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1. Introduction 
 

The spherical shells with advanced materials have great 

application potential in several engineering structures and 

industrial applications, including aircraft and aerospace 

engineering. For example, spherical shells are widely used 

in many structures, such as missiles, radar warheads, and 

submarines. Also, the spherical geometry is assumed as an 

ideal structure for the pressure hulls of deep submersibles 

(Pan and Cui 2010, 2011). In this regard, carbon nanotubes 

(CNTs), one of the advanced materials with extraordinary 

stiffness and tensile strength, are used as reinforcing 

components for composite spherical shells. Depending on 

the application type, these shell structures may be exposed 

to different types of static and dynamic loads. Recently, the 

research on analyzing the structures with these materials has 

been the scientists’ interest (Lei et al. 2015, Zhu et al. 2012, 

Wang et al. 2011, Phung-Van et al. 2018). Therefore, the 

stability and dynamic analysis of these structures under 

different loads are very important. 

Some researchers have concentrated on the field of 

static buckling analysis of the shell structures subjected to 

mechanical and thermal loading with various theories 

(Huang 1964, Tillman 1970, Wunderlich and Albertin 2002, 

Wang et al. 2019, Shahsiah et al. 2011, Bich and Van Tung 

2011, Anh et al. 2015). Huang (1964) studied the axi- 
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symmetrical buckling analysis of the clamped shallow 

shells with spherical shape subjected to external excitation 

regarding unsymmetrical deflection condition. Tillman 

(1970) presented a theoretical and experimental study for 

the buckling analysis of elastic clamped shallow spherical 

caps, which were uniformly subjected to external pressure. 

The buckling analysis of an imperfect spherical shallow 

shell was addressed by Wunderlich and Albertin (2002). 

Wang et al. (2019) established the general similitude 

requirements and the scaling laws for nonlinear buckling of 

stiffened orthotropic shallow spherical shells utilizing the 

energy approach. Shahsiah et al. (2011) addressed the 

thermal instability of deep shells with a spherical shape 

made of FG material. In this study, regarding the Sanders 

nonlinear kinematics equations and utilizing the first-order 

shear deformation theory (FSDT) of shells, the nonlinear 

partial equations of motion were extracted. Bich and Van 

Tung (2011) investigated the axisymmetric nonlinear 

response of FG shallow shells via an analytical method. In 

this work, the spherical shell was uniformly exposed to 

external pressure, including the temperature effects, and 

also the Bubnov-Galerkin and Runge-Kutta methods are 

utilized to discretize and solve these equations, respectively. 

The nonlinear stability analysis of thin FG and eccentrically 

stiffened FG annular spherical shells resting on elastic 

foundations under external pressure and thermal loads was 

investigated (Anh et al. 2015, Duc et al. 2016). 

Some researchers have focused on the dynamic buckling 

and vibration behavior of the shell and plate structures. The 

dynamic response behavior of a shallow spherical shell and 

laminated anisotropic spherical caps with a clamped edge 

under uniform load was investigated by Ganapathi and 

Varadan (1982, 1995). Ye (1997) investigated the dynamic  
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(a) UD 

 
(b) FG-Λ 

 
(c) FG-V 

 
(d) FG-X 

Fig. 1 Configuration of the four sub-patterns of CNT 

distribution for cylindrical panel 
 

 

instability and nonlinear vibration of thin shallow shells 

with two spherical and conical shapes, which were under in-

plane and periodic transverse loads. In this study, using the 

dynamic equations of the Marguerre type and the Galerkin 

approach, the behaviors of shallow shells were analyzed. 

Prakash et al. (2007) utilized an axisymmetric analysis to 

investigate the dynamic buckling of spherical caps with FG 

material in a thermal environment subjected to pressure 

load. In this study, considering the nonlinear von Kármán 

equation and the FSDT, governing equations were derived. 

Also, the nonlinear equations of motion were solved by 

applying the technique of Newmark’s integration regarding 

the modified Newton–Raphson iteration scheme. Duc 

(2018) investigated the nonlinear dynamic response of 

higher- order shear deformable sandwich FG circular 

cylindrical shells with outer surface-bonded piezoelectric 

actuator on elastic foundations subjected to thermo-electro-

mechanical and damping loads. The vibration and nonlinear 

dynamic behaviors of the shear deformable plates resting on 

elastic foundations was investigated by Dat et al. (2022). In 

(Duc 2013, Quan and Duc 2016, Duc et al. 2017a), the 

nonlinear dynamic and vibration behavior of the stiffened 

FG shallow shells, FG double-curved shallow shells, and S-

FG shallow spherical shells subjected to mechanical and 

thermal loading were studied. In these works, the shells 

with or without elastic foundations as Pasternak type and 

initial imperfection were investigated.  

