℎ

2

, 

{ℒ3, ℒ4} = ∫
𝑟𝐸𝑒𝑓𝑓𝜈𝑒𝑓𝑓

(1 − 𝜈𝑒𝑓𝑓
2 )

{1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

, 

ℒ1
𝑇 = ∫ 𝑟𝛼𝑒𝑓𝑓(1 + 𝜈𝑒𝑓𝑓)𝑇d𝑧

ℎ

2

−
ℎ

2

 

{ℒ5, ℒ6} = ∫
𝑧𝑟𝐸𝑒𝑓𝑓

(1 − 𝜈𝑒𝑓𝑓
2 )

{1, 𝑧}d𝑧

ℎ

2

−
ℎ

2

, 

{ℒ7, ℒ8} = ∫
𝑧𝑟𝐸𝑒𝑓𝑓𝜈𝑒𝑓𝑓

(1 − 𝜈𝑒𝑓𝑓
2 )

{1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

, 

ℒ2
𝑇 = ∫ 𝑧𝑟𝛼𝑒𝑓𝑓(1 + 𝜈𝑒𝑓𝑓)𝑇d𝑧

ℎ

2

−
ℎ

2

 

{ℒ9, ℒ10} = ∫
𝐸𝑒𝑓𝑓

(1 − 𝜈𝑒𝑓𝑓
2 )

{1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

, 

{ℒ11, ℒ12} = ∫
𝜈𝑒𝑓𝑓𝐸𝑒𝑓𝑓

(1 − 𝜈𝑒𝑓𝑓
2 )

{1, 𝑧}d𝑧

ℎ

2

−
ℎ

2

, 

ℒ3
𝑇 = ∫ 𝛼𝑒𝑓𝑓(1 + 𝜈𝑒𝑓𝑓)𝑇d𝑧

ℎ

2

−
ℎ

2

 

{ℒ13, ℒ14} = ∫
𝑧𝐸𝑒𝑓𝑓

(1 − 𝜈𝑒𝑓𝑓
2 )

{1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

, 

{ℒ15, ℒ16} = ∫
𝑧𝐸𝑒𝑓𝑓𝜈𝑒𝑓𝑓

(1 − 𝜈𝑒𝑓𝑓
2 )

{1, 𝑧}d𝑧

ℎ

2

−
ℎ

2

, 

(12) 

ℒ4
𝑇 = ∫ 𝑧𝛼𝑒𝑓𝑓(1 + 𝜈𝑒𝑓𝑓)𝑇d𝑧

ℎ

2

−
ℎ

2

 

{ℒ17} = ∫
𝑟𝐸𝑒𝑓𝑓

2(1 + 𝜈𝑒𝑓𝑓)
d𝑧

ℎ

2

−
ℎ

2

, 

{ℒ18, ℒ19, ℒ20, ℒ21} = ∫
𝑟𝐸𝑒𝑓𝑓

2(1 + 𝜈𝑒𝑓𝑓)
{1, 𝑧, 1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

 

{ℒ22, ℒ23, ℒ24, ℒ25} = ∫
𝑧𝑟𝐸𝑒𝑓𝑓

2(1 + 𝜈𝑒𝑓𝑓)
{1, 𝑧, 1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

, 

{ℒ26, ℒ27, ℒ28, ℒ29} = ∫
𝐸𝑒𝑓𝑓

2(1 + 𝜈𝑒𝑓𝑓)
{1, 𝑧, 1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

 

{ℒ30, ℒ31, ℒ32, ℒ33} = ∫
𝑧𝐸𝑒𝑓𝑓

2(1 + 𝜈𝑒𝑓𝑓)
{1, 𝑧, 1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

, 

{ℒ34, ℒ35, ℒ36} = ∫
𝑟𝐸𝑒𝑓𝑓

2(1 + 𝜈𝑒𝑓𝑓)
{1, 1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

 

{ℒ37, ℒ38, ℒ39} = ∫
𝐸𝑒𝑓𝑓

2(1 + 𝜈𝑒𝑓𝑓)
{1, 1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

, 

{ℒ40, ℒ41, ℒ42} = ∫
𝑧𝐸𝑒𝑓𝑓

2(1 + 𝜈𝑒𝑓𝑓)
{1, 1 𝑟⁄ , 𝑧 𝑟⁄ }d𝑧

ℎ

2

−
ℎ

2

 

Substitution of Eq.17 into Eq.16 yields to: 

