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1. Introduction 
 

Due to its unique capacity to integrate mechanical and 
electrical characteristics, piezoelectric materials are applied 
with actuators and sensors to control and monitor the 
system’s response (Drai et al. 2023, Esen et al. 2023, Zhang 
et al. 2023, 2024, Eghbali and Hosseini 2024, Ghazwani et 
al. 2024). Minco has supplied temperature sensors for 
aerospace applications for over 50 years. During this long 
history, the ultra-high reliability needs of the aerospace 
market have become engrained in our methods and 
processes. As with most good stories, it starts at the 
beginning – with our New Product Introduction (NPI) 
process. Our team-based approach is a phased multi-step 
program highlighted by customer requirement analysis, risk 
assessments and design for manufacturability (DFM) 
reviews at the bid stage, followed by a comprehensive 
design and process risk analysis, leading to prototyping and 
post-build reviews targeted at confirming or further refining 
the design and processes. One of the application of the 
temperature sensor for aerospace industries can be shown in 
Fig. 1. 
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Functionally Graded Piezoelectric Material (FGPM), a 

specific type of piezoelectric material, is a novel type of 

FGM whose structure and properties are routinely changing 

in the required directions. It was created specifically to 

possess desired qualities for a certain use. Smart structures 

or components fabricated from FGPM are superior to 

conventional sensors and actuators, which are typically 

fabricated from uni, bi, and multi morphic type of materials. 

Numerous investigate projects similarly examine the 

conduct of the FGPM. Studies on the static and dynamic 

performances related to the FGPM structure, counting 

plates and beams, have recently been published (Kumar and 

Harsha 2020). In addition, shells, plates, and beams, among 

others, are frequently used in many different kinds of 

manufacturing. Circular sector plate structures are exclusive 

engineering structures used in many different subdivisions. 

The varied behaviors of these structures have been 

investigated by testing numerous enhancements and 

conditions, such as multiple materials, multiple loadings, 

Boundary Conditions (BCs), and many other situations. 

Nowadays Many scientists have been interested in this topic 

as a result of the numerous and cutting-edge applications of 

piezoelectric materials and structures. A modal analysis on a 

rectangular plate composed of FGPM was undergone by 

Kumar and Harsha (Kumar and Harsha 2020). A method for 

analogue modeling related to piezoelectric beams was  
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Abstract.  NEMS (Nano-Electro-Mechanical Systems) devices play a significant role in the advancement of prosthetic hands 

due to their unique properties at the nanoscale. Their integration enhances the functionality, sensitivity, and performance of 

prosthetic limbs. Understanding the electro-thermal buckling behavior of such structures is crucial since they may be subjected 

to extreme heat. So, in this paper, the two-dimensional hyperbolic differential quadrature method (2D-HDQM) integrated with a 

four-variable refined quasi-3D tangential shear deformation theory (RQ-3DTSDT) in view of the trace of thickness stretching is 

extended to study electro-thermal buckling response of three-directional poroelastic FG (3D-PFG) circular sector nanoplate 

patched with piezoelectric layer. Aimed at discovering the real governing equations, coupled equations with the aid of 

compatibility conditions are employed. Regarding modeling the size-impacts, nonlocal refined logarithmic strain gradient theory 

(NRLSGT) with two variables called nonlocal and length scale factors is examined. Numerical experimentation and comparison 

are used to indicate the precision and proficiency related to the created procedure. After obtaining the outputs of the 

mathematics, an appropriate dataset is used for testing, training and validating of the artificial intelligence. In the results section 

will be discussed the trace associated with multiple geometrical and physical factors on the electro-thermal buckling 

performance of the current nanostructure. These findings are essential for the design and optimization of NEMS applications in 

various fields, including sensing, actuation, and electronics, where thermal stability is paramount. The study’s insights contribute 

to the development of more reliable and efficient NEMS devices, ensuring their robust performance under varying thermal 

conditions. 
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Fig. 1. One of the applications of the NEMS device for 

prosthetic hands 

 

 

presented by Chen et al. (2019). Silva et al. developed 

analogous electrical circuits regarding linear and nonlinear 

electromechanically linked systems (Silva et al. 2018). 

Zhou and Luo used the effects of various external loadings 

to determine how multilayer piezoelectric devices reacted to 

asymmetric non-slipping adhesion (Zhou and Luo 2022). 

The Electromechanical performance of nonlinear piezo-

electric structures was examined by Wu et al. (Wu et al. 

2022). With consideration for the nanoscale size impact 

according to the nonlocal scheme, the propagation related to 

the Bleustein-Gulyaev wave in a nonlocal piezoelectric 

layer was investigated by Sharma and Kumar (Sharma and 

Kumar 2022). The effect associated with the initial stress on 

the parameters related to wave propagation regrding the 

piezoelectric layer system was examined by Jin et al. (Jin et 

al. 2005). The electromechanical performance related to 

shell structures integrated piezoelectric layers was predicted 

by Mallek et al. employing a 3D-shell form according to a 

discrete double directors shell element (Mallek et al. 2019). 

Mallek et al. investigated the non-linear performance 

related to the smart piezoelectric structures in respect to 

volume percentage, nanotube distribution, geometrical 

characteristics, and load boundary (Mallek et al. 2019). 

Moradi-Dastjerdi et al. demonstrated the resistance to 

buckling of a innovative active multifunctional sandwich 

plate under a temperature change (Moradi-Dastjerdi et al. 

2020). The free vibration performance related to a multi-

functional smart sandwich plate implementing a cutting-

edge and consistent technology were examined by Moradi-

Dastjerdi and Behdinan (Moradi-Dastjerdi and Behdinan 

2021). Khaje khabaz et al. obtained active vibration for a 

micro-beam combined with piezoelectric sensor and 

actuator according to modified couple stress and surface 

stress elasticity theories (Khaje khabaz et al. 2020). Selim 

et al. determined the active vibration management related to 

functionally graded multilayer composite plates (Selim et 

al. 2019). Thermal buckling investigation associated with a 

multilayer, FGPM beam exposed to external electric voltage 

and humid situations was demonstrated by Sobhy et al. 

(2022). A novel deformation approach was implemented to 

evaluate the nonlinear vibration examination related to 

nanobeams exposed to magneto-electro-thermal loading by 

Xiao et al. (2022). Kumar and Harsha examined a hybrid 

ceramic-metal plate whose features fluctuate in accordance 

with Power-law and Sigmoid law distributions under 

thermo-electro-mechanical stress regarding its static, 

buckling, and vibration performances (Kumar and Harsha 

2022). Alazwari et al. studied the buckling performance 

related to the graphene-based piezoelectric circular 

nanoplates that were placed atop elastic media and under an 

outward electric domain (Alazwari et al. 2022). The 

relationship between temperature, external electric 

actuation, and axial mechanical load on FGPM cylindrical 

micropanels’ microstructural features of nonlinear stability 

were investigated by Alshenawy et al. (2022).  

Modeling is a critical tool for engineers, serving as a 

bridge between theoretical concepts and practical 

applications (Wang et al. 2023, Li et al. 2024). It allows 

engineers to simulate real-world scenarios, making it 

possible to analyze complex systems without the need for 

physical prototypes (Cao et al. 2024, Zhang et al. 2024). By 

creating mathematical or computational representations of 

engineering problems, models enable the exploration of 

different design options and operational strategies (Huang 

et al. 2021, Du et al. 2024). This predictive capability is 

essential in optimizing performance, enhancing safety, and 

reducing costs (Huang et al. 2022a, b). Moreover, modeling 

helps engineers understand the behavior of systems under 

various conditions, including extreme scenarios that are 

difficult to test experimentally (Huang et al. 2023, Zhang 

and Zhang 2023). It facilitates the identification of potential 

issues early in the design process, allowing for timely 

modifications and improvements (Liu et al. 2020, Yang et al. 

2023). The iterative nature of modeling also supports 

innovation, enabling engineers to refine their ideas through 

simulation and analysis (Yang et al. 2022, 2023). In fields 

like structural engineering, modeling is crucial for assessing 

the integrity and stability of structures before construction 

(Chen et al. 2023, Song et al. 2024). In fluid dynamics, it 

assists in predicting flow patterns and interactions, which 

are vital for designing efficient systems (Hu et al. 2023, Wu 

et al. 2023). Additionally, modeling plays a key role in 

environmental engineering, helping to evaluate the impact 

of projects on ecosystems and communities (Feng et al. 

2021, Firouzianhaji et al. 2021). Furthermore, the 

integration of modeling with data analytics and machine 

learning enhances predictive accuracy, providing deeper 

insights into system behavior (Mehrabi et al. 2021). As 

engineering challenges become more complex, the 

importance of effective modeling continues to grow (Taheri 

et al. 2019). It not only aids in problem-solving but also 

supports informed decision-making throughout the 

engineering lifecycle. Ultimately, robust modeling practices 

are essential for delivering innovative, sustainable, and safe 

engineering solutions (Toghroli et al. 2020, Mehrabi et al. 

2021). 

The goal of Ref. (Qiu and Wang 2024) was to improve 

economic stability via more focused financial strategies and 

risk management by using sophisticated algorithms to 

classify credit card users based on their financial behavior. 

In order to effectively capture and evaluate tail risks in 

financial markets, extreme value theory in conjunction with 

mixture models is utilized in Ref. (Qiu 2019) to estimate the 

probability of uncommon but significant financial losses. 

NEMS-based sensors are used to detect thermal and 

mechanical stresses in aerospace structures. Knowledge of 

their thermal buckling properties ensures these sensors 
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remain accurate and reliable under extreme thermal 

conditions, providing crucial data for structural health 

monitoring. Based on the literature survey, there have been 

no former investigations of electro-thermal buckling for 

3D-PFG circular sector nanoplates patched with piezo-

electric layer utilizing the RQ-3DLSDT-based 2D-HDQM 

and taking into account the temperature influence related to 

piezoelectric coefficients. The additional objective associated 

with current work is to evaluate the electro-thermal 

buckling examination related to a 3D-PFG circular sector 

nanoplate patched through a piezoelectric layer in a thermal 

environment that is more representative of the real-world 

condition. After obtaining the outputs of the mathematics, 

an appropriate dataset is used for testing, training and 

validating of the artificial intelligence. The remaining 

sections are ordered by. In Section 2, a mathematical form 

for a 3D-PFG circular sector nanoplate with a piezoelectric 

layer is derived. The technique of deriving 2D-HDQM for 

solving the motion equations for a 3D-PFG circular sector 

nanoplate patched with a piezo-electric layer is described in 

Section 3. In Section 4, artificial intelligence algorithm is 

used. In Section 5, the authors offer several numerical 

investigations to examine the correctness and efficacy 

related to the existing RQ-3DLSDT-based 2D-HDQM. We 

then investigate the temperature distribution and geometric 

response of a 3D-PFG circular sector nanoplate patched 

with a piezoelectric layer under thermo-electrical loads.  
 
 

2. Material factors 
 
2.1 Displacement domain 
 

The part explains novel four-variable RQ-3DTSDT, 

which takes into account the impact of thickness stretching. 

The field of displacement is written out (Mantari and Soares 

2015): 

𝔘𝑐(𝕣, 𝜃, 𝕫, 𝑡) =  𝔘0𝑐(𝕣, 𝜃, 𝑡) + 𝕫 (𝛼
𝜕𝔚𝑏𝑐(𝕣,𝜃,𝑡)

𝜕𝕣
+

𝛽
𝜕𝔚𝑠𝑐(𝕣,𝜃,𝑡)

𝜕𝕣
) + 𝒯(𝕫)

𝜕𝔚𝑠𝑐(𝕣,𝜃,𝑡)

𝜕𝕣
, 

(1) 𝔙𝑐(𝕣, 𝜃, 𝕫, 𝑡) =  𝔙0𝑐(𝕣, 𝜃, 𝑡) + 𝕫 (𝛼
𝜕𝔚𝑏𝑐(𝕣,𝜃,𝑡)

𝕣𝜕𝜃
+

𝛽
𝜕𝔚𝑠𝑐(𝕣,𝜃,𝑡)

𝕣𝜕𝜃
) + 𝒯(𝕫)

𝜕𝔚𝑠𝑐(𝕣,𝜃,𝑡)

𝕣𝜕𝜃
, 

𝔚𝑐(𝕣, 𝜃, 𝕫, 𝑡) =  𝔚𝑏𝑐(𝕣, 𝜃, 𝑡) + 𝑔(𝕫)𝔚𝑠𝑐(𝕣, 𝜃, 𝑡). 

where 𝒯(𝕫) =
h

𝑚
tan (

𝑚𝕫

ℎ
) + 𝕫3, 𝑔(𝕫) = n𝒯′(𝕫) , 𝛼 = 𝑦∗∗ , 

𝛽 = 𝑞∗∗ , 𝑦∗∗ = −1 , 𝑞∗∗ = 𝑦∗ + 𝑞∗ , 𝑦∗ = −𝒯′ (
ℎ

2
) , and 

𝑞∗ = −𝑔 (
ℎ

2
) respectively. Also, the displacement domain 

regarding patch piezoelectric, are (Reddy 2003): 

𝔘𝑝(𝕣, 𝜃, 𝕫, 𝑡) =  −𝕫
𝜕𝔚0𝑝(𝕣,𝜃,𝑡)

𝜕𝕣
, 

(2) 𝔙𝑝(𝕣, 𝜃, 𝕫, 𝑡) =  −𝕫
𝜕𝔚0𝑝(𝕣,𝜃,𝑡)

𝕣𝜕𝜃
, 

𝔚𝑝(𝕣, 𝜃, 𝕫, 𝑡) =  𝔚0𝑝(𝕣, 𝜃, 𝑡). 

2.2 Compatibility conditions 
 
Assuming ideal BCs by the side related to the top and 

bottom face layer-core edges, the compatibility connections 

can be given by: 

𝔘𝑝 (𝕣, 𝜃,
ℎ𝑐

2
, 𝑡) = 𝔘𝑐 (𝕣, 𝜃,

ℎ𝑐

2
, 𝑡), 

(3) 𝔙𝑝 (𝕣, 𝜃,
ℎ𝑐

2
, 𝑡) = 𝔙𝑐 (𝕣, 𝜃,

ℎ𝑐

2
, 𝑡), 

𝔚𝑝 (𝕣, 𝜃,
ℎ𝑐

2
, 𝑡) = 𝔚𝑐 (𝕣, 𝜃,

ℎ𝑐

2
, 𝑡), 

And displacement domains may be reformulated using 

Eqs. (1)-(3) as follows: 

𝔘𝑐(𝕣, 𝜃, 𝕫, 𝑡) =  𝔘0𝑐(𝕣, 𝜃, 𝑡) + 𝕫 (𝛼
𝜕𝔚𝑏(𝕣,𝜃,𝑡)

𝜕𝕣
+

𝛽
𝜕𝔚𝑠(𝕣,𝜃,𝑡)

𝜕𝕣
)  + 𝒯(𝕫)

𝜕𝔚𝑠(𝕣,𝜃,𝑡)

𝜕𝕣
, 

(4) 

𝔙𝑐(𝕣, 𝜃, 𝕫, 𝑡) =  𝔙0𝑐(𝕣, 𝜃, 𝑡) + 𝕫 (𝛼
𝜕𝔚𝑏𝑐(𝕣,𝜃,𝑡)

𝕣𝜕𝜃
+

𝛽
𝜕𝔚𝑠𝑐(𝕣,𝜃,𝑡)

𝕣𝜕𝜃
) + 𝒯(𝕫)

𝜕𝔚𝑠𝑐(𝕣,𝜃,𝑡)

𝕣𝜕𝜃
, 

𝔚𝑐(𝕣, 𝜃, 𝕫, 𝑡) =  𝔚𝑏𝑐(𝕣, 𝜃, 𝑡) + 𝑔(𝕫)𝔚𝑠𝑐(𝕣, 𝜃, 𝑡), 

𝔘𝑝(𝕣, 𝜃, 𝕫, 𝑡) =  − 𝕫
𝜕𝔚𝑏𝑐(𝕣,𝜃,𝑡)

𝜕𝕣
 − 𝕫𝑔 (

ℎ𝑐

2
)
𝜕𝔚𝑠𝑐(𝕣,𝜃,𝑡)

𝜕𝕣
, 

𝔙𝑝(𝕣, 𝜃, 𝕫, 𝑡) =  − 𝕫
𝜕𝔚𝑏𝑐(𝕣,𝜃,𝑡)

𝕣𝜕𝜃
 − 𝕫𝑔 (

ℎ𝑐

2
)
𝜕𝔚𝑠𝑐(𝕣,𝜃,𝑡)

𝕣𝜕𝜃
, 

𝔚𝑝(𝕣, 𝜃, 𝕫, 𝑡) =  𝔚𝑏𝑐(𝕣, 𝜃, 𝑡) + 𝑔(𝕫)𝔚𝑠𝑐(𝕣, 𝜃, 𝑡). 

Herein, strain displacements are expressed by (Reddy 

2003): 

ℰ𝕣𝕣 =
𝜕𝔘

𝜕𝕣
, ℰ𝜃𝜃 =

1

𝕣
(𝔘 +

𝜕𝔙

𝜕𝜃
) , ℰ𝕫𝕫 =

𝜕𝔚

𝜕𝕫
, 𝛾𝕣𝕫 =

𝜕𝔘

𝜕𝕫
+

𝜕𝔚

𝜕𝕣
, 

(5) 

𝛾𝕣𝜃 =
1

𝕣

𝜕𝔘

𝜕𝜃
+
𝜕𝔙

𝜕𝕣
−
𝔙

𝕣
, 𝛾𝜃𝕫 =

𝜕𝔙

𝜕𝕫
+
1

𝕣

𝜕𝔚

𝜕𝜃
. 

Consequently, the non-zero strain parts regarding the 

core and piezoelectric layers can be specified as: 

ℰ𝕣𝕣𝑐 = ℵ𝕣𝕣𝑐
(0) + 𝕫ℵ𝕣𝕣𝑐

(1) + 𝒯(𝕫)ℵ𝕣𝕣𝑐
(2) + 𝑔(𝕫)ℵ𝕣𝕣𝑐

(3) +

𝐻(𝕫)ℵ𝕣𝕣𝑐
(4)

, 
(6a) 

ℰ𝜃𝜃𝑐 = ℵ𝜃𝜃𝑐
(0) + 𝕫ℵ𝜃𝜃𝑐

(1) + 𝒯(𝕫)ℵ𝜃𝜃𝑐
(2) + 𝑔(𝕫)ℵ𝜃𝜃𝑐

(3) +

𝐻(𝕫)ℵ𝜃𝜃𝑐
(4)

, 
(6b) 

ℰ𝕫𝕫𝑐 = ℵ𝕫𝕫𝑐
(0) + 𝕫ℵ𝕫𝕫𝑐

(1) + 𝒯(𝕫)ℵ𝕫𝕫𝑐
(2) + 𝑔(𝕫)ℵ𝕫𝕫𝑐

(3) +

𝐻(𝕫)ℵ𝕫𝕫𝑐
(4)

, 
(6c) 

𝛾𝜃𝕫𝑐 = ℵ𝜃𝕫𝑐
(0) + 𝕫ℵ𝜃𝕫𝑐

(1) + 𝒯(𝕫)ℵ𝜃𝕫𝑐
(2) + 𝑔(𝕫)ℵ𝜃𝕫𝑐

(3) +

𝐻(𝕫)ℵ𝜃𝕫𝑐
(4)

, 
(6d) 

𝛾𝕣𝕫𝑐 = ℵ𝕣𝕫𝑐
(0) + 𝕫ℵ𝕣𝕫𝑐

(1) + 𝒯(𝕫)ℵ𝕣𝕫𝑐
(2) + 𝑔(𝕫)ℵ𝕣𝕫𝑐

(3) +

𝐻(𝕫)ℵ𝕣𝕫𝑐
(4)

, 
(6e) 

387



 

Jialing Li, Gongxing Yan, Zhongjian Tang, Saifeldin M. Siddeeg and Tamim Alkhalifah 

 

 

𝛾𝕣𝜃𝑐 = ℵ𝕣𝜃𝑐
(0) + 𝕫ℵ𝕣𝜃𝑐

(1) + 𝒯(𝕫)ℵ𝕣𝜃𝑐
(2) + 𝑔(𝕫)ℵ𝕣𝜃𝑐

(3) +

𝐻(𝕫)ℵ𝕣𝜃𝑐
(4)

, 
(6f) 

ℰ𝕣𝕣𝑝 = ℵ𝕣𝕣𝑝
(0) + 𝕫ℵ𝕣𝕣𝑝

(1)
, (6g) 

ℰ𝜃𝜃𝑝 = ℵ𝜃𝜃𝑝
(0) + 𝕫ℵ𝜃𝜃𝑝

(1)
, (6h) 

ℰ𝕫𝕫𝑝 = ℵ𝕫𝕫𝑝
(0) + 𝕫ℵ𝕫𝕫𝑝

(1)
, (6i) 

𝛾𝜃𝕫𝑝 = ℵ𝜃𝕫𝑝
(0) + 𝕫ℵ𝜃𝕫𝑝

(1)
, (6j) 

𝛾𝕣𝕫𝑝 = ℵ𝕣𝕫𝑝
(0) + 𝕫ℵ𝕣𝕫𝑝

(1)
, (6k) 

𝛾𝕣𝜃𝑝 = ℵ𝕣𝜃𝑝
(0) + 𝕫ℵ𝕣𝜃𝑝

(1)
, (6l) 

where 

ℰ𝕣𝕣𝑐 =
𝜕𝔘0𝑐
𝜕𝕣

+ 𝕫𝛼
𝜕2𝔚𝑏𝑐

𝜕𝕣2
+ 𝕫𝛽

𝜕2𝔚𝑠𝑐

𝜕𝕣2
+ 𝒯(𝕫)

𝜕2𝔚𝑠𝑐

𝜕𝕣2
, 

ℵ𝕣𝕣𝑐
(0) =

𝜕𝔘0𝑐
𝜕𝕣

, ℵ𝕣𝕣𝑐
(1) = 𝛼

𝜕2𝔚𝑏𝑐

𝜕𝕣2
+ 𝛽

𝜕2𝔚𝑠𝑐

𝜕𝕣2
, 

ℵ𝕣𝕣𝑐
(2) =

𝜕2𝔚𝑠𝑐

𝜕𝕣2
, ℵ𝕣𝕣𝑐
(3) = 0, ℵ𝕣𝕣𝑐

(4) = 0, 

(7) 

ℵ𝜃𝜃𝑐
(0) =

1

𝕣
(𝔘0𝑐 +

𝜕𝔙0𝑐
𝜕𝜃

) , 

ℵ𝜃𝜃𝑐
(1) =

1

𝕣
(
𝛼
𝜕𝔚𝑏𝑐

𝜕𝕣
+ 𝛽

𝜕𝔚𝑠𝑐

𝜕𝕣

+
𝛼

𝕣

𝜕2𝔚𝑏𝑐

𝜕𝜃2
+
𝛽

𝕣

𝜕2𝔚𝑠𝑐

𝜕𝜃2

) , 

ℵ𝜃𝜃𝑐
(2) =

1

𝕣
(
𝜕𝔚𝑠𝑐

𝜕𝕣
+
1

𝕣

𝜕2𝔚𝑠𝑐

𝜕𝜃2
) , ℵ𝜃𝜃𝑐

(3) = 0, ℵ𝜃𝜃𝑐
(4) = 0, 

ℵ𝕫𝕫𝑐
(0) = 0, ℵ𝕫𝕫𝑐

(1) = 0, ℵ𝕫𝕫𝑐
(2) = 0, ℵ𝕫𝕫𝑐

(3) = 0, ℵ𝕫𝕫𝑐
(4) = 𝔚𝑠𝑐, 

ℵ𝕣𝕫𝑐
(0) = 𝛼

𝜕𝔚𝑏𝑐

𝜕𝕣
+ 𝛽

𝜕𝔚𝑠𝑐

𝜕𝕣
+
𝜕𝔚𝑏𝑐

𝜕𝕣
, ℵ𝕣𝕫𝑐
(1) = 0, 

ℵ𝕣𝕫𝑐
(2) = 0, ℵ𝕣𝕫𝑐

(3) = 2
𝜕𝔚𝑠𝑐

𝜕𝕣
=, ℵ𝕣𝕫𝑐

(4) = 0, 

ℵ𝕣𝜃𝑐
(0) =

1

𝕣

𝜕𝔘0𝑐
𝜕𝜃

+
𝜕𝔙0𝑐
𝜕𝕣

−
𝔙0𝑐
𝕣
, ℵ𝕣𝜃𝑐
(1)

=

(

 

𝛼

𝕣

𝜕2𝔚𝑏𝑐

𝜕𝕣𝜕𝜃
+
𝛽

𝕣

𝜕2𝔚𝑠𝑐

𝜕𝕣𝜕𝜃
−
𝛼

𝕣2
𝜕𝔚𝑏𝑐

𝜕𝜃
+
𝛼

𝕣

𝜕2𝔚𝑏𝑐

𝜕𝕣𝜕𝜃

−
𝛽

𝕣2
𝜕𝔚𝑠𝑐

𝜕𝜃
+
𝛽

𝕣

𝜕2𝔚𝑠𝑐

𝜕𝕣𝜕𝜃
−
𝛼

𝕣2
𝜕𝔚𝑏𝑐

𝜕𝜃
−
𝛽

𝕣2
𝜕𝔚𝑠𝑐

𝜕𝜃 )

 , 

ℵ𝕣𝜃𝑐
(2) =

(

 

𝒯(𝕫)

𝕣

𝜕2𝔚𝑠𝑐

𝜕𝕣𝜕𝜃
−
𝒯(𝕫)

𝕣2
𝜕𝔚𝑠𝑐

𝜕𝜃

+
𝒯(𝕫)

𝕣

𝜕2𝔚𝑠𝑐

𝜕𝕣𝜕𝜃
−
𝒯(𝕫)

𝕣2
𝜕𝔚𝑠𝑐

𝜕𝜃 )

 , 

ℵ𝕣𝜃𝑐
(3) = 0, ℵ𝕣𝜃𝑐

(4) = 0, 

ℵ𝜃𝕫𝑐
(0) = 𝛼

𝜕𝔚𝑏𝑐

𝕣𝜕𝜃
+ 𝛽

𝜕𝔚𝑠𝑐

𝕣𝜕𝜃
+
𝜕𝔚𝑏𝑐

𝕣𝜕𝜃
, ℵ𝜃𝕫𝑐
(1) =, ℵ𝜃𝕫𝑐

(2) =

, ℵ𝜃𝕫𝑐
(3) = 2𝑔(𝕫)

𝜕𝔚𝑠𝑐

𝕣𝜕𝜃
, ℵ𝜃𝕫𝑐
(4) = 0, 

ℵ𝕣𝕣𝑝
(0) = 0, ℵ𝕣𝕣𝑝

(1) = −
𝜕2𝔚𝑏𝑐

𝜕𝕣2
− 𝑔 (

ℎ𝑐

2
)
𝜕2𝔚𝑠𝑐

𝜕𝕣2
, 

ℵ𝜃𝜃𝑝
(0) = 0, ℵ𝜃𝜃𝑝

(1) =
1

𝕣
(−

𝜕𝔚𝑏𝑐

𝜕𝕣
− 𝑔 (

ℎ𝑐

2
)
𝜕𝔚𝑠𝑐

𝜕𝕣
−

1

𝕣

𝜕2𝔚𝑏𝑐

𝜕𝜃2
−
𝑔(
ℎ𝑐
2
)

𝕣

𝜕2𝔚𝑠𝑐

𝜕𝜃2
), 

ℵ𝕫𝕫𝑝
(0) = 0, ℵ𝕫𝕫𝑝

(1) = 0, , ℵ𝜃𝕫𝑝
(0) = 0, ℵ𝜃𝕫𝑝

(1) = 0,   

ℵ𝕣𝕫𝑝
(0) = 0, ℵ𝕣𝕫𝑝

(1) = 0, 

ℵ𝕣𝜃𝑝
(0) = 0, ℵ𝕣𝜃𝑝

(1) = −
2

𝕣

𝜕2𝔚𝑏𝑐

𝜕𝕣𝜕𝜃
−
2

𝕣
𝑔 (

ℎ𝑐

2
)
𝜕2𝔚𝑠𝑐

𝜕𝕣𝜕𝜃
+

2

𝕣2

𝜕𝔚𝑏𝑐

𝜕𝜃
+

2

𝕣2
𝑔 (

ℎ𝑐

2
)
𝜕𝔚𝑠𝑐

𝜕𝜃
. 

where 𝐻(𝕫) =
𝜕𝑔(𝕫)

𝜕𝕫
. Also, a novel continuum approach 

known as nonlocal strain gradient elasticity accounts for the 

aforementioned phenomena (Lim et al. 2015) 

𝔗𝑖𝑗 − 𝜇
2𝔗𝑖𝑗,𝑚𝑚 = 𝐶𝑖𝑗𝑘𝑙(ℰ𝑘𝑙 − 𝑙

2ℰ𝑘𝑙,𝑚𝑚), (8) 

Herein, the nonlocal factor (𝜇) expects the softening-

stiffness process and the strain gradient factor (𝑙) predicts 

the stiffness-strengthening system. In addition, 𝔗𝑖𝑗  

indicates a stress tensor and ℰ𝑖𝑗  is a strain tensor, and the 

elastic moduli are indicated by 𝐶𝑖𝑗𝑘𝑙 . 

By updating nonlocal strain gradient approach regarding 

the present scheme, the Eq. (8), for poroelastic system could 

be rewritten as follow 

(1 − 𝜇2∇2)𝔗𝕣𝕣𝑐 = (1 − 𝑙
2∇2)(𝔏11𝑐ℰ𝕣𝕣𝑐 +

𝔏12𝑐ℰ𝜃𝜃𝑐 + 𝔏13𝑐ℰ𝕫𝕫𝑐 − 𝛾𝑃𝑝), 

(9) 

(1 − 𝜇2∇2)𝔗𝜃𝜃𝑐 = (1 − 𝑙
2∇2)(𝔏12𝑐ℰ𝕣𝕣𝑐 +

𝔏22𝑐ℰ𝜃𝜃𝑐 + 𝔏23𝑐ℰ𝕫𝕫𝑐 − 𝛾𝑃𝑝), 

(1 − 𝜇2∇2)𝔗𝕫𝕫𝑐 = (1 − 𝑙
2∇2)(𝔏13𝑐ℰ𝕣𝕣𝑐 +

𝔏23𝑐ℰ𝜃𝜃𝑐 + 𝔏33𝑐ℰ𝕫𝕫𝑐 − 𝛾𝑃𝑝), 

(1 − 𝜇2∇2)𝔗𝜃𝕫𝑐 = (1 − 𝑙
2∇2)𝔏44𝑐𝛾𝜃𝕫𝑐, 

(1 − 𝜇2∇2)𝔗𝕣𝕫𝑐 = (1 − 𝑙
2∇2)𝔏55𝑐𝛾𝕣𝕫𝑐, 

(1 − 𝜇2∇2)𝔗𝕣𝜃𝑐 = (1 − 𝑙
2∇2)𝔏66𝑐𝛾𝕣𝜃𝑐, 

where 

𝔏11𝑐 =
𝐸(𝕣, 𝜃, 𝕫, 𝕋)(1 − 𝜈(𝕣, 𝜃, 𝕫, 𝕋))

(1 + 𝜈(𝕣, 𝜃, 𝕫, 𝕋))(1 − 2𝜈(𝕣, 𝜃, 𝕫, 𝕋))
, 

𝔏33𝑐 = 𝔏22𝑐 = 𝔏11𝑐 , 

(10) 

𝔏12𝑐 =
𝐸(𝕣, 𝜃, 𝕫, 𝕋)𝜈(𝕣, 𝜃, 𝕫, 𝕋)

(1 + 𝜈(𝕣, 𝜃, 𝕫, 𝕋))(1 − 2𝜈(𝕣, 𝜃, 𝕫, 𝕋))
, 

𝔏13𝑐 = 𝔏23𝑐 = 𝔏12𝑐, 
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𝔏44𝑐 =
𝐸(𝕣,𝜃,𝕫,𝕋)

2(1+𝜈(𝕣,𝜃,𝕫,𝕋))
, 𝔏66𝑐 = 𝔏55𝑐 = 𝔏44𝑐. 

A definition of the material property 𝑃  of 3D-PFG 

circular nanoplates in terms of the modified power-law is as 

follows: 

𝐸(𝕣, 𝜃, 𝕫, 𝕋) = 𝐸𝑚 + (𝐸𝑐 − 𝐸𝑚) (0.5 +

𝕫

ℎ
)
𝑛𝕫
(
𝕣

𝑅𝑜
)
𝑛𝕣
(
𝜃

𝜃𝑚
)
𝑛𝜃

. 
(11a) 

𝜈(𝕣, 𝜃, 𝕫, 𝕋) = 𝜈𝑚 + (𝜈𝑐 − 𝜈𝑚) (0.5 +

𝕫

ℎ
)
𝑛𝕫
(
𝕣

𝑅𝑜
)
𝑛𝕣
(
𝜃

𝜃𝑚
)
𝑛𝜃

. 
(11b) 

𝛼(𝕣, 𝜃, 𝕫, 𝕋) = 𝛼𝑚 + (𝛼𝑐 − 𝛼𝑚) (0.5 +

𝕫

ℎ
)
𝑛𝕫
(
𝕣

𝑅𝑜
)
𝑛𝕣
(
𝜃

𝜃𝑚
)
𝑛𝜃

. 
(11c) 

The FGMs, the neutral plane is not by the side of the 

mid-plane (Barretta et al. 2016) though the authors assume 

this in our study. 

The other factor related to Eq. (9) are reported by (Liu et 

al. 2022) 

𝑃𝑝 =
𝜓 − (ℰ𝕣𝕣 + ℰ𝜃𝜃 + ℰ𝕫𝕫)

(𝐾𝑃)−1
 (12a) 

𝐾𝑃 = −(𝑘𝑡 − 𝑘𝔘)𝛾
−2 (12b) 

𝑘𝔘 = [1 −
𝑘𝒯𝛾

2

(𝜙 − 𝛾)(1 − 𝛾)𝑘𝒯 + 𝑘𝒯𝜙
]𝑘𝑡 (12c) 

 Undrained fluid conditions are represented by 𝜓 = 0 

in Eq. (12a), which results in: 

𝑃𝑝 = −𝐾
𝑃𝛾ℰ = −𝐾𝑃(ℰ𝕣𝕣 + ℰ𝜃𝜃 + ℰ𝕫𝕫)𝛾.  (13) 

Putting in Eq. (13) for the solution of Eq. (9) yields 

(1 − 𝜇2∇2)𝔗𝕣𝕣𝑐 = (1 − 𝑙
2∇2)(𝔏̅11𝑐ℰ𝕣𝕣𝑐 +

𝔏̅12ℰ𝜃𝜃𝑐 + 𝔏̅13ℰ𝕫𝕫𝑐), 

(14) 

(1 − 𝜇2∇2)𝔗𝜃𝜃𝑐 = (1 − 𝑙
2∇2)(𝔏̅12𝑐ℰ𝕣𝕣𝑐 +

𝔏̅22𝑐ℰ𝜃𝜃𝑐 + 𝔏̅23𝑐ℰ𝕫𝕫𝑐), 

(1 − 𝜇2∇2)𝔗𝕫𝕫𝑐 = (1 − 𝑙
2∇2)(𝔏̅13𝑐ℰ𝕣𝕣𝑐 +

𝔏̅23𝑐ℰ𝜃𝜃𝑐 + 𝔏̅33𝑐ℰ𝕫𝕫𝑐), 

(1 − 𝜇2∇2)𝔗𝜃𝕫𝑐 = (1 − 𝑙
2∇2)𝔏̅44𝑐𝛾𝜃𝕫𝑐, 

(1 − 𝜇2∇2)𝔗𝕣𝕫𝑐 = (1 − 𝑙
2∇2)𝔏̅55𝑐𝛾𝕣𝕫𝑐, 

(1 − 𝜇2∇2)𝔗𝕣𝜃𝑐 = (1 − 𝑙
2∇2)𝔏̅66𝑐𝛾𝕣𝜃, 

where 

𝔏̄𝑖𝑗𝑐 = 𝔏𝑖𝑗𝑐 + 𝐾𝛾
2𝑖, 𝑗 = 1,2,3.  

(15) 

𝔏̄𝑖𝑗𝑐 = 𝔏𝑖𝑗𝑐𝑖 = 𝑗 = 4,5,6. 

Piezoelectric layer constitutive equations are derived by: 

(1 − 𝜇2∇2)𝔗𝕣𝕣𝑝 = (1 − 𝑙
2∇2)(𝔏11𝑝ℰ𝕣𝕣𝑝 +

𝔏12𝑝ℰ𝜃𝜃𝑝 − 𝑒31𝑝𝐸𝕫), 

(16) 

(1 − 𝜇2∇2)𝔗𝜃𝜃𝑝 = (1 − 𝑙
2∇2)(𝔏12𝑝ℰ𝕣𝕣𝑝 +

𝔏22𝑝ℰ𝜃𝜃𝑝 − 𝑒32𝑝𝐸𝕫), 

(1 − 𝜇2∇2)𝔗𝜃𝕫𝑝 = (1 − 𝑙
2∇2)(𝔏44𝑝𝛾𝜃𝕫𝑝 −

𝑒24𝑝𝐸𝜃), 

(1 − 𝜇2∇2)𝔗𝕣𝕫𝑝 = (1 − 𝑙
2∇2)(𝔏55𝑝𝛾𝕣𝕫𝑝 − 𝑒15𝑝𝐸𝕣), 

(1 − 𝜇2∇2)𝔗𝕣𝜃𝑝 = (1 − 𝑙
2∇2)(𝔏66𝑝𝛾𝕣𝜃𝑝), 

The electric displacement relations are developed as 

(1 − 𝜇2∇2)𝔻𝕣𝑝 = (1 − 𝑙
2∇2)(𝑒15𝑝𝛾𝕣𝕫𝑝 + 𝜂11𝑝𝐸𝕣), 

(17) 
(1 − 𝜇2∇2)𝔻𝜃𝑝 = (1 − 𝑙

2∇2)(𝑒15𝑝𝛾𝜃𝕫𝑝 + 𝜂22𝑝𝐸𝜃), 

(1 − 𝜇2∇2)𝔻𝕫𝑝 = (1 − 𝑙
2∇2)(𝑒31𝑝ℰ𝕣𝕣𝑝 +

𝑒32𝑝ℰ𝜃𝜃𝑝 + 𝜂33𝑝𝐸𝕫), 

where (Gholami and Ansari 2017) 

𝔏11𝑝 = 𝔏11 −
𝔏13
2

𝔏33
, 𝔏12𝑝 = 𝔏12 −

𝔏13𝔏23

𝔏33
, 𝔏22𝑝 =

𝔏22 −
𝔏23
2

𝔏33
,  

(18) 

𝔏44𝑝 = 𝔏44, 𝔏55𝑝 = 𝔏55, 𝔏66𝑝 = 𝔏66, 

𝑒31𝑝 = 𝑒31 −
𝔏13𝑒33

𝔏33
,  𝑒32𝑝 = 𝑒32 −

𝔏23𝑒33

𝔏33
, 𝑒15𝑝 =

𝑒15, 𝑒24𝑝 = 𝑒24, 

𝜂11𝑝 = 𝜂11, 𝜂22𝑝 = 𝜂22, 𝜂33𝑝 = 𝜂33 +
𝑒33
2

𝔏33
, 

Corresponding electric domain strength i.e. 𝐸𝕣, 𝐸𝜃 , 𝐸𝕫, 
which can be joined to Eqs. (16), (17), are expressed by: 

𝐸𝕣 = −
𝜕𝜓

𝜕𝕣
, 𝐸𝜃 = −

1

𝕣

𝜕𝜓

𝜕𝜃
, 𝐸𝕫 = −

𝜕𝜓

𝜕𝕫
 (19) 

Ke and Wang (2014) surveyed that the electric potential 

𝜓(𝕣, 𝜃, 𝕫, 𝑡) is determined by 

𝜓(𝕣, 𝜃, 𝕫, 𝑡) = − 𝑐𝑜𝑠(𝛽𝕫) 𝜙(𝕣, 𝜃, 𝑡) +
2𝕫𝜙0
ℎ

 (20) 

Herein, 𝜙0  and β = π/h indicate the initial outward 

electric. Extra, 𝜙(𝕣, 𝜃, 𝑡)  denotes a spatial difference 

regarding the electric potential regarding the axes 

associated with r and  𝜃. 

 
2.3 Minimum total potential energy 
 

Now, using the least overall potential energy concept, it 

is possible to write: (Yaghoobi and Torabi 2013) 

𝛿((𝛱𝕋 +𝛱𝔚)-Π𝑒) = 0 (21) 

The energy term in the above relation are expressed as 
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below: 

𝛱𝑒 = ∫{𝜎𝑟𝑟𝑐𝜀𝑟𝑟𝑐 + 𝜎𝜃𝜃𝑐𝜀𝜃𝜃𝑐 + 𝜎𝑧𝑧𝑐𝜀𝑧𝑧𝑐 +

𝜏𝑟𝑧𝑐𝛾𝑟𝑧𝑐 + 𝜏𝜃𝑧𝑐𝛾𝜃𝑧𝑐 + 𝜏𝑟𝜃𝑐𝛾𝑟𝜃𝑐}𝑑𝑉 + ∫(𝜎𝑟𝑟𝑝𝜀𝑟𝑟𝑝 +

𝜎𝜃𝜃𝑝𝜀𝜃𝜃𝑝 + 𝜎𝑧𝑧𝑝𝜀𝑧𝑧𝑝 + 𝜏𝜃𝑧𝑝𝛾𝜃𝑧𝑝 + 𝜏𝑟𝑧𝑝𝛾𝑟𝑧𝑝 +

𝜏𝑟𝜃𝑝𝛾𝑟𝜃𝑝 − 𝐷𝑟𝑝𝐸𝑟𝑝 − 𝐷𝜃𝑝𝐸𝜃𝑝 − 𝐷𝑧𝑝𝐸𝑧𝑝)𝑑𝑉, 

(22a) 

𝛱𝑇 =
1

2
∫ {

𝑁𝑇

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑤0𝑐

𝜕𝑟
) +

𝑁𝑇

𝑟2

𝜕2𝑤0𝑐

𝜕𝜃2
} 𝑤0𝑐𝑑𝐴. (22b) 

The first variant of the work performed in response to an 

externally implemented electric force: 

𝛱𝔚 =
1

2
∫𝑁𝑝 (

1

𝕣

𝜕

𝜕𝕣
(𝕣
𝜕𝔚0𝑐

𝜕𝕣
) +

1

𝕣2
𝜕2𝔚0𝑐

𝜕𝜃2
)𝔚0𝑐𝑑𝐴 (23) 

The electric load determined by (SafarPour et al. 2019): 

𝔑𝑃 = −2(𝑒31 −
𝔏13𝑒33
𝔏33

)𝜙0 (24) 

By replacement of Eqs. (22a-b), and (23) into Eq. (21), 

the following relations result from a mathematical 

calculation. 

𝛿𝑢0𝑐 : 
1

𝑟

𝜕(𝑟𝑁𝑟𝑟𝑐)

𝜕𝑟
−
𝑁𝜃𝜃𝑐

𝑟
+
𝜕𝑁𝑟𝜃𝑐

𝑟𝜕𝜃
= 0, (25a) 

𝛿𝑣0𝑐 : 
1

𝑟

𝜕𝑁𝜃𝜃𝑐

𝜕𝜃
+
1

𝑟

𝜕(𝑟𝑁𝑟𝜃𝑐)

𝜕𝑟
+
𝑁𝑟𝜃𝑐

𝑟
= 0, (25b) 

𝛿𝑤0𝑐 :  
1

𝑟

𝜕2(𝑟𝑀𝑟𝑟𝑐)

𝜕𝑟2
−
1

𝑟

𝜕𝑀𝜃𝜃𝑐

𝜕𝑟
+

1

𝑟2

𝜕2𝑀𝜃𝜃𝑐

𝜕𝜃2
+

2

𝑟

𝜕2𝑀𝑟𝜃𝑐

𝜕𝑟𝜕𝜃
+

2

𝑟2

𝜕𝑀𝑟𝜃𝑐

𝜕𝜃
+
1

𝑟

𝜕2(𝑟𝑀𝑟𝑟𝑝)

𝜕𝑟2
−
1

𝑟

𝜕𝑀𝜃𝜃𝑝

𝜕𝑟
+

1

𝑟2

𝜕2𝑀𝜃𝜃𝑝

𝜕𝜃2
+
2

𝑟

𝜕2𝑀𝑟𝜃𝑝

𝜕𝑟𝜕𝜃
+

2

𝑟2

𝜕𝑀𝑟𝜃𝑝

𝜕𝜃
− 𝑁𝑝𝛻

2𝑤0𝑐 =

𝑁𝑇𝛻
2𝑤0𝑐, 

(25c) 

𝛿𝑤1𝑐 :  −
1

𝑟

𝜕2(𝑟𝑃𝑟𝑟𝑐)

𝜕𝑟2
+
1

𝑟

𝜕𝑃𝜃𝜃𝑐

𝜕𝑟
−

1

𝑟2

𝜕2𝑃𝜃𝜃𝑐

𝜕𝜃2
− 𝑅𝑧𝑧𝑐 +

2

𝑟

𝜕(𝑟𝑄𝑟𝑧𝑐)

𝜕𝑟
+
2

𝑟

𝜕𝑄𝜃𝑧𝑐

𝜕𝜃
−
2

𝑟

𝜕2𝑃𝑟𝜃𝑐

𝜕𝑟𝜕𝜃
−

2

𝑟2

𝜕𝑃𝑟𝜃𝑐

𝜕𝜃
+

𝑔(
ℎ𝑐
2
)

𝑟

𝜕2(𝑟𝑀𝑟𝑟𝑝)

𝜕𝑟2
−
𝑔(
ℎ𝑐
2
)

𝑟

𝜕𝑀𝜃𝜃𝑝

𝜕𝑟
+
𝑔(
ℎ𝑐
2
)

𝑟2

𝜕2𝑀𝜃𝜃𝑝

𝜕𝜃2
+

2𝑔(
ℎ𝑐
2
)

𝑟

𝜕2𝑀𝑟𝜃𝑝

𝜕𝑟𝜕𝜃
+
2𝑔(

ℎ𝑐
2
)

𝑟2

𝜕𝑀𝑟𝜃𝑝

𝜕𝜃
= 0, 

(25d) 

𝛿𝜙:  ∫ {
1

𝑟

𝜕(𝑟𝐷𝑟)

𝜕𝑟
𝑐𝑜𝑠(𝛽𝑧) +

𝜕𝐷𝜃

𝑟𝜕𝜃
𝑐𝑜𝑠(𝛽𝑧) +

𝑉

𝛽𝐷𝑧 𝑠𝑖𝑛(𝛽𝑧)} 𝑑𝑉 = 0, 
(25e) 

The associated BCs can be specified by 

𝛿𝑢0𝑐 = 0   or     (𝑁𝑟𝑟𝑐)𝑛̂𝑟 + (
𝑁𝑟𝜃𝑐

𝑟
) 𝑛̂𝜃 = 0, (26a) 

𝛿𝑣0𝑐 = 0   or     (𝑁𝑟𝜃𝑐)𝑛̂𝑟 + (
𝑁𝜃𝜃𝑐

𝑟
) 𝑛̂𝜃 = 0, (26b) 

𝛿𝑤0𝑐 = 0   or {
𝜕(𝑟𝑀𝑟𝑟𝑐)

𝑟𝜕𝑟
−
𝑀𝜃𝜃𝑐

𝑟
+ 2

𝜕𝑀𝑟𝜃𝑐

𝑟𝜕𝜃
+

𝜕(𝑟𝑀𝑟𝑟𝑝)

𝑟𝜕𝑟
−
𝑀𝜃𝜃𝑝

𝑟
+
𝜕𝑀𝑟𝜃𝑝

𝑟𝜕𝜃
} 𝑛̂𝑟 + {

𝜕𝑀𝜃𝜃𝑐

𝑟2𝜕𝜃
+
𝑀𝑟𝜃𝑐

𝑟2
−

𝜕𝑀𝑟𝜃𝑐

𝑟2𝜕𝜃
+
𝜕𝑀𝜃𝜃𝑝

𝑟2𝜕𝜃
+
𝜕𝑀𝑟𝜃𝑝

𝑟𝜕𝑟
+
2𝑀𝑟𝜃𝑝

𝑟2
} 𝑛̂𝜃 = 0 , 

(26c) 

𝛿𝑤1𝑐 = 0  or (
𝜕(𝑟𝑃𝑟𝑟𝑐)

𝑟𝜕𝑟
−
𝑃𝜃𝜃𝑐

𝑟
− 2𝑁𝑟𝑧𝑐 +

𝜕𝑃𝑟𝜃𝑐

𝑟𝜕𝜃
+ (26d) 

𝑔 (
ℎ𝑐

2
)
𝜕(𝑟𝑀𝑟𝑟𝑝)

𝑟𝜕𝑟
− 𝑔 (

ℎ𝑐

2
)
𝑀𝜃𝜃𝑝

𝑟
+ 𝑔 (

ℎ𝑐

2
)
𝜕𝑀𝑟𝜃𝑝

𝑟𝜕𝜃
) 𝑛̂𝑟 +

(
𝜕𝑃𝜃𝜃𝑐

𝑟2𝜕𝜃
−
2

𝑟
𝑁𝜃𝑧𝑐 +

2𝑃𝑟𝜃𝑐

𝑟2
+
𝜕𝑃𝑟𝜃𝑐

𝑟𝜕𝑟
+ 𝑔 (

ℎ𝑐

2
)
𝜕𝑀𝜃𝜃𝑝

𝑟2𝜕𝜃
+

𝑔 (
ℎ𝑐

2
)
𝜕𝑀𝑟𝜃𝑝

𝑟𝜕𝑟
+ 𝑔 (

ℎ𝑐

2
)
2𝑀𝑟𝜃𝑝

𝑟2
) 𝑛̂𝜃 = 0 , 

𝜕𝛿𝑤0𝑐

𝜕𝑟
= 0    or    (𝑀𝑟𝑟𝑐 +𝑀𝑟𝑟𝑝)𝑛̂𝑟 + (

𝑀𝑟𝜃𝑐

𝑟
+

𝑀𝑟𝜃𝑝

𝑟
) 𝑛̂𝜃 = 0, 

(26e) 

𝜕𝛿𝑤0𝑐

𝜕𝜃
= 0   or    (

𝑀𝑟𝜃𝑐

𝑟
+
𝑀𝑟𝜃𝑝

𝑟
) 𝑛̂𝑟 + (

𝑀𝜃𝜃𝑐

𝑟2
+

𝑀𝜃𝜃𝑝

𝑟2
) 𝑛̂𝜃 = 0, 

(26f) 

𝜕𝛿𝑤1𝑐

𝜕𝑟
= 0   or   (𝑃𝑟𝑟𝑐 + 𝑔 (

ℎ𝑐

2
)𝑀𝑟𝑟𝑝) 𝑛̂𝑟 +

(
𝑃𝑟𝜃𝑐

𝑟
+ 𝑔 (

ℎ𝑐

2
)
𝑀𝑟𝜃𝑝

𝑟
) 𝑛̂𝜃 = 0, 

(26g) 

𝜕𝛿𝑤1𝑐

𝜕𝜃
= 0    or   (

𝑃𝑟𝜃𝑐

𝑟
+ 𝑔 (

ℎ𝑐

2
)
𝑀𝑟𝜃𝑝

𝑟
) 𝑛̂𝑟 +

(
𝑃𝜃𝜃𝑐

𝑟2
+ 𝑔 (

ℎ𝑐

2
)
𝑀𝜃𝜃𝑝

𝑟2
) 𝑛̂𝜃 = 0, 

(26h) 

𝛿𝜙 = 0. (26i) 

where 

𝔑𝕣𝕣𝑐 = ∫ 𝔗𝕣𝕣𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

(27) 

𝔐𝕣𝕣𝑐 = ∫ 𝕫 × 𝔗𝕣𝕣𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔓𝕣𝕣𝑐 = ∫ 𝒯(𝕫) × 𝔗𝕣𝕣𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔏𝕣𝕣𝑐 = ∫ 𝑔(𝕫) × 𝔗𝕣𝕣𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

ℜ𝕣𝕣𝑐 = ∫ 𝐻(𝕫) × 𝔗𝕣𝕣𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔑𝜃𝜃𝑐 = ∫ 𝔗𝜃𝜃𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝜃𝜃𝑐 = ∫ 𝕫 × 𝔗𝕣𝕣𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔓𝜃𝜃𝑐 = ∫ 𝒯(𝕫) × 𝔗𝜃𝜃𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔏𝜃𝜃𝑐 = ∫ 𝑔(𝕫) × 𝔗𝜃𝜃𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

ℜ𝜃𝜃𝑐 = ∫ 𝐻(𝕫) × 𝔗𝜃𝜃𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔑𝕫𝕫𝑐 = ∫ 𝔗𝕫𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝕫𝕫𝑐 = ∫ 𝕫 × 𝔗𝕫𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔓𝕫𝕫𝑐 = ∫ 𝒯(𝕫) × 𝔗𝕫𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔏𝕫𝕫𝑐 = ∫ 𝑔(𝕫) × 𝔗𝕫𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

ℜ𝕫𝕫𝑐 = ∫ 𝐻(𝕫) × 𝔗𝕫𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 
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𝔑𝜃𝕫𝑐 = ∫ 𝔗𝜃𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝜃𝕫𝑐 = ∫ 𝕫 × 𝔗𝜃𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔓𝜃𝕫𝑐 = ∫ 𝒯(𝕫) × 𝔗𝜃𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔏𝜃𝕫𝑐 = ∫ 𝑔(𝕫) × 𝔗𝜃𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

ℜ𝜃𝕫𝑐 = ∫ 𝐻(𝕫) × 𝔗𝜃𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔑𝕣𝕫𝑐 = ∫ 𝔗𝕣𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝕣𝕫𝑐 = ∫ 𝕫 × 𝔗𝕣𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔓𝕣𝕫𝑐 = ∫ 𝒯(𝕫) × 𝔗𝕣𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔏𝕣𝕫𝑐 = ∫ 𝑔(𝕫) × 𝔗𝕣𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

ℜ𝕣𝕫𝑐 = ∫ 𝐻(𝕫) × 𝔗𝕣𝕫𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔑𝕣𝜃𝑐 = ∫ 𝔗𝕣𝜃𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝕣𝜃𝑐 = ∫ 𝕫 × 𝔗𝕣𝜃𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔓𝕣𝜃𝑐 = ∫ 𝒯(𝕫) × 𝔗𝕣𝜃𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔏𝕣𝜃𝑐 = ∫ 𝑔(𝕫) × 𝔗𝕣𝜃𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

ℜ𝕣𝜃𝑐 = ∫ 𝐻(𝕫) × 𝔗𝕣𝜃𝑐𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔑𝕣𝕣𝑝 = ∫ 𝔗𝕣𝕣𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔑𝜃𝜃𝑝 = ∫ 𝔗𝜃𝜃𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔑𝕫𝕫𝑝 = ∫ 𝔗𝕫𝕫𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝕣𝕣𝑝 = ∫ 𝕫 × 𝔗𝕣𝕣𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝜃𝜃𝑝 = ∫ 𝕫 × 𝔗𝜃𝜃𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝕫𝕫𝑝 = ∫ 𝕫 × 𝔗𝕫𝕫𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔑𝜃𝕫𝑝 = ∫ 𝔗𝜃𝕫𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔑𝕣𝕫𝑝 = ∫ 𝔗𝕣𝕫𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔑𝕣𝜃𝑝 = ∫ 𝔗𝕣𝜃𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝜃𝕫𝑝 = ∫ 𝕫 × 𝔗𝜃𝕫𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝕣𝕫𝑝 = ∫ 𝕫 × 𝔗𝕣𝕫𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
, 

𝔐𝕣𝜃𝑝 = ∫ 𝕫 × 𝔗𝕣𝜃𝑝𝕣𝑑𝕣𝑑𝜃𝑑𝕫𝑉
. 

Replacement related to Eqs. (14), (16), and (17) into 

Eqs. (25a)-(25e), regarding the universal nonlocal strain 

gradient refined shear deformable scheme, the equations of 

motion for the 3D-PFG reinforced nanplate are presented in 

terms of displacement fields: 

𝛿𝑢0𝑐: (1 − ℓ
2𝛻2) (

1

𝑟

𝜕(𝑟𝑁𝑟𝑟𝑐)

𝜕𝑟
−
𝑁𝜃𝜃𝑐

𝑟
+
𝜕𝑁𝑟𝜃𝑐

𝑟𝜕𝜃
) = 0, (28a) 

𝛿𝑣0𝑐: (1 − ℓ
2𝛻2) (

1

𝑟

𝜕𝑁𝜃𝜃𝑐

𝜕𝜃
+
1

𝑟

𝜕(𝑟𝑁𝑟𝜃𝑐)

𝜕𝑟
+
𝑁𝑟𝜃𝑐

𝑟
) =

0, 
(28b) 

𝛿𝑤0𝑐 :  (1 − ℓ
2𝛻2) (

1

𝑟

𝜕2(𝑟𝑀𝑟𝑟𝑐)

𝜕𝑟2
−
1

𝑟

𝜕𝑀𝜃𝜃𝑐

𝜕𝑟
+

1

𝑟2

𝜕2𝑀𝜃𝜃𝑐

𝜕𝜃2
+
2

𝑟

𝜕2𝑀𝑟𝜃𝑐

𝜕𝑟𝜕𝜃
+

2

𝑟2

𝜕𝑀𝑟𝜃𝑐

𝜕𝜃
+
1

𝑟

𝜕2(𝑟𝑀𝑟𝑟𝑝)

𝜕𝑟2
−

1

𝑟

𝜕𝑀𝜃𝜃𝑝

𝜕𝑟
+

1

𝑟2

𝜕2𝑀𝜃𝜃𝑝

𝜕𝜃2
+
2

𝑟

𝜕2𝑀𝑟𝜃𝑝

𝜕𝑟𝜕𝜃
+

2

𝑟2

𝜕𝑀𝑟𝜃𝑝

𝜕𝜃
) −

(1 − 𝜇2𝛻2)𝑁𝑝𝛻
2𝑤0𝑐 = (1 − 𝜇

2𝛻2)𝑁𝑇𝛻
2𝑤0𝑐, 

(28c) 

𝛿𝑤1𝑐 :  (1 − ℓ
2𝛻2) (−

1

𝑟

𝜕2(𝑟𝑃𝑟𝑟𝑐)

𝜕𝑟2
+
1

𝑟

𝜕𝑃𝜃𝜃𝑐

𝜕𝑟
−

1

𝑟2

𝜕2𝑃𝜃𝜃𝑐

𝜕𝜃2
− 𝑅𝑧𝑧𝑐 +

2

𝑟

𝜕(𝑟𝑄𝑟𝑧𝑐)

𝜕𝑟
+
2

𝑟

𝜕𝑄𝜃𝑧𝑐

𝜕𝜃
−
2

𝑟

𝜕2𝑃𝑟𝜃𝑐

𝜕𝑟𝜕𝜃
−

2

𝑟2

𝜕𝑃𝑟𝜃𝑐

𝜕𝜃
+
𝑔(
ℎ𝑐
2
)

𝑟

𝜕2(𝑟𝑀𝑟𝑟𝑝)

𝜕𝑟2
−
𝑔(
ℎ𝑐
2
)

𝑟

𝜕𝑀𝜃𝜃𝑝

𝜕𝑟
+

𝑔(
ℎ𝑐
2
)

𝑟2

𝜕2𝑀𝜃𝜃𝑝

𝜕𝜃2
+
2𝑔(

ℎ𝑐
2
)

𝑟

𝜕2𝑀𝑟𝜃𝑝

𝜕𝑟𝜕𝜃
+
2𝑔(

ℎ𝑐
2
)

𝑟2

𝜕𝑀𝑟𝜃𝑝

𝜕𝜃
) = 0, 

(28d) 

𝛿𝜙:  ∫ (1 − ℓ2𝛻2) {
1

𝑟

𝜕(𝑟𝐷𝑟)

𝜕𝑟
𝑐𝑜𝑠(𝛽𝑧) +

𝑉
𝜕𝐷𝜃

𝑟𝜕𝜃
𝑐𝑜𝑠(𝛽𝑧) + 𝛽𝐷𝑧 𝑠𝑖𝑛(𝛽𝑧)} 𝑑𝑉 = 0, 

(28e) 

 
 

3. Solution procedure 
 

The HDQ and DQ techniques are designed to estimate 

the partial derivatives related to a function regarding a 

spatial parameter by the side of every discrete point by 

means of the weighted linear sum associate with the 

function measures at all discrete locations selected 

regarding the solution field related to that spatial factor. 

Using a one-dimensional function, the HDQ and DQ 

calculations may be clearly exemplified. Based on the 

approaches, the estimated pth derivative connected to a 

function 𝑓(𝑥) is (Liew et al. 1999, Sobhani 2022a, b): 

𝐹(𝑡) = (𝑇 ∗ 𝜂)(𝑡) = ∫ 𝑇(𝑡 − 𝜉)𝜂(𝜉)
+∞

−∞

𝑑𝜉, 𝜉 = 𝑟, 𝜃 (30) 

Herein, 𝐴𝑖𝑗
(1)

 can be determined: 

𝐴𝑖𝑗
(1) =

𝔐(1)(𝑥𝑖)

(𝑥𝑖 − 𝑥𝑗)𝔐
(1)(𝑥𝑗)

, 𝑖, 𝑗 = 1,2, . . . , 𝔑 (31) 

When 𝑖 = 𝑗 , the corresponding weighting coefficients 

are as follows: 

𝐴𝑖𝑖
(𝑝)
= − ∑ 𝐴𝑖𝑗

(𝑝)

𝔑

𝑗=1,𝑗≠𝑖

, 𝑖 = 2,3, . . . , 𝔑  𝑎𝑛𝑑  𝑝

= 1,2, . . . , 𝔑 − 1 

(32) 

In Eq. (31), 𝔐(1) can be formulated by: 

𝔐(1)(𝑥𝑘) = −∑ (𝑥𝑘 − 𝑥𝑗)
𝔑
𝑗=1,𝑗≠𝑘 , 𝑓𝑜𝑟    𝑘 = (33) 
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1,2,3, . . . , 𝔑. 

 
3.2 Harmonic differential quadrature method (HDQM)  
 

For 𝑖 ≠ 𝑗, the following formula yields the appropriate 

weights for the first-order derivatives 𝐴𝑖𝑗
(1)

 (Liew et al. 

1999): 

 

𝐴𝑖𝑗
(1) =

𝜋𝔓(𝑥𝑖)

2𝔓(𝑥𝑗) 𝑠𝑖𝑛[(𝑥𝑖−𝑥𝑗)/2𝜋]
, 𝑖, 𝑗 = 1,2, . . . , 𝔑, (34) 

Herein, 

𝔓(𝑥𝑖) = −∑ 𝑠𝑖𝑛 (
𝜋(𝑥𝑖−𝑥𝑗)

2
)𝔑

𝑗=1,𝑗≠𝑖 , 𝑓𝑜𝑟 𝑗 =

1,2,3, . . . , 𝔑. 
(35) 

The 1st order derivatives 𝐴𝑖𝑗
(1)

for 𝑖 = 𝑗  have weights 

defined as: 

𝐴𝑖𝑖
(1) = −∑ 𝐴𝑖𝑗

(1)𝔑
𝑗=1,𝑗≠𝑖 , 𝑓𝑜𝑟 𝑖 = 1,2,3, . . . , 𝔑. (36) 

Second-order derivative weights 𝐴𝑖𝑗
(2)

for 𝑖 ≠ 𝑗 may be 

calculated by: 

𝐴𝑖𝑗
(2) = 𝐴𝑖𝑗

(1) (2𝐴𝑖𝑗
(1) − 𝜋𝑐𝑡𝑔 (

𝑥𝑖 − 𝑥𝑗

2
× 𝜋)) , 𝑖, 𝑗

= 1,2,3, . . . , 𝔑 
(37) 

For 𝑖 = 𝑗, the derivatives 𝐴𝑖𝑗
(2)

’s weighting factors are as 

follows: 

𝐴𝑖𝑖
(2) = −∑ 𝐴𝑖𝑗

(2)𝔑
𝑗=1,𝑗≠𝑖 , 𝑓𝑜𝑟   𝑖 = 1,2,3, . . . , 𝔑. (38) 

 

3.3 Two-dimensional approximation 
 

From the one-dimensional situation, the HDQ and DQ 

approaches can be simply expanded to the three-

dimensional approximation. The approximations regarding 

a two-dimensional unknown function 𝑓 (𝕣, 𝜃) are given by 

the following formulas (Liew et al. 1999): 

𝜕𝑓

𝜕𝕣
|
𝕣=𝕣𝑖,𝜃=𝜃𝑗

= ∑ ∑ 𝐴𝑖𝑝
𝕣𝔑𝜃

𝑘=1
𝔑𝕣
𝑝=1 𝐼𝑝𝑘

𝜃 𝑓𝑘𝑗, 
(39a) 

𝜕𝑓

𝜕𝜃
|
𝕣=𝕣𝑖,𝜃=𝜃𝑗

= ∑ ∑ 𝐼𝑖𝑝
𝕣𝔑𝜃

𝑘=1
𝔑𝕣
𝑝=1 𝐴𝑝𝑘

𝜃 𝑓𝑘𝑗, 
(39b) 

𝜕

𝜕𝕣
(
𝜕𝑓

𝜕𝜃
|
𝕣=𝕣𝑖,𝜃=𝜃𝑗

) = ∑ ∑ 𝐴𝑖𝑝
𝕣𝔑𝜃

𝑘=1
𝔑𝕣
𝑝=1 𝐴𝑝𝑘

𝜃 𝑓𝑘𝑗, 
(39c) 

𝜕2𝑓

𝜕𝕣2
|
𝕣=𝕣𝑖,𝜃=𝜃𝑗

= ∑ ∑ 𝐵𝑖𝑝
𝕣𝔑𝜃

𝑘=1
𝔑𝕣
𝑝=1 𝐼𝑝𝑘

𝜃 𝑓𝑘𝑗, 
(39d) 

𝜕2𝑓

𝜕𝜃2
|
𝕣=𝕣𝑖,𝜃=𝜃𝑗

= ∑ ∑ 𝐼𝑖𝑝
𝕣𝔑𝜃

𝑘=1
𝔑𝕣
𝑝=1 𝐵𝑝𝑘

𝜃 𝑓𝑘𝑗. 
(39e) 

where 𝐴𝑖𝑝
𝕣 , 𝐴𝑝𝑘

𝜃 , 𝐵𝑖𝑝
𝕣 , and 𝐵𝑝𝑘

𝜃  indicate the weighing 

coefficients related to the pth partial derivatives associated 

with the function at the point (i, j) regarding the r and 𝜃  

axes, and 𝔑𝕣, and 𝔑𝜃 represent the total numbers related to 

discrete points selected throughout the r and 𝜃 directions.  