 
(a) Type1: FG V-UD-FG Λ 

 
(b) Type2: FG V-X-Λ 

 
(c) Type3: UD-FG X-UD 

Fig. 2 The sandwich shallow spherical shells with three 

types of layers of FG-CNTRC 

 

 

Despite their extensive usage in a diversity of industrial 

applications like pressure vessel, submarine hulls and etc., 

the buckling and vibration analysis of the FG-CNTRC 

structures were not addressed in the previously mentioned-

work. The vibration and nonlinear dynamic behaviors of the 

sandwich FG-CNTRC plate with a porous core layer was 

investigated by Thanh et al. (2017). The vibration behavior 

of the FG-CNTRC shallow shells with various boundary 

conditions subjected to mechanical or thermal loading was 

investigated (Wang et al. 2017, Duc et al. 2019, Wang et al. 

2018, Thomas and Roy 2016). Manh et al. (2020) presented 

the nonlinear post-buckling behavior of carbon nanotubes 

reinforced sandwich composite annular spherical shells 

resting on elastic foundations in the thermal environment. 

The nonlinear dynamic response and vibration behavior of 

the FG-CNTRC nanocomposite elliptical cylindrical shells 

resting on elastic foundations were analyzed by Dat et al. 

(2020). Nonlinear buckling and post-buckling of FG-

CNTRC truncated conical shells, and thermal and 

mechanical stability of FG-CNTRC truncated conical shells 

resting on elastic foundations were investigated (Duc et al. 

2017b, Chan et al. 2019). Recently, the dynamic buckling 

analyses of FG-CNTRC cylindrical shell under axial power-

law time-varying displacement load were investigated by 

Jiao et al. (2019). In this study, employing the FSDT and 

nonlinear von Kármán relationships, the governing 

equations for the dynamic buckling behavior of FG-

CNTRC cylindrical shell with thermal effects were derived. 

Also, the nonlinear dynamic thermal buckling of sandwich 
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spherical and conical shells with CNT reinforced face-

sheets was addressed by Sankar et al. (2017). Also, recently, 

some researchers have investigated various analyses of the 

FG-CNTRC structures (Asadi and Wang 2017, Cong et al. 

2022, Fu et al. 2021, Foroutan et al. 2021). Asadi and Wang 

(2017) presented the dynamic stability analysis of a 

pressurized FG-CNTRC cylindrical shell interacting with 

supersonic airflow. Cong et al. (2022) studied the vibration 

and nonlinear dynamic response of temperature-dependent 

FG-CNTRC laminated double-curved shallow shell with 

positive and negative Poisson’s ratios. Fu et al. (2021) 

examined the dynamic instability analysis of FG-CNTRC 

laminated conical shells resting on elastic foundations. 

Foroutan et al. (2021a) investigated the static and dynamic 

hygrothermal post-buckling analysis of sandwich cylindrical 

panels with an FG-CNTRC core embedded within nonlinear 

viscoelastic foundations. It should be explained that the 

geometry and analysis of the above-mentioned research are 

different from the present study. So that, in this study the 

nonlinear dynamic stability and vibration analysis of 

sandwich FGCNTRC shallow spherical shell is 

investigated. Furthermore, in this study, the sandwich 

shallow spherical shell with three new patterns of FG-

CNTRC consisting of FG V-UD- FG Λ, FG V-X-Λ, and 

UD-FG X-UD have been constructed. 
To the best of the authors’ knowledge, the nonlinear 

dynamic stability and vibration of sandwich functionally 

graded carbon nanotube-reinforced composite (FG-CNTRC) 

shallow spherical shells have not been investigated. In this 

study, sandwich FG-CNTRC shallow spherical shells with 

three new patterns of FG-CNTRC are investigated for the 

first time using the semi-analytical method. Two kinds of 

CNTRC shells, namely, uniformly distributed (UD) and 

functionally graded (FG) reinforcements, are assumed. In 

this context, four sub-patterns of CNT distribution have 

been considered, that is, FG-X, FG-Λ, FG-V, and UD (see 

Fig. 1) (Ebrahimi and Habibi 2017, Jamali et al. 2019, 

Foroutan et al. 2019, 2021a, Tayeb et al. 2020, Hashemi et 

al. 2021). The CNTs are uniformly distributed along the 

thickness direction, which is named the UD (Fig. 1a). For 

the FG-Λ case, the outer surface is free of the CNTs, and 

the inner surface is CNT-rich, whereas, for the FG-V case, 

the reverse pattern is considered (see Figs. 1b and c). In the 

FG-X case, the outer and the inner surfaces are CNT-rich 

(see Fig. 1d). So, the novelties of the present paper are as 

follows: Using these sub-patterns, the sandwich shallow 

spherical shell with three new patterns of FG-CNTRC have 

been constructed consisting of FG V-UD- FG Λ, FG V-X-Λ, 

and UD-FG X-UD (see Fig 2). In principle, in this study, 

the sandwich shallow spherical shell with three layers is 

considered that one of the four sub-patterns of CNT is 

distributed in each layer, and consequently, three new 

patterns, which are considered in this study, are created. In 

the FG V-UD-FG Λ and FG V-X-Λ cases, the upper layer is 

FG V, the lower layer is FG Λ, and the middle layer is UD 

and FG X, respectively (see Figs. 2a and b). Also, for the 

UD-FG X-UD case, the upper and lower layer is UD, and 

the middle layer is FG X (see Fig. 2c). The governing 

equations are obtained and analyzed utilizing the theory of 

classical shell, nonlinear von Kármán- Donnell relations, 

Galerkin method, Runge-Kutta approach, and the Budiansky- 

 

