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1. Introduction 
 

For the non-polynomial and polynomial shear 

deformation theories for modelling of structures, there are 

many work in the literature (Li et al. 2023, Wang et al. 

2023, Sun et al. 2024). A multilayered/sandwich triangular 

finite element applied for the linear and non-linear analyses 

was studied by Polit and Touratier (2002) based on higher-

order shear deformation theory. Dau et al. (2004) applied 

finite element triangular method to analyze the multilayered 

shells base on non-polynomial higher order theory. Using 

trigonometric shear deformation theory, Dau et al. (2006) 

investigated nonlinear response of structures with different 

layers. Ganapathi et al. (2004) studied bending/torsional 

behavior of rectangular piezoelectric laminated composite 

beams using higher order theory. Blanc and Touratier 

(2007) studied temperature analysis in laminated thin 

composites using third order polynomial or trigonometric 

theory. Dynamic and static response of composite laminated 

and sandwich shells and plates based on a new higher-order 

shear deformation theory were studied by Mantari et al. 

(2011). A new shear deformation theory was developed by 

Mantari et al. (2012) for composite and sandwich plates. On 

the basis of sinusoidal higher order shear deformation 

theory, Mantari and Granados (2014) presented analysis of 

functionally graded shells and plates. Mantari and Granados 

(2015) studied the vibrational analysis of composite 

advanced plates based on novel shear deformation theory. 

An analytical solution for the static thermoelastic analysis 
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of laminated simply supported composite plates was 

presented by Ramos et al. (2016) based on Carrera shear 

deformation theory. Mantari et al. (2016) presented various 

higher order theories for trigonometric and hybrid 

thermoelastic in laminated sandwich and composite plates. 

Magneto-thermoelastic response in an infinite medium with 

a spherical hole in the context of high order time-

derivatives and triple-phase-lag model was considered by 

Allehaibi and Zenkour (2022). Garg et al. (2020) studied 

the vibration, buckling and static response of nano 

functionally graded sandwich nanocomposite plates/beams/ 

shells using different higher order theories. Laureano et al. 

(2024a, b) presented exact solutions for cylindrical and 

spherical panels with clamped boundary supports via a 

unified Carrera theory. Yarasca et al. (2024) investigated 

optimization of functionally graded plates using parametric 

higher-order deformation theory. Pham et al. (2024) 

introduced the Monte Carlo simulation and finite element 

method on the basis of refined first-order shear deformation 

theory to study the random vibration analysis of functionally 

graded sandwich plates. The dynamic analysis of a smart 

rectangular beam in a viscoelastic variable foundation was 

presented by Shahrany and Zenkour (2024) applying a 

higher-order shear deformation theory. The formulation of 

the nth-order shear deformation theory was modified by 

Bouazza and Zenkour (2024) to discuss the hygrothermal 

free vibration response of composite laminated plates.  

For the field of dynamic and static analysis of structures 

(Li et al. 2024, Sun et al. 2023), buckling of sandwich 

plates with FG-CNT-reinforced layers resting on orthotropic 

elastic medium using Reddy plate theory was considered by 

Farrokhian (2022, 2023). Sobhani Aragh (2017). Studied 

stability analysis of the continuously graded CNT-Reinforced 

Composite (CNTRC) panel stiffened by rings and stringers.  
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Fig. 1 A schematic of annular nanoplate resting on the 

frictional viscoelastic foundation 
 

 

Fig. 2 A schematic of circular nanoplate resting on the 

frictional viscoelastic foundation 
 

 

The effect of matrix cracks on the buckling of a hybrid 

laminated plate as was investigated by Lei and Zhang 

(2018). Buckling resistance of composite riser always 

demonstrates diverse sensitivity to the fiber, matrix, and 

defects were considered by Kang et al. (2022). Daikh et al. 

(2020a, b) presented a comprehensive static analysis of 

simply supported cross-ply carbon nanotubes reinforced 

composite (CNTRC) laminated nanobeams under various 

loading profiles. The wave propagation technique was 

developed by Bahrami and Teimourian (2017) for analyzing 

the wave power reflection in circular annular nanoplates. 

The buckling analysis of a cantilever single-walled carbon 

nanotube embedded in an elastic medium with an attached 

spring was researched by Yayli (2017). The vibration, 

buckling and bending analyses of annular nanoplate 

integrated with piezoelectric layers at the top and bottom 

surfaces were investigated by Motezaker et al. (2017a, b, 

2021a, b). Merzouki et al. (2021) studied the static response 

of porous functionally graded nanocomposite beams, with a 

uniform or non-uniform layer-wise distribution of the 

internal pores and graphene platelets (GPLs) reinforcing 

phase in the matrix, according to three different patterns. 

Some new and valuable numerical results for the thermo-

mechanical buckling analysis of bidirectional porous 

functionally graded plates with uniform and non-uniform 

temperature rise were considered by Allahyari et al. (2024). 

An efficient nonlocal finite element model was developed 

by Belardi et al. (2021) to investigate the bending and 

buckling behavior of functionally graded (FG) nanobeams. 

Yang (2021) studied axisymmetric bending and free 

vibration of circular nanoplates with consideration of 

surface stresses. The effects of the variable nonlocal 

parameters on the free vibration of power-law and sigmoid 

functionally graded nanoplates were investigated by Van 

Vinh (2022) using a simple inverse hyperbolic shear 

deformation theory incorporating with nonlocal elasticity 

theory. A novel refined shear deformation beam theory was 

proposed by Belarbi et al. (2022) and applied, for the first 

time, to investigate the bending behavior of functionally 

graded sandwich curved beam. The free vibration response 

of rectangular functionally graded material sandwich 

nanoplates with simply supported boundary conditions was 

considered by Daikh et al. (2020b).  

From the above literature review, it can be seen that 

dynamic problem of annular/circular nanoplate has not been 

reported by researchers. The innovation of this article is the 

use of sinusoidal shear deformation theory for structure 

modeling, in addition to the use of Visco-Pasternak 

fractional foundation, as well as the simultaneous 

consideration of small-scale parameters and surface effect, 

and the use of numerical solution methods for dynamic 

analysis of annular/circular nanoplate. For the first time, 

dynamic response of annular nanoplates with surface effect 

embedded by visco Pasternak fractional foundation is 

studied. Size effects are evaluated by modified couple stress 

theory (MCST) and the surface effects are considered by 

the Gurtin-Murdoch theory. 

 

 
2. Formulation 

 
Figs. 1 and 2 show respectively an annular and circular 

nanoplate under the uniform load. The circular nanoplate 

has radius of R and thickness of h which the annular one has 

inner radius of Ri, outer radius of Ro and thickness of h. The 

nanostructure is on the frictional viscoelastic foundation 

with spring, damper and shear elements. 

In order to model the nanostructure, the SSDT is used 

and after calculating the strains and stresses, the energies of 

the structure should be derived. Then, based on Hmailton’s 

principle, the motion equations may be obtained and based 

on numerical solution, the dynamic deflection will be 

presented. The flowchart of modelling for this structure is 

presented in Fig. 3. 

The strain energy, U, based on the MCST for an 

isotropic linear elastic material can be expressed as (Arbabi 

et al. 2017, Azmi et al. 2019, Amoli et al. 2018) 
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Fig. 3 The flowchart of modelling for the annular/circilar 

nanoplate 
 

 

𝑈𝑏 =
1

2
∫ (𝜎𝑖𝑗𝜀𝑗𝑘 +𝑚𝑖𝑗𝜒𝑖𝑗)𝑑𝑉
𝛺

 (1) 

where 𝜀𝑖𝑗 , 𝜒𝑖𝑗 , 𝜎𝑖𝑗  and 𝑚𝑖𝑗  denote the strain, the 

symmetric curvature, the stress and the deviatoric part of 

the symmetric couple stress tensors, respectively which can 

be defined as 

𝜀𝑖𝑗 =
1

2
(
𝜕𝑢𝑗

𝜕𝑥𝑖
+
𝜕𝑢𝑖
𝜕𝑥𝑗

), (2) 

𝜒𝑖𝑗 =
1

2
(
𝜕𝜃𝑖
𝜕𝑥𝑗

+
𝜕𝜃𝑗

𝜕𝑥𝑖
) , 𝜃𝑖 =

1

2
𝑒𝑖𝑗𝑘

𝜕𝑢𝑘
𝜕𝑥𝑗

=
1

2
𝛻×u, (3) 

𝜎𝑖𝑗 = 𝑘𝛿𝑖𝑗𝜀𝑚𝑚 + 2𝐺𝜀𝑖𝑗 , (4) 

𝑚𝑖𝑗 = 2𝑙0
2𝐺𝜒𝑖𝑗 , (5) 

where 𝑙0 is the material length scale parameter, 𝑒𝑖𝑗𝑘is the 

permutation tensor, K and G are bulk and shear modulus, 

respectively which can be expressed in term of Young' 

modulus (E) and Poisson's ratio (𝜈) as 

𝐾 =
𝐸𝜈

(1 + 𝜈)(1 − 2𝜈)
, (6a) 

𝐺 =
𝐸

2(1 + 𝜈)
. (6b) 

Based on the modified power-law model, Young’s 

modulus can be described as (Baseri et al. 2016, Bilouei et 

al. 2018, Golabchi et al. 2018). In this paper, SSDT is used 

for formulation. It is since, SSDT provides a more accurate 

representation of the transverse shear strain distribution 

through the thickness of the structure without the need for 

shear correction factors, which are often required in 

polynomial theories. Additionally, SSDT captures the 

effects of shear deformation more effectively, leading to 

improved accuracy in predicting deflections and stresses, 

particularly in thick plates and beams. This theory also 

avoids the complexity and computational burden associated 

with higher-order polynomial functions, making it a more 

efficient choice for certain applications. 

Based on Sinusoidal Shear Deformation theory for 

axisymmetric buckling case, 𝑢 = [𝑈, 𝑉,𝑊]  is the 

displacement vector that is defined as follows (Keshtegar et 

al. 2018, 2020a, b, c): 

𝑈(𝑟, 𝑧) = 𝑢(𝑟) − 𝑧
𝑑𝑤𝑏(𝑟)

𝑑𝑟
+ 𝑓(𝑧)

𝑑𝑤𝑠(𝑟)

𝑑𝑟
, (7a) 

𝑉(𝑟, 𝑧) = 0, (7b) 

𝑊(𝑟, 𝑧) = 𝑤𝑏(𝑟) + 𝑤𝑠(𝑟), (7c) 

where u, wb and ws are mid-plane axial, transverse bending 

and transverse shear displacements, respectively and 

𝑓(𝑧) =
ℎ

𝜋
[𝑠𝑖𝑛(

𝜋𝑧

ℎ
)]. Substituting Eqs. (8)-(10) into Eq. (2), 

the non-zero components of strain tensor are (Taherifar et 

al. 2020, 2021, Kolahchi 2017, Zamanian et al. 2017) 

𝜀𝑟𝑟 =
𝜕

𝜕𝑟
𝑢(𝑟) − 𝑧.

𝜕2

𝜕𝑟2
𝑤𝑏(𝑟) + 𝑓(𝑧).

𝜕2

𝜕𝑟2
𝑤𝑠(𝑟), (8a) 

𝜀𝜃𝜃 =
𝑢(𝑟)

𝑟
−
𝑧

𝑟
.
𝜕

𝜕𝑟
𝑤𝑏(𝑟) +

𝑓(𝑧)

𝑟
𝑤𝑠(𝑟), (8b) 

𝜀𝑟𝑧 =
𝜕𝑤𝑠(𝑟)

𝜕𝑟
+ (

𝜕𝑓(𝑧)

𝜕𝑧
) (
𝜕𝑤𝑠(𝑟)

𝜕𝑟
). (8c) 

Substituting Eqs. (9a)-(9c) into Eq. (3), the non-zero 

components of strain tensor are 

𝜒𝑟𝜃 = −(
𝜕2𝑤𝑏(𝑟)

𝜕𝑟2
) +

1

2
(
𝜕𝑓(𝑧)

𝜕𝑧
)(
𝜕2𝑤𝑠(𝑟)

𝜕𝑟2
) 

−
1

2
(
𝜕2𝑤𝑠(𝑟)

𝜕𝑟2
) +

1

𝑟
(
𝜕𝑤𝑏(𝑟)

𝜕𝑟
) 