ℒ1𝑢0,𝑥,𝑥 + ℒ28𝑢0,𝜃,𝜃 + ℒ2𝜑𝑥,𝑥,𝑥 + ℒ29𝜑𝑥,𝜃,𝜃 +

(ℒ3 + ℒ26)𝑣0,𝑥,𝜃 + (ℒ4 + ℒ27)𝜑𝜃,𝑥,𝜃 + ℒ3𝑤,𝑥 − ℒ1,𝑥
𝑇 = 0,

ℒ5𝑢0,𝑥,𝑥 + ℒ32𝑢0,𝜃,𝜃 + ℒ6𝜑𝑥,𝑥,𝑥 + ℒ33𝜑𝑥,𝜃,𝜃 − ℒ17𝜑𝑥 +

(ℒ7 + ℒ30)𝑣0,𝑥,𝜃 + (ℒ8 + ℒ31)𝜑𝜃,𝑥,𝜃 + (ℒ7 − ℒ17)𝑤,𝑥 − ℒ2,𝑥
𝑇 = 0,

(ℒ11 + ℒ20)𝑢0,𝜃,𝑥 + (ℒ21 + ℒ12)𝜑𝑥,𝑥,𝜃 + ℒ18𝑣0,𝑥,𝑥 +

ℒ9𝑣0,𝜃,𝜃 − ℒ38𝑣0 + ℒ19𝜑𝜃,𝑥,𝑥 + ℒ10𝜑𝜃,𝜃,𝜃 + (ℒ37 − ℒ39)𝜑𝜃
+(ℒ9 + ℒ38)𝑤,𝜃 − ℒ3,𝜃

𝑇 = 0

(ℒ15 + ℒ24)𝑢0,𝜃,𝑥 + (ℒ25 + ℒ16)𝜑𝑥,𝑥,𝜃 + ℒ22𝑣0,𝑥,𝑥 +

ℒ13𝑣0,𝜃,𝜃 + (ℒ35 − ℒ41)𝑣0 + ℒ23𝜑𝜃,𝑥,𝑥 + ℒ14𝜑𝜃,𝜃,𝜃
+(ℒ36 + ℒ40 − ℒ42 − ℒ34)𝜑𝜃 + (ℒ13 + ℒ41 − ℒ35)𝑤,𝜃 − ℒ4,𝜃

𝑇 = 0

ℒ11𝑢0,𝑥 + (ℒ12 − ℒ17)𝜑𝑥,𝑥 + (ℒ9 + ℒ38)𝑣0,𝜃 +

(ℒ10 + ℒ39 − ℒ37)𝜑𝜃,𝜃 + (𝑁𝑥̅̅̅̅ − ℒ17)𝑤,𝑥,𝑥
+(𝑁𝜃̅̅̅̅ 𝑅2⁄ − ℒ38)𝑤,𝜃,𝜃 + ℒ9𝑤 − ℒ3

𝑇 = 𝑞,

 (13) 

 

  

3. Solution 
 

After derivation of the governing motion’s equations, 

one can use the trigonometric functions for satisfying of the 

simply supported mechanical boundary conditions as 

follows 

{
 
 

 
 
𝑢0
𝜑𝑥
𝑣0
𝜑𝜃
𝑤 }
 
 

 
 

= ∑ ∑ 𝑒𝑖𝜔𝑡

{
 
 

 
 
𝑈𝑐𝑜𝑠(𝛼𝑛𝑥)𝑠𝑖𝑛(𝛽𝑚𝜃)

∅𝑥𝑐𝑜𝑠(𝛼𝑛𝑥)𝑠𝑖𝑛(𝛽𝑚𝜃)

𝑉𝑠𝑖𝑛(𝛼𝑛𝑥)𝑐𝑜𝑠(𝛽𝑚𝜃)

∅𝜃𝑠𝑖𝑛(𝛼𝑛𝑥)𝑐𝑜𝑠(𝛽𝑚𝜃)

𝑊𝑠𝑖𝑛(𝛼𝑛𝑥)𝑠𝑖𝑛(𝛽𝑚𝜃)}
 
 

 
 

∞

𝑚=1

∞

𝑛=1

, 

𝛼𝑛 =
𝑛𝜋

𝐿
, 𝛽𝑚 =

𝑚𝜋

Θ
 

(14) 

In which 𝑈, ∅𝑥 , 𝑉, ∅𝜃 , 𝑊 show maximum values of 

displacements and rotations. The Navier’s technique is 

applied for simply-supported boundary conditions where 

the edges are free to rotate at the boundaries and only the 
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transverse deflection is restrained. Substitution of the 

solution from Eq. 19 into Eq. 18 yields: 

ℒ1𝑢0,𝑥,𝑥 + ℒ28𝑢0,𝜃,𝜃 + ℒ2𝜑𝑥,𝑥,𝑥 + ℒ29𝜑𝑥,𝜃,𝜃
+(ℒ3 + ℒ26)𝑣0,𝑥,𝜃 + (ℒ4 + ℒ27)𝜑𝜃,𝑥,𝜃 + ℒ3𝑤,𝑥 − ℒ1,𝑥

𝑇 = 0,

ℒ5𝑢0,𝑥,𝑥 + ℒ32𝑢0,𝜃,𝜃 + ℒ6𝜑𝑥,𝑥,𝑥 + ℒ33𝜑𝑥,𝜃,𝜃
−ℒ17𝜑𝑥 + +(ℒ7 + ℒ30)𝑣0,𝑥,𝜃

+(ℒ8 + ℒ31)𝜑𝜃,𝑥,𝜃 + (ℒ7 − ℒ17)𝑤,𝑥 − ℒ2,𝑥
𝑇 = 0

(ℒ11 + ℒ20)𝑢0,𝜃,𝑥 + (ℒ21 + ℒ12)𝜑𝑥,𝑥,𝜃 + ℒ18𝑣0,𝑥,𝑥 +

+ℒ9𝑣0,𝜃,𝜃 − ℒ38𝑣0 + ℒ19𝜑𝜃,𝑥,𝑥 + ℒ10𝜑𝜃,𝜃,𝜃

+(ℒ37 − ℒ39)𝜑𝜃 + (ℒ9 + ℒ38)𝑤,𝜃 − ℒ3,𝜃
𝑇 = 0

(ℒ15 + ℒ24)𝑢0,𝜃,𝑥 + (ℒ25 + ℒ16)𝜑𝑥,𝑥,𝜃 + ℒ22𝑣0,𝑥,𝑥 + ℒ13𝑣0,𝜃,𝜃
+(ℒ35 − ℒ41)𝑣0 + (ℒ36 + ℒ40 − ℒ42 − ℒ34)𝜑𝜃

+ℒ23𝜑𝜃,𝑥,𝑥 + ℒ14𝜑𝜃,𝜃,𝜃(ℒ13 + ℒ41 − ℒ35)𝑤,𝜃 − ℒ4,𝜃
𝑇 = 0

ℒ11𝑢0,𝑥 + (ℒ12 − ℒ17)𝜑𝑥,𝑥 + (ℒ9 + ℒ38)𝑣0,𝜃
+(ℒ10 + ℒ39 − ℒ37)𝜑𝜃,𝜃 + (𝑁𝑥̅̅̅̅ − ℒ17)𝑤,𝑥,𝑥

+(𝑁𝜃̅̅̅̅ 𝑅2⁄ − ℒ38)𝑤,𝜃,𝜃 + ℒ9𝑤 − ℒ3
𝑇 = 𝑞,

 (15) 

 

 

 

Or in compact form, one can arrive at more simple form 

as follows: 

[𝐾]{𝑋} = {𝐹}, (16) 

In order to verify the formulation and solution 

procedure, a comparative study is presented in this section. 

This comparison is done using comparison with References 

(Ren 1989, Alibeigloo 2014) with changes of various 

geometric parameters.   

To present a comprehensive investigation on the effect of 

graphene origami percent %𝑉𝐺.𝑂𝑟𝑖 on the all displacement 

and rotation components 𝑤̅, 𝑣0̅̅ ̅, 𝑢0̅̅ ̅, 𝜑𝑥̅̅̅̅ , 𝜑𝜃̅̅ ̅̅ , Table 2 lists 

variation in all mentioned components with changes of 

graphene origami percent %𝑉𝐺.𝑂𝑟𝑖. It shows that among 

three displacement components, the transverse deflection is 

dominant and between in-plane displacements, the circum-

ferential displacement is more than axial one. Furthermore,  

Table 1 Comparison of the results with changes of various geometric parameters literature results (Ren 1989, 

Alibeigloo 2014) 
 References 𝐿 (𝑅Θ)⁄ = 0.5 𝐿 (𝑅Θ)⁄ = 1 𝐿 (𝑅Θ)⁄ = 1.5 𝐿 (𝑅Θ)⁄ = 2 

a/h=10 

Present 1.31822 0.55465 0.40545 0.35122 

Ren (1989) 1.31631 0.55010 0.39963 0.34600 

Alibeigloo (2014) 1.31742 0.55049 0.39987 0.34600 

a/h=100 

Present 0.16988 0.07425 0.04922 0.03962 

Ren (1989) 0.16001 0.07301 0.04901 0.03921 

Alibeigloo (2014) 0.16066 0.07368 0.04912 0.03925 

Table 2 Effect of graphene origami percent %𝑉𝐺.𝑂𝑟𝑖 on the all displacement and rotation components 𝑤̅, 𝑣0̅̅ ̅, 𝑢0̅̅ ̅, 𝜑𝑥̅̅̅̅ ,
𝜑𝜃̅̅ ̅̅  

%𝑽𝑮.𝑶𝒓𝒊 𝑤̅ 𝑣0̅̅ ̅ 𝑢0̅̅ ̅ 𝜑𝑥̅̅̅̅  𝜑𝜃̅̅ ̅̅  

0 0.0091468 0.0005827 0.0000457 0.0575108 -0.7267684 

0.1 0.0090541 0.0005767 0.0000452 0.0569276 -0.7193918 

0.2 0.0089632 0.0005710 0.0000448 0.0563560 -0.7121631 

0.3 0.0088741 0.0005653 0.0000443 0.0557958 -0.7050779 

0.4 0.0087868 0.0005597 0.0000439 0.0552466 -0.6981319 

0.5 0.0087012 0.0005542 0.0000435 0.0547081 -0.6913211 

0.6 0.0086172 0.0005489 0.0000430 0.0541799 -0.6846417 

0.7 0.0085348 0.0005436 0.0000426 0.0536619 -0.6780898 

0.8 0.0084540 0.0005385 0.0000422 0.0531536 -0.6716619 

0.9 0.0083747 0.0005334 0.0000418 0.0526549 -0.6653544 

1 0.0082968 0.0005285 0.0000414 0.0521654 -0.6591641 

1.1 0.0082204 0.0005236 0.0000411 0.0516850 -0.6530877 

1.2 0.0081454 0.0005188 0.0000407 0.0512132 -0.6471220 

1.3 0.0080718 0.0005141 0.0000403 0.0507501 -0.6412642 

1.4 0.0079994 0.0005095 0.0000400 0.0502952 -0.6355113 

1.5 0.0079284 0.0005050 0.0000396 0.0498484 -0.6298605 

1.6 0.0078586 0.0005005 0.0000393 0.0494094 -0.6243092 

1.7 0.0077900 0.0004962 0.0000389 0.0489781 -0.6188548 

1.8 0.0077226 0.0004919 0.0000386 0.0485543 -0.6134947 

1.9 0.0076564 0.0004876 0.0000382 0.0481377 -0.6082265 

2 0.0075913 0.0004835 0.0000379 0.0477282 -0.6030479 
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Table 3 Effect of graphene origami percent %𝑉𝐺.𝑂𝑟𝑖 on the dimensional axial displacement 𝑢0̅̅ ̅ 

%𝑉𝐺.𝑂𝑟𝑖 z=-0.0005 z=-0.00025 z=0 z=0.00025 z=0.0005 

0 0.0000169 0.0000313 0.0000457 0.0000601 0.0000744 

0.1 0.0000168 0.0000310 0.0000452 0.0000595 0.0000737 

0.2 0.0000166 0.0000307 0.0000448 0.0000589 0.0000729 

0.3 0.0000164 0.0000304 0.0000443 0.0000583 0.0000722 

0.4 0.0000163 0.0000301 0.0000439 0.0000577 0.0000715 

0.5 0.0000161 0.0000298 0.0000435 0.0000571 0.0000708 

0.6 0.0000159 0.0000295 0.0000430 0.0000566 0.0000701 

0.7 0.0000158 0.0000292 0.0000426 0.0000560 0.0000695 

0.8 0.0000156 0.0000289 0.0000422 0.0000555 0.0000688 

0.9 0.0000155 0.0000287 0.0000418 0.0000550 0.0000682 

1 0.0000154 0.0000284 0.0000414 0.0000545 0.0000675 

1.1 0.0000152 0.0000281 0.0000411 0.0000540 0.0000669 

1.2 0.0000151 0.0000279 0.0000407 0.0000535 0.0000663 

1.3 0.0000149 0.0000276 0.0000403 0.0000530 0.0000657 

1.4 0.0000148 0.0000274 0.0000400 0.0000525 0.0000651 

1.5 0.0000147 0.0000271 0.0000396 0.0000521 0.0000645 

1.6 0.0000145 0.0000269 0.0000393 0.0000516 0.0000640 

1.7 0.0000144 0.0000267 0.0000389 0.0000512 0.0000634 

1.8 0.0000143 0.0000264 0.0000386 0.0000507 0.0000629 

1.9 0.0000142 0.0000262 0.0000382 0.0000503 0.0000623 

2 0.0000141 0.0000260 0.0000379 0.0000499 0.0000618 

Table 4 Effect of graphene origami percent %𝑉𝐺.𝑂𝑟𝑖 on the dimensional axial displacement 𝒗0̅̅ ̅ 

