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1. Introduction 
 

In recent years, studies on composites have increased 

the interest in composite materials. Due to their unique 

properties, these materials are widely used in industry. 

Composites have high specific strength, high specific 

modulus and easy adaptability. For this reason, these 

materials are often seen in the construction industry 

(Frigione and Lettieri 2018, Zaman et al. 2013), the sports 

equipment (Sreejith and Rajeev 2021) and the automotive 

industry (Lin et al. 2020). Fibers are present in composites 

and these fibers can be short, long and continuous. 

Conventional composite materials have problems such as 

discontinuity of stress distributions at interfaces and low 

resistance to high temperature gradient. Therefore, it is 

essential to investigate the static and mechanic properties of 

these composite materials before their application in various 

fields. In the construction industry, the free vibration 

behavior of beam structures constructed from composite or 

functionally graded material (FGM) is often investigated. In 

recent years, the number of studies dealing with dynamic 

analysis of sandwich beams, composite beams and 

functionally graded (FG) beams has increased considerably. 
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Murín et al. (2010) studied the derivation of a fourth-order 

differential equation for beam bending of an FGM with 

changing material properties. Wattanasakulpong and 

Ungbhakorn (2014) studied the linear and non-linear 

dynamic analysis of porous beams constructed from FGMs. 

In another research, Ladmek et al. (2023b) conducted 

studies investigating the mechanical behavior of composite 

beams reinforced with FG carbon nanotube (FG-CNT) in a 

polymeric matrix. 

Moreover, composite materials are also used in modelling 

nano- and microstructures. In this context, studies examining 

the mechanical characteristics of composite micro/nano 

beams have been conducted in the literature. Attia et al. 

(2024) examined the mechanical response of a double-

cracked nanobeam made of a bidirectional FG material. 

Uzun and Yaylı (2024) demonstrated the dynamic behavior 

of FG nanobeams with pores in the cross sections. Ahmadi 

et al. (2024) analyzed the free vibration of a two-directional 

(2D) FG coarse curved nano/micro beam for several 

boundary conditions. Marinca et al. (2023) proposed an 

investigation on the non-linear dynamic behavior of a FG 

nanobeam depending on the non-local strain gradient theory 

(NSGT). Herisanu et al. (2023) studied the non-linear 

forced vibration analysis of the FG nano/micro beam 

exposed to mechanical impact and electromagnetic motion. 

Lovisi et al. (2024) studied the long-range interaction and 

the synergistic effect of surface energy on high vibrational 

modes through a mathematical model of Bernoulli-Euler 

nanobeams made of FGM. Uzun et al. (2023) aimed to 

research the vibration behavior of FG nanorods employing 
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Abstract.  This work investigates the thermo-mechanical vibration frequencies of an embedded composite nano-beam 

restrained with elastic springs at both ends. Composite nanobeam consists of a matrix and short fibers as reinforcement elements 

placed inside the matrix. An approach based on Fourier sine series and Stokes’ transform is adopted to present a general solution 

that can examine the elastic boundary conditions of the short-fiber-reinforced nanobeam considered with the Halpin-Tsai model. 

In addition to the elastic medium effect considered by the Winkler model, the size effect is also considered on the basis of non-

local strain gradient theory. After creating an eigenvalue problem that includes all the mentioned parameters, this problem is 

solved to examine the effects of fiber and matrix properties, size parameters, Winkler stiffness and temperature change. The 

numerical results obtained at the end of the study show that increasing the rigidity of the Winkler foundation, the ratio of fiber 

length to diameter and the ratio of fiber Young’s modulus to matrix Young’s modulus increase the frequencies. However, thermal 

loads acting in the positive direction and an increase in the ratio of fiber mass density to matrix mass density lead to a decrease in 

frequencies. In this study, it is clear from the eigenvalue solution calculating the frequencies of thermally loaded embbeded 

short-fiber-reinforced nanobeams that changing the stiffness of the deformable springs provides frequency control while keeping 

the other properties of the nanobeam constant. 
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the hardening non-local elasticity theory (NET). In their 

paper, Yuan et al. (2023) explored the vibration behavior of 

viscoelastic FG-CNTs reinforced nanobeams by taking into 

account the impact of thickness stress under magneto-

hygro-thermo loading. Feo et al. (2023) investigated the 

synergistic effect of long-range interactions and surface 

energy on the mechanical behaviour of metal-ceramic FG 

nanobeams. Hosseini and Beni (2023) investigated the 

dynamic behaviour of a spinning piezoelectric micro/nano 

beam under the presence of piezoelectric effects. Mojahedi 

(2024) investigated the vibration of a nonlinear nano/micro 

beam using NSGT. It is possible to find more papers in the 

literature investigating the mechanical properties of 

composite nanobeams under different conditions (Alfred et 

al. 2024, Barati and Zenkour 2018, Chen et al. 2024, El-

Shahrany and Zenkour 2023, Lal and Dangi 2020, 

Modanloo et al. 2023, Moradi et al. 2023, Nalbant et al. 

2023, Penna et al. 2023, Tuyen and Du 2023, Vahidi-

Moghaddam et al. 2023, Yang et al. 2023, Zhao et al. 

2022). 
As can be understood, nanostructures have been 

investigated in different states and conditions using 
different methods. The effect of thermal environment, 
which is one of these different conditions, has been studied 
by many researchers. For example, using a thermo-
mechanical method, Ebrahimi et al. (2019) studied the 
vibration behavior of porous and curved FG nanobeams 
based on NSGT. In another study on the vibration behavior 
of FG porous beams in a thermal environment, Ebrahimi 
and Jafari (2016) used a semi-analytical differential 
transformation method in the analysis. Besides thermal 
effects, Abdullah et al. (2020) also considered the effects of 
magnetic forces on the vibrational behavior of the nano-
beam based on the NET. Li and Qing (2024) performed the 
thermo-mechanical analysis of the FG viscoelastic 
Timoshenko microbeam based on NSGT. Besides these 
studies, there are also studies on thermo-mechanic and -
static analysis of flexoelectric (Beni 2023, Ebnali Samani 
and Beni 2018, Ghobadi et al. 2020, 2021) and various 
(Mohammadi et al. 2023, Qing 2023, Semmah et al. 2019, 
Shafiei et al. 2019, Sobhy 2017, Tounsi et al. 2013, Wei et 
al. 2024) nanostructures. 

The studies on the production of fiber-reinforced 

nanostructures and the investigation of their properties are 

also of great interest to researchers (Dean et al. 2006, 

Junaedi et al. 2020). The ability to add short-fiber into 

composite materials (Abrate 1986) has created a need in the 

literature to study the mechanical characteristics of short-

fiber reinforced (SFR) composite materials. In the literature, 

studies on the vibrations of nanocomposites containing 

multi-walled CNTs and carbon fiber reinforced polymer 

composites (Khan et al. 2011), unidirectional SFR 

composites (Lei et al. 2012), SFR non-circular micro-wires 

(Civalek et al. 2023), SFR composite nanobeams (Gul 

2024), embedded SFR reinforced nanocomposite rods 

(Civalek et al. 2022), FG-CNT reinforced composite micro-

beams embedded in elastic media (Ghorbani Shenas et al. 

2019), have been investigated. Dynamic analysis of CNT 

reinforced composite Timoshenko microbeams (Dehkordi 

and Beni 2023), FG-CNT reinforced beams with shear 

deformation theory (Ladmek et al. 2023a), CNT reinforced  

 

 
(a) 

 
(b) 

Fig. 1 (a) Forced boundary conditions with Winkler 

foundation (b) Short-fiber-reinforced nanobeam restrained 

by elastic springs subjected to thermal forces 
 

 

dynamic loading (Abdelrahman et al. 2023) and viscous 

damped SFR nanocomposite rods are also studied (Gul and 

Aydogdu 2023). 

Composite materials are important forms that attract 

attention at both macro and small scale dimensions and 

whose mechanical responses are investigated. Recently, 

composite materials reinforced with short fibers have 

attracted attention. In this study, free vibration analysis of 

nanoscale beams formed from short fibers dispersed in a 

matrix under the influence of thermal loads, an elastic 

environment and size parameters is discussed the purpose of 

this study is to provide an effective solution procedure that 

can investigate the frequencies of SFR nanobeams for both 

elastic and rigid boundary conditions. For this purpose, the 

SFR nanobeams, whose material properties are defined 

using the Halpin-Tsai model, is modeled by elastic springs 

allowing deflection at each ends. A solution method 

depending on Fourier sine series and Stokes’ transform is 

applied to investigate the boundary conditions as desired 

(rigid and non-rigid). Thus, with a single eigenvalue 

problem obtained, the problem in question has the 

opportunity to be analyzed in a wide scope. 
 
 

2. Short-fiber reinforced material 
 

In this study, the thermo-mechanical vibration of SFR 

nanobeams on a Winkler foundation is presented. SFR 

composite materials are produced by reinforcing short 

fibers into a matrix in various distributions. In this study, 

the short fiber reinforcements are randomly aligned in the 

rectangular nanobeam. It is much easier to fabricate 

nanobeams with randomly distributed fibers rather than 

aligned and/or functionally graded reinforcing elements 

along the beam length. Therefore, in this study, short-fiber-
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reinforced nanobeams are analyzed. The NSGT is employed 

to find the thermo-mechanical vibration of SFR nano/ 

microbeam. In this study, the Halpin-Tsai equations for 

SFR composite nanobeams are considered. Using the 

Halpin-Tsai equations, the material characteristics of SFR 

composites are derived as follows (Guzmán de Villoria and 

Miravete 2007): 

𝐸𝐿 = 𝐸𝑚 (
1 + (

2𝑙

𝑑
) 𝜂𝐿𝑉𝑓

1 − 𝜂𝐿𝑉𝑓
) (1) 

𝐸𝑇 = 𝐸𝑚 (
1 + 2𝜂𝑇𝑉𝑓

1 − 𝜂𝑇𝑉𝑓
) (2) 

where, 𝐸𝑇  is the transverse Young's modulus (YM) of the 

composite and 𝐸𝐿 is the longitudinal YM of the composite. 

Also 𝐸𝑚 is the YM of the matrix, while 𝑙, 𝑑 and 𝑉𝑓 are 

the length, diameter and volume fraction of the fiber, 

respectively. Furthermore, 𝜂𝐿  and 𝜂𝑇  are derived as 

follows (Guzmán de Villoria and Miravete 2007): 

𝜂𝐿 = (

𝐸𝑓

𝐸𝑚
− 1

𝐸𝑓

𝐸𝑚
+ 2(

𝑙

𝑑
)
) (3) 

𝜂𝑇 = (

𝐸𝑓

𝐸𝑚
− 1

𝐸𝑓

𝐸𝑚
+ 2

) (4) 

Here, 𝐸𝑓 is the YM of the fiber material. Using the 

transverse (𝐸𝑇) and longitudinal (𝐸𝐿) components, the YM 

of a randomly rotated SFR composite material (𝐸𝑐) can be 

derived as (Guzmán de Villoria and Miravete 2007): 

𝐸𝑐 = 𝐸𝑟𝑎𝑛𝑑𝑜𝑚 =
3

8
𝐸𝐿 +

5

8
𝐸𝑇 (5) 

The material density of SFR composite ( 𝜌𝑐 ) is 

calculated as follows (Pan 1993): 

  𝜌𝑐 = 𝜌𝑚(1 − 𝑉𝑓) + 𝜌𝑓𝑉𝑓 (6) 

Here, 𝜌𝑚 defines the density of matrix and 𝜌𝑓 denotes 

the density of fiber.  
 

 

3. Thermo-mechanical vibration behaviour of SFR 
nanobeam 

 

In this paper, the thermal vibration response of a SFR 
nanobeam with elastic support conditions is investigated 

using beam theory of Euler-Bernoulli. In this theory, the 

displacement fields at any point are expressed as (Jena et al. 

2019): 

𝑣1 = −𝑧𝜕𝑥w(x, t) (7) 

𝑣2 = 0 (8) 

𝑣3 = w(x, t) (9) 

In which, 𝑣1  is the displacement component of the 

nanobeam in the axial direction, 𝑣2 is displacement in the 

width direction and 𝑣3 is displacement in the transverse 

(lateral) direction. Also w(x, t) is the lateral displacement 

of any point of the nanobeam and 𝑡 is time. The strain 

energy term of the slender nano-scaled beam is denoted by 

𝑆 and is shown as (Jena et al. 2019): 

𝑆 =
1

2
∫ ∫σ𝑥𝑥𝜖𝑥𝑥𝑑𝐴𝑑𝑥

𝐴

𝐿

0

 (10) 

Here, 𝐿  and 𝐴  denotes the length and the cross-

sectional area of the nanobeam respectively. σ𝑥𝑥 represents 

the non-zero stress of the SFR nanobeam, while 𝜖𝑥𝑥 

represents the non-zero strain of the SFR nanobeam. 𝜖𝑥𝑥 

and the bending moment (𝑀)  are shown as follows, 

respectively (Jena et al. 2019): 

𝜖𝑥𝑥 = −𝑧𝜕𝑥𝑥w(x, t) (11) 

𝑀 = ∫σ𝑥𝑥
𝐴

𝑧𝑑𝐴 (12) 

By substituting Eqs. (11) and (12) into Eq. (10), 𝑆 is 

derived as follows (Jena et al. 2019): 

𝑆 = −
1

2
∫ 𝑀𝜕𝑥𝑥w(x, t)
𝐿

0

𝑑𝑥 (13) 

The kinetic energy of the nanobeam (K) is given as 

(Jena et al. 2019): 

𝐾 =
1

2
∫ ∫𝜌𝑐(𝜕𝑡w(x, t))

2

𝐴

𝐿

0

𝑑𝐴𝑑𝑥 (14) 

By neglecting the rotary inertia, the work done by the 

external forces (𝑉𝑒𝑥𝑡) can be calculated as follows (Demir 

and Civalek 2017): 

𝑉𝑒𝑥𝑡 =
1

2
∫ (𝑃(𝑇)(𝜕𝑥w(x, t))

2 − 𝑘𝑤

𝐿

0

w(x, t)2)𝑑𝑥 (15) 

where 𝜌𝑐  and 𝑘𝑤  represent the mass density of the 

composite material and the Winkler stiffness, respectively. 

𝑃(T) represents the axial force and can be shown as follows 

(Usmani et al. 2001): 

𝑃(𝑇) = −𝐸𝑐𝐴𝛼𝑥∆𝑇 (16) 

Here, 𝛼𝑥  and ∆𝑇  represent the thermal expansion 

coefficient in linear form and change in temperature, 

respectively. The Hamilton’s principle is described by 

(Demir and Civalek 2017): 

𝛿 ∫ (𝐾 − (𝑆 − 𝑉𝑒𝑥𝑡))𝑑𝑡 = 0   
𝑡

0

 (17) 

Here, 𝛿 is the variation operator. The first variations of 

Eqs. (13)-(15) are substituted in Eq. (17). Then, a new 

equation of motion is obtained by considering the free 

harmonic motion [𝑤(𝑥, 𝑡) = 𝜇(𝑥)𝑒−𝑖𝜔𝑡] . Here, the 

displacement function is denoted by 𝜇(𝑥) = 𝜇, while the 

circular frequency is denoted by 𝜔. The equation of motion 

of the embedded SFR nano-beam influenced by the 

resulting thermal load is derived as follows (Demir and 

Civalek 2017): 

𝑑𝑥𝑥𝑀 = −𝜌𝑐𝐴𝜔
2𝜇 + 𝑘𝑤𝜇 + 𝑃(𝑇)𝑑𝑥𝑥𝜇 (18) 
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4. Derivation of vibration equations for non-local 

strain gradient elasticity 

 

In specifying the total stress statement (𝜎𝑥𝑥) , the 
scaling effect of both stress and strain gradients in NSGT is 
added to the strain energy equation. Then the new total 
stress expression is obtained as follows (Lim et al. 2015):  

𝜎𝑥𝑥 = 𝜎𝑥𝑥
𝑐 − 𝛻𝜎𝑥𝑥

ℎ𝑜 (19) 

Here, 𝛻  is the Laplacian operator. Classical non-local 
(𝜎𝑥𝑥
𝑐 ) and higher-order non-local stress tensors (𝜎𝑥𝑥

ℎ𝑜 ) are 
formulated as below (Lim et al. 2015): 

𝜎𝑥𝑥
𝑐 = ∫ 𝐸𝑐𝜇0(𝑥, 𝑥

′, 𝜏0𝑎)𝜖𝑥𝑥
′𝐿

0
(𝑥′)d𝑥′ (20) 

𝜎𝑥𝑥
ℎ𝑜 = 𝜄2 ∫ 𝐸𝑐(𝑥, 𝑥

′, 𝜏1𝑎)𝛻𝜖𝑥𝑥
′𝐿

0
(𝑥′)d𝑥′ (21) 

The terms 𝜇0(𝑥, 𝑥
′, 𝜏0𝑎)  and 𝜇1(𝑥, 𝑥

′, 𝜏1𝑎)  are used 
to denote Eringen's NET. Here 𝜏0𝑎 and 𝜏1𝑎 refer to the 
non-local parameters, while 𝜄 is the material length scale 
parameter (MLSP). The differential operator in the NET is 
shown as below (Karmakar and Chakraverty 2022): 

𝑙𝑖 = 1 − (𝜏𝑖𝑎)
2𝛻2, 𝑖 = 0,1 (22) 

Eqs. (20)-(22) are used together to create a NSGT model 
for a one-dimensional material and is shown as follows 
(Karmakar and Chakraverty 2022): 

(1 − (𝜏0𝑎)
2𝜕𝑥𝑥)(1 − (𝜏1𝑎)

2𝜕𝑥𝑥)𝜎𝑥𝑥  
= 𝐸𝑐𝜖𝑥𝑥[(1 − (𝜏1𝑎)

2𝜕𝑥𝑥) − 𝜄
2(𝜕𝑥𝑥𝑥𝑥 − (𝜏0𝑎)

2𝜕𝑥𝑥)] 
(23) 

Assuming 𝜏0 = 𝜏1 = 𝜏 , Eq.(23) can be modified as 

follows (Karmakar and Chakraverty 2022): 

(1 − 𝜏2𝜕𝑥𝑥)𝜎𝑥𝑥 = 𝐸𝑐𝜖𝑥𝑥(1 − 𝜄
2𝜕𝑥𝑥) (24) 

Multiplying Eq. (24) by 𝑧 and then integrating over the 
cross-sectional area gives 𝑀𝑛𝑙 as follows (Karmakar and 
Chakraverty 2022): 

𝑀𝑛𝑙 = 𝜏2𝑑𝑥𝑥𝑀 − 𝐸𝑐𝐼𝑑𝑥𝑥𝜇+𝜄2𝐸𝑐𝐼𝑑𝑥𝑥𝑥𝑥𝜇 (25) 

𝐼 denotes the moment of inertia in the above equation. 
By inserting Eq. (18) into Eq. (25), the non-local bending 
moment 𝑀𝑛𝑙 and the corresponding shear force 𝑄𝑛𝑙  can 
be written as below (Karmakar and Chakraverty 2022): 

𝑀𝑛𝑙 = −𝐸𝑐𝐼𝑑𝑥𝑥𝜇 + 𝜄
2𝐸𝑐𝐼𝑑𝑥𝑥𝑥𝑥𝜇-𝜏2𝜌𝑐𝐴𝜔

2𝜇 + 𝜏2𝑃(𝑇
)𝑑𝑥𝑥𝜇 + 𝜏

2𝑘𝑤𝜇 
(26a) 

𝑄𝑛𝑙 = −𝐸𝑐𝐼𝑑𝑥𝑥𝑥𝜇 + 𝜄
2𝐸𝑐𝐼𝑑𝑥𝑥𝑥𝑥𝑥𝜇-𝜏2𝜌𝑐𝐴𝜔

2𝑑𝑥𝜇 +
𝜏2𝑃(𝑇)𝑑𝑥𝑥𝑥𝜇 + 𝜏

2𝑘𝑤𝑑𝑥𝜇 
(26b) 

Finally, using Eqs. (18) and (25), the governing equation 
of SFR nano-beam for thermo-mechanical vibration based 
on NSGT derived as below (Karmakar and Chakraverty 
2022): 

𝑑𝑥𝑥(𝜄
2𝐸𝑐𝐼𝑑𝑥𝑥𝑥𝑥𝜇 + (−𝐸𝑐𝐼 + 𝜏

2𝑃(𝑇))𝑑𝑥𝑥𝜇 − 𝜏
2𝜌𝑐𝐴𝜔

2𝜇 

+𝜏2𝑘𝑤𝜇) = (−𝜌𝑐𝐴𝜔
2 + 𝑘𝑤)𝜇 + 𝑃(𝑇)𝑑𝑥𝑥𝜇 

(27) 

 
 

5. Solution method for vibration and derivation of 
eigenvalue problem in thermo-mechanical SFR 
nanobeam 

 

This chapter presents the solution methodology for 
thermo-mechanical vibration of embedded constrained SFR 

nanobeam based on non-local strain gradient effects. In this 
solution method, an eigenvalue problem will be derived that 
can reveal the effects of Winkler stiffness, non-local 
parameter, MLSP, temperature variation and transverse 
springs on the frequencies of Euler-Bernoulli thermo-
mechanical nanobeam. As shown in Fig. 1a, transverse 
springs are employed to support the thermo-mechanical 
SFR nanobeam at both ends, which helps to study different 
support conditions in the model. The displacement function 
[𝜇(𝑥)] is shown below (Yaylı et al. 2022): 

𝜇(𝑥) = 𝜇0               𝑥 = 0 (28) 

𝜇(𝑥) = 𝜇𝐿               𝑥 = 𝐿 (29) 

𝜇(𝑥) = ∑ 𝐷𝑚𝑠𝑖𝑛 (
𝑚𝜋

𝐿
𝑥)         0 < 𝑥 < 𝐿

∞

𝑚=1

 (30) 

Here, 𝐷𝑚 is the unknown Fourier coefficient. As the 
derivation of the 𝐷𝑚 and the calculation of the displacement 
function’s derivatives have been covered in recent 
publications (Uzun et al. 2023, Yaylı et al. 2022), it is not 
necessary to repeat these computations in this discussion. 
With the help of Fourier series, a general eigenvalue 
problem is formulated and the natural frequencies of a 
thermomechanically SFR nano-beam embedded in Winkler 
foundation are derived. Stokes transformation is used in 
combination with Fourier series in combination with 
Fourier series to derive the eigenvalue problem of the nano-
beam. The first six derivatives of 𝜇(𝑥) are obtained as 
follows (Yaylı et al. 2022): 

𝜇′(𝑥) =
𝜇𝐿 − μ0
𝐿

 

+∑ 𝑐𝑜𝑠 (
𝑚𝜋

𝐿
𝑥) [

2[(−1)𝑚𝜇𝐿 − μ0]

𝐿
+
𝑚𝜋

𝐿
𝐷𝑚]

∞

𝑚=1

 
(31a) 

𝜇′′(𝑥) = −∑
𝑚𝜋

𝐿
𝑠𝑖𝑛 (

𝑚𝜋

𝐿
𝑥) [

2[(−1)𝑚𝜇𝐿−μ0]

𝐿
+
𝑚𝜋

𝐿
𝐷𝑚]

∞
𝑚=1  (31b) 

𝜇′′′(𝑥) =
𝜇𝐿
′′ − 𝜇0

′′

𝐿
+ ∑ 𝑐𝑜𝑠 (

𝑚𝜋

𝐿
𝑥) [

2[(−1)𝑚𝜇𝐿
′′ − 𝜇0

′′]

𝐿
 

∞

𝑚=1

− (
𝑚𝜋

𝐿
)
2

(
2[(−1)𝑚𝜇𝐿 − μ0]

𝐿
+
𝑚𝜋

𝐿
𝐷𝑚)] 

(31c) 

𝜇(4)(𝑥) = −∑
𝑚𝜋

𝐿
𝑠𝑖𝑛 (

𝑚𝜋

𝐿
𝑥) [

2[(−1)𝑚𝜇𝐿
′′ − 𝜇0

′′]

𝐿

∞

𝑚=1

− (
𝑚𝜋

𝐿
)
2

(
2[(−1)𝑚𝜇𝐿 − μ0]

𝐿
+
𝑚𝜋

𝐿
𝐷𝑚)] 

(31d) 

𝜇(5)(𝑥) =
𝜇𝐿
(4) − 𝜇0

(4)

𝐿
+ ∑ 𝑐𝑜𝑠 (

𝑚𝜋

𝐿
𝑥) [

2[(−1)𝑚𝜇𝐿
(4) − 𝜇0

(4)
]

𝐿
 

∞

𝑚=1

− (
𝑚𝜋

𝐿
)
2

(
2[(−1)𝑚𝜇𝐿

′′ − 𝜇0
′′]

𝐿
+
𝑚𝜋

𝐿
𝐷𝑚)] 

(31e) 

𝜇(6)(𝑥) = −∑
𝑚𝜋

𝐿
𝑠𝑖𝑛 (

𝑚𝜋

𝐿
𝑥) [

2[(−1)𝑚𝜇𝐿
(4)
− 𝜇0

(4)
]

𝐿

∞

𝑚=1

− (
𝑚𝜋

𝐿
)
2

(
2[(−1)𝑚𝜇𝐿

′′ − 𝜇0
′′]

𝐿
)

+ (
𝑚𝜋

𝐿
)
4

(
2[(−1)𝑚𝜇𝐿 − μ0]

𝐿
+
𝑚𝜋

𝐿
𝐷𝑚)] 

(31f) 

200



 

On the thermo-mechanical vibration of an embedded short-fiber-reinforced nanobeam 

Via these derivatives and the conditions 𝑑𝑥𝑥𝜇𝐿 =
𝑑𝑥𝑥𝜇0 = 𝑑𝑥𝑥𝑥𝑥𝜇𝐿 = 𝑑𝑥𝑥𝑥𝑥𝜇0 = 0, 𝐷𝑚 can be obtained as 

follows: 

𝐷𝑚 =

2𝛱𝑚(−𝑃(𝑇) − 𝜏
2𝜌𝑐A𝜔

2 + 𝜏2𝑘𝑤
+(𝐸𝑐𝐼 − 𝑃(𝑇)𝜏

2)𝛱𝑚
2 + 𝐸𝑐𝐼𝜄

2𝛱𝑚
4 )(𝜇0 − (−1)

𝑚𝜇𝐿)

𝐿(−𝜌𝑐A𝜔
2 − (𝑃(𝑇) + 𝜏2𝜌𝑐A𝜔

2)𝛱𝑚
2

+(𝐸𝑐𝐼 − 𝑃(𝑇)𝜏
2)𝛱𝑚

4 + 𝐸𝑐𝐼𝜄
2𝛱𝑚

6 + 𝑘𝑤(1 + 𝜏
2𝛱𝑚

2 ))

 (32) 

Here 𝛱𝑚 =
𝑀𝛱

𝐿
, once 𝐷𝑚  is obtained, taking into 

account the expressions in Eq. (32), 𝜇(𝑥) can be expressed 

with respect to 𝐷𝑚 as follows: 

𝜇(𝑥)

=∑

2𝛱𝑚(−𝑃(𝑇) − 𝜏
2𝜌𝑐A𝜔

2 + 𝜏2𝑘𝑤
+(𝐸𝑐𝐼 − 𝑃(𝑇)𝜏

2)𝛱𝑚
2 + 𝐸𝑐𝐼𝜄

2𝛱𝑚
4 )(𝜇0 − (−1)

𝑚𝜇𝐿)

𝐿(−𝜌𝑐A𝜔
2 − (𝑃(𝑇) + 𝜏2𝜌𝑐A𝜔

2)𝛱𝑚
2

+(𝐸𝑐𝐼 − 𝑃(𝑇)𝜏
2)𝛱𝑚

4 + 𝐸𝑐𝐼𝜄
2𝛱𝑚

6 + 𝑘𝑤(1 + 𝜏
2𝛱𝑚

2 ))

𝑠𝑖𝑛(𝛱𝑚𝑥)

∞

𝑛=1

 (33) 

Here, the equation 𝜇(𝑥) becomes an analytical static 

solution for the suggested model, which depends on the 

boundary displace-ments and consists of an infinite series. 

A Fourier sine series solution for thermo-mechanical 

vibration analysis of a simply supported SFR nano-beam 

has been published previously (Karmakar and Chakraverty 

2022). The following force boundary conditions are 

considered for the restricted thermo-mechanical SFR nano-

beam seen in Fig. 1b: 

𝑄𝑛𝑙  = 𝑆0𝜇0          𝑥 = 0 (34) 

𝑄𝑛𝑙  = −𝑆𝐿𝜇𝐿        𝑥 = 𝐿 (35) 

Here 𝑆0 and 𝑆𝐿 are the stiffnesses of the transversely 

deformable springs. The nano-beam is supported by 

deformable springs at the initial and final ends. By varying 

the stiffness of the transversely deformable springs at both 

edges of the nano-beam, the support conditions can be 

varied. The force boundary conditions for the initial and 

final ends of the thermomechanically loaded and embedded 

SFR nano-beam are shown below, respectively: 

−𝐸𝑐𝐼𝑑𝑥𝑥𝑥𝜇 + 𝜄
2𝐸𝑐𝐼𝑑𝑥𝑥𝑥𝑥𝑥𝜇 − 𝜏

2𝜌𝑐𝐴𝜔
2𝑑𝑥𝜇

+ 𝜏2𝑃(𝑇)𝑑𝑥𝑥𝑥𝜇 + 𝜏
2𝑘𝑤𝑑𝑥𝜇 = 𝑆0𝜇0 (36) 

−𝐸𝑐𝐼𝑑𝑥𝑥𝑥𝜇 + 𝜄
2𝐸𝑐𝐼𝑑𝑥𝑥𝑥𝑥𝑥𝜇 − 𝜏

2𝜌𝑐𝐴𝜔
2𝑑𝑥𝜇

+ 𝜏2𝑃(𝑇)𝑑𝑥𝑥𝑥𝜇 + 𝜏
2𝑘𝑤𝑑𝑥𝜇 = −𝑆𝐿𝜇𝐿 (37) 

In this study, the Stokes’ transform technique and 

Fourier sine series are used to present an eigenvalue 

problem for the free vibrational frequencies of embedded 

thermo-mechanical SFR nano-beam. Two homogeneous 

equations for the free thermo-mechanical vibration analysis 

of SFR nanobeam can be derived as follows: 

(

 
 
−𝑆0 +

𝜏2𝜆1
𝐿
+∑

2𝐿𝜆1(−𝐸𝑐𝐼𝑚
2𝜋2𝜙1

+𝐿2𝜏2𝜙2 − 𝐿
4𝜏2𝑘𝑤)

𝜆2 +𝑚
2𝜋2𝜙3(−𝐸𝑐𝐼 + 𝑃(𝑇)𝜏

2)

+𝐿2𝜙3𝜙4 −𝜙5𝑘𝑤

∞

𝑚=1 )

 
 
𝜇0

+

(

 
 
−
𝜏2𝜆1
𝐿
−∑

2(−1)𝑚𝐿𝜆1(−𝐸𝑐𝐼𝑚
2𝜋2𝜙1

+𝐿2𝜏2𝜙2 − 𝐿
4𝜏2𝑘𝑤)

𝜆2 +𝑚
2𝜋2𝜙3(−𝐸𝑐𝐼 + 𝑃(𝑇)𝜏

2)

+𝐿2𝜙3𝜙4 −𝜙5𝑘𝑤

∞

𝑚=1 )

 
 
𝜇𝐿

= 0 

(38) 

(

 
 
−
𝜏2𝜆1
𝐿
−∑

2(−1)𝑚𝐿𝜆1 (
−𝐸𝑐𝐼𝑚

2𝜋2𝜙1
+𝐿2𝜏2𝜙2 − 𝐿

4𝜏2𝑘𝑤
)

𝜆2 +𝑚
2𝜋2𝜙3(−𝐸𝑐𝐼 + 𝑃(𝑇)𝜏

2)

+𝐿2𝜙3𝜙4 − 𝜙5𝑘𝑤

∞

𝑚=1 )

 
 
𝜇0

+

(

 
 
 

−𝑆𝐿 +
𝜏2𝜆1
𝐿
+∑

2𝐿𝜆1 (
−𝐸𝑐𝐼𝑚

2𝜋2𝜙1
+𝐿2𝜏2𝜙2 − 𝐿

4𝜏2𝑘𝑤
)

𝜆2 +𝑚
2𝜋2𝜙3 (

−𝐸𝑐𝐼

+𝑃(𝑇)𝜏2
)

+𝐿2𝜙3𝜙4 − 𝜙5𝑘𝑤

∞

𝑚=1
)

 
 
 

𝜇𝐿

= 0 

(39) 

where, 

𝐿2 +𝑚2𝜋2𝜄2 = 𝜙1 (40) 

𝑚2𝑃(𝑇)𝜋2 + 𝐿2𝜌𝑐A𝜔
2 = 𝜙2 (41) 

𝐿2𝑚2𝜋2 = 𝜙3 (32) 

𝑃(𝑇) + 𝜏2𝜌𝑐A𝜔
2 = 𝜙4 (43) 

𝐿6 + 𝐿4𝜏2𝜙3 = 𝜙5 (44) 

𝜌𝑐A𝜔
2 − 𝑘𝑤 = 𝜆1 (45) 

−𝐸𝑐𝐼𝑚
6𝜋6𝜄2 + 𝐿6𝜌𝑐A𝜔

2 = 𝜆2 (46) 

The eigenvalue problem can be used to identify the 

lateral vibration frequencies of the constrained nano-beam 

under the effects of non-local parameter, MLPS, thermal 

load and foundation. And this eigenvalue problem can be 

expressed as follows using the Eqs. (38) and (39): 

[
И11 И12
И21 И22

] [
𝜇0
𝜇𝐿
] = 0 (47) 

The solution based on the eigenvalue problem is applied 

to analyze various cases between simply-supported and free 

boundary conditions. Here И𝑖,𝑗 represents the coefficient 

matrix and its determinant is set to zero: 

|И𝑖,𝑗 | = 0   (𝑖, 𝑗 = 1,2) (48) 

where, 

И11 = −𝑆0 +
𝜏2𝜆1
𝐿

 

+∑
2𝐿𝜆1(−𝐸𝑐𝐼𝑚

2𝜋2𝜙1 + 𝐿
2𝜏2𝜙2 − 𝐿

4𝜏2𝑘𝑤)

𝜆2 +𝑚
2𝜋2𝜙3(−𝐸𝑐𝐼 + 𝑃(𝑇)𝜏

2) + 𝐿2𝜙3𝜙4 − 𝜙5𝑘𝑤

∞

𝑚=1

 
(49) 

И12 = −
𝜏2𝜆1
𝐿

 

−∑
2(−1)𝑚𝐿𝜆1(−𝐸𝑐𝐼𝑚

2𝜋2𝜙1 + 𝐿
2𝜏2𝜙2 − 𝐿

4𝜏2𝑘𝑤)

𝜆2 +𝑚
2𝜋2𝜙3(−𝐸𝑐𝐼 + 𝑃(𝑇)𝜏

2) + 𝐿2𝜙3𝜙4 − 𝜙5𝑘𝑤

∞

𝑚=1

 

(50) 

И21 = −
𝜏2𝜆1
𝐿

 

−∑
2(−1)𝑚𝐿𝜆1(−𝐸𝑐𝐼𝑚

2𝜋2𝜙1 + 𝐿
2𝜏2𝜙2 − 𝐿

4𝜏2𝑘𝑤)

𝜆2 +𝑚
2𝜋2𝜙3(−𝐸𝑐𝐼 + 𝑃(𝑇)𝜏

2) + 𝐿2𝜙3𝜙4 − 𝜙5𝑘𝑤

∞

𝑚=1

 

(51) 
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И22 = −𝑆𝐿 +
𝜏2𝜆1
𝐿

 

+∑
2𝐿𝜆1(−𝐸𝑐𝐼𝑚

2𝜋2𝜙1 + 𝐿
2𝜏2𝜙2 − 𝐿

4𝜏2𝑘𝑤)

𝜆2 +𝑚
2𝜋2𝜙3(−𝐸𝑐𝐼 + 𝑃(𝑇)𝜏

2) + 𝐿2𝜙3𝜙4 − 𝜙5𝑘𝑤

∞

𝑚=1

 

(52) 

In this theoretical work, the thermo-mechanical 

vibration of embedded restrained SFR nano-beams is 

shown. With the help of Eq. (48), the thermo-mechanical 

vibration frequencies of SFR nano-beam can be calculated 

in terms of Winkler stiffness, elastic spring stiffness, MLSP, 

non-local parameter, thermal load and fiber and matrix 

properties. It should also be noted that in this study, the 

vibrations of SFR nanofibers are investigated with respect 

to size, Winkler foundation and thermal load effects. 

Deformable boundary conditions are considered in the 

analysis. The reason is that under rigid boundary conditions, 

collapse and/or rotation are assumed to be fully constrained, 

but in practice, it is obvious that rigidities cannot be fully 

achieved when the elements are supported. By using the 

eigenvalue problem obtained in this study, which includes 

spring parameters representing deformable boundary 

conditions, the effect of deformable boundaries can be 

easily analyzed. Furthermore, assigning higher stiffnesses to 

the spring parameters makes the boundaries simple 

supported, while assigning smaller stiffnesses to the spring 

parameters makes the boundaries free. Therefore, the 

presented solution is effective for investigating both rigid 

and non-rigid end conditions. 
 