Also, the parameters 𝐼𝑖𝑝
𝕣 , 𝐼𝑝𝑘

𝜃 , 𝐼𝑖𝑝
𝕣 , and 𝐼𝑝𝑘

𝜃  indicate identity 

matrix. 

Similarly, the Chebyshev–Gauss–Lobatto grid spreading 

can be supposed, regarding which the co-ordinates related 

to grid points (𝕣𝑖 , 𝜃𝑗) throughout the reference surface can 

be determined by (Tornabene 2009): 

𝕣𝑖 = ℜ𝑖 +
ℜ𝑜−ℜ𝑖

2
(1 − 𝑐𝑜𝑠 (

(𝑖−1)

(𝔑𝕣−1)
𝜋)) 𝑖 =

1,2,3, . . . , 𝔑𝕣, 
(40a) 

𝜃𝑗 =
𝜃𝑚

2
(1 − 𝑐𝑜𝑠 (

(𝑗−1)

(𝔑𝜃−1)
𝜋)) 𝑗 = 1,2,3, . . . , 𝔑𝜃, (40b) 

Substitution of Eqs. (39a-e), and (27) into Eqs. (28a-e) 

and considering Eqs. (26a-i): 

{[
[ℱ𝑑𝑑] [ℱ𝑑𝑏]

[ℱ𝑏𝑑] [ℱ𝑏𝑏]
] ∆𝕋𝑐𝕣 + [

[𝒦𝑑𝑑] [𝒦𝑑𝑏]

[𝒦𝑏𝑑] [𝒦𝑏𝑏]
]} {
Ξ𝑑
Ξ𝑏
} = 0. (41) 

The thermal buckling related to the system are 

determined by Eq. (41). The BCs are organized by: The 

BCs are indicated by a four-letter phrase, where the 1st letter 

represents the BC at = ℜ𝑖 , the 2nd letter characterizes the 

BC at 𝜃 = 0, the third letter denotes the BC at 𝕣 = ℜ𝑜, and 

the fourth letter signifies the BC at 𝜃 = 𝜃𝑚. 

 
 
4. Introduction to deep neural networks for 
predicting engineering problems 

 

Deep Neural Networks (DNNs) have emerged as a 

transformative tool in the field of engineering, providing 

powerful methodologies for modeling complex systems and 

predicting outcomes across various applications (Han et al. 

2023). Leveraging multiple layers of interconnected nodes, 

DNNs excel at extracting intricate patterns from vast 

datasets, making them particularly suited for problems 

characterized by high dimensionality and non-linearity (Han 

et al. 2023). This paper explores the application of DNNs in 

predicting engineering problems, highlighting their 

architecture, advantages, and challenges (Taheri et al. 

2021). DNNs are composed of an input layer, multiple 

hidden layers, and an output layer. Each layer consists of 

numerous neurons, each performing a weighted sum of 

inputs followed by a non-linear activation function (Liu et 

al. 2021). This hierarchical structure enables DNNs to learn 

increasingly abstract representations of data, facilitating the 

capture of complex relationships inherent in engineering 

problems (Taheri et al. 2020). Common architectures 

include feedforward networks, convolutional neural networks 

(CNNs), and recurrent neural networks (RNNs), each 

tailored to specific types of data and applications. DNNs 

have found diverse applications in various engineering 

disciplines. In structural engineering, for instance, DNNs 

are employed to predict the structural integrity of materials 

under various loads, assisting in the design of safer and 

more efficient structures. Similarly, in fluid dynamics, 

DNNs can model turbulent flow patterns, offering insights 

that traditional computational fluid dynamics methods may  
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Table 1 Correctness and convergence related to the thermal 

buckling parameter λT [=12(1 + ν)αΔT(a/h)2] belong to 

homogeneous circular plates with uniform temperature rise 
ℎ

𝑅𝑜
 Present 

Ref. (Sepahi  

et al. 2011) 

Ref. (Jalali  

et al. 2010) 

Simply 

0.01 4.1990 4.2002 4.1973 

0.02 4.1956 4.1964 – 

0.05 4.1840 4.1853 4.1852 

0.10 4.1465 4.1480 4.1480 

0.15 4.0868 4.0875 – 

0.20 4.0045 4.0056 4.0056 

Clamped 

0.01 14.6881 14.6898 14.6758 

0.02 14.6593 14.6609 – 

0.05 14.5285 14.5301 14.5296 

0.10 14.0889 14.0909 14.0909 

0.15 13.4085 13.4157 – 

 

Table 2 To search about a convergence study of the 

presented numerical solution procedure considering ℎ =

0.1 𝑛𝑚, 𝑅𝑜 = 40ℎ, 𝜃𝑚 =
𝜋

4
, 𝑛𝕣, 𝑛𝜃 , 𝑛𝕫 = 1, 𝑙 = ℎ, 𝜇 = ℎ, 

∅0 = 0.5 (mV), ℎ𝑝 =
ℎ

10
, and 𝐴𝑝 =

𝐴𝕋

2
 

Boundary 

conditions 

(𝔑𝕣, 𝔑𝜃) 

(5,5) (7,7) (9,9) (11,11) (13,13) (15,15) 

SSS 
𝐾𝑝 = 0 249.3456 242.8954 242.6354 242.6354 242.6354 242.6354 

𝐾𝑝 ≠ 0 272.6723 260.1265 260.0395 260.0395 260.0395 260.0395 

CCC 
𝐾𝑝 = 0 710.9843 698.4781 698.4412 698.4412 698.4412 698.4412 

𝐾𝑝 ≠ 0 770.9843 751.8452 751.8081 751.8081 751.8081 751.8081 

 

 

struggle to provide due to their computational intensity. In 

electrical engineering, DNNs are utilized in fault detection 

and diagnosis, where they analyze time-series data from 

sensors to identify potential anomalies in systems such as 

power grids or manufacturing equipment. In the realm of 

mechanical engineering, predictive maintenance can benefit 

from DNNs by forecasting equipment failures based on 

historical performance data, ultimately reducing downtime 

and maintenance costs. The primary advantage of DNNs 

lies in their ability to learn from large amounts of data 

without requiring explicit feature engineering. This is 

particularly beneficial in engineering applications where the 

relationships between input variables can be highly 

complex and not easily discernible. DNNs can also 

generalize well to unseen data, making them robust tools for 

predictive modeling. Moreover, DNNs can integrate 

heterogeneous data sources, such as numerical simulations, 

experimental data, and real-time sensor inputs, allowing for 

comprehensive analysis and enhanced predictive 

capabilities. Their scalability also means they can adapt to 

increasing data sizes and complexities, a critical factor in 

modern engineering challenges. Despite their advantages, 

DNNs present several challenges. The need for large 

labeled datasets for training can be a limiting factor, 

particularly in specialized engineering domains where data 

may be scarce. Additionally, DNNs can be prone to 

overfitting, requiring techniques such as regularization, 

dropout, or early stopping to ensure generalizability. 

Interpreting the decisions made by DNNs poses another 

challenge, as the “black box” nature of these models can 

hinder understanding and trust in their predictions. Future 

research may focus on developing more interpretable 

models or techniques that can elucidate the decision-making 

processes of DNNs. In summary, Deep Neural Networks 

represent a powerful paradigm for predicting engineering 

problems, offering advanced modeling capabilities that can 

drive innovation across various fields. As the availability of 

data continues to expand and computational resources 

become increasingly accessible, the integration of DNNs in 

engineering practice is likely to grow, paving the way for 

enhanced design, optimization, and operational strategies. 

Continued exploration of their limitations and potential 

improvements will be essential for maximizing their impact 

in engineering applications. 
 

 

5. Results and discussion 
 

Numerical scheming has been made regarding the 

sandwich circular NEMS composed of the PTZ-4 and FGM 

and composites with the material features given in Ref. 

(Reddy and Chin 1998, Pietrzakowski 2008). 

 
5.1 Validation 
 
To search about the accuracy of the current solution 

procedure, in Table 1 the thermal buckling of the 

homogeneous circular plates with uniform temperature rise 

of the current work is compared with the results of Refs. 

(Jalali et al. 2010, Sepahi et al. 2011). As is seen, the results 

are compared for different boundary conditions and ℎ/ℜ𝑜 

parameters. As is presented, by increasing the ℎ/ℜ𝑜 

parameter, the critical temperature of the homogeneous 

circular plates with uniform temperature rise decreases. 

Also, clamped supported boundary condition due to 

improved edge condition has higher critical temperature 

than simply supported boundary condition. From Table 3 

can be seen that, there are good agreement between the 

results of current work and those of published articles in the 

literature. 
 

5.2 Convergence study 
 
To search about a convergence study of the presented 

numerical solution procedure, Table 2 is presented. 

According to this table, selecting nine grid points along 

with 𝕣 and 𝜃  directions are appropriate for obtaining the 

exact result. Also, based on this figure, it can be concluded 

that clamped supported boundary condition due to 

improved edge condition has higher critical temperature 

than simply supported boundary condition. 

 
5.3 Parametric results 
 
The impacts of various parameters on the thermal  
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Fig. 2 The impacts of γ, and ϕ0 parameters on the thermal 

buckling of the current sandwich circular NEMS 

considering ℎ = 0.1 𝑛𝑚 , 𝑅𝑜 = 40ℎ , 𝜃𝑚 =
𝜋

6
, 𝜇 = ℎ , 𝑙 =

ℎ , 𝐴𝔓 =
𝐴𝕋

4
, poroelastic system and CCC boundary 

conditions 

 

 
Fig. 3 The impacts of 𝐴𝔓, and ϕ0 parameters on the thermal 

buckling of the current sandwich circular NEMS 

considering ℎ = 0.1 𝑛𝑚, 𝑅𝑖 = 40ℎ, 𝑅𝑜 = 2. 5𝑅𝑖 , 𝜃𝑚 =
𝜋

6
, 

𝜇 = ℎ, 𝑙 = ℎ, and CCC boundary conditions 

 
 

buckling of the current sandwich circular nanoplates are 

presented in this section. The impacts of γ, and ϕ0 

parameters on the thermal buckling of the current sandwich 

circular NEMS is shown in Fig. 2. According to Fig. 2, for 

greater γ values, ΔTcr gets higher values and vice versa. 