Fig. 3 The sandwich FG-CNTRC shallow spherical shells 

 

 

Fig. 4 The layers of the sandwich FG-CNTRC shallow 

spherical shells 
 

 

Roth criterion. The approximate solution for the deflection 

is represented by suitable mode functions, which consist of 

the three modes of transverse nonlinear oscillations, 

including one symmetrically deformed shape and two 

asymmetrical mode shapes. Results are examined to 

investigate the effects of geometrical characteristics, initial 

imperfection, and material properties on the nonlinear 

dynamic stability and vibration analysis of the sandwich 

FG-CNTRC shallow spherical shells. 
 

 

2. Sandwich FG-CNTRC shallow spherical shells 
 

Fig. 3 illustrates the sandwich FG-CNTRC shallow 

spherical shells with thickness ℎ, the radius of curvature 𝑅, 

and base radius 𝑟0 in the (𝜑, 𝜃,  z) coordinate system. 𝜃, 

𝜑, and 𝑧 show the circumferential, meridional, and radial-

thickness directions. In addition, the three layers of the shell 

are shown in Fig. 4, where ℎ1 ,  ℎ2 , and ℎ3  are the 

thickness of layers 1, 2, and 3, respectively. 

The shear modulus, effective mass density, and Young's 

modulus of CNTRCs are calculated based on Eq. (1) 

(Ebrahimi and Habibi 2017, Jamali et al. 2019, Foroutan et 

al. 2019, 2021a, b): 

𝐺12 = 𝜂3 (
𝐺12
𝐶𝑁𝑇𝐺𝑚

𝑉𝐶𝑁𝑇𝐺
𝑚 + 𝑉𝑚𝐺12

𝐶𝑁𝑇) , 

  𝜌 = 𝑉𝐶𝑁𝑇𝜌
𝐶𝑁𝑇 + 𝑉𝑚𝜌

𝑚 
𝐸11 = 𝜂1𝑉𝐶𝑁𝑇𝐸11

𝐶𝑁𝑇 + 𝑉𝑚𝐸
𝑚, 

  𝐸22 = 𝜂2 (
𝐸22
𝐶𝑁𝑇𝐸𝑚

𝑉𝐶𝑁𝑇𝐸
𝑚 + 𝑉𝑚𝐸22

𝐶𝑁𝑇) 

(1) 

𝑉𝑚 and 𝑉𝐶𝑁𝑇  are volume fractions of the matrix and 

the CNT, respectively, which are satisfied by the relation 

𝑉𝑚 + 𝑉𝐶𝑁𝑇 = 1. The load transferred between the polymeric 

phase, and the CNT is less than perfect; therefore, 

𝜂𝑖(𝑖 = 1,2,3) (the parameter of the CNT efficiency) is used 

to consider the small-scale influence and other effects on 

properties of the CNTRCs material, which is presented in 

Eq. (1) (Thai et al. 2018). In this work, the estimation of 

𝜂𝑖(𝑖 = 1,2,3)  according to the 𝐸11 , 𝐸22 , and 𝐺12  of 
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CNTRCs is predicted from the extended mixture rule to 

those from the molecular dynamics simulations given by 

Shen (Shen and Zhang 2010, Shen and Zhu 2010), and the 

values of them are listed in Table 4. It is assumed that the 

CNTRC layer is made of single-wall carbon nanotubes 

(SWCNT) and isotropic matrix. The CNT is distributed 

along the thickness direction for the shell layers as UD or 

FG (Foroutan et al. 2019, Seidel and Lagoudas 2006). 

According to Fig. 1, the relation of CNT volume 

fractions (𝑉𝐶𝑁𝑇) for four types of FG-CNTRC shells (Fig. 

1), which represents the density of CNTs in the matrix, are 

as follows (Tounsi et al. 2013, Aydogdu 2014, Ebrahimi 

and Habibi 2017, Jamali et al. 2019, Foroutan et al. 2019, 

2021a, Tayeb et al. 2020, Hashemi et al. 2021, Khadimallah 

et al. 2021): 

𝑉𝐶𝑁𝑇(𝑧) =

{
 
 
 

 
 
 

𝑉𝐶𝑁𝑇
∗ (UD CNTRC)

2𝑉𝐶𝑁𝑇
∗ (1 −

2𝑧

ℎ
) (FG−V CNTRC)

𝑉𝐶𝑁𝑇
∗ (1 +

2𝑧

ℎ
) (FG − Λ CNTRