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Abstract.  This paper deals with the effect of non-linear volume fraction distribution of carbon nanotube in the FG-CNTRC
beams on the critical buckling via a hyperbolic shear deformation theory. Here, different boundary condition was considered
including hinged hinged, clamped clamped and clamped-free. Single-walled carbon nanotubes are aligned and distributed in the
polymer matrix in different ways to reinforce it and the material properties of (CNTRC) beams are assumed to vary gradually
along the thickness direction, following a new exponential power law distribution of (CNT). The effective material properties of
nanocomposite beams are estimated using the rule of mixture. The governing equations of the mathematical models are obtained
by applying Hamilton’s principle. The results provided of mathematical models in this work are compared and validated with
similar ones in the literature. The critical buckling loads of nanocomposite beams with different boundary conditions of linear
and non-linear distribution of CNT volume fraction were obtained. The effects of several parameters, including the type of
beam, the volume fraction of carbon nanotubes (CNTSs), the exponent degree (n), and the aspect ratio, were investigated. The
distribution non-linearity of CNT volume fraction in the beam has a significant impact on the mechanical properties, particularly
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in buckling behavior with different boundary conditions.
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1. Introduction

Since their discovery by lijima in 1991 (lijima 1991),
carbon nanotubes have been increasingly used due to their
excellent electronic, thermal, and mechanical properties.
(Dresselhaus 2001). Other studies have shown that they can
be used for nano-electronics, nano-tools, and nanocomposite
(Zhang et al. 2016, Ebrahimi and Habibi 2017). Carbon
nanotubes have excellent electronic and mechanical
properties, such as their extremely high elastic modulus,
tensile strength, aspect ratio, and low density. These
properties make them an excellent candidate for the
reinforcement of polymer composites.

Due to the challenges faced in experimental methods
and MD simulations (Jin and Yuan 2003) for predicting
nanostructure responses under different loading conditions.
The continuum mechanics methods are commonly used to
investigate physical phenomena at the nanoscale. (Ru
2000). Recently, the continuum mechanics approach has
been shown to be effective in predicting the responses of
nanostructures. Vodenitcharova and Zhang (2006) discovered
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the bending and buckling of a nanocomposite beam using
the continuum mechanics model. Peddieson et al. (2003)
used the nonlocal continuum models to nanotechnology.
The continuum mechanics approach has been used to study
a wide range of phenomena in recent research such as
statics (Weon 2009, Eltaher et al. 2019), the buckling (She
et al. 2017, Wang et al. 2006), free vibration (Alhaifi et al.
2023), boundary conditions (Zenkour 2018).

In mathematics modeling, the boundary conditions are
constraints that are imposed on the solution of a differential
equation at the boundary of the domain over which the
equation is defined. Boundary conditions make the solution
of the differential equation well-behaved. Yas and Samadi
(2012) investigate the natural frequency and critical
buckling load of CNTRC beams with or without an elastic
foundation for various boundary conditions using the
differential quadrature method and Hamilton’s principle.
Zenkour (2018) discovered a modified couple stress theory
for micro-machined beam with various boundary conditions
and linearly varying thickness. The influences of volume
fraction of CNT and boundary conditions on the buckling of
column have been investigated by Arani and Kolahchi
(2016).

FGMs, a new class of composite materials with a graded
composition, have recently attracted significant attention
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from researchers. (Heidari et al. 2020, Jamali et al. 2019,
Zghal et al. 2020, Chang and Li 2024, Chang et al. 2024).
The functionally graded concept was first used in 2009 to
study the mechanical static behavior of the graded carbon
nanotube reinforced composite (CNTRC) (Shen 2009). A
systematic model for the mechanical behavior of thin-
walled composite FGM pipelines has been studied by
Zhang et al. (2024). Li et al. (2023) investigate the buckling
of the encased functionally graded porous composite liner
with polyhedral shapes reinforced by graphene platelets
under external pressure.

Mohammadimehr et al. (2017) investigated the
nonlinear vibration of a functionally graded (FG) carbon
nanotube reinforced composite (CNTRC) sandwich
Timoshenko beam subjected to a longitudinal magnetic
field using the modified couple stress theory and the
generalized differential quadrature method. The bending,
buckling, and vibration behavior of the graded CNT
reinforced beam were further estimated under a non-
uniform temperature load. (Mayandi and Jeyaraj 2015).
Mellouli et al. (2020) investigated the free vibration of
functionally graded carbon nanotubes-reinforced beams
using the modified first-order shear deformation theory and
the mesh free radial point interpolation method.

Yang et al. (2015) investigated the dynamic buckling of
functionally graded nanocomposite beams (FG-CNTR)
reinforced by carbon nanotubes (CNT) as a core and
incorporeal with two surface bonded piezoelectric layers.
Wu et al. (2015) studied the free vibration and buckling
behavior of sandwich beams reinforced with functionally
graded carbon nanotube-reinforced composite (FG-CNTRC)
face sheets using Timoshenko beam theory.

Many studies exist in the literature, in terms of
composite materials (Phung-Van et al. 2018, Xiao et al.
2023, Zhang et al. 2015). Xiao et al. (2024) studied a
structural optimization model of confined polyhedral
composite subsea pipelines under pressure and thermal
fields. The nanocomposites have been increasingly
analyzed (Kiani 2017, Kolahchi et al. 2020, Mehar and
Panda 2018, Mirzaei and Kiani 2016, Mallek et al. 2020,
Xiao et al. (2022) investigated the nonlinear in-plane
instability of the confined FGP arches with nanocomposites
reinforcement.

The volume fraction of CNTs in a composite material is
the proportion of the volume occupied by the CNTs to the
total volume of the material. The CNT volume fraction is a
key factor that influences the properties of the composite
material, such as its strength, stiffness, and thermal
conductivity. The maximum CNT volume fraction can be
added to a composite material depends on a number of
factors, including the type of CNTSs, the type of matrix, and

the manufacturing process. In general, the maximum CNT
volume fraction is limited by the ability of the CNTs to
disperse evenly in the matrix and the CNTs to bond to the
matrix. Jiang et al. (2009) investigated the Maximum
nanotube volume fraction and its effect on overall elastic
properties of nanotube-reinforced composites. He
concluded that the maximum CNT volume fraction is
determined by the CNT geometry, the surface-to-surface
distance between adjacent CNTs, and the CNT packing
pattern. Since the diameter of CNTs is comparable to the
equilibrium van der Waals distance, increasing the surface-
to-surface distance and/or decreasing the CNT diameter will
significantly reduce the maximum CNT volume fraction.

In this paper, we focus on the nonlinear distribution of
CNTs in FG-CNTRC beams with different boundary
conditions. the higher-order shear deformation theories are
used to accurately formulate the influences of the transverse
shear stress distribution along the beam thickness. The
linear distribution of CNT used in the previous studies has
been replaced by nonlinear distribution to analyze the
critical buckling load. In this regard, the CNT volume
fraction distribution law is considered exponential. This
equation captures the impact of nonlinear distribution on
both mechanical and economic aspects. On the mechanical
side, the nonlinear distribution of CNTs has demonstrated a
notable increase in the beam’s rigidity compared to the
linear distribution. It is crucial to note that this enhancement
in rigidity is achieved with the same quantity of CNTs used
in both linear and nonlinear distributions. This underscores
the significance of nonlinear distribution from an economic
standpoint. Additionally, economic benefits can be realized,
for instance by improving the mechanical properties of the
beam by increasing the exponent (n) rather than raising the
volume fraction of CNTs. The effect of different parameters
on the buckling analysis such as aspect ratios, volume
fraction, and order of the exponent of volume fraction law
distribution are studied and discussed.

2. Configuration of FG-CNTRC beams and volume
fraction CNT distribution

Let us consider a FG-CNTRC rectangular beam with
different boundary conditions. The respective length and
thickness of FGM beam are represented by L and h with the
coordinate system (X, z) shown in Fig. 1. The CNTRC are
made of SWCNTs embedded in the isotropic matrix with
linear (n=1) and non-linear (n>1) wvolume fraction
distribution shown in Figs. 2 and 3 respectively.

The mathematical form of the relationship between the
CNT volume fraction and distribution configuration is
presented in Table 1. Where (n) the exponent degree of
Carbone nanotube volume fraction equation and Vg, is the
volume fraction of Carbone nanotube, which can be
calculated from the equation.

cht
cht + (pcnt/pp)(l - cht)

In which W,_,, is the CNT mass fraction, p"t is the
CNT density, and p® is the polymer density in CNTRC

*
Vcnt -
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X-beam O-beam V-beam
Fig. 2 Cross sections of different types of FG-
CNTRC with linear distribution (n=1)

X-beam O-beam
Fig. 3 Cross sections of different types of FG-
CNTRC with non-linear distribution (n<1)

V-beam

beams. When the exponent degree n=0, the carbon
nanotubes (CNTs) are distributed uniformly in the matrix
(UD-CNTs) and when the exponent degree n=1, the CNTs
are distributed linearly. The distribution of CNTs is non-
linear for all values of n greater than 1.

The rule of mixture model is used to calculate the
Young’s modulus and shear modulus of FG-CNTRC
materials. (Shen 2009)

Eiq = 0 Vene EST + %Ep (2a)
N2 _Vene Vo
Ey,  E5ytEP (2b)
UE Vene . W
Gip— = —
12 G12 Gfgt + Gp (ZC)

where V., and V, are the CNT and polymer volume
fractions respectively. Furthermore, ESP, ESH and G
are the Young modulus and shear modulus of SWCNTs,
respectively. EP and GP Specify the material properties
of the isotropic matrix. Based on the rule of mixture and
MD simulations given by Han and Elliott (2007), Yas and
Samadi (2012) Proposed three efficiency parameters that
can be used to model the size-dependent properties of
CNTRC beams. Table 2 shows the efficiency parameters
related to the volume fraction (V,.).

The rule of mixture is used to calculate the mass density
and Poisson’s ratio of the FG-CNTRC beams, with the
following results:

P = Venep™ + VP ®3)

Viy = Venevi3t + A% (4)

3. Equations of motion

Assuming that the FG beam deform in two dimensions
plane only(x, z), we can define u(x,z) and w(x,z) as the
displacements field of this theory of any point in the beam
along the x and z axes Simsek (2010). These components
can be expressed using Eq. (5) as follows:

Table 1 The mathematical form of the CNT volume fraction
distribution configuration

Vcnt
X-b I
-beam (n+1)(2 T) Vene
|zl .
O-beam (n+ 11 - ZT)nVcnt
1 z
V-beam (n+ DG+ )" Vene

Table 2 The CNT efficiency parameters (1)

case M M2 =13
V=012 1.2833 1.0566
V2,,=0.17 1.3414 1.7101
V¢n=0.28 1.3238 1.7380
u(x,z,t) =U —zw' + f(2)¢ 5)
w(x,z,t) =W

2z(tansh(1)?—1)+h tanh(2z/h)
where f(z) = 2 tanh(D)?

The shape function considered in this paper as proposed
by Belarbi et al. (2023). The displacement components of a
point on the neutral axis of the beam along the x and z
directions are represented by U =U(x,t) and W =
W(x,t) , respectively, while ¢ = ¢(x,t) denote the
rotational angle of the cross-section about the y-axis
compared to its undeformed position. For conciseness, the
prime symbol () indicates the partial differentiation of the
quantities with respect to x.
The strains associated with the displacement field in Eq.
(5) are as follows:
_ou U' —zW" + f(2)¢' (6a)

& o T

_ou . ow _df(2)

Yoz = 5, T ox T T dz

The virtual work principle is utilized to derive the
governing equations of buckling loads and boundary

conditions. (Kiani et al. 2011):
SU+d6V =0 (7

In which dU is the virtual variation strain energy of the
beam which calculated by:

(6b)

L (b[ rhn
6U = f f [f (00 + UXZ(Syxz)dzdydxl
0 Jo [Vhy

df (z)
dz

(8)

L
= j {NX6U’ — My SW" + P8¢ + Qyy 6¢} dx
0

where Ny, My, Px, and Qy denote the stress resultants
defined and they are defined by:

h/2

(Ny, My, Py) = f_h/z(br zb, fb)oydz,
M2df(2) (©)
G= [ g bis

The variation of potential energy 5V of the axial
compressive loads which induce the geometrical instability
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state of the beam can be expressed:

L

8V = —J‘iPOW’5W’ (10)

4. Linear constitutive relations

The linear constitutive relationship between stress and
strain for elastic functionally graded (FG) beams can be
expressed in the following manner:

o, =E¢g,
o =L (11)
Xz 2[1 + v] yXZ
By incorporating Eq. (6) into Eg. (11), the stress
resultants can be expressed as follows:

N, A B C O U’

M, _|B D F 0|)-w"
P("|c F H of) ¢ (12)

Qxz 0 0 0 AJ\ ¢

where stiffness components are given as:
(A,B,D,C,F,H) = fE(l,z,zz,f,Zf,fz)dA (13)

A
4 = J E (df)sz (14)
7 J,2(1+v) \dz

Upon substitution the expressions of Egs. (8) and (10)
into Eg. (7) and integrating the equation by parts, and
gathering the coefficients associated with SU, §¢ and
oW, the overall equations of motion of the CNTRC beam
can be written:

N, =0 (150)
M} —P,W" =0 (15hb)
P/ —Q,, =0 (15¢)

The displacement components can be expressed using
the state space approach Tlidji et al. (2022).

U(x,t) U(x)
{(P(x, t)} =[¢oM) (16)
W(x,t) W (x)

where wis the eigen-frequency. A system of ordinary
differential equations is obtained by substituting Eq. (16)
into Eq. (15).

U” = b1U + sz”
¢" = by + byW" (17)
W = b’ + bgW”

where the b,, are the constants coefficients

b —CA, _ BH—CF

17 AH - c?’ 27 AH-c?*’

b = AA _AF —BC 18

37 AH - ¥’ *7 AH - c?’ (18)
Bbl_Fb3 PO

be

be = ——M——— - ' @
> " Bb,—Fb,-D’ Bb, —Fb, — D

The systems of Eqgs. (17) can be converted into a matrix
form as:

Z'(x) = TZ(x) (19)
where
Z(x) = {¢,¢', W, W',W"}. and matrix T is defined as:
0 1. 00 0 O
[b3 0 00 O b4]
o 0o 01 0 of
=10 0 00 1 o0 (20)
0 0 00 0 1
0 bs 0 0 by O

A formal solution of Eq. (20) is given by:
Z(x) = e™K (21)

where K is a constant column vector determined from the
boundary conditions at x = +L/2; and e™ is the general
matrix solution of Eq. (21) which is given as:

[1 X 0 0 0 0 ]

x 1 0 0 0 0 |

0 0 eh* 0 0 0 _
eT"=[E]|O 0 0 eM* o 0 |[E] (22

00 0 0 el 0

l0 0 0 0 0 e%xJ

where A;(i=1,n=1,6) and [E]are eigenvalues and
corresponding matrix of eigenvectors, respectively,
associated with the matrix T.

5. Analytical
conditions

solution under various boundary

The exact solution for the FG beam under various
boundary conditions can be constructed.

In terms of the unknown function Z(x), the boundary
conditions can be expressed as follows:

Clamped (C): ¢ =W =W'=0 (23a)
Pinned (S): ¢ = ¢’ =W" =0 (23b)

Free (F): ¢' = W" = (Bby + Fbg)¢p — Po)W' + (Bb, +

Fbg — D)W"¢" = 0 (23c)

Substituting Eq. (21) into Egs. (23), a homogeneous
system of equations is obtained as:

GjoK =0, (i=1.6),(j =1.6) (23d)
where
M x 0 0 0 0]
x1 0 0 0 0
Ge-re)|® 0 €T 00 0
x = .
’ 00 0 & 0 0 (24)
00 0 0 e 0
00 0 0 0 e

The buckling load can be determined by setting the
determinant of G;; to zero. It is important to note that a
trial and error procedure is required to obtain the buckling
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Table 3 Non-dimensional critical buckling load (N,.) of S-S FG-CNTRC beams with different L/h values

L/h Vint Reference Beam
ub X O
Present 0.1655 0.2027 0.1049
012 Belarbi et al. 2023 0.1655 0.2082 0.1049
10 0.17 Present 0.2593 0.3183 0.1620
Belarbi et al. 2023 0.2593 0.3260 0.1620
Present 0.3584 0.4125 0.2414
028 Belarbi et al. 2023 0.3584 0.4270 0.2414
Present 0.0988 0.1291 0.0574
Belarbi et al. 2023 0.0988 0.1314 0.0574
0.12 Yas and Samadi 2012 0.0986 0.1288 0.0588
Zerrouki et al. 2020 0.0984 0.1289 0.0576
Tagrara et al. 2015 0.0985 0.1291 0.0575
Present 0.1507 0.1989 0.0862
1 Belarbi et al. 2023 0.1506 0.2011 0.0862
017 Yas and Samadi 2012 0.1505 0.1999 0.0877
Zerrouki et al. 2020 - 0.1979 0.0864
Present 0.2206 0.2767 0.1324
0.28 Belarbi et al. 2023 0.2206 0.2811 0.1324
Yas and Samadi 2012 0.2209 0.2896 0.1337
Present 0.0633 0.0866 0.0351
012 Belarbi et al. 2023 0.0630 0.0630 0.0351
20 0.17 P-resent 0.0951 0.1307 0.0521
Belarbi et al. 2023 0.0946 0.0946 0.0521
Present 0.1437 0.1903 0.0812
028 Belarbi et al. 2023 0.1430 0.1430 0.0812

load values due to the presence of unknown P, in matrix
T.