−
1

2𝑟
(
𝜕𝑓(𝑧)

𝜕𝑧
) (
𝜕𝑤𝑠(𝑟)

𝜕𝑟
) −

1

2𝑟
(
𝜕𝑤𝑠(𝑟)

𝜕𝑟
), 

(9a) 

𝜒𝜃𝑧 =
1

2
(
𝜕2𝑓(𝑧)

𝜕𝑧2
) (
𝜕𝑤𝑠(𝑟)

𝜕𝑟
). (9b) 

Substituting Eqs. (9a)-(9c) into Eq. (4), the non-zero 

components of stress tensor are 

{

𝜎𝑟𝑟
𝑏

𝜎𝜃𝜃
𝑏

𝜎𝑟𝑧
𝑏

} = [

𝑄11
𝑏 𝑄12

𝑏 0

𝑄21
𝑏 𝑄22

𝑏 0

0 0 𝑄66
𝑏

] {

𝜀𝑟𝑟
𝜀𝜃𝜃
𝜀𝑟𝑧
} +

{
 
 

 
 
𝑐13
𝑐33
𝑐23
𝑐33
0 }
 
 

 
 

𝜎𝑧𝑧, (10a) 

{
𝜎𝑟𝑟
𝑠

𝜎𝜃𝜃
𝑠 } = [

𝑄11
𝑠 𝑄12

𝑠

𝑄21
𝑠 𝑄22

𝑠 ] {
𝜀𝑟𝑟
𝜀𝜃𝜃

}, (10b) 

𝜎𝑧𝑧 =

(

 
 
 
 (

𝜕

𝜕𝑟
𝜎𝑟𝑧
𝑠 +

1

𝑟

𝜕

𝜕𝜃
𝜎𝜃𝑧
𝑠 − 𝜌𝑠

𝜕2𝑤𝑏(𝑟,𝑡)

𝜕𝑡2

−𝜌𝑠
𝜕2𝑤𝑠(𝑟,𝑡)

𝜕𝑡2

)

ℎ

)

 
 
 
 

𝑧, (10c) 
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𝜎𝑟𝑧
𝑠 = 𝜏 (

𝜕𝑤𝑏(𝑥, 𝑡)

𝜕𝑟
+
𝜕𝑤𝑠(𝑥, 𝑡)

𝜕𝑟
), (10d) 

𝜎𝑟𝑧
𝑠 = 𝜏 (

𝜕𝑤𝑏(𝑥, 𝑡)

𝜕𝑟
+
𝜕𝑤𝑠(𝑥, 𝑡)

𝜕𝑟
). (10e) 

𝜎𝑟𝑟
𝑏 =

𝐸

1 − 𝜈2

(

 
 (
𝑑𝑢

𝑑𝑟
− 𝑧

𝑑2𝑤𝑏
𝑑𝑟2

+ 𝑓(𝑧)
𝑑2𝑤𝑠
𝑑𝑟2

)

+𝜈 (
𝑢

𝑟
−
𝑧

𝑟

𝑑𝑤𝑏
𝑑𝑟

+
𝑓(𝑧)

𝑟

𝑑𝑤𝑠
𝑑𝑟

)
)

 
 
, (11a) 

𝜎𝜃𝜃
𝑏 =

𝐸

1 − 𝜈2

(

 
 𝜈 (

𝑑𝑢

𝑑𝑟
− 𝑧

𝑑2𝑤𝑏
𝑑𝑟2

+ 𝑓(𝑧)
𝑑2𝑤𝑠
𝑑𝑟2

)

+(
𝑢

𝑟
−
𝑧

𝑟

𝑑𝑤𝑏
𝑑𝑟

+
𝑓(𝑧)

𝑟

𝑑𝑤𝑠
𝑑𝑟

)
)

 
 
, (11b) 

𝜎𝑟𝑧
𝑏 =

𝐸

2(1 + 𝜈)
(
𝑑𝑤𝑠
𝑑𝑟

+
𝑑𝑓(𝑧)

𝑑𝑧

𝑑𝑤𝑠
𝑑𝑟

). (11c) 

Substituting Eqs. (8a)-(8c) into Eq. (5), the non-zero 

components of deviatoric part of the symmetric couple 

stress tensors are 

𝑚𝑟𝜃 = 2𝑙0𝐺 (−
𝑑2𝑤𝑏
𝑑𝑟2

+
1

2

𝑑𝑓(𝑧)

𝑑𝑧

𝑑2𝑤𝑠
𝑑𝑟2

−
1

2

𝑑2𝑤𝑠
𝑑𝑟2

 

+
1

𝑟

𝑑𝑤𝑏
𝑑𝑟

+
1

2𝑟

𝑑𝑤𝑠
𝑑𝑟

−
1

2𝑟

𝑑𝑓(𝑧)

𝑑𝑧

𝑑𝑤𝑠
𝑑𝑟

), 

(12a) 

𝑚𝑧𝜃 = 2𝑙0𝐺 (
1

2

𝑑2𝑓(𝑧)

𝑑𝑧2
𝑑𝑤𝑠
𝑑𝑟

). (12b) 

Substituting Eqs. (8) and (9) into Eq. (1) yields 

𝑈𝑏 =
1

2
∫ [𝑁𝑟 (

𝑑𝑢

𝑑𝑟
+
1

2
(
𝑑𝑤𝑏
𝑑𝑟

+
𝑑𝑤𝑠
𝑑𝑟

)
2

)
𝛺

 

−𝑀𝑟𝑏

𝑑2𝑤𝑏
𝑑𝑟2

+𝑀𝑟𝑠

𝑑2𝑤𝑠
𝑑𝑟2

+
𝑁𝜃𝑢

𝑟
−
𝑀𝜃𝑏

𝑟

𝑑𝑤𝑏
𝑑𝑟

 

+
𝑀𝜃𝑠

𝑟

𝑑𝑤𝑠
𝑑𝑟

+ 𝑁𝑟𝑧
𝑑𝑤𝑠
𝑑𝑟

+ 𝑄𝑟𝑧
𝑑𝑤𝑠
𝑑𝑟

 

+𝑃𝑟𝜃 (−
𝑑2𝑤𝑏
𝑑𝑟2

−
1

2

𝑑2𝑤𝑠
𝑑𝑟2

+
1

𝑟

𝑑𝑤𝑏
𝑑𝑟

+
1

2𝑟

𝑑𝑤𝑠
𝑑𝑟

) 

+𝑌𝑟𝜃 (+
1

2

𝑑2𝑤𝑠
𝑑𝑟2

−
1

2𝑟

𝑑𝑤𝑠
𝑑𝑟

) 

+𝑇𝑧𝜃 (
1

2

𝑑𝑤𝑠
𝑑𝑟

)] 𝑟𝑑𝑟𝑑𝜃𝑑𝑧, 

(13) 

where the stress resultants and couple resultants are 

(𝑁𝑟 , 𝑀𝑟𝑏 , 𝑀𝑟𝑠) = ∫ 𝜎𝑟𝑟(1, 𝑧, 𝑓(𝑧))𝑑𝑧
ℎ/2

−ℎ/2

, (14a) 

(𝑁𝜃 , 𝑀𝜃𝑏 , 𝑀𝜃𝑠) = ∫ 𝜎𝜃𝜃(1, 𝑧, 𝑓(𝑧))𝑑𝑧
ℎ/2

−ℎ/2

, (14b) 

(𝑁𝑟𝑧 , 𝑄𝑟𝑧) = ∫ 𝜎𝑟𝑧 (1,
𝑑𝑓(𝑧)

𝑑𝑧
) 𝑑𝑧

ℎ/2

−ℎ/2

, (14c) 

(𝑃𝑟𝜃 , 𝑌𝑟𝜃) = ∫ 𝑚𝑟𝜃 (1,
𝑑𝑓(𝑧)

𝑑𝑧
) 𝑑𝑧

ℎ/2

−ℎ/2

, (14d) 

𝑇𝑧𝜃 = ∫ 𝑚𝑧𝜃

𝑑2𝑓(𝑧)

𝑑𝑧2
𝑑𝑧

ℎ/2

−ℎ/2

, (14e) 

Substituting Eqs. (8a)-(11b) into Eqs. (14a)-(14e), the 

stress resultants can be expanded as 

𝑁𝑟𝑟 = ∫ 𝜎𝑟𝑟
𝑏 𝑑𝑧 +

ℎ

2

−
ℎ

2

𝜎𝑟𝑟
𝑏 |

𝑧=
ℎ

2

+ 𝜎𝑟𝑟
𝑏 |

𝑧=−
ℎ

2

= 

𝐴11
𝜕𝑢(𝑟, 𝑡)

𝜕𝑟
− (𝐵11 − 𝐵13

𝑠 )
𝜕2𝑤𝑏(𝑟, 𝑡)

𝜕𝑟2
+ 

(𝐹11 + 𝐵13
𝑠 )
𝜕2𝑤𝑠(𝑟, 𝑡)

𝜕𝑟2
+ 𝐴12

𝑢(𝑟, 𝑡)

𝑟
− 

𝐵12
𝑟

𝜕𝑤𝑏(𝑟, 𝑡)

𝜕𝑟
+
𝐹12
𝑟

𝜕𝑤𝑠(𝑟, 𝑡)

𝜕𝑟
, 

(15a) 

𝑀𝑟𝑏 = ∫ 𝜎𝑟𝑟
𝑏 𝑧𝑑𝑧 +

ℎ

2

−
ℎ

2

𝜎𝑟𝑟
𝑏 𝑧|

𝑧=
ℎ

2

+ 𝜎𝑟𝑟
𝑏 𝑧|

𝑧=−
ℎ

2

= 

𝐵11
𝜕𝑢(𝑟, 𝑡)

𝜕𝑟
− (𝐷11 −𝐷13

𝑠 )
𝜕2𝑤𝑏(𝑟, 𝑡)

𝜕𝑟2
+ 

(𝐻11 + 𝐷13
𝑠 )
𝜕2𝑤𝑠(𝑟, 𝑡)

𝜕𝑟2
+ 𝐵12

𝑢(𝑟, 𝑡)

𝑟
− 

𝐷12
𝑟

𝜕𝑤𝑏(𝑟, 𝑡)

𝜕𝑟
+
𝐻12
𝑟

𝜕𝑤𝑠(𝑟, 𝑡)

𝜕𝑟
, 

(15b) 

𝑀𝑟𝑠 = ∫ 𝜎𝑟𝑟
𝑏 𝑓(𝑧)𝑑𝑧 +

ℎ

2

−
ℎ

2

𝜎𝑟𝑟
𝑏 𝑓(𝑧)|

𝑧=
ℎ

2

+ 𝜎𝑟𝑟
𝑏 𝑓(𝑧)|

𝑧=−
ℎ

2

= 

𝐹11
𝜕𝑢(𝑟, 𝑡)

𝜕𝑟
− (𝐻11 − 𝐻13

𝑠 )
𝜕2𝑤𝑏(𝑟, 𝑡)

𝜕𝑟2
+ 

(𝐼11 +𝐻13
𝑠 )
𝜕2𝑤𝑠(𝑟, 𝑡)

𝜕𝑟2
+ 𝐹12

𝑢(𝑟, 𝑡)

𝑟
− 

𝐻12
𝑟

𝜕𝑤𝑏(𝑟, 𝑡)

𝜕𝑟
+
𝐼12
𝑟

𝜕𝑤𝑠(𝑟, 𝑡)

𝜕𝑟
, 

(15c) 

𝑁𝜃 = 𝜈 (𝐴
𝑑𝑢(𝑟, 𝑡)

𝑑𝑟
− 𝐵

𝑑2𝑤𝑏(𝑟, 𝑡)

𝑑𝑟2
+ 𝐹

𝑑2𝑤𝑠(𝑟, 𝑡)

𝑑𝑟2
) 

+𝐴
𝑢(𝑟, 𝑡)

𝑟
−
𝐵

𝑟

𝑑𝑤𝑏(𝑟, 𝑡)

𝑑𝑟
+
𝐹

𝑟

𝑑𝑤𝑠(𝑟, 𝑡)

𝑑𝑟
 

(15d) 

𝑀𝜃𝑏 = ∫ 𝜎𝜃𝜃
𝑏 𝑧𝑑𝑧 +

ℎ

2

−
ℎ

2

𝜎𝜃𝜃
𝑏 𝑧|

𝑧=
ℎ

2

+ 𝜎𝜃𝜃
𝑏 𝑧|

𝑧=−
ℎ

2

= 

𝐵21
𝜕𝑢(𝑟, 𝑡)