 

6. Numerical results 
 

In this part of the study, comparison studies and 

numerical examples for SFR nano-beams demonstrated. Via 

a number of figures, the thermo-mechanical vibration 

frequencies of SFR nano-beams are examined in terms of 

various parameters such as fiber and matrix mass densities 

ratio, Winkler foundation, temperature variation, fiber and 

matrix Young’s moduli ratio, MLSP and non-local 

parameter. While calculating the effects of these parameters, 

temperature and Winkler foundation effects are considered 

in dimensionless forms as follows: 

𝐾𝑊 =
𝑘𝑤𝐿

4

𝐸𝑚𝐼
 (53) 

 

 

𝑃𝑡𝑒𝑚𝑝 =
𝑃𝐿2

𝐸𝑚𝐼
 (54) 

 Also, non-dimensional frequencies are obtained as 

follows: 

𝜔̅ = 𝜔𝐿2√
𝜌𝑚A

𝐸𝑚𝐼
 (56) 

In our study, rectangular nano-beam is considered and 

for this reason moment of inertia is defined by: 𝐼 =
𝑏ℎ3/12.  The work is based on some fixed values of 

parameters. Unless otherwise stated for the examples, the 

following parameters are constant throughout the 

work: 𝜌𝑓/𝜌𝑚 = 2.5, 𝐸𝑓/𝐸𝑚 = 5, 𝑆0 = 𝑆𝐿 = 10
18 𝑛𝑁/𝑛𝑚, 

𝑏 = 2 𝑛𝑚 , ℎ = 3 𝑛𝑚 , 𝐿 = 15ℎ 𝑛𝑚 , 𝑙/𝑑 = 4 , 𝑚 = 35 , 

𝑉𝑓 = 0.5, 𝜏 = 1 𝑛𝑚, 𝜄 = 2𝑛𝑚.  

Before proceeding with the examination of the SFR 

nano-beam, a validation study is included. This comparison 

study for homogeneous nano-beams is shown in Table 1. As 

can be understood, the eigenvalue solution presented in this 

study is effective and gives accurate results. Karmakar and 

Chakraverty (2022) presented the frequencies of thermal 

vibration of nano-beams with fixed and changing cross-

section according to the NSGT. Some dimensionless 

frequency values found for nano-beams with fixed cross-

section and 𝐾𝑊 = 𝑘𝑤𝐿
4/𝐸𝐼 = 100  in the study of 

Karmakar and Chakraverty (2022) are considered for 

comparison. Karmakar and Chakraverty (2022) calculated 

the dimensionless frequencies via the following expression: 

𝜔̅2 =
𝜌A𝜔2𝐿4

𝐸𝐼
 (55) 

Figs. 2-7 show the effect of varying l/d ratios on the 

composite nano-beam’s frequencies. l/d values are chosen 

as 2, 4, 6, 8, 10, 12. It is clear from the graphs that as the l/d 

ratio increases, the dimensionless frequencies also increase. 

Different parameters are used in the graphs for the first four 

modes. In these Figs., some parameters are taken differently 

in order to make comparative studies. In the analysis for 

Fig. 2, both foundation and temperature effects are 

neglected. That is, 𝐾𝑊 = 0 & 𝑃𝑡𝑒𝑚𝑝 = 0. In Fig. 3, the 

temperature effect is neglected (𝑃𝑡𝑒𝑚𝑝 = 0) and the foundation 

effect is included in the analysis by taking 𝐾𝑊 = 30. As 

can be understood, the frequencies at which the foundation  

Table 1 Comparison of the first and second modes’ dimensionless frequencies of homogeneous simply-supported 

nano-beams 

Mode 

number 
Ptemp 𝜄/L 

𝜏/L = 1 

Karmakar and 

Chakraverty (2022) 

This 

study 
Ptemp 𝜄/L 

Karmakar and 

Chakraverty (2022) 

This 

study 

1 

-0.4 
0.5 

1 

11.6198 

14.1900 

11.6198 

14.1900 
-0.2 

0.5 

1 

11.5346 

14.1203 

11.5346 

14.1203 

0.4 
0.5 

1 

11.2750 

13.9090 

11.2750 

13.9090 
0.2 

0.5 

1 

11.3621 

13.9798 

11.3621 

13.9798 

2 

-0.4 
0.5 

1 

23.1150 

40.9186 

23.1150 

40.9186 
-0.2 

0.5 

1 

22.9436 

40.8220 

22.9436 

40.8220 

0.4 
0.5 

1 

22.4214 

40.5309 

22.4214 

40.5309 
0.2 

0.5 

1 

22.5968 

40.6281 

22.5968 

40.6281 
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effect is included in the analysis are higher. It can be easily 

concluded that the Winkler foundation strengthens the 

composite nano-beam and increases the frequency. 

 

 

 

In Figs. 4 and 5, 𝑃𝑡𝑒𝑚𝑝 is +1.5 and -1.5 respectively, 

while both figures are independent of the foundation effect. 

Since Fig. 2 is independent of both the foundation effect  

  

  
Fig. 2 𝜔̅ of reinforced nano-beams for various l/d ratios (𝐾𝑊 = 0 & 𝑃𝑡𝑒𝑚𝑝 = 0) 

  

  
Fig. 3 𝜔̅ of reinforced nano-beams for various l/d ratios (𝐾𝑊 = 30 & 𝑃𝑡𝑒𝑚𝑝 = 0) 
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and the temperature effect, it can be compared with Figs. 2, 

4, 5 how the temperature effect drives the frequencies. 

 

 

 

 

Looking at these three figures, it is clear that in the case 

where 𝑃𝑡𝑒𝑚𝑝 = 0, the frequency values are between the  

  

  
Fig. 4 𝜔̅ of reinforced nano-beams for various l/d ratios (𝐾𝑊 = 0 & 𝑃𝑡𝑒𝑚𝑝 = +1.5) 

  

  
Fig. 5 𝜔̅ of reinforced nano-beams for various l/d ratios (𝐾𝑊 = 0 & 𝑃𝑡𝑒𝑚𝑝 = −1.5) 
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cases where 𝑃𝑡𝑒𝑚𝑝  is +1.5 and -1.5. In Fig. 4, where 

𝑃𝑡𝑒𝑚𝑝 =+1.5, the frequencies are the lowest . It is 

 

 

 

understood from this that the 𝜔̅ increases when the 

temperature change is negative, while the 𝜔̅ decreases  

  

  
Fig. 6 𝜔̅ of reinforced nano-beams for various l/d ratios (𝐾𝑊 = 30 & 𝑃𝑡𝑒𝑚𝑝 = −1.5) 

  

  
Fig. 7 𝜔̅ of reinforced nano-beams for various l/d ratios (𝐾𝑊 = 30 & 𝑃𝑡𝑒𝑚𝑝 = +1.5) 

205



 

Murat Akpınar, Büşra Uzun and Mustafa Özgür Yaylı 

 

 

 

 

 

when the temperature change is positive. 

In Figs. 6 and 7, both the foundation effect and the 

 

 

 

temperature effect are considered. In Fig. 6, 𝑃𝑡𝑒𝑚𝑝 is -1.5, 

while in Fig. 7, 𝑃𝑡𝑒𝑚𝑝 is +1.5. Fig. 3, where the foundation 

  

  

Fig. 8 𝜔̅ of reinforced nano-beams for various Ef/Em ratios (𝐾𝑊 = 30 & 𝑃𝑡𝑒𝑚𝑝 = −1.5) 

  

  
Fig. 9 𝜔̅ of reinforced nano-beams for various Ef/Em ratios (𝐾𝑊 = 30 & 𝑃𝑡𝑒𝑚𝑝 = +1.5) 
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effect is taken into account but the temperature effect is not 

taken into account, can be compared with these two graphs. 

