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1. Introduction 
 

Graphene has vast potential across micro-nano processing, 

energy, and healthcare sectors. It is a revolutionary material 

due to its remarkable mechanical and thermal properties. 

Buckling/bending/ vibration (Song et al. 2018, Sahmani et 

al. 2018, Jiao and Alavi 2018, Arefi et al. 2019, Kiani 2019, 

Aditya et al. 2019, Yang et al. 2020, Yaghoobi and Taheri 

2020, Liu et al. 2020, Tran et al. 2020, Al-Furjan et al. 

2021, Yang et al. 2021, Wang et al. 2023) of structures 

reinforced with graphene nanoplatelets (GNPs) and graphene 

platelets (GPLs) are investigated by some researchers but 

the Researches on examining the characteristics of wave 

propagation in macro, micro, and nano structures remain 

limited specially those reinforced by GPNs/GPLs. Hua et 

al. (2022) investigated the wave propagation behavior of 

sandwich plates with graphite particles filled viscoelastic 

material core under the hygrothermal environments. Hua et 

al. (2022) examined wave dispersion characteristics of 

laminated composite shells resting on viscoelastic foundations 
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in thermal environments. Hua et al. (2023) presented a 

refined spectral element model for wave propagation in 

multiscale hybrid epoxy/carbon fiber/graphene platelet 

composite shells subjected to impulsive loadings. Hua et al. 

(2024) proposed a semi-analytical spectral element model 

combining the Fourier series and higher-order polynomials 

for wave propagation in composite laminated conical shells. 

Hua et al. (2022) investigated wave propagation in 

functionally graded (FG) viscoelastic polymer composite 

shells reinforced with spherical graphite particles (SGPs). 

The wave propagation characteristics in GPLs reinforced 

plates were scrutinized by Li et al. (2020) utilizing a semi-

analytical approach. Furthermore, investigating the 

propagation of elastic waves in a square plate is investigated 

by Gao et al. (2020). The plate is reinforced by porous 

GPLs. The classical mechanical theory is employed and the 

material properties are described using the Halpin Tsai 

model. Additionally, Ebrahimi et al. (2019 and 2021) 

studied the wave propagation of porous GPLs reinforced 

composite shells using classical mechanics theory and 

Reddy’s high-order shear deformation theory. Also, they 

studied the wave propagation behavior of a size-dependent 

graphene nanoplatelet-reinforced composite (GNPRC) nano-

shell. Furthermore, rotating FG microbeams strengthened 

by graphene nanoplatelets (GPLs) are investigated by Zhao 

et al. (2021). The application of the classical mechanical 

theory is the main focus of the studies on wave propagation 
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described earlier of structures (plates and shells). It is 

crucial to note, too, that there is a dearth of research on 

structures in this paradigm that are reinforced by GPNs or 

GPLs using non-local theory. Ebrahimi and Dabbagh (2018) 

addressed the wave propagation properties in nanoplates 

reinforced by graphene plates (GPL) in their paper. The 

unique singular size parameter inherent to nonlocal theory 

plays a pivotal role in elucidating nonlocal phenomena 

within material behavior, offering crucial insights into wave 

propagation, deformation, and fracture mechanics at 

miniature scales. However, it’s noteworthy that while this 

hypothesis explains the stiffness softening effect, it does not 

account for the stiffness strengthening effect, rendering it 

unable to fully characterize the mechanical properties in 

some nanostructures. It’s pertinent to differentiate nonlocal 

strain gradient (NSG) theory (Lim et al. 2015) from 

conventional classical theory (Hadji et al. 2018, Moradi and 

Mansouri 2012) and non-classical theories such as non-

local theory (Eringen 1998, Ansari et al. 2016, Civalek and 

Demir 2016, Barretta and De Sciarra 2018, Malikan et al. 

2018, Emam et al. 2018, Uzun and Civalek 2019, Taherifar 

et al. 2019, Barretta et al. 2019, Eltaher et al. 2020, 

Almitani et al. 2020) nonlocal couple stress theory (Attia 

and Mahmoud 2016, Attia 2017, Eltaher and Abdelrahman 

2020, Vantadori et al. 2022, Ebrahimi et al. 2020), doublet 

mechanics (Eltaher and Mohamed 2020), and modified 

couple stress theory (Akgöz and Civalek 2017a, b). 

Supported by molecular dynamics and experiments, NSG 

theory (Lim et al. 2015, She et al. 2020, Apuzzo et al. 2018, 

Barretta and De Sciarra 2018, Lu et al. 2018, Faleh et al. 

2018, Ghayesh and Farajpour 2018, Ghayesh et al. 2019, 

Gao et al. 2019, Pinnola et al. 2020, Malikan et al. 2020, 

She 2020) comprehensively characterizes both the stiffness 

strengthening and softening effects, significantly contributing 

to the development of nanomechanics theory. 
In this research, the dynamics of elastic wave propagation 

within polymer composite nanoplates strengthened by 
graphene nanoplatelets, which are situated on variable 
elastic foundations are investigated. the nonlocal strain 
gradient theory is employed as the framework for our 

investigation. A four-variable displacement field is integrated 
and small-scale effects are handled. The dispersion relations 
and the non-classical wave equation are derived using the 
trial function and the Hamilton principle. The study’s goals 
are to identify the effects of various parameters on the 
behavior of wave propagation. By considering the influence 

of small-scale effects and employing advanced mathematical 
frameworks like nonlocal strain gradient theory, the study 
endeavors to enhance our understanding of wave behavior 
in nano-materials. Also, the aim of this research is to 
unravel key axes that will help to control wave propagation 
in these structures and create new materials with specific 

mechanical properties for a variety of industrial 
applications. Overall, the novelty of this work lies in its 
unique combination of advanced theoretical models, 
innovative material reinforcement, and comprehensive 
parameter analysis, which together provide new insights 
into the wave propagation behavior of reinforced nanoplates 

on elastic foundations. These findings have the potential to 
significantly advance the design and application of 
nanocomposite materials in various engineering fields. 

 

Fig. 1 GNP-reinforced FG nanoplate (Aditya et al. 2019) 
 

 
UD Pattern 

 
FG Pattern 1 

 
FG Pattern 2 

 
FG Pattern 3 

Fig. 2 Patterns of FG materials 

 
 

2. Mathematical formulations 
 

In this section, the basic formulation of the wave 

propagation problem for polymer nanoplates reinforced 

with GNPs is outlined. The NSGT with a four variable 

higher order shear deformation theory are used.  

The functionally graded polymer composite nanoplate is 

constructed with NL layers, each having a thickness of h = 

h/ NL and has dimensions of a, b, and has represented in Fig. 

1. Distributions (UD pattern, FG pattern 1, FG pattern 2, 

and FG pattern 3) that define GNPs as filler inside each 

layer is shown in Fig. 2. To be more precise, in a UD 

(Uniform Distribution) pattern, GNPs are evenly 

distributed. In contrast, in a FG (Functionally Graded) 

pattern 1 distribution, the highest weight fraction of GNPs 

is located at the center of the nanoplate. In a FG pattern 2, 

the middle level of the nanoplate is where the smallest 

weight fraction is reached while the top and bottom sides 

are where the greatest weight is reached. Furthermore, in 

FG Pattern 3, there is an increasing weight fraction of GNPs 

moving from the bottom to the top side of the nanoplate. 

The material properties of the nanoplate are computed 

using the Halpin-Tsai model as described in reference (She 

2020). 
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The Young’s modulus of both the polymeric matrix and 

nanofillers is presented here by 𝐸𝑚  and 𝐸𝐺𝑛𝑝. 𝜌𝑚  and   

𝜌𝐺𝑛𝑝  are the mass density of the polymeric matrix and 

nanofillers, the polymeric matrix and nanofillers’ Poisson’s 

ratio is represented by  𝑉𝑚   and  𝑉𝐺𝑛𝑝 . The average 

dimensions of length, width, and thickness of the GNPs are 

denoted by the specified parameters 𝑙𝐺𝑛𝑝 , 𝑤𝐺𝑛𝑝 , ℎ𝐺𝑛𝑝 

respectively. Additionally, the representation of the weight 

fraction of the GNP polymer nanocomposite for the k-layer 

is denoted by the specified symbol 𝑔𝑔𝑛𝑝
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. Here, we look at 

four different types of GNP distribution with: 
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(4) 

𝑔𝐺𝑛𝑝
∗  being the GNPs’ weight percentage. 

 

2.1 Kinematics and constitutive equation 
 

The displacement field of the higher order four variable 

plate theory is represented in the following manner (Thai et 

al. 2013): 

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0(𝑥, 𝑦, 𝑡) − 𝑧
𝜕𝑤𝑏
𝜕𝑥

− 𝑓(𝑧)
𝜕𝑤𝑠
𝜕𝑥

 (5a) 

𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣0(𝑥, 𝑦, 𝑡) − 𝑧
𝜕𝑤𝑏
𝜕𝑦

− 𝑓(𝑧)
𝜕𝑤𝑠
𝜕𝑦

 (5b) 

𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤𝑏(𝑥, 𝑦, 𝑡) + 𝑤𝑠(𝑥, 𝑦, 𝑡) (5c) 

The mid-plane displacements of the plate in the x and y 

directions are denoted as 𝑢0 and 𝑣0, respectively, while 

the bending and shear components of transverse 

displacement are represented by 𝑤𝑏  and 𝑤𝑠, respectively. 

Furthermore, the shape function 𝑓(𝑧)  is defined as 

follows: 

𝑓(𝑧) = 𝑧 −
ℎ

𝜋
𝑠𝑖𝑛 (

𝜋 𝑧

ℎ
) (6) 

Using the displacement field described in Eq. (5), both 

normal and shear strains are calculated as follows: 

{
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(8a) 

and 

𝑔(𝑧) = 1 −
𝑑𝑓(𝑧)

𝑑𝑧
 (8b) 

According to the NSG theory, the constitutive equation 

is given as (She et al. 2020, Apuzzo et al. 2018, Barretta 

and De Sciarra 2018, Lu et al. 2018, Faleh et al. 2018, 

Ghayesh and Farajpour 2018, Malikan et al. 2020, She 

2020):
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The nonlocal and strain gradient parameters 𝜇 and l are 

utilized to explain the stiffness-softening and stiffness-

hardening mechanisms of nanostructures, respectively. 

 

2.2 Variable elastic foundation 
 

The nanoplates resting on a variable foundation is the 

subject of the current investigation. The spring-like action 

and the shear interaction are the two main foundation model 

utilized. Implementing the two-parameter reaction described 

on the nanoplate facilitates the formulation to account for 

these two phenomena, as depicted in Fig. 1.
 

The 

foundation’s reaction force density is described as follows: 

𝑓𝑒 = 𝐾𝑤(𝑥) 𝑤(𝑥, 𝑦) − 𝐾𝐺𝛻
2𝑤(𝑥, 𝑦) (11) 

where 𝐾𝑤 is the Winkler parameter that depends only on 𝑥. 