𝜕𝑟
− (𝐷21 − 𝐷23

𝑠 )
𝜕2𝑤𝑏(𝑟, 𝑡)

𝜕𝑟2
+ 

(𝐻21 + 𝐷23
𝑠 )
𝜕2𝑤𝑠(𝑟, 𝑡)

𝜕𝑟2
+ 𝐵22

𝑢(𝑟, 𝑡)

𝑟
− 

𝐷22
𝑟

𝜕𝑤𝑏(𝑟, 𝑡)

𝜕𝑟
+
𝐻22
𝑟

𝜕𝑤𝑠(𝑟, 𝑡)

𝜕𝑟
 

(15e) 

𝑀𝜃𝑠 = ∫ 𝜎𝜃𝜃
𝑏 𝑓(𝑧)𝑑𝑧 +

ℎ

2

−
ℎ

2

𝜎𝜃𝜃
𝑏 𝑓(𝑧)|

𝑧=
ℎ

2

+ 𝜎𝜃𝜃
𝑏 𝑓(𝑧)|

𝑧=−
ℎ

2

 

= 𝐹21
𝜕𝑢(𝑟, 𝑡)

𝜕𝑟
− (𝐻21 − 𝐻23

𝑠 )
𝜕2𝑤𝑏(𝑟, 𝑡)

𝜕𝑟2
+ 

(𝐼21 + 𝐻23
𝑠 )
𝜕2𝑤𝑠(𝑟, 𝑡)

𝜕𝑟2
+ 𝐹22

𝑢(𝑟, 𝑡)

𝑟
− 

𝐻22
𝑟

𝜕𝑤𝑏(𝑟, 𝑡)

𝜕𝑟
+
𝐼22
𝑟

𝜕𝑤𝑠(𝑟, 𝑡)

𝜕𝑟
 

(15f) 

𝑁𝑟𝑧 = ∫ 𝜎𝑟𝑧
𝑏 𝑑𝑧 +

ℎ

2

−
ℎ

2

𝜎𝑟𝑧
𝑏 |

𝑧=
ℎ

2

+ 𝜎𝑟𝑧
𝑏 |

𝑧=−
ℎ

2

= 

(𝐴66 + 𝜏)
𝜕𝑤𝑠(𝑟, 𝑡)

𝜕𝑟
+ (𝐽66 + 𝜏)

𝜕𝑤𝑠(𝑟, 𝑡)

𝜕𝑟
. 

(15g) 

𝑄𝑟𝑧 = ∫ 𝜎𝑟𝑧
𝑏 𝑓(𝑧)𝑑𝑧 +

ℎ

2

−
ℎ

2

𝜎𝑟𝑧
𝑏 𝑓(𝑧)|

𝑧=
ℎ

2

+ 𝜎𝑟𝑧
𝑏 𝑓(𝑧)|

𝑧=−
ℎ

2

= (15h) 
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(𝐽66 + 𝜏)
𝜕𝑤𝑠(𝑟, 𝑡)

𝜕𝑟
+ (𝐿66 + 𝜏)

𝜕𝑤𝑠(𝑟, 𝑡)

𝜕𝑟
. 

𝑃𝑟𝜃 = 𝑙0(1 − 𝜈) (−𝐴
𝑑2𝑤𝑏(𝑟, 𝑡)

𝑑𝑟2
+
𝐽

2

𝑑2𝑤𝑠(𝑟, 𝑡)

𝑑𝑟2
− 

𝐴

2

𝑑2𝑤𝑠(𝑟, 𝑡)

𝑑𝑟2
+
𝐴

𝑟

𝑑𝑤𝑏(𝑟, 𝑡)

𝑑𝑟
+
𝐴

2𝑟

𝑑𝑤𝑠(𝑟, 𝑡)

𝑑𝑟
−
𝐽

2𝑟

𝑑𝑤𝑠(𝑟, 𝑡)

𝑑𝑟
) 

(15i) 

𝑌𝑟𝜃 = 𝑙0(1 − 𝜈) (−𝐽
𝑑2𝑤𝑏(𝑟, 𝑡)

𝑑𝑟2
+
𝐿

2

𝑑2𝑤𝑠(𝑟, 𝑡)

𝑑𝑟2
− 

𝑀

2

𝑑2𝑤𝑠(𝑟, 𝑡)

𝑑𝑟2
+
𝑀

𝑟

𝑑𝑤𝑏(𝑟, 𝑡)

𝑑𝑟
+
𝑀

2𝑟

𝑑𝑤𝑠(𝑟, 𝑡)

𝑑𝑟
− 

𝐿

2𝑟

𝑑𝑤𝑠(𝑟, 𝑡)

𝑑𝑟
), 

(15j) 

𝑇𝑧𝜃 = 𝑙0(1 − 𝜈)
𝑀

2

𝑑𝑤𝑠(𝑟, 𝑡)

𝑑𝑟
, (15k) 

where 

(
𝐴,𝐵, 𝐷, 𝐹, 𝐻,
𝐼, 𝐽, 𝐿,𝑀

) 

=
𝐸

1 − 𝜈2
∫

(

  
 

1, 𝑧, 𝑧2 , 𝑓(𝑧)

, 𝑧𝑓( 𝑧) , 𝑓( 𝑧)2 ,
𝑑𝑓(𝑧)

𝑑𝑧

, (
𝑑𝑓(𝑧)

𝑑𝑧
)
2

,
𝑑2𝑓(𝑧)

𝑑𝑧2 )

  
 
𝑑𝑧

ℎ/2

−ℎ/2

. 
(16a) 

𝐴11 = ∫ 𝑄11
𝑏 𝑑𝑧 +

ℎ

2

−
ℎ

2

𝑄11
𝑠 |

𝑧=
ℎ

2

+ 𝑄11
𝑠 |

𝑧=−
ℎ

2

 (16b) 

𝐴12 = ∫ 𝑄12
𝑏 𝑑𝑧 +

ℎ

2

−
ℎ

2

𝑄12
𝑠 |

𝑧=
ℎ

2

+ 𝑄12
𝑠 |

𝑧=−
ℎ

2

 (16c) 

𝐴22 = ∫ 𝑄22
𝑏 𝑑𝑧 +

ℎ

2

−
ℎ

2

𝑄22
𝑠 |

𝑧=
ℎ

2

+𝑄22
𝑠 |

𝑧=−
ℎ

2

 (16d) 

𝐴66 = ∫ 𝑐55𝑑𝑧 +

ℎ

2

−
ℎ

2

𝑐11
𝑠 |

𝑧=
ℎ

2

+ 𝑐11
𝑠 |

𝑧=−
ℎ

2

 (16e) 

𝐵11 = ∫ 𝑄11
𝑏 𝑧𝑑𝑧 +

ℎ

2

−
ℎ

2

𝑄11
𝑠 𝑧|

𝑧=
ℎ

2

+ 𝑄11
𝑠 𝑧|

𝑧=−
ℎ

2

 (16f) 

𝐵12 = ∫ 𝑄12
𝑏 𝑧𝑑𝑧 +

ℎ

2

−
ℎ

2

𝑄12
𝑠 𝑧|

𝑧=
ℎ

2

+ 𝑄12
𝑠 𝑧|

𝑧=−
ℎ

2

 (16g) 

𝐵22 = ∫ 𝑄22
𝑏 𝑧𝑑𝑧 +

ℎ

2

−
ℎ

2

𝑄22
𝑠 𝑧|

𝑧=
ℎ

2

+ 𝑄22
𝑠 𝑧|

𝑧=−
ℎ

2

 (16h) 

𝐷11 = ∫ 𝑄11
𝑏 𝑧2𝑑𝑧 +

ℎ

2

−
ℎ

2

𝑄11
𝑠 𝑧2|

𝑧=
ℎ

2

+ 𝑄11
𝑠 𝑧2|

𝑧=−
ℎ

2

 (16i) 

The normal interface pressure between the structure and 

frictional viscoelastic torsional foundations is 

𝐹𝑉 = 𝑘𝑤𝑤 + 𝑐𝑑𝑤̇ − 𝑘𝑔 (
𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝑅(𝑥)2 𝜕𝜃2
) (17) 

𝐹𝑓 = 𝜇𝑓𝐹𝑉 , (18) 

𝐹𝑇 = 𝑘𝑡1𝛾 −
𝜕

𝜕𝑥
(𝑘𝑡2

𝜕𝛾

𝜕𝑥
) 𝛾 =

𝜕𝑣

𝜕𝑥

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
𝐹𝑇 = 𝑘𝑡1

𝜕𝑣

𝜕𝑥
− 𝑘𝑡2

𝜕3𝑣

𝜕𝑥3
, (19) 

In order to obtain the governing equations, Hamilton's 

principle is used as 

∫ (𝛿𝛱)𝑑𝑡
𝑡

0

= ∫ −(𝛿𝑈𝑏 + 𝛿𝑊𝑒 + 𝛿𝑊𝑟)𝑑𝑡
𝑡

0

= 0 (20) 

where δ is variation operator, 𝛱  is the total potential 

energy of the nanostructure. Substituting Eqs. (13), (17) and 

(19) into Eq. (20) yields 

2𝜋∫ [𝑟𝑁𝑟 (

𝑑𝛿𝑢

𝑑𝑟
+
𝑑𝑤𝑏
𝑑𝑟

𝑑𝛿𝑤𝑏
𝑑𝑟

+
𝑑𝑤𝑠
𝑑𝑟

𝑑𝛿𝑤𝑠
𝑑𝑟

+
𝑑𝑤𝑠
𝑑𝑟

𝑑𝛿𝑤𝑏
𝑑𝑟

+
𝑑𝛿𝑤𝑠
𝑑𝑟

𝑑𝑤𝑏
𝑑𝑟

) 

+𝑁𝜃(𝛿𝑢) + 𝑟𝑁𝑟𝑧 (
𝑑𝛿𝑤𝑠
𝑑𝑟

) + 𝑟𝑄𝑟𝑧 (
𝑑𝛿𝑤𝑠
𝑑𝑟

) 

−𝑟𝑀𝑟𝑏 (
𝑑2𝛿𝑤𝑏
𝑑𝑟2

) + 𝑟𝑀𝑟𝑠 (
𝑑2𝛿𝑤𝑠
𝑑𝑟2

) 

−𝑀𝜃𝑏 (
𝑑𝛿𝑤𝑏
𝑑𝑟

) + 𝑀𝜃𝑠 (
𝑑𝛿𝑤𝑠
𝑑𝑟

) 

+𝑟𝑃𝑟𝜃 (
−
𝑑2𝛿𝑤𝑏
𝑑𝑟2

−
1

2

𝑑2𝛿𝑤𝑠
𝑑𝑟2

+
1

𝑟

𝑑𝛿𝑤𝑏
𝑑𝑟

+
1

2𝑟

𝑑𝛿𝑤𝑠
𝑑𝑟

) 

+𝑟𝑌𝑟𝜃 (
1

2

𝑑2𝛿𝑤𝑠
𝑑𝑟2

−
1

2𝑟

𝑑𝛿𝑤𝑠
𝑑𝑟

) 

+𝑟𝑇𝑧𝜃
(
1

2

𝑑𝛿𝑤𝑠
𝑑𝑟

) + 𝑞𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑟 (𝛿𝑤𝑏 + 𝛿𝑤𝑠)

+(𝑁1 + 𝑁2)𝑢
] 𝑑𝑟 = 0 

(21) 

Integrating the parts from the above relation, and 

collecting the coefficients of δu, δwb, δws, the governing 

equilibrium equations can be obtained as follows 

𝛿𝑈:
1

𝑟
{
𝜕

𝜕𝑟
[𝑟. 𝑁𝑟𝑟(𝑟)] − 𝑁𝜃𝜃(𝑟)} = 0, (22a) 

𝛿𝑤𝑏:
1

𝑟

{
 
 

 
 
𝜕2

𝜕𝑟2
[𝑟.𝑀𝑟𝑏(𝑟)] −

𝜕

𝜕𝑟
𝑀𝜃𝑏(𝑟) +

𝜕

𝜕𝑟
[𝑁𝑟𝑚. 𝑟(

𝜕

𝜕𝑟
[𝑤𝑏(𝑟) + 𝑤𝑠(𝑟)])] +

𝑁𝜃𝑚
𝜕

𝜕𝑟
𝑤𝑏(𝑟) +

𝜕

𝜕𝑟
𝑃𝑟𝜃 }

 
 