The following iteration procedure has been used to
calculate the buckling load PO:

Step 1: Assign a small initial value of PO.

Step 2: Form matrix T and compute the eigenvalues 4;
and eigenvectors [E] of T

Step 3. Form matrix [G] according to appropriate
boundary conditions in Egs. (23a—23c)

Step 4. Check if the determinant of matrix [G] changes
sign.

(@) If no, increase the buckling load and go back to Step
2.

(b) If yes, decrease the buckling load by a small amount
and go to next step.

Step 5. Check if the relative error between two
successive iterations is within a given tolerance, stop the
iteration. Otherwise, return to Step 2.

6. Buckling behaviors results and discussion

In this research, analyses of critical buckling behavior of
FG-CNTRC beams are investigated. Mechanical properties

of nanocomposite FG-CNTRC beam made of CNT
reinforced Polymetyl- methacrylate, referred as (PMMA)
where vP = 0.3, pP =1190Kg/m3, and EP = 2.5GPa
indicate the corresponding properties for the PMMA matrix.
For reinforcement material, the armchair (10,10) SWCNTs
is chosen with the following properties according to the
study of Zhu et al. (2012): v°" = 0.19, p"* = 1400Kg/
m3, ESI = 600GPa, ESS* = 10GPa, and G$5* = 17.2GPa.

Dimensionless parameters for buckling analysis are
used:

- Nxo
N = 22
- AllO

Dimensionless critical buckling load of FG-CNTRC
beam has been presented in this study. In this work, the
obtained results of the dimensionless critical buckling load
with different boundary conditions by the analytical
methods based on higher order shear deformation theory
(HSDT) are compared with similar ones in the literature
(Belarbi et al. 2023, Yas and Samadi 2012, Zerrouki et al.
2020).

The comparison result considering SS, CC, CF boundary
conditions are tabulated in Tables 3-5 respectively. For the
simply-simply supported in Tables 3, the results are

(25)
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Table 4 Non-dimensional critical buckling load (N,,.) of C-C FG-CNTRC beams with different L/h values

L/h Vit Reference Beam
ub X O
012 Present 0.2877 0.3192 0.2113
Belarbi et al. 2023 0.2879 0.3530 0.2113
Present 0.4703 0.5165 0.3470
10 0.17 Belarbi et al. 2023 0.4705 0.5648 0.3470
0.28 Present 0.5977 0.6189 0.4836
Belarbi et al. 2023 0.5981 0.7010 0.4836
Present 0.2179 0.2543 0.1480
0.12 Belarbi et al. 2023 0.2180 0.2667 0.1480
Yas and Samadi 2012 0.2139 0.2459 0.1567
Present 0.3485 0.4057 0.2345
15 0.17 Belarbi et al. 2023 0.3486 0.4232 0.2345
Yas and Samadi 2012 0.3442 0.4035 0.2451
Present 0.4622 0.5035 0.3398
0.28 Belarbi et al. 2023 0.4623 0.5348 0.3398
Yas and Samadi 2012 0.4556 0.5329 0.3469
0.12 Present 0.1655 0.2027 0.1049
Belarbi et al. 2023 0.1655 0.2083 0.1049
20 0.17 Present 0.2593 0.3183 0.1620
Belarbi et al. 2023 0.2593 0.3261 0.1620
0.28 Present 0.3584 0.4125 0.2414
Belarbi et al. 2023 0.3585 0.4272 0.2414

Table 5 Non-dimensional critical buckling load (N,,.) of C-F FG-CNTRC beams with different L/h values

Beam
L/h Ve Reference
ubD X 0]
0.12 Present 0.0633 0.0866 0.0351
' Belarbi et al. 2023 0.0633 0.0872 0.0351
Present 0.0951 0.1307 0.0521
10 0.17 .
Belarbi et al. 2023 0.0951 0.1315 0.0521
0.28 Present 0.1437 0.1903 0.0812
' Belarbi et al. 2023 0.1437 0.1919 0.0812
Present 0.0312 0.0444 0.0167
0.12 Belarbi et al. 2023 0.0312 0.0446 0.0167
Yas and Samadi 2012 0.0312 0.0443 0.0167
Present 0.0463 0.0661 0.0245
15 0.17 Belarbi et al. 2023 0.0463 0.0663 0.0245
Yas and Samadi 2012 0.0463 0.0662 0.0245
Present 0.0721 0.1007 0.0386
0.28 Belarbi et al. 2023 0.0721 0.1011 0.0385
Yas and Samadi 2012 0.0721 0.1024 0.0386
0.12 Present 0.0183 0.0264 0.0096
' Belarbi et al. 2023 0.0183 0.0265 0.0096
Present 0.0270 0.0391 0.0140
20 0.17 .
Belarbi et al. 2023 0.0270 0.0391 0.0140
Present 0.0425 0.0607 0.0222
0.28

Belarbi et al. 2023 0.0425 0.0608 0.0222
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Table 6 Dimensionless critical buckling for S-S X-beam pattern in exponential distribution

L Vi Reference Ner
0.50 1 15 2 2.3 25 3 35
Present 0.1879 0.2026 0.2134 0.2217 0.2258 0.2284 0.2339 0.2387
012 Zerrouki et al. (2020) 0.1860 0.1999 0.2098 0.2174 0.2211 0.2234 0.2283 0.2325
10 Present 0.2951 0.3183 0.3349 0.3477 0.3541 - - -
017 Zerrouki et al. (2020) 0.2928 0.3152 0.3308 0.3426 0.3484 - - -
Present 0.1173 0.1298 0.1391 0.1462 0.1498 0.1520 0.1568 0.1608
012 Zerrouki et al. (2020) 0.1166 0.1289 0.1377 0.1445 0.1479 0.1500 0.1544 0.1581
1 Present 0.1794 0.1989 0.2132 0.2241 0.2296 - - -
017 Zerrouki et al. (2020) 0.1788 0.1979 0.2118 0.2223 0.2275 - - -
Present 0.0770 0.0866 0.0938 0.0993 0.1022 0.1038 0.1075 0.1106
20 012 Zerrouki et al. (2020) 0.0768 0.0862 0.0932 0.0986 0.1013 0.1029 0.1064 0.1094
Present 0.1161 0.1307 0.1416 0.1501 0.1543 - - -
017 Zerrouki et al. (2020) 0.1158 0.1303 0.1410 0.1493 0.1534 - - -
Table 7 Dimensionless critical buckling load for C-C beam pattern in exponential distribution
L/h V&, beams n
0.5 1 15 2 2.3 25 3 35
0.12 O- beam 0.2432 0.2114 0.1874 0.1684 0.1588 0.1529 0.1400 0.1291
10 X- beam 0.3068 0.3192 0.3282 0.3352 0.3385 0.3407 0.3452 0.3494
0.17 O- beam 0.3992 0.3470 0.3066 0.2743 0.2578 - - -
X- beam 0.4984 0.5166 0.5292 0.5393 0.5443 - - -
0.8 O- beam 0.1771 0.1480 0.1262 0.1094 0.1010 0.0960 0.0852 0.0764
15 X- beam 0.2400 0.2542 0.2646 0.2727 0.2768 0.2793 0.2848 0.289%4
0.12 O- beam 0.2825 0.2345 0.1984 0.1704 0.1566 - - -
X- beam 0.3836 0.4057 0.4215 0.4337 0.4399 - - -
017 O- beam 0.1297 0.1049 0.0870 0.0735 0.0670 0.0632 0.0551 0.0486
20 X- beam 0.1880 0.2027 0.2134 0.2217 0.2258 0.2284 0.2339 0.2387
0.28 O- beam 0.2019 0.1620 0.1331 0.1116 0.1011 - - -
X- beam 0.2951 0.3183 0.3349 0.3477 0.3540 - - -

compared with (Belarbi et al. 2023) in the case of (L/h=10
and 20) and the comparison extends to the two works in the
case of (L/h=15) with (Yas and Samadi 2012, Zerrouki et
al. 2020). As observed, there is very clear that the present
results show a good agreement with those obtained by them.

Moreover, another comparison is made for the clamped-
clamped supported in Tables 4 and clamped-free supported
in Tables 5 when the results are compared with (Belarbi et
al. 2023 and Yas and Samadi 2012). As noticed, that this
comparison is also good for the different distribution of
carbon nanotubes.

It should be mentioned that The UD-CNTRC and FG-
CNTRC beams had the same mass fraction of carbon
nanotubes, which was maintained by adjusting the volume
fraction of CNTs in each beam. Additionally, the critical
buckling load changes due to the distribution of carbone
nanotubes. The (X-CNT) reinforced beams are the clear
higher in terms of dimensionless critical buckling loads,

compared with other reinforcement types (UD-CNT, O-
CNT). It should be concluded that the highest critical
buckling loads remarked in X-CNT beams are attributed to
the high concentration of carbon nanotubes at the bottom
and top faces of the beam, which results in enhanced of
reinforcement and stiffness.

The elevated frequencies are observed in C-C beams,
compared by C-H and C-F beams, respectively, at every
volume fraction. Thos highest values are attributed to
boundary conditions that provide greater support and
stiffness to the beams.

Also comparing the results of the dimensionless critical
buckling load of the S-S beam with the results of (Zerrouki
et al. 2020) in Table 6, the results are presented for the S-S
X-beam pattern in such a way that a comparison with
reference is possible. It can be seen that is an excellent
agreement between the obtained results in this paper and
those reported in (Zerrouki et al. 2020). It is clear that the
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Table 8 Dimensionless critical buckling load for C-F beam pattern in exponential distribution

n

L/h V& beams
0.5 1 15 2 2.3 25 3 3.5
012 O-beam  0.0460 0.0351 0.0278 0.0227 0.0203 0.0189 0.0161 0.0139
10 X-beam  0.0770 0.0866 0.0938 0.0994 0.1021 0.1038 0.1075 0.1106
O- beam 0.0687 0.0521 0.0410 0.0331 0.0295 - - -
017 X- beam 0.1161 0.1307 0.1416 0.1501 0.1543 - - -
0.28 O-beam  0.0222 0.0167 0.0131 0.0105 0.0094 0.0087 0.0074 0.0064
15 X-beam  0.0389 0.0444 0.0486 0.0519 0.0536 0.0546 0.0568 0.0586
O- beam 0.0328 0.0245 0.0190 0.0153 0.0135 - - -
012 X- beam 0.0578 0.0661 0.0724 0.0773 0.0797 - - -
0.17 O-beam  0.0129 0.0096 0.0075 0.0060 0.0054 0.0050 0.0042 0.0036
20 X-beam  0.0230 0.0264 0.0291 0.0311 0.0322 0.0328 0.0342 0.0353
0.28 O-beam  0.0189 0.0140 0.0109 0.0087 0.0077 - - -
X-beam  0.0340 0.0391 0.0430 0.0460 0.0476 - - -
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increasing of exponent degree (n) result the increase of

critical buckling load for both volume fraction. It can be
seen that the increase of the length of the beam decrease the

critical buckling loads.

In the linear distribution of FG-CNTRC the maximum

(d)
Fig. 4 Effect of degree of exponent (n) and the aspect ratio of X-beam on the dimensionless critical
buckling with various boundary conditions (Vg,:=0.12)

maximum of CNT volume fractions in the nonlinear
distribution reach to(n + 1)V¢,.. For this reason, we have

chosen the degree of exponent (n) in which the CNT

volume fraction does not exceed the value 0.56 which is the
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maximum value in the linear distribution.
Table 7 and 8 shows the dimensionless critical buckling
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Fig. 5 Effect of degree of exponent n and the type of distribution on the critical buckling loads

load of FG-CNT beam with various boundary conditions,
various aspect ratios L/h and various volume fractions. In
this case, aspect ratio L/h is set to 10, 15 and 20. The booth
configuration O-beam and X-beam have been considered.
The results are obtained for different volume fractions with
exponential distribution. It is found that the value of the
dimensionless critical buckling loads obtained in parabolic
distribution decreasing rapidly with the increase of the
aspect ratio L/h (the ratio of material length scale parameter
to thickness). Also, by increasing the volume fractions, a
dimensionless critical buckling load of FG-CNT beam will
be increase for both configuration O-beam and X-beam. A
significant increase is observed for the X-beam configuration.
But for a comparison between the different configurations
for the same volume fraction, we note that the concentration
of the carbon nanotubes on the upper and lower faces
increases the dimensionless critical load and the
concentration of these nanotubes at the core of the beam
reduces the dimensionless critical load. That is to say, the
increase in the coefficient “n” in the X-beam configuration
makes the beam more rigid; on the other hand, this
concentration makes the O-beam beam more flexible.

Also, it is demonstrated that the critical buckling load is

at both ends completely prevent the rotation of the beams

and increase the moment of inertia of the beam. This means
that the beam is forced to bend in an arc shape, which
distributes the load over a greater length and increases the
buckling resistance. In other words, the (CC) boundary
induces more bending rigidity in the beam.

Fig. 4 (a-d) examines the effect of exponent degree (n)
and the aspect ratio of X-beam on the dimensionless critical
buckling load and illustrates the effect of different boundary
conditions. The results in those figures are obtained by
using the volume fraction (V,=0.12). As can be seen, the
dimensionless critical buckling load of the X-beam with CC
boundary condition is about twice that with CF boundary
condition. In addition, the dimensionless critical buckling
load for the beam with CC boundary condition is about 18%
to 40% higher than that of SS and CS conditions
respectively. It is for this reason that the clamped-clamped
boundary condition improves the rigidity of the structure
and hence the critical buckling load increases.

For any boundary condition, It is clear that the value of
the dimensionless critical buckling loads obtained in
parabolic (n=3) distribution is higher than that obtained in a
linear distribution (n=1). This explains the concentration
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effect of the carbon nanotubes on the upper and lower faces
of beam. Moreover, from these figures it can be seen that as
the aspect ratio increase, the dimensionless critical buckling
decrease.

Figs. 5 (a-d) illustrate the variation of the critical
buckling of FG-CNTRC beams with X-beam and O-beam
distribution of CNT with different boundary conditions. The
results in this figure are obtained by using the constant
value of CNT volume fraction V7= 0.12 and aspect ratio
L/h=10. The degree of exponent (n) is varied for values (0 -
3.5). From these figures, it can be seen that as the degree of
exponent parameter increases, the critical buckling load
decrease for the case with O-beam and increase for the case
with X-beam. This inconsistency in results is due to the
concentration of carbon nanotube in the polymer matrix. In
the case of distribution X-beam, the concentration of carbon
nanotube is very high on the upper and lower faces of beam
which makes the beam more rigid. But in the case of
distribution O-beam, the concentration of carbon nanotube
is very high in the core of the beam which makes the beam
more flexible. This comparison shows that the best
distribution with respect to buckling is the case of X-beam.
As we concluded previously, the clamped-clamped
boundary condition improves the rigidity of the structure
and hence the critical buckling load increases.

To investigate the effect of CNT volume fraction, tow
values are considered 0.12 and 0.17 in figure 6 for four
boundary conditions. As can be seen, when CNT volume
fraction enlarge the dimensionless critical buckling loads
increase

For an increase in the volume fraction of 0.05 we
observe a variation in the dimensionless critical load of
53% for a concentration of n=0.5. This increase becomes
less significant when n increases. We conclude that the
increase in the volume fraction and the concentration
coefficient n leads to stiffening the beam. This analysis
applies to various boundary conditions. Also, it can be seen
that the critical buckling load for clamped-clamped (CC)
boundary conditions is higher than that of other boundary
conditions.

7. Conclusions

The present numerical research has studied the buckling
of functionally graded polymer beam which is composed of
(10, 10) carbon nanotube and polymeric matrix (PMMA).
The main benefit of the proposed exponential power law
distribution is the impact of nonlinear distribution on both
mechanical and economic aspects. After performing
comparison studies with data reported by other authors. The
main conclusions can be stated as following:

« It is observed that the influences of exponential
distribution in the beam play an important role to improve
the rigidity of beam compared to the linear distribution.

* It can be seen that the critical buckling load for
clamped-clamped (CC) boundary conditions was greater
than for other boundary conditions.

» Compared with other reinforcement types (UD-CNT,
O-CNT), the (X-CNT) reinforced beams are the highest

critical buckling loads, It should be concluded that the high
concentration of carbon nanotubes at the bottom and top
faces of the beam increase the rigidity.

 The dimensionless critical buckling loads obtained in
parabolic distribution decreasing rapidly with the increase
of the ratio of material length scale parameter to thickness.
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