%𝑉𝐺.𝑂𝑟𝑖 z=-0.0005 z=-0.00025 z=0 z=0.00025 z=0.0005 

0 0.0002193 0.0004010 0.0005827 0.0007644 0.0009460 

0.1 0.0002171 0.0003969 0.0005767 0.0007566 0.0009364 

0.2 0.0002149 0.0003929 0.0005710 0.0007490 0.0009270 

0.3 0.0002127 0.0003890 0.0005653 0.0007415 0.0009178 

0.4 0.0002106 0.0003852 0.0005597 0.0007342 0.0009088 

0.5 0.0002086 0.0003814 0.0005542 0.0007271 0.0008999 

0.6 0.0002066 0.0003777 0.0005489 0.0007201 0.0008912 

0.7 0.0002046 0.0003741 0.0005436 0.0007132 0.0008827 

0.8 0.0002027 0.0003706 0.0005385 0.0007064 0.0008743 

0.9 0.0002008 0.0003671 0.0005334 0.0006998 0.0008661 

1 0.0001989 0.0003637 0.0005285 0.0006933 0.0008581 

1.1 0.0001971 0.0003603 0.0005236 0.0006869 0.0008501 

1.2 0.0001953 0.0003570 0.0005188 0.0006806 0.0008424 

1.3 0.0001935 0.0003538 0.0005141 0.0006744 0.0008348 

1.4 0.0001918 0.0003506 0.0005095 0.0006684 0.0008273 

1.5 0.0001901 0.0003475 0.0005050 0.0006625 0.0008199 

1.6 0.0001884 0.0003445 0.0005005 0.0006566 0.0008127 

1.7 0.0001867 0.0003415 0.0004962 0.0006509 0.0008056 

1.8 0.0001851 0.0003385 0.0004919 0.0006452 0.0007986 

1.9 0.0001835 0.0003356 0.0004876 0.0006397 0.0007918 

2 0.0001820 0.0003327 0.0004835 0.0006343 0.0007850 
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Table 5 Effect of graphene origami percent %𝑉𝐺.𝑂𝑟𝑖 on the axial strain 𝑒𝑥𝑥  

%𝑉𝐺.𝑂𝑟𝑖 z=-0.0005 z=-0.00025 z=0 z=0.00025 z=0.0005 

0 0.000848194 0.000280585 -0.00028702 0.000280585 0.000848194 

0.1 0.000839589 0.000277737 -0.00028411 0.000277737 0.000839589 

0.2 0.000831156 0.000274946 -0.00028127 0.000274946 0.000831156 

0.3 0.000822891 0.00027221 -0.00027847 0.00027221 0.000822891 

0.4 0.000814789 0.000269528 -0.00027573 0.000269528 0.000814789 

0.5 0.000806844 0.000266898 -0.00027305 0.000266898 0.000806844 

0.6 0.000799052 0.000264318 -0.00027042 0.000264318 0.000799052 

0.7 0.000791409 0.000261788 -0.00026783 0.000261788 0.000791409 

0.8 0.00078391 0.000259306 -0.0002653 0.000259306 0.00078391 

0.9 0.000776553 0.00025687 -0.00026281 0.00025687 0.000776553 

1 0.000769331 0.00025448 -0.00026037 0.00025448 0.000769331 

1.1 0.000762243 0.000252134 -0.00025798 0.000252134 0.000762243 

1.2 0.000755284 0.00024983 -0.00025562 0.00024983 0.000755284 

1.3 0.00074845 0.000247568 -0.00025331 0.000247568 0.00074845 

1.4 0.000741739 0.000245346 -0.00025105 0.000245346 0.000741739 

1.5 0.000735147 0.000243164 -0.00024882 0.000243164 0.000735147 

1.6 0.000728671 0.000241021 -0.00024663 0.000241021 0.000728671 

1.7 0.000722308 0.000238914 -0.00024448 0.000238914 0.000722308 

1.8 0.000716055 0.000236845 -0.00024237 0.000236845 0.000716055 

1.9 0.00070991 0.00023481 -0.00024029 0.00023481 0.00070991 

2 0.000703868 0.00023281 -0.00023825 0.00023281 0.000703868 

Table 6 Effect of graphene origami percent %𝑉𝐺.𝑂𝑟𝑖 on the axial strain 𝑒𝑡𝑡 

%𝑉𝐺.𝑂𝑟𝑖 z=-0.0005 z=-0.00025 z=0 z=0.00025 z=0.0005 

0 -0.000848194 -0.000280585 0.000287023 0.000854631 0.001422239 

0.1 -0.000839589 -0.000277737 0.000284115 0.000845967 0.001407818 

0.2 -0.000831156 -0.000274946 0.000281265 0.000837476 0.001393686 

0.3 -0.000822891 -0.00027221 0.000278472 0.000829153 0.001379835 

0.4 -0.000814789 -0.000269528 0.000275734 0.000820995 0.001366256 

0.5 -0.000806844 -0.000266898 0.000273049 0.000812995 0.001352941 

0.6 -0.000799052 -0.000264318 0.000270415 0.000805149 0.001339882 

0.7 -0.000791409 -0.000261788 0.000267832 0.000797453 0.001327073 

0.8 -0.00078391 -0.000259306 0.000265298 0.000789903 0.001314507 

0.9 -0.000776553 -0.00025687 0.000262812 0.000782494 0.001302176 

1 -0.000769331 -0.00025448 0.000260371 0.000775222 0.001290073 

1.1 -0.000762243 -0.000252134 0.000257976 0.000768085 0.001278194 

1.2 -0.000755284 -0.00024983 0.000255624 0.000761077 0.001266531 

1.3 -0.00074845 -0.000247568 0.000253314 0.000754196 0.001255079 

1.4 -0.000741739 -0.000245346 0.000251046 0.000747439 0.001243831 

1.5 -0.000735147 -0.000243164 0.000248818 0.000740801 0.001232784 

1.6 -0.000728671 -0.000241021 0.00024663 0.00073428 0.001221931 

1.7 -0.000722308 -0.000238914 0.000244479 0.000727873 0.001211267 

1.8 -0.000716055 -0.000236845 0.000242366 0.000721577 0.001200788 

1.9 -0.00070991 -0.00023481 0.000240289 0.000715389 0.001190488 

2 -0.000703868 -0.00023281 0.000238247 0.000709305 0.001180363 
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Table 7 Effect of graphene origami foldability percent %𝐻𝐺.𝑂𝑟𝑖 on the dimensional axial displacement 𝑢0̅̅ ̅ 

%𝐻𝐺.𝑂𝑟𝑖 z=-0.0005 z=-0.00025 z=0 z=0.00025 z=0.0005 

0 0.00001659 0.00003068 0.00004477 0.00005887 0.00007296 

5 0.00001659 0.00003069 0.00004478 0.00005888 0.00007298 

10 0.00001660 0.00003070 0.00004479 0.00005889 0.00007299 

15 0.00001660 0.00003070 0.00004481 0.00005891 0.00007301 

20 0.00001661 0.00003071 0.00004482 0.00005892 0.00007303 

25 0.00001661 0.00003072 0.00004483 0.00005894 0.00007305 

30 0.00001662 0.00003073 0.00004484 0.00005895 0.00007306 

35 0.00001662 0.00003074 0.00004485 0.00005897 0.00007308 

40 0.00001662 0.00003074 0.00004486 0.00005898 0.00007310 

45 0.00001663 0.00003075 0.00004487 0.00005900 0.00007312 

50 0.00001664 0.00003076 0.00004489 0.00005901 0.00007314 

55 0.00001664 0.00003077 0.00004490 0.00005903 0.00007316 

60 0.00001665 0.00003078 0.00004491 0.00005904 0.00007318 

65 0.00001665 0.00003079 0.00004492 0.00005906 0.00007320 

70 0.00001666 0.00003080 0.00004494 0.00005908 0.00007322 

75 0.00001666 0.00003081 0.00004495 0.00005909 0.00007324 

80 0.00001667 0.00003081 0.00004496 0.00005911 0.00007326 

85 0.00001667 0.00003082 0.00004498 0.00005913 0.00007328 

90 0.00001668 0.00003083 0.00004499 0.00005914 0.00007330 

95 0.00001668 0.00003084 0.00004500 0.00005916 0.00007332 

100 0.00001669 0.00003085 0.00004502 0.00005918 0.00007334 

Table 8 Effect of graphene origami foldability percent %𝐻𝐺.𝑂𝑟𝑖 on the dimensional circumferential displacement 𝑣0̅̅ ̅ 

%𝐻𝐺.𝑂𝑟𝑖 z=-0.0005 z=-0.00025 z=0 z=0.00025 z=0.0005 

0 0.0002149 0.0003931 0.0005712 0.0007493 0.0009274 

5 0.0002150 0.0003931 0.0005713 0.0007494 0.0009276 

10 0.0002150 0.0003932 0.0005714 0.0007496 0.0009278 

15 0.0002151 0.0003933 0.0005715 0.0007497 0.0009279 

20 0.0002151 0.0003934 0.0005716 0.0007499 0.0009281 

25 0.0002152 0.0003935 0.0005718 0.0007500 0.0009283 

30 0.0002152 0.0003935 0.0005719 0.0007502 0.0009285 

35 0.0002153 0.0003936 0.0005720 0.0007504 0.0009287 

40 0.0002153 0.0003937 0.0005721 0.0007505 0.0009289 

45 0.0002154 0.0003938 0.0005723 0.0007507 0.0009292 

50 0.0002154 0.0003939 0.0005724 0.0007509 0.0009294 

55 0.0002155 0.0003940 0.0005725 0.0007511 0.0009296 

60 0.0002155 0.0003941 0.0005727 0.0007512 0.0009298 

65 0.0002156 0.0003942 0.0005728 0.0007514 0.0009300 

70 0.0002156 0.0003943 0.0005729 0.0007516 0.0009303 

75 0.0002157 0.0003944 0.0005731 0.0007518 0.0009305 

80 0.0002158 0.0003945 0.0005732 0.0007520 0.0009307 

85 0.0002158 0.0003946 0.0005734 0.0007522 0.0009310 

90 0.0002159 0.0003947 0.0005735 0.0007524 0.0009312 

95 0.0002159 0.0003948 0.0005737 0.0007526 0.0009315 

100 0.0002160 0.0003949 0.0005738 0.0007528 0.0009317 

583



 

Ali Basem et al. 

 

 

 

 

 

 

 

 

Table 9 Effect of graphene origami foldability percent %𝐻𝐺.𝑂𝑟𝑖  on the axial strain 𝑒𝑥𝑥̅̅ ̅̅  

%𝐻𝐺.𝑂𝑟𝑖 z=-0.0005 z=-0.00025 z=0 z=0.00025 z=0.0005 

0 0.0008314 0.0002751 -0.0002813 -0.0008377 -0.0013941 

5 0.0008316 0.0002751 -0.0002814 -0.0008379 -0.0013944 

10 0.0008318 0.0002752 -0.0002815 -0.0008381 -0.0013947 

15 0.0008320 0.0002752 -0.0002815 -0.0008383 -0.0013950 

20 0.0008321 0.0002753 -0.0002816 -0.0008385 -0.0013953 

25 0.0008323 0.0002753 -0.0002817 -0.0008387 -0.0013956 

30 0.0008325 0.0002754 -0.0002817 -0.0008388 -0.0013960 

35 0.0008327 0.0002754 -0.0002818 -0.0008391 -0.0013963 

40 0.0008329 0.0002755 -0.0002819 -0.0008393 -0.0013966 

45 0.0008331 0.0002756 -0.0002820 -0.0008395 -0.0013970 

50 0.0008333 0.0002756 -0.0002820 -0.0008397 -0.0013973 

55 0.0008335 0.0002757 -0.0002821 -0.0008399 -0.0013977 

60 0.0008337 0.0002757 -0.0002822 -0.0008401 -0.0013980 

65 0.0008339 0.0002758 -0.0002823 -0.0008403 -0.0013984 

70 0.0008341 0.0002759 -0.0002823 -0.0008406 -0.0013988 

75 0.0008343 0.0002759 -0.0002824 -0.0008408 -0.0013992 

80 0.0008345 0.0002760 -0.0002825 -0.0008410 -0.0013995 

85 0.0008348 0.0002761 -0.0002826 -0.0008413 -0.0013999 

90 0.0008350 0.0002762 -0.0002827 -0.0008415 -0.0014003 

95 0.0008352 0.0002762 -0.0002828 -0.0008417 -0.0014007 

100 0.0008354 0.0002763 -0.0002828 -0.0008420 -0.0014011 

Table 10 Effect of graphene origami foldability percent %𝐻𝐺.𝑂𝑟𝑖 on the circumferential strain 𝑒𝑡𝑡̅̅̅̅  

%𝐻𝐺.𝑂𝑟𝑖 z=-0.0005 z=-0.00025 z=0 z=0.00025 z=0.0005 

0 -0.0281297 -0.0140320 0.0000305 0.0140579 0.0280503 

5 -0.0281359 -0.0140355 0.0000297 0.0140598 0.0280549 

10 -0.0281422 -0.0140390 0.0000289 0.0140617 0.0280596 

15 -0.0281486 -0.0140426 0.0000281 0.0140637 0.0280643 

20 -0.0281552 -0.0140463 0.0000273 0.0140658 0.0280692 

25 -0.0281618 -0.0140500 0.0000265 0.0140679 0.0280742 

30 -0.0281685 -0.0140538 0.0000257 0.0140700 0.0280793 

35 -0.0281754 -0.0140576 0.0000249 0.0140723 0.0280846 

40 -0.0281824 -0.0140615 0.0000241 0.0140745 0.0280899 

45 -0.0281894 -0.0140654 0.0000233 0.0140769 0.0280954 

50 -0.0281966 -0.0140694 0.0000225 0.0140792 0.0281009 

55 -0.0282039 -0.0140734 0.0000217 0.0140817 0.0281066 

60 -0.0282114 -0.0140776 0.0000209 0.0140842 0.0281124 

65 -0.0282189 -0.0140817 0.0000201 0.0140867 0.0281183 

70 -0.0282266 -0.0140859 0.0000193 0.0140894 0.0281243 

75 -0.0282343 -0.0140902 0.0000185 0.0140920 0.0281304 

80 -0.0282422 -0.0140946 0.0000177 0.0140948 0.0281367 

85 -0.0282502 -0.0140990 0.0000169 0.0140975 0.0281431 

90 -0.0282583 -0.0141034 0.0000161 0.0141004 0.0281495 

95 -0.0282666 -0.0141079 0.0000153 0.0141033 0.0281561 

100 -0.0282749 -0.0141125 0.0000145 0.0141063 0.0281629 
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Fig. 2 Variation in dimensionless axial displacement 𝒖𝟎̅̅̅̅  with 

changes of foldability parameter along the thickness direction 

 

 

Fig. 3 Variation in dimensionless axial displacement 𝒖𝟎̅̅̅̅  with 

changes of volume fraction along the thickness direction 

 

 

Fig. 4 Variation in dimensionless axial displacement 𝒗𝟎̅̅ ̅ with 

changes of volume fraction along the thickness direction 

 

 

the circumferential rotation is more than axial rotation. As a 

comprehensive result, it is concluded that all displacement 

and rotation components 𝑤̅, 𝑣0̅̅ ̅, 𝑢0̅̅ ̅, 𝜑𝑥̅̅̅̅ , 𝜑𝜃̅̅ ̅̅ , are decreased 

with an enhancement in graphene origami percent %𝑉𝐺.𝑂𝑟𝑖 
because of an increase in structural stiffness.  

To investigate impact of graphene origami percent 

%𝑉𝐺.𝑂𝑟𝑖  on the dimensional axial displacement 𝑢0̅̅ ̅  at 

different radial coordinate, Table 3 is presented to list 

variation in dimensional axial displacement 𝑢0̅̅ ̅  with 

changes of graphene origami percent %𝑉𝐺.𝑂𝑟𝑖  for different 

radial coordinate z=-0.0005, -0.00025, 0, 0.00025, 0.0005. 

The results show an enhancement in dimensional axial 

displacement 𝑢0̅̅ ̅ along the radial coordinate. In addition, a 

decrease in axial displacement is observed with an increase in 

graphene origami percent %𝑉𝐺.𝑂𝑟𝑖. 
Table 4 presents variation in dimensional circumferential 

displacement 𝑣0̅̅ ̅ with an enhancement in graphene origami 

percent %𝑉𝐺.𝑂𝑟𝑖 along the various radial coordinates. One 

can arrive an enhancement behavior with an increase in radial 

coordinate.  

Listed in Table 5 is variation in dimensional axial strain 

𝑒𝑥𝑥̅̅ ̅̅  with an enhancement in graphene origami percent 

%𝑉𝐺.𝑂𝑟𝑖 along the various radial coordinates. One can arrive 

an enhancement behavior with an increase in radial 

coordinate. It is deduced that the maximum axial strain is 

occurred at top/bottom surfaces while the minimum one is 

occurred at middle surface.  

Listed in Table 6 is variation in dimensional 

circumferential strain 𝑒𝑡𝑡̅̅̅̅  with an enhancement in graphene 

origami percent %𝑉𝐺.𝑂𝑟𝑖  along the various radial 

coordinates. It is deduced that the circumferential strain sign 

is changed from the inner with a compressive state to outer 

surfaces with a tensile state. In addition, a decrease in 

dimensional circumferential strain 𝑒𝑡𝑡̅̅̅̅  is observed with an 

enhancement in structural stiffness.  

In continuation, the effect of foldability parameter 

%𝐻𝐺.𝑂𝑟𝑖 is studied on the bending responses of the curved 

panel. Listed in Table 7 is variation in dimensional axial 

displacement 𝑢0̅̅ ̅ with an advance in radial coordinate with 

changes of foldability parameter %𝐻𝐺.𝑂𝑟𝑖. An enhancement 

in dimensional axial displacement 𝑢0̅̅ ̅ is observed with an 

increase in foldability parameter %𝐻𝐺.𝑂𝑟𝑖  because of a 

significant decrease in structural stiffness.  

Listed in Table 8 is variation in dimensional 

circumferential displacement 𝑣0̅̅ ̅ with an advance in radial 

coordinate with changes of foldability parameter %𝐻𝐺.𝑂𝑟𝑖 . 
An enhancement in dimensional circumferential 

displacement 𝑣0̅̅ ̅ is observed with an increase in foldability 

parameter %𝐻𝐺.𝑂𝑟𝑖  because of a significant decrease in 

structural stiffness. 
Tables 9, 10 provide a detailed information on the 

variation in axial 𝑒𝑥𝑥̅̅ ̅̅  and circumferential 𝑒𝑡𝑡̅̅̅̅  strain 

components with an advance in foldability parameter 

%𝐻𝐺.𝑂𝑟𝑖 along the thickness direction. It is observed that the 

sign of axial strain is changed from tensile to compressive 

from inner to outer surfaces. In addition, unlike the axial 

strain, the circumferential strain sign is changed from the 

compressive to tensile state from inner to outer surface. Some 

numerical results are presented in graphical form in the 

following. Shown in Figs. 2 is variation of axial displacement 

with changes of foldability parameter with various radial 

coordinates. It is observed an increase in radial displacement 

with an increase in foldability parameter because of a decrease 

in structural stiffness. 

Shown in Figs. 3 and 4, are variation in axial and 
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circumferential displacement with changes of volume fraction 

along the thickness direction, respectively. 
 

 

4. Conclusions 

 

A vibrational-based formulation is presented in this 

paper to investigate impact of hydrogenation process of 

graphene origami reinforcement and multi-field loading on 

the structural vibration responses of a sandwich cylindrical 

panel composed of a copper matrix core reinforced with 

graphene origami content sandwiched by two piezoelectric/ 

piezomagnetic layers. To arrive at more accurate 

formulation and numerical results, a novel stretchable 

model is used. The behavioral relations are extended 

through employed kinematic relations and based on 

effective material properties of reinforced composite shell 

in terms of foldability parameter and graphene content of 

the reinforcement. Furthermore, the results are presented 

with changes of various mode numbers and geometric 

parameters of the cylindrical panel. 

An investigation on the foldability parameter was 

performed it was deduced that the foldability parameter 

leads to a decrease in natural frequencies because of a 

decrease in structural stiffness of nanocomposite reinforced 

shell. 

The effect of shell’s curvature was studied on the 

vibrational responses of the composite shell. It was deduced 

that an increase in span angle leads to a bit decrease in 

natural frequencies. 

An investigation on the effect of thermal loads on the 

vibration responses indicates that the natural frequencies 

are decreased with an increase in thermal loads.  

An enhancement in natural frequencies is observed with 

an increase in initial electric and magnetic potentials.  
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