 
 

− 𝑞𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙

= 𝐹 

(22b) 

𝛿𝑤𝑠:
1

𝑟

{
 
 
 
 

 
 
 
 
𝜕

𝜕𝑟
𝑀𝜃𝑠(𝑟) +

𝜕

𝜕𝑟
[𝑟. 𝑁𝑟𝑧(𝑟)] +

𝜕

𝜕𝑟
[𝑁𝑟𝑚. 𝑟(

𝜕

𝜕𝑟
[𝑤𝑏(𝑟) + 𝑤𝑠(𝑟)])] +

𝑁𝜃𝑚
𝜕

𝜕𝑟
𝑤𝑠(𝑟) +

𝜕

𝜕𝑟
[𝑟. 𝑄𝑟𝑧] −

𝜕2

𝜕𝑟2
[𝑟.𝑀𝑟𝑠(𝑟)] +

1

2

𝜕

𝜕𝑟
𝑃𝑟𝜃 −

1

2

𝜕

𝜕𝑟
𝑌𝑟𝜃}
 
 
 
 

 
 
 
 

+ 

1

2

𝜕2

𝜕𝑟2
𝑃𝑟𝜃 −

1

2

𝜕2

𝜕𝑟2
𝑌𝑟𝜃 +

1

2

𝜕

𝜕𝑟
𝑇𝑧𝜃 − 𝑞𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 = 𝐹 

(22c) 

where 𝑁𝑟
𝑀 and 𝑁𝜃

𝑀 are prebuckling stress resultants in the 

radial and circumferential directions, respectively. 
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3. Solution method 
 

Nowadays, DQM is a numerical solution method.  

Used to solve complex differentiation equations. In this 

method, for differentiation equations, they are first converted 

to algebraic equations using chebyshev polynomile and 

weighting coefficient’s. Then, with the help of border 

conditions, it solves them (Bakhshandeh Amnieh et al. 

2018, Hajmohammad et al. 2018a, b, 2019a, b, c, 2021, 

Kolahchi et al. 2013, 2015, 2016a, b, Kolahchi and 

Moniribidgoli 2016) 

𝑓1(𝑟𝑖) =∑𝐶𝑖𝑗
(1)
𝑓(𝑟𝑗)

𝑁𝑟

𝑗=1

𝑓𝑜𝑟𝑖 = 0, . . . , 𝑁𝑟  

𝑓𝑟
(𝑚−1)

(𝑟𝑖) =∑𝐶𝑖𝑗
(𝑚−1)

𝑓(𝑟𝑗)

𝑁𝑟

𝑗=1

𝑓𝑜𝑟𝑖 = 1,2, . . , 𝑁𝑟𝑚

= 2,3, . . . , 𝑁𝑟 − 1 

𝑓𝑟
(𝑚)
(𝑟𝑖) =∑𝐶𝑖𝑗

(𝑚)
𝑓(𝑟𝑗)

𝑁𝑟

𝑗=1

𝑓𝑜𝑟𝑖 = 1,2, . . , 𝑁𝑟𝑚

= 2,3, . . . , 𝑁𝑟 − 1 

(23) 

where  Nr  and ri are the number of grid points and given 

discrete grid points, respectively, 𝐶𝑖𝑗
(1)

 and 𝐶𝑖𝑗
(𝑚)

 stand for 

the respective weighting coefficient related to the first-order 

and mth-order derivative weighting coefficients, which is 

obtained as follows 

𝐶𝑖𝑗
(1)
=

𝑀(1)(𝑟𝑖)

(𝑟𝑖 − 𝑟𝑗)𝑀
(1)(𝑟𝑗)

𝑓𝑜𝑟𝑖 ≠ 𝑗, 𝑖, 𝑗 = 1,2, . . . , 𝑁𝑟 

𝐶𝑖𝑖
(1)
=
𝑀(2)(𝑟𝑖)

2𝑀(1)(𝑟𝑖)
𝑓𝑜𝑟𝑖 = 1,2, . . . , 𝑁𝑟 

𝐶𝑖𝑗
(𝑚−1)

=
𝑁(𝑚−1)(𝑟𝑖 , 𝑟𝑗)

𝑀(1)(𝑟𝑗)
 

𝐶𝑖𝑗
(𝑚)

=
𝑁(𝑚)(𝑟𝑖 , 𝑟𝑗)

𝑀(1)(𝑟𝑗)
 

(24) 

where M and N are determined by recurrence relations as 

follows 

𝑀(1)(𝑟𝑖) =∏(𝑟𝑖 , 𝑟𝑘)

𝑁𝑟

𝑘=1
𝑘≠𝑖

 

𝑁(𝑚−1)(𝑟𝑖 , 𝑟𝑗) = 𝑀
(1)(𝑟𝑖) 𝐶𝑖𝑗

(𝑚−1)
 

𝑁(𝑚−1)(𝑟𝑖 , 𝑟𝑖) =
𝑀(𝑚)(𝑟𝑖)

𝑚
 

𝑁(𝑚)(𝑟𝑖 , 𝑟𝑗) =
𝑀(𝑚)(𝑟𝑖) − 𝑚𝑁(𝑚−1) (𝑟𝑖 , 𝑟𝑗)

(𝑟𝑖 − 𝑟𝑗)
𝑓𝑜𝑟𝑖 ≠ 𝑗 

(25) 

For optimal choice to determinate the coordinates of the 

grid points, well-accepted set is the Gauss-Lobatto-

Chebyshev points given for annular and circular nanoplates, 

respectively, as (Jafarian Arani et al. 2016) 

𝑟𝑖 =
𝑅𝑜
2
[1 − 𝑐𝑜𝑠 (

𝑖 − 1

𝑁𝑟 − 1
)𝜋] + 𝑅𝑖𝑖 = 1, . . . , 𝑁𝑟 (26a) 

𝑟 =
𝑅

2
[1 − 𝑐𝑜𝑠 (

𝑖 − 1

𝑁𝑟 − 1
)𝜋] 𝑖 = 1, . . . , 𝑁𝑟 (26b) 

 

Fig. 4 Dynamic deflection versus time for DQ and Navier 

methods 
 

 

By substituting of Eq. (31) into Eqs. (26a)-(26c), the 

governing differential equations in buckling are rearranged 

in form of matrix, as: 

[𝑘𝑔]𝑃 + [𝐾]𝑑 = 0 (27) 

where 𝑦 = [𝑢, 𝑤𝑏 , 𝑤𝑠], b and d indexes are associated to 

boundary and domain points, respectively, [K] are stiffness 

and geometrical coefficients, respectively. Finally, using an 

iterative method and eigenvalue problem, the solution of 

Eq. (27) yields to the nonlinear bucklingannular/circular 

nanoplate. 
 