Moreover, in an approximate range of 0 to 7.5, by 

increasing ϕ0, ΔTcr has a consistent decreasing trend, from 

then onwards, a raising trend with the same slope occurs 

which is followed by a decrease at the final range of ϕ0. 
The impacts of 𝐴𝔓, and ϕ0 parameters on the thermal 

buckling of the current sandwich circular NEMS is 

presented in Fig. 3. As illustrated in Fig.3, although there is 

an equal amount for various 𝐴𝔓 amounts at ϕ0=0, in an 

approximate ϕ0 range of 0 to 8, the 𝐴𝔓 values equal to AT/4 

and AT /6 has the least and the most ΔT c r values, 

respectively. Moreover, by increasing ϕ0, ΔTcr has a  

 
Fig. 4 The impacts of 𝐴𝔓 , and nonlocal strain gradient 

parameters on the thermal buckling of the current sandwich 

circular NEMS considering ℎ = 0.1 𝑛𝑚 , 𝑅𝑜 = 40ℎ , 𝜃 =
𝜋

2
, ∅0 = 0.5 (𝑚𝑉), and SSS boundary conditions 

 

 
Fig. 5 The impacts of ϕ0, and nonlocal strain gradient 

parameters on the thermal buckling of the current sandwich 

circular NEMS considering ℎ = 0.1 𝑛𝑚 , 𝑅𝑜 = 40ℎ , 𝜃 =
𝜋

2
, 𝐴𝔓 =

𝐴𝕋

4
, and SSS boundary conditions 

 

 

reducing trend in which a fluctuation occurs in an 

approximate ϕ0 range of 8 to 10 and therefore ΔTcr values 

changes in a 0 to 50 range. 

The impacts of 𝐴𝔓 , and nonlocal strain gradient 

parameters on the thermal buckling of the current sandwich 

circular NEMS are shown in Fig. 4. Referring to Fig. 4, by 

reducing the l/h, values regarding ΔTcr are descended. 

However, a rise in the μ/h causes a decreasing trend in ΔTcr. 

The 𝐴𝑝  values equal to AT/4 and AT/6 determine the 

minimum and maximum ΔTcr amounts, respectively. It 

should be noted that for greater values of 𝐴𝔓, ΔTcr also take 

fewer amounts, this fact is valid for variation regarding l/h 

and μ/h. 

The impacts of ϕ0, and nonlocal strain gradient 

parameters on the thermal buckling of the current sandwich 

circular NEMS are studied in Fig. 5. With regards to Fig. 5, 

fewer l/h values cause lower amounts of ΔTcr. However, by  
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Fig. 6 The impacts of γ, and nonlocal strain gradient 

parameters on the thermal buckling of the current sandwich 

circular NEMS considering ℎ = 0.1 𝑛𝑚 , 𝑅𝑜 = 40ℎ , 𝜃 =
𝜋

2
, 𝐴𝔓 =

𝐴𝕋

4
, ∅0 = 0.5 (𝑚𝑉), and SSS boundary conditions  

 

 
Fig. 7 The impacts of 𝜃𝑚, and FG power index parameters 

on the thermal buckling of the current sandwich circular 

NEMS considering ℎ = 0.1 𝑛𝑚 , 𝑅𝑜 = 40ℎ , 𝐴𝔓 =
𝐴𝕋

4
, 

∅0 = 0.5 (𝑚𝑉) , 𝜇 = ℎ , 𝑙 = ℎ , and SSS boundary 

conditions 
 
 

raising μ/h, decreasing trend in ΔTcr happens. The ϕ0 values 

equal to 0.3 and 0.5 define the maximum and maximum 

ΔTcr amounts, respectively. It should be noted that for 

greater values ϕ0, ΔTcr also takes fewer amounts, this fact is 

valid for variation regarding l/h and μ/h. 

The impacts of γ, and nonlocal strain gradient para-

meters on the thermal buckling of the current sandwich 

circular nanopl NEMS ates are investigated in Fig. 6. As 

demonstrated in Fig. 6, higher l/h values cause greater 

amounts of ΔTcr. However, by raising μ/h, values regarding 

ΔTcr decreased. The γ values equal to 0.2 and 0.3 determine 

the minimum and maximum ΔTcr values, respectively. In 

Addition, for greater values of γ, ΔTcr also takes higher 

amounts, this fact is valid for variation regarding l/h and 

μ/h. 

The impacts of 𝜃𝑚, and FG power index parameters on 

the thermal buckling of the current sandwich circular 

NEMS are studied in Fig. 7. As Fig. 7 indicates, by  

 
Fig. 8 The impacts of ϕ0, and FG power index parameters 

on the thermal buckling of the current sandwich circular 

NEMS considering ℎ = 0.1 𝑛𝑚 , 𝑅𝑜 = 40ℎ , 𝜃𝑚 =
𝜋

4
,, 

𝐴𝔓 =
𝐴𝕋

4
, 𝜇 = ℎ, 𝑙 = ℎ, and SSS boundary conditions 

 

 
Fig. 9 The impacts of 𝑙, and FG power index parameters on 

the thermal buckling of the current sandwich circular 

NEMS considering ℎ = 0.1 𝑛𝑚 , 𝑅𝑜 = 40ℎ , 𝜃𝑚 =
𝜋

4
,, 

𝐴𝔓 =
𝐴𝕋

4
, ∅0 = 0.5 (𝑚𝑉) , 𝜇 = ℎ , and SSS boundary 

conditions 

 

 

increasing n values in the range of 0 to 1, values regarding 

ΔTcr are decreased, which has a sharper trend in lower n 

values, while, negligible changes in ΔTcr are observed for 

higher n values. It can be noticed that, the 𝜃𝑚values equal 

to 
𝜋

2
 and 

𝜋

6
 has the least and the most ΔTcr values, 

respectively. 

Fig. 8 presents the impacts of ϕ0, and FG power index 

parameters on the thermal buckling of the current sandwich 

circular NEMS. As can be observed in Fig. 8, by increasing 

n values in the range of 0 to 1, values regarding ΔTcr are 

reduced, which has a steeper trend for lower n values. It can 

be noticed that a greater value of ϕ0, cause the ΔTcr to take 

lower amounts. Generally, by increasing n values, ΔTcr 

values related to different ϕ0, get further apart. 

The impacts of 𝑙, and FG power index parameters on 

the thermal buckling of the current sandwich circular  
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Fig. 10 The impacts of μ, and FG power index parameters 

on the thermal buckling of the current sandwich circular 

NEMS ℎ = 0.1 𝑛𝑚 , 𝑅𝑜 = 40ℎ , 𝜃𝑚 =
𝜋

4
, 𝐴𝔓 =

𝐴𝕋

4
, ∅0 =

0.5 (𝑚𝑉), 𝑙 = ℎ, and SSS boundary conditions 

 

Table 3 investigating the G-DNNM hyperparameter 

parameter space and determining the ideal values for them 

Hyperparameter Box constraint Kernel scale Epsilon 

Range [0.01 -900] [0.01-900] [0.021-1450] 

Optimum value 812.91 4.821 1.499 

 

 

NEMS is shown in Fig. 9. From Fig. 9, it is clear that by 

increasing n, values regarding ΔTcr are decreased, and the 

changes are negligible for higher n values. Moreover, 𝑙 
values equal to 3ℎ and 0, allocate the most and the least 

values of ΔTcr, respectively. This fact is valid for variation 

regarding n. 
Fig. 10 shows the impacts of μ, and FG power index 

parameters on the thermal buckling of the current sandwich 
circular NEMS. In accordance with Fig. 10, by increasing n, 
values regarding ΔTcr are decreased, and the changes are 
more noticeable for lower n amounts. It can be pointed out 
that, μ values equal to 3h and 0, get the least and the most 
values of ΔTcr, respectively. This fact is valid for variation 
regarding n. 

 
5.4 Deep neural networks prediction 
 

Regression analysis is performed in the MATLAB 

environment using three machine learning techniques: 

Gaussian DNNM (G-DNNM), gradient boosting (LSBoost), 

and bootstrap aggregation (Bagging). Hyper-parameter 

optimization is carried by using the Bayesian optimization 

technique. Table 3 includes the hyperparameters and the 

corresponding search space for machine learning models. 

The Bayesian approach is used nine times to each machine 

learning model due to its probabilistic character. Using a 

90-iteration threshold, we analyze 910 distinct hyper-

parameter configurations for every model. Finally, we 

choose the option that would allow us to do regression 

analysis the best. The five-fold cross-validation procedure’s 

mean squared error (MSE) is the objective function of 

Bayesian optimization. The order of the optimization 

process is shown in previous section, and the optimum 

solutions that were obtained are listed in Table 3. For the G-

DNNM model, a kernel scale of 4.821, a box constraint of 

812.91, and an epsilon value of 1.689 are the suggested 

values. A maximum of 26 splits, a learning rate of 0.158, a 

number of variables to sample of 2, a minimum leaf size of 

3, and a learning cycle size of 352 are the hyperparameters 

that the LSBoost model performs best with. The following 

configuration is advised for the Bagging model: a minimum 

leaf size of 3, a maximum number of splits of 14, a learning 

cycle size of 369, and a number of variables to sample of 2. 
 
 

6. Conclusions 

 

NEMS-based sensors are used to detect thermal and 

mechanical stresses in aerospace structures. Knowledge of 

their thermal buckling properties ensures these sensors 

remain accurate and reliable under extreme thermal 

conditions, providing crucial data for structural health 

monitoring. To evaluate the electro-thermal buckling 

response of a 3D-PFG nanoplate patched with a piezo-

electric layer in a thermal environment, this work detailed 

the creation of a 2D-HDQM combined with the RQ-

3DTSDT. Couple equations using compatibility criteria 

were offered as a means of deriving the true governing 

equations. The nonlocal random sample generation 

technique NRLSGT was analyzed because it uses two 

variables, nonlocal and length scale factors, to model size 

effects. After obtaining the outputs of the mathematics, an 

appropriate dataset is used for testing, training and 

validating of the artificial intelligence. Numerical 

experimentation and comparison were used to prove the 

created method’s correctness and efficacy. Following is a 

brief summary of the study’s key findings: 

• In a given ϕ0, for greater γ values, ΔTcr got higher 

values and vice versa. 

• In an approximate ϕ0 range of 0 to 8, the 𝐴𝔓 values 

equal to AT/4 and AT/6 had the least and the most ΔTcr 

values, respectively. 

• By reducing the l/h, values regarding ΔTcr are 

descended. However, a rise in the μ/h caused a decreasing 

trend in ΔTcr. 

• For greater values of γ, ΔTcr also took higher amounts, 

this fact is valid for variation regarding l/h and μ/h. 

• By increasing n values, ΔTcr values related to different 

applied voltage, got further apart. 

This research explores the electro-thermal buckling 

behavior of 3D-PFG circular sector nanoplates patched with 

a piezoelectric layer, although it is important to note that 

these geometries are still very straightforward. High-

complexity intelligent structures need to be researched to 

guarantee that the effort is worthwhile. The electro-pre 

buckling study solely considers the linear strain components 

of the structures. In contrast to huge amplitude, however, 

post-thermal buckling provides a more complete picture of 

the nanostructures’ nonlinear static behavior. Future 

research into the electro-post thermal buckling response for 

very complex smart nanostructures is, thus, a promising 

area of inquiry. 
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