 

 

 

When the changes in frequencies in the l/d range are 

compared, it becomes clear that the effect of l/d is at least  

  

  
Fig. 10 𝜔̅ of reinforced nano-beams for various Ef/Em ratios (𝐾𝑊 = 0 & 𝑃𝑡𝑒𝑚𝑝 = −1.5) 

  

  

Fig. 11 𝜔̅ of reinforced nano-beams for various Ef/Em ratios (𝐾𝑊 = 0 & 𝑃𝑡𝑒𝑚𝑝 = +1.5) 
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Fig. 12 𝜔̅ of reinforced nano-beams for various ρf/ρm ratios 

(𝐾𝑊 = 30 & 𝑃𝑡𝑒𝑚𝑝 = +1.5) 

 

 
Fig. 13 𝜔̅ of reinforced nano-beams for various ρf/ρm ratios 

(𝐾𝑊 = 0 & 𝑃𝑡𝑒𝑚𝑝 = +1.5) 

 

 
Fig. 14 Non-local parameter effect on 𝜔̅  ( 𝐾𝑊 = 0 & 

𝑃𝑡𝑒𝑚𝑝 = +1.5) 

 

 
Fig. 15 MLSP effect on 𝜔̅ (𝐾𝑊 = 0 & 𝑃𝑡𝑒𝑚𝑝 = +1.5) 

 

 

negative 𝑃𝑡𝑒𝑚𝑝 values are calculated. The conclusion to be 

drawn here is that as 𝑃𝑡𝑒𝑚𝑝 increases, the effect of l/d on 

frequencies increases. 

 
Fig. 16 Effect of ρf and Ef on non-dimensional frequencies 

(𝐾𝑊 = 0 & 𝑃𝑡𝑒𝑚𝑝 = +1.5) 

 

 

Figs. 8-11 show the effect of the Ef/Em ratio. For these 

graphs, the first four modes are considered. When 

determining the Ef/Em ratio, the modulus of elasticity of the 

matrix is kept constant and the modulus of elasticity of the 

fiber is increased. It is clear from the graphs that increasing 

the Ef/Em ratio, i.e. increasing Ec, increases the dimension-

less frequencies. Because the increase in the modulus of 

elasticity of the fibers strengthening the element also 

strengthens the composite and the frequencies increase. 

In Figs. 8 and 9, the effect of Ef/Em is examined for 

𝐾𝑊 = 30  also 𝑃𝑡𝑒𝑚𝑝  = -1.5 and 𝑃𝑡𝑒𝑚𝑝 =  +1.5 cases, 

respectively. When the increases in frequencies are examined, 

it is understood that the effect of Ef/Em is higher in the 

analysis made for 𝑃𝑡𝑒𝑚𝑝 = +1.5. This effect can also be 

confirmed by Figs. 10 and 11, which are considered 

independently of the foundation effect. In addition, if Figs.  

8 and 10 or Figs. 9 and 11 are compared, the differences in 

the effect of Ef/Em on the frequencies in the cases of 

foundation-dependent and foundation-independent can be 

examined. As a result of this analysis, it is revealed that, 

independent of the foundation effect, the frequencies 

increase more with the increase of Ef/Em. 

Figs. 12 and 13 are drawn to show the effect of the ρf/ρm 

ratio on 𝜔̅. For this purpose, the mass density of the matrix 

is kept constant and the mass density of the fiber is 

increased. In the graphs where the ratio is considered as 1, 

2, 3, 4, 5, 6, it is clear that increasing this ratio results in a 

decrease in non-dimensional frequencies. This can be 

explained by the increased mass density of the element.  

The increase in the mass density of the fiber leads to an 

increase in the mass density of the composite and causes a 

decrease in frequencies. 

As is well known, the theory considered in this paper 

includes the effects of both 𝜏 and the 𝜄. To illustrate the 

effect of the non-local parameter, the vibration frequencies 

of the first four modes are plotted in Fig. 14. It is clear from 

the graph that the third and fourth mode frequencies 

decrease as 𝜏  increases. For the first two modes, the 

frequencies remain the same or the change is so small that it 

is not easily noticeable. It is understood from this figure that 

there is a decrease in each mode. The rate of this decrease is 

not the same in each mode. It is clear from Fig. 14 that as 

the mode number increases, the reduction due to the 
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increase of the non-local parameter is much greater. 

In Fig. 15, the effect of 𝜄 is analyzed. Here the variation 

of the frequencies of the first four modes is considered for 

varying values of ι. While the increases in the third and 

fourth modes are clearly observed, it is necessary to look 

more carefully for the first two modes. Increasing 𝜄 leads 

to an increment in the frequency of each mode. The effect 

of this parameter, which has a similar but opposite effect to 

𝜏, is obviously more pronounced for the higher modes. 

As can be seen, there are too many parameters and too 

many variables in elastic boundary conditions. These 

include: the effect of elastic springs on thermo-mechanical 

vibration frequencies, elastic foundation effect, non-local 

and strain gradient effects, reinforcing effect of short-fibers 

used. As it is known, if all these effects are analyzed, the 

article would be quite long. Here, some effects not found in 

the literature review are plotted and graphed. In the figure 

above (Fig. 16), the effect of increasing the elasticity 

modulus and mass density of the fibers on the frequencies is 

shown together. To repeat, as the elasticity modulus of the 

fibers increases, the frequencies increase and as the mass of 

the fibers increases, the frequencies decrease. 

 

 
7. Conclusions 

 

In this work, a general solution method for thermo-

mechanical vibration of a SFR nano-beam is presented. The 

SFR nano-beam is modeled with transverse springs at both 

ends and also, it is rested on Winkler foundation. The shear 

force expression at the end points of the SFR nano-beam is 

written via a non-local strain gradient elasticity found in the 

literature, which includes both non-local and material length 

scale parameters. Then, a set of linear equations including 

of infinite series is derived. By excluding the deformable 

transverse springs, a matrix of coefficients is obtained 

consisting temperature load, foundation parameter, 

composite material properties and size parameters is gained. 

The determinant of this coefficients matrix gives the 

thermo-mechanical vibration frequencies of the embedded 

SFR nano-beam.  
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