 
4. Numerical results 

 

Herein, in this section, the effect of various parameters 

such as: damper constants of fractional, thickness-to-radius 

ratio, spring constants of fractional foundation, thickness-

to- Small scale parameter ratio, Scale parameter to 

thickness ratio, inner radius and surface effect on the 

dynamic deflection annular nanoplate are considered. 

For validation, since we can not find a paper in the field 

of this paper exactly, we solved the motion equations with 

two methods and compared the results. Based on Navier 

method, steady state solutions to the motion equations 

which relate to the simply supported boundary conditions 

can be assumed as Thai and Vo (2013): 

𝑈(𝑥, 𝑡) = 𝑢(𝑡) 𝑐𝑜𝑠 (
𝑚𝜋𝑥

𝑎
), (28) 

𝑊𝑏(𝑥, 𝑡) = 𝑤𝑏(𝑡) 𝑠𝑖𝑛 (
𝑚𝜋𝑥

𝑎
), (29) 

𝑊𝑠(𝑥, 𝑡) = 𝑤𝑠(𝑡) 𝑠𝑖𝑛 (
𝑚𝜋𝑥

𝑎
), (30) 

Substituting and Eqs. (28)-(30) into motion equations 

and neglecting nonlinear terms yields: 

([𝐾𝐿] + 𝛺
2[𝑀]){𝑑0} = 0 (31) 
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Fig. 5 The effect of damper constants of fractional foundation on the dynamic deflection annular nanoplate 

  

  
Fig. 6 The ratio of thickness to inner radius effect on the dynamic deflection annular nanoplate 
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Fig. 7 The effect of spring constants of fractional foundation on the dynamic deflection anuular nanoplate 

  

  
Fig. 8 Scale parameter to thickness ratio on the dynamic deflection anuular nanoplate 
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Fig. 9 The effect of fraction factor of fractional foundation on the dynamic deflection annular nanoplate 

  

  
Fig. 10 The convergence points on the dynamic deflectin annular nanoplate 
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Fig. 11 The inner radius on the dynamic deflection annular nanoplate 

  

  
Fig. 12 Ratio of inner to outer radius on the dynamic deflection annular nanoplate 
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By solving Eq. (31) utilizing the problem of eigenvalue, 

the dynamic deflection of the structure may be determined. 

According to Fig. 6, numerical and analytical methods 

(DQm and Navier) have been compared that the results are 

in good agreement with each other. 

In Fig. 5, the effect of damper constants of fractional 

foundation on the dynamic deflection of annular nanoplate 

is shown. The dynamic deflection for the annular nanoplate 

and shear constants of fractional foundation for the circular 

nanoplate are shown. In general, with increasingthe damp 

constants of fractional foundation, the dynamic deflection is 

reducing due to enhance in the resistance against the 

deformation is decreased. 

Fig. 6 illustrates the effect of thickness-to-radius ratio on 

dynamic deflection versus h/Ro for the annular nanoplate. 

As seen, with increasing aforementioned ratio, the dynamic 

deflection is increased due to increasing the stiffness of the 

nanoplate. 

The effect of spring constants of fractional foundation 

on the dynamic deflection for the annular nanoplate is 

presented in Fig. 7. As seen, by increasing the spring 

constants of fractional foundation, the dynamic deflection is 

increased. 

Fig. 8 illustrates the effect of thickness-to- Small scale 

parameter ratio on the dynamic deflection versus l0/h for 

the annular nanoplate. As seen, with increasing afore-

mentioned ratio, the dynamic deflection is increased due to 

upgrading the stiffness of the nanoplate.  

The effect of fraction factor constants of fractional 

foundation on the dynamic deflection for the annular 

nanoplate is presented in Fig. 9. As seen, by increasing 

thespring constants of fractional foundation, the dynamic 

deflection is increased. 

The Convergence points is presented in Fig. 9. As can 

be deduced from the graph, convergence has been obt ained 

for 19 points. 

Fig. 11 illustrates the inner radius on the dynamic 

deflection versus Ro for the annular nanoplates. As seen, 

with increasing inner radius, the dynamic deflection is 

increased due to upgrading the stiffness of the nanoplate.  

The effect ratio of inner to outer radius on the dynamic 

deflection for the annular nanoplate is presented in Fig. 12. 

 

 

 

As seen, by increasing the ratio of inner to outer radius, the 

dynamic deflection is increased. 

Fig. 13 shows the effect of surface on the structure, it  

can be concluded that considering the effect of surface on 

the structure dynamic rise of the structure is reduced. 

 

 

5. Conclusions 
 

Dynamic response of embedded annular nanoplates with 

surface effect by visco pasternak fractional foundation has 

been presented in this work. The size effects are captured 

based on MCST and the governing equations are derived by 

utilizing sinusoidal shear deformation theory. DQM is 

adopted as numerical solution procedure to monitor the 

influence of various constants of Kerr medium, material 

length scale parameter, geometrical parameters of the 

nanoplate, effect of surface ratio of inner to outer radius, 

dynamic deflection of the annular nanoplate. The results 

show that with increasing aforementioned ratio, the 

dynamic deflection is increased due to increasing the 

stiffness of the nanoplate. increasing inner radius, the 

dynamic deflection is increased due to upgrading the 

stiffness of the nanoplate. considering the effect of surface 

on the structure dynamic rise of the structure is reduced. In 

addition, with enhancing the material length scale 

parameter-to-thickness ratio and shear constant of Kerr 

foundation, the effect of spring constants of Kerr foundation 

on the dynamic deflection will be more considerable. 
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