It can be linear, parabolic, or sinusoidal, as described below 

(Sobhy 2015): 

𝐾𝑤(𝑥) =
𝐽1ℎ

3

𝑎4

{
 
 

 
 1 + 𝜉 (

𝑥

𝑎
)          Linear,

1 + 𝜉 (
𝑥

𝑎
)
2

       Parabolic,

1 + 𝜉 𝑠𝑖𝑛 (𝜋
𝑥

𝑎
)   Sinusoidal,

 (12) 

In this expression, 𝐽1 remains constant while 𝜉 varies. 

𝐾𝐺  denotes the stiffness of the shear layer foundation, and 

𝛻2  represents the Laplace operator in both x and y 

directions. It’s worth noting that when 𝜉 equals zero, the 

elastic foundation shifts to a Pasternak foundation, and if 

the stiffness of the shear layer foundation is ignored, the 

Pasternak foundation becomes equivalent to the Winkler 

foundation. 

 

2.3 Governing equations 
 

According to the Hamilton principle (Panda and Singh 

2013, Singh and Panda 2014, Akbas 2015, Selmi 2020, 

Sahu et al. 2020, Vinyas 2020, Esen et al. 2023, Shanab et 

al. 2023, Abdelrahman et al. 2024) 

∫ (𝛿𝑈 + 𝛿𝑉 − 𝛿𝐾)
𝑡

0

𝑑𝑡 = 0 (13) 

The expression for the virtual strain energy can be stated 

as follows:   

𝛿𝑈 = ∫ [

𝑁𝑥𝛿 𝜀𝑥
0 +𝑁𝑦𝛿 𝜀𝑦

0 + 𝑁𝑥𝑦𝛿 𝜀𝑥𝑦
0 +𝑀𝑥

𝑏𝛿 𝑘𝑥
𝑏

+𝑀𝑦
𝑏𝛿 𝑘𝑦

𝑏 +𝑀𝑥𝑦
𝑏 𝛿 𝑘𝑥𝑦

𝑏 +𝑀𝑥
𝑠𝛿 𝑘𝑥

𝑠 +𝑀𝑦
𝑠𝛿 𝑘𝑦

𝑠

+𝑀𝑥𝑦
𝑠 𝛿 𝑘𝑥𝑦

𝑠 + 𝑆𝑦𝑧
𝑠 𝛾𝑦𝑧

𝑠 + 𝑆𝑥𝑧
𝑠 𝛾𝑥𝑧

𝑠

]
𝐴

 𝑑 𝐴 (14) 

𝐴 is the top surface, 

The stress resultants:𝑁, 𝑀 and 𝑆 can be expressed as 

follows: 

{𝑁𝑥 𝑁𝑦 𝑁𝑥𝑦} = ∫ (𝜎𝑥, 𝜎𝑦 , 𝜏𝑥𝑦)𝑑𝑧
ℎ/2

−ℎ/2

 

{𝑀𝑥
𝑏 𝑀𝑦

𝑏 𝑀𝑥𝑦
𝑏 } = ∫ (𝜎𝑥, 𝜎𝑦 , 𝜏𝑥𝑦)𝑧𝑑𝑧

ℎ/2

−ℎ/2

 

(15a) 

{𝑀𝑥
𝑠 𝑀𝑦

𝑠 𝑀𝑥𝑦
𝑠 } = ∫ (𝜎𝑥, 𝜎𝑦 , 𝜏𝑥𝑦)𝑓(𝑧)𝑑𝑧

ℎ/2

−ℎ/2

 (15b) 

(𝑆𝑥𝑧
𝑠 , 𝑆𝑦𝑧

𝑠 ) = ∫ (𝜏𝑥𝑧, 𝜏𝑦𝑧) 𝑔(𝑧)𝑑𝑧
ℎ/2

−ℎ/2

 

After replacing Eq. (9) with Eq. (15) and integrating 

over the thickness of the plate, the stress resultants can be 

determined. 

{
 
 
 
 
 

 
 
 
 
 
{

𝑁𝑥
𝑁𝑦
𝑁𝑥𝑦

}

{

𝑀𝑥
𝑏

𝑀𝑦
𝑏

𝑀𝑥𝑦
𝑏

}

{

𝑀𝑥
𝑠

𝑀𝑦
𝑠

𝑀𝑥𝑦
𝑠
}

}
 
 
 
 
 

 
 
 
 
 

 

=

[
 
 
 
 
 
 
 
 
 
[

𝐴11 𝐴12 0
𝐴12 𝐴22 0
0 0 𝐴66

] [

𝐵11 𝐵12 0
𝐵12 𝐵22 0
0 0 𝐵66

] [

𝐵11
𝑠 𝐵12

𝑠 0

𝐵12
𝑠 𝐵22

𝑠 0

0 0 𝐵66
𝑠
]

[

𝐵11 𝐵12 0
𝐵12 𝐵22 0
0 0 𝐵66

] [

𝐷11 𝐷12 0
𝐷12 𝐷22 0
0 0 𝐷66

] [

𝐷11
𝑠 𝐷12

𝑠 0

𝐷12
𝑠 𝐷22

𝑠 0

0 0 𝐷66
𝑠
]

[

𝐵11
𝑠 𝐵12

𝑠 0

𝐵12
𝑠 𝐵22

𝑠 0

0 0 𝐵66
𝑠
] [

𝐷11
𝑠 𝐷12

𝑠 0

𝐷12
𝑠 𝐷22

𝑠 0

0 0 𝐷66
𝑠
] [

𝐻11
𝑠 𝐻12

𝑠 0

𝐻12
𝑠 𝐻22

𝑠 0

0 0 𝐻66
𝑠
]

]
 
 
 
 
 
 
 
 
 

{
 
 
 
 
 

 
 
 
 
 
{

𝜀𝑥
0

𝜀𝑦
0

𝛾𝑥𝑦
0

}

{

𝑘𝑥
𝑏

𝑘𝑦
𝑏

𝑘𝑥𝑦
𝑏

}

{

𝑘𝑥
𝑠

𝑘𝑦
𝑠

𝑘𝑥𝑦
𝑠
}

}
 
 
 
 
 

 
 
 
 
 

 

(15c) 

{
𝑆𝑦𝑧
𝑠

𝑆𝑥𝑧
𝑠 } = [

𝐴44
𝑠 0

0 𝐴55
𝑠 ] {

𝛾𝑦𝑧
0

𝛾𝑥𝑧
0
} (15d) 

and stiffness components are given as: 

(𝐴𝑖𝑗 , 𝐵𝑖𝑗 , 𝐵𝑖𝑗
𝑠 , 𝐷𝑖𝑗 , 𝐷𝑖𝑗

𝑠 , 𝐻𝑖𝑗
𝑠 ) = 

∑∫ 𝑄𝑘𝑖𝑗(1, 𝑧, 𝑓(𝑧), 𝑧
2, 𝑧𝑓(𝑧), 𝑓(𝑧)2)𝑑𝑧

𝑧(𝑘+𝑧)

𝑧(𝑘)

,

𝑁𝑙

𝑘=1

 

(𝑖, 𝑗 = 1,2,6), 

(16a) 

 
( )

2

44 44

1 ( )

( ) ,
l

z k zN
s k

k z k

A Q g z dz

+

=

=   

𝐴55
𝑠 = ∑∫ 𝑄𝑘55

𝑧(𝑘+𝑧)

𝑧(𝑘)

𝑁𝑙

𝑘=1

[𝑔(𝑧)]2𝑑𝑧, 

(16b) 

The foundation response alone is what causes the 

external work to be applied to the nanoplate. Consequently, 

the initial iteration of the external work is provided by 

(Rachedi et al. 2020, Merzoug et al. 2020, Timesli 2020) 

𝛿𝑉 = 𝑓𝑒𝛿𝑤 = ∫ (
𝐾𝑤(𝑥)𝑤(𝑥, 𝑦, 𝑡)

−𝐾𝐺𝛻
2𝑤(𝑥, 𝑦, 𝑡)

) 𝛿𝑤𝑑𝛺
𝐴

 (17) 

For the wave propagation problem, the initial variation 

of the kinetic energy is provided by: 

𝛿𝐾 = ∫ ∫
1

2
∫𝜌(𝑧)[𝑢̇𝛿𝑢̇ + 𝑣̇𝛿𝑣̇ + 𝑤̇𝛿𝑤̇]𝑑𝑧𝑑𝐴
𝑉

  
ℎ/2

−ℎ/2𝐴

 (18) 

By substituting Eq. (7) into Eq. (9) and applying Eqs. 

(13) and (5), equations of motion for the nanoplate can be 

obtained as follows: 

(1 − 𝑙2𝛻2)

(

  
 

(𝐴11)𝑑11𝑢0 + (𝐴66)𝑑22𝑢0
+(𝐴12 + 𝐴66)𝑑12𝑣0

−(𝐵11)𝑑111𝑤𝑏 − (𝐵11
𝑠 )𝑑111𝑤𝑠 

−(𝐵12 + 2𝐵66)𝑑122𝑤𝑏
−(𝐵12

𝑠 + 2𝐵66
𝑠 )𝑑122𝑤𝑠 )

  
 

 

= (1 − 𝜇2𝛻2)(𝐼0𝑢̈0 − 𝐼1𝑑1𝑤̈𝑏 − 𝐽1𝑑1𝑤̈𝑠), 

(19a) 
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(1 − 𝑙2𝛻2)

(

  
 

(𝐴22)𝑑22𝑣0 + (𝐴66)𝑑11𝑣0
+(𝐴12 + 𝐴66)𝑑12𝑢0

−(𝐵22)𝑑222𝑤𝑏 − (𝐵22
𝑠 )𝑑222𝑤𝑠

−(𝐵12 + 2𝐵66)𝑑112𝑤𝑏 

−(𝐵12
𝑠 + 2𝐵66

𝑠 )𝑑112𝑤𝑠 )

  
 

 

= (1 − 𝜇2𝛻2)(𝐼0𝑣̈0 − 𝐼1𝑑2𝑤̈𝑏 − 𝐽1𝑑2𝑤̈𝑠), 

(19b) 

(1 − 𝑙2𝛻2)

(

 
 
 
 
 

(𝐵11)𝑑111𝑢0 + (𝐵12 + 2𝐵66)𝑑122𝑢0
+(𝐵12 + 2𝐵66)𝑑112𝑣0 + (𝐵22)𝑑222𝑣0 −
(𝐷11)𝑑1111𝑤𝑏 − (𝐷11

𝑠 )𝑑1111𝑤𝑠
−2(2𝐷66 + 𝐷12)𝑑1122𝑤𝑏
−2(𝐷12

𝑠 + 2𝐷66
𝑠 )𝑑1122𝑤𝑠

−(𝐷22)𝑑2222𝑤𝑏 − (𝐷22
𝑠 )𝑑2222𝑤𝑠

)

 
 
 
 
 

 

+ (1 − 𝜇2𝛻2)(𝐾𝑤𝑤 −𝐾𝐺𝛻
2𝑤) 

= (1 − 𝜇2𝛻2) (

𝐼0(𝑤̈𝑏 + 𝑤̈𝑠) + 𝐼1(𝑑1𝑢̈0 + 𝑑2𝑣̈0)

−𝐼2(𝑑11𝑤̈𝑏 + 𝑑22𝑤̈𝑏)

−𝐽2(𝑑11𝑤̈𝑠 + 𝑑22𝑤̈𝑠)
) 

(19c) 

(1 − 𝑙2𝛻2)

(

 
 
 
 
 
 

(𝐵11
𝑠 + 𝐵11

𝑠 )𝑑111𝑢0
+(𝐵12

𝑠 + 2𝐵66
𝑠 )𝑑122𝑢0

+(𝐵12
𝑠 + 2𝐵66

𝑠 )𝑑112𝑣0 + (𝐵22
𝑠 )𝑑222𝑣0

−(𝐷11
𝑠 )𝑑1111𝑤𝑏 − (𝐻11

𝑠 )𝑑1111𝑤𝑠
−2(2𝐷66

𝑠 + 𝐷12
𝑠 )𝑑1122𝑤𝑏

−(𝐷22
𝑠 )𝑑2222𝑤𝑏 −

2(𝐻12
𝑠 + 2𝐻66

𝑠 )𝑑1122𝑤𝑠 − (𝐻22
𝑠 )𝑑2222𝑤𝑠

+𝐴44
𝑠 𝑑22𝑤𝑠 + 𝐴55

𝑠 𝑑11𝑤𝑠 + )

 
 
 
 
 
 

 

+ (1 − 𝜇2𝛻2)(𝐾𝑤𝑤 − 𝐾𝐺𝛻
2𝑤) 

=  (1 − 𝜇2𝛻2) (

𝐼0(𝑤̈𝑏 + 𝑤̈𝑠) + 𝐽1(𝑑1𝑢̈0 + 𝑑2𝑣̈0) −

𝐽2(𝑑11𝑤̈𝑏 + 𝑑22𝑤̈𝑏)

−𝐾2(𝑑11𝑤̈𝑠 + 𝑑22𝑤̈𝑠)
) 

(19d) 

The operators 𝑑𝑖𝑗 , 𝑑𝑖𝑗𝑙  and 𝑑𝑖𝑗𝑙𝑚 are defined as: 

𝑑𝑖𝑗 =
𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
,  𝑑𝑖𝑗𝑙 =

𝜕3

𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑙
, 𝑑𝑖𝑗𝑙𝑚 =

𝜕4

𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑙𝜕𝑥𝑚
,  𝑑𝑖 =

𝜕

𝜕𝑥𝑖
, (𝑖, 𝑗, 𝑙, 𝑚 = 1,2). 

(20) 

The inertias are represented by: 

(𝐼0, 𝐼1, 𝐽1, 𝐼2, 𝐽2, 𝐾2) = ∑∫ (1, 𝑧, 𝑓, 𝑧2, 𝑧 𝑓, 𝑓2)𝑑𝑧𝜌𝑐
(𝑘)

𝑧(𝑘+𝑧)

𝑧(𝑘)

𝑁𝑙

𝑘=1

 (21) 

 

2.4 Dispersion relation 
 

To resolve the issue of wave propagation, we assume: 

{

𝑢0
𝑣0
𝑤𝑏
𝑤𝑠

} =

{
 

 
𝑈𝑒[𝑖(𝜅1𝑥+𝜅2𝑦−𝜔𝑡)]

𝑉𝑒[𝑖(𝜅1𝑥+𝜅2𝑦−𝜔𝑡)]

𝑊𝑏𝑒
[𝑖(𝜅1𝑥+𝜅2𝑦−𝜔𝑡)]

𝑊𝑠𝑒
[𝑖(𝜅1𝑥+𝜅2𝑦−𝜔𝑡)]}

 

 

 (22) 

𝑈 , 𝑉 , 𝑊𝑏  and 𝑊𝑠 represent constant amplitude 

coefficients of the propagating wave. 𝜅1  and 𝜅2  denote 

the wavenumbers in the x and y directions, respectively, 

while 𝜔stands for the wave frequency, with i being the 

imaginary unit. This solution is then applied to the 

equations of motion. The resulting equations involve five 

unknowns: 𝑈, 𝑉 , 𝑊𝑏  and 𝑊𝑠  and 𝜔 . Each term may 

appear squared or within the exponential function. The four 

equations of motion are then simplified into a matrix form. 

(𝛽 [

𝑎11 𝑎12 𝑎13 𝑎14
𝑎21 𝑎22 𝑎23 𝑎24
𝑎31 𝑎32 𝑎33 𝑎34
𝑎41 𝑎42 𝑎43 𝑎44

]

− 𝛼𝜔2 [

𝑚11 0 𝑚13 𝑚14

0 𝑚22 𝑚23 𝑚24

𝑚31 𝑚32 𝑚33 𝑚34

𝑚41 𝑚42 𝑚43 𝑚44

]){

𝑈
𝑉
𝑊𝑏

𝑊𝑠

} = {

0
0
0
0

} 

(23) 

in which: 

( )

( )( )

( )( )

( )

( )

( )

2 2

11 1 11 2 66

12 1 2 12 66

2 2

13 1 1 11 1 2 12 66

2 2

31 1 1 11 1 2 12 66

2 2

14 1 11 1 12 66 2

2 2

41 1 11 1 12 66 2

2 2

22 1 66 2 22

2 2

23 2 2 22 12 66 1

2

2

2

2

2

s s s

s s s

a A A

a A A

a i B B B

a i B B B

a i B B B

a i B B B

a A A

a i B B B

 

 

   

   

  

  

 

  

= − −

= − +

= + +

= − + +

 = + +
 

 = + + +
 

= − −

 = + +

( )

( )

( ) ( )

( ) ( )

2 2

32 2 2 22 12 66 1

2 2

24 2 2 22 12 66 1

4 2 2 4 2 2

33 11 1 12 66 1 2 22 2 1 2

4 2 2 4 2 2

34 11 1 12 66 1 2 22 2 1 2

4

44 11 1 12

2

2

2 2 ( )

2 2 ( )

2

s s s

W G

s s s s
W G

s s

a i B B B

a i B B B

a D D D D K K

a D D D D K K

a H H

  

  


     




     







 = − + + 

 = + +
 

 
= − + + + + + + 

 

 
= − + + + + + + 

 

= − + +( )( )

( )

2 2 4

66 1 2 22 2

2 2 2 2

55 1 44 2 1 2

2

        ( )

s s

s s
W G

H H

A A K K

  


   



 +



+ + + + + 



 

𝑚11 = 𝐼1 
𝑚12 = 0  
𝑚13 = −𝑖𝐼2𝜅1 
𝑚31 = 𝑖𝐼2𝜅1 
𝑚14 = −𝑖𝐼4𝜅1 
𝑚41 = 𝑖𝐼4𝜅1 
𝑚22 = 𝐼1 
𝑚23 = −𝑖𝐼2𝜅2 
𝑚32 = −𝑖𝐼2𝜅2 
𝑚24 = −𝑖𝐼4𝜅2 
𝑚42 = 𝑖𝐼4𝜅2 
𝑚33 = 𝐼1 + 𝐼3(𝜅2

2 + 𝜅1
2) 

𝑚34 = 𝐼1 + 𝐼5(𝜅2
2 + 𝜅1

2) 
𝑚44 = 𝐼1 + 𝐼6(𝜅2

2 + 𝜅1
2) 

𝛼 = 1 + 𝜇(𝜅2
2 + 𝜅1

2) 
𝛼 = 1 + 𝑙(𝜅2

2 + 𝜅1
2) 

𝐾𝑊 = ∫ 𝐾𝑊𝑑𝑥
𝑎

0

/𝑎 

(24) 

Using the following formulas, one may determine the 

phase velocity. 

𝐶𝑝 =
𝜔

𝑘
 (25) 

With 𝑘1 = 𝑘2 = 𝑘 
 

 

3. Numerical results 

 

Consider the polymer nanoplate shown in Fig. 1. Next, a 

thorough and methodical examination is conducted to  
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Fig. 3 Comparison of phase velocity in a rectangular 

nanoplate, (E=70GPa, ρ=2702 kg/m3, ν=0.3, h=100 nm, 

μ=1 nm and l=0.2 nm) 

 

 
Fig. 4 Comparison of phase velocity for UD Pattern, 

(𝑔𝐺𝑁𝑃
∗ = 0.01) 

 

 

determine the effectiveness of nanoplates reinforced by 

GNPs in waves propagation. An epoxy matrix is considered 

with the following: 

𝐸= 3GPa, 𝑉𝑚= 0.34, et 𝜌𝑚  = 1200 kg/m3; 𝐸𝐺𝑛𝑝  = 

1.01TPa, 𝑉𝐺𝑛𝑝 = 0.186, 𝜌𝐺𝑛𝑝 = 1060 kg/m3; h = 20 nm. 

Here, in Figs. 3 and 4 verification studies are conducted, 

and the results of the current wave propagation are 

compared to those of Karami et al. (2019) using the general 

third-order shear deformation theory (GTSDT) and She 

(2020) using the second shear deformation theory (SSDT). 

The outcomes exhibit a high level of consistency. 

Various elasticity theories are utilized to explore the 

correlations among wave number and phase velocity in 

wave dispersion. The small parameter values in Fig. 5 are: 
(𝜇, 𝑙) = (0,0), (𝜇, 𝑙) = (1𝑛𝑚, 0) ,  (𝜇, 𝑙) = (1𝑛𝑚, 0)  a n d 

(𝜇, 𝑙) = (1𝑛𝑚, 0.2𝑛𝑚) for the classical elasticity theory 

(CET), the nonlocal elasticity theory (NET), the strain 

gradient theory (SGT), and the nonlocal strain gradient 

theory (NSGT), respectively. The relationships between 

phase velocity and wave number for nanoplates seem to 

exhibit similarity across different patterns, including a UD 

pattern, FG pattern 1, FG pattern 2, and FG pattern 3. As 

predicted, the nonlocal parameter 𝜇 indicates a softening 

effect on stiffness, while the strain gradient parameter 𝑙 
shows a strengthening effect. The phase velocities from 

 
(a) UD Pattern 

 
(b) FG Pattern 

 
(c) FG Pattern 2 

 
(d) FG Pattern 3 

Fig. 5 Phase velocity dispersion relation for various theories 

at 𝑔𝐺𝑁𝑃
∗ = 0.01 
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(a) UD Pattern 

 
(b) FG Pattern 

 
(c) FG Pattern 2 

 
(d) FG Pattern 3 

Fig. 6 Phase velocity dispersion relation for different weight 

fractions 𝑔𝐺𝑁𝑃
∗  (μ=1 nm and l=0.2 nm) 

 

 
(a) UD Pattern 

 
(b) FG Pattern 

 
(c) FG Pattern 2 

 
(d) FG Pattern 3 

Fig. 7 Phase velocity dispersion relation for different types 

of Winkler parameter (𝑔𝐺𝑁𝑃
∗ = 0.01μ=1 nm and l=0.2 nm) 
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(a) UD Pattern 

 

(b) FG Pattern 

 

(c) FG Pattern 2 

 

(d) FG Pattern 3 

Fig. 8 Dispersion relation of the phase velocity for various for 

parabolic foundation (𝑔𝐺𝑁𝑃
∗ = 0.01μ=1 nm and l=0.2 nm) 

 

 

(a) UD Pattern 

 

(b) FG Pattern 

 

(c) FG Pattern 2 

 
(d) FG Pattern 3 

Fig. 9 Dispersion relation of the phase velocity for various for 

parabolic foundation (𝑔𝐺𝑁𝑃
∗ = 0.01μ=1 nm and l=0.2 nm,

 
𝜁 = 50, 

𝐾𝐺 = 4N/𝑚)    
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different continuum theories remain largely consistent for 

low wave numbers. An interesting finding is that when the 

wave number is below 0.1 1/nm, the phase velocities 

predicted by different elasticity models are essentially the 

same. This indicates that when𝜅 ≻ 0.1, various continuum 

theories result in various trends. Clearly, the size effects 

only function at sufficiently high wavenumbers. Moreover, 

when the conventional strain gradient theory is applied 

without considering nonlocal effects, the numerical results 

reveal a scenario where the phase velocity of the system 

becomes unbounded beyond a certain threshold of wave 

number. Additionally, it is observed that an increase in wave 

number beyond the peak value leads to a reduction in the 

phase velocity of the functionally graded nanoplate, 

particularly when the strain gradient parameter is smaller 

than the nonlocal parameters. 

Diagrams of wave propagation for nanoplates with 

various weight fractions of 𝑔𝐺𝑁𝑃
∗  (=0, 0.5%, and 1%) and 

different patterns are shown in Fig. 6. As can be observed, 

as 𝑔𝐺𝑁𝑃
∗  increases, the phase velocity tends to rise as well. 

Fig. 7 illustrates how different foundation models affect 

 

 

the relationship between phase velocity and wave number. 

Specifically, it shows nanoplates without any foundation 

support. (𝐾𝑊 = 𝐾𝐺 = 0 ) and elastic foundations (𝐾𝐺 =
4𝑁/𝑚;𝐾𝑊 = 5 × 1015𝑁/𝑚3; 𝜁 = 20) . Three types of 

Winkler modulus are considered with linear, parabolic, and 

sinusoidal. The plot shown in Fig. 7 corresponds to a UD 

pattern, FG pattern 1, FG pattern 2, and FG pattern 3, with a 

total number of layers NL = 10 and a nonlocal paramete(𝜇 =
1𝑛𝑚), strain gradient parameter(𝑙 = 0.2𝑛𝑚) and a weight 

fraction (𝑔GNP =  1%), illustrates the significant sensitivity 

of the reaction for changing Winkler modulus connected to 

the elastic foundation. The effect of changing Winkler 

modulus is more seen for FG pattern 1. In addition, when 

the wave number 𝜅⟨0.1  1/𝑛𝑚 , the plate resting on a 

sinusoidal foundation exhibits the highest phase velocity. 

Fig. 8 represents the variation of phase velocity in 

nanoplate resting on parabolic elastic foundation under the 

nonlocal and strain gradient effects is plotted in Fig. 8 for ζ 

= 10, 30, 50, 80. Generally, the phase velocities are almost 

identical for different parameter ζ after the certain value of 

wave number. Due to presented model, the fluctuations in 

Table 1 Naturel frequencies (GHZ) of FG pattern 1 for different wavenumbers 𝜅 (𝑘𝑤 = 5.10
15) 

(l,nu) 
𝐾𝐺  (𝑁
/𝑚) 

𝜁 𝑔𝐺𝑁𝑃
∗ = 0 𝑔𝐺𝑁𝑃

∗ = 0.5
0

0
 𝑔𝐺𝑁𝑃

∗ = 1
0

0
 

(0,1) 

0 

 
𝜅 𝜅 𝜅 

0.05 0.07 0.1 0.05 0.07 0.1 0.05 0.07 0.1 

0 39.580 63.533 116.54 40.163 64.658 104.59 40.739 65.765 106.61 

30 59.197 77.162 124.45 59.578 78.069 113.37 59.959 78.969 115.22 

50 68.125 85.000 129.44 69.514 85.814 118.85 69.837 86.622 120.59 

80 68.125 95.148 135.24 69.566 96.209 126.59 70.998 96.917 128.22 

4 

0 48.409 74.437 116.54 48.881 75.381 118.32 49.351 76.317 120.07 

30 65.384 86.303 124.45 65.727 87.102 126.10 66.069 87.896 127.13 

50 68.125 93.338 129.44 69.566 94.067 131.01 70.998 94.795 132.56 

80 68.125 95.148 135.24 69.566 97.160 138.02 70.998 99.161 139.48 

(0.2,0) 

0 

0 39.684 63.889 103.74 40.269 65.021 105.82 40.847 88.174 107.87 

30 59.267 77.455 112.61 59.650 78.370 114.51 60.033 76.636 116.38 

50 68.329 58.268 118.14 69.576 86.088 119.94 69.901 95.053 121.71 

80 68.329 95.706 125.95 69.774 96.456 127.62 71.211 99.743 129.27 

4 

0 48.494 74.741 117.60 48.968 75.693 119.41 49.439 76.636 121.18 

30 65.448 86.566 125.45 65.792 87.373 127.12 66.137 88.174 128.78 

50 68.329 93.583 130.39 69.774 94.319 131.99 71.211 95.054 133.58 

80 68.329 95.706 136.86 69.774 97.731 138.96 71.211 99.743 140.44 

(0.2,1) 

0 

0 39.597 63.593 102.74 40.181 64.719 104.79 40.757 65.827 106.82 

30 59.209 77.211 111.69 59.590 78.119 113.56 59.971 79.021 115.41 

50 68.159 85.045 117.26 69.524 85.859 119.03 69.848 86.669 120.78 

80 68.159 95.241 125.12 69.601 96.250 126.77 71.033 96.959 128.39 

4 

0 48.423 74.487 116.72 48.895 75.434 118.49 49.365 76.371 120.26 

30 65.394 86.347 124.62 65.738 87.147 126.27 66.081 87.942 127.90 

50 68.159 93.379 129.59 69.601 94.109 131.17 71.034 94.838 132.73 

80 68.159 95.241 135.51 69.601 97.256 138.17 71.034 99.258 139.64 
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phase velocity prior to reaching a particular wave number 

are contingent upon the values of ζ. It is concluded that, the 

phase velocities become more affected by these parameter 

at lower wave numbers. Also the effect of the parameter ζ 

on the phase velocity disappear with greater values of ζ 

especially for the case of FG pattern 2. 

Phase velocity of nanoplates resting on elastic foundation 

versus wave numbers for different values of 𝐾𝑊 is plotted 

in Fig. 9 One can observe that increasing in the stiffness of 

elastic foundation parameters enhances the rigidity of 

nanoplates. On the other hand, when the wave number 

𝜅⟨0.1  1/𝑛𝑚 , As 𝐾𝑊  increases, the curve becomes 

progressively flatter. Beyond a value of 5×10^15 for 𝐾𝑊, 

the curves become indistinguishable. In addition, it is seen 

that the influence of the Winkler parameter on the Phase 

velocity is more prominent in the case of UD pattern and 

FG pattern1. The effect of the Winkler parameter on phase 

velocity is more pronounced at low wave numbers because, 

at low wave numbers, the wavelength is longer, and the 

interaction between the plate and the foundation becomes 

more influential. The Winkler parameter, which models the 

stiffness of the foundation, affects the speed at which waves 

propagate through the material, resulting in a more 

noticeable impact on phase velocity. As the wave number 

increases, the wavelength decreases, and the effect of the 

foundation becomes less dominant compared to the material 

properties of the plate, thus reducing the influence of the 

Winkler parameter on phase velocity. 

To serve as a benchmark, Table 1 presents the circular 

frequencies for the functionally graded polymer composite 

nanoplates resting on a two-parameter viscoelastic foundation 

with different parameter 𝜁, non local parameter 𝜇, strain 

gradient parameter 𝑙, GNPs’ weight percentage 𝑔𝐺𝑁𝑃
∗  and 

wave numbers. In this table, it can be noticed that the 

frequency increase with the increase of 𝑔𝐺𝑁𝑃
∗ . Also when 

the shear modulus 𝐾𝐺  of the elastic foundation is not 

neglected the phase velocity decrease. The effect of non 

local parameter𝜇, strain gradient parameter𝑙 is not seen for 

low wave numbers(𝜅 = 0.05; 0.07; 0.1). The effect of the 

parameter 𝜁 is seen for low wave numbers. 

 

 

4. Conclusions 
 

In this work, the wave propagations of nanoplates 

reinforced with graphene nanoplatelets (GNPs) and featuring 

a functionally graded polymer composite structure are 

studied. The four variable shear deformation theory was 

used to develop the nonlocal strain gradient model for the 

nanoplates. The analyses of wave propagation are resolved 

using the trial function. It has been verified by comparing 

the results of this research with earlier discoveries. The 

dispersion relations between the wave propagation 

components are examined in this work. Numerical research 

reveals that the strain gradient parameter has the opposite 

influence on the wave’s propagation velocity, including 

phase velocity, as the nonlocal parameters do. Furthermore, 

the various Winkler-foundation factors can all be used to 

increase the phase velocity of the nanoplates. The wave 

propagation velocity increases as weight fraction gGNP 

increases. Examining the propagation characteristics in 

composite nanoplates made of functionally classified 

polymers reinforced with GNPs and supported by a variable 

elastic foundation is suggested. The studied material type 

can be extended and used in the others structures type with 

various external loading as (Daouadji and Hadji 2015, 

Eltaher et al. 2016, Ahmed et al. 2019, Avcar 2019, Eltaher 

et al. 2019, Mehar et al.2019, Mehar and Panda 2019, Al-

Basyouni et al. 2019, Madenci 2019, Hadji 2020, Bharath et 

al. 2020, Abed and Majeed 2020, Madenci and Ö zütok 

2020, Yahea and Majeed 2021,  Hou et al. 2022, Behdinan 

and Moradi-Dastjerdi 2022, Turini and Calenzani 2022, 

Bochkareva and Lekomtsev 2022, Man 2022, Huang and 

Wu 2022, Yaylaci et al. 2023, Kim et al. 2023, Khatri and 

Markad 2023, Emdadi et al. 2023, Ding et al. 2023, 

Kamarian and Song 2023, Wu 2023, Tayebi et al. 2023, 

Sahoo et al. 2023, Mohamed et al. 2023, Turan 2023, Xu 

and Ming 2023, Janghorban and Tounsi 2024, Madenci et 

al. 2024, Tounsi et al. 2024, Xia et al. 2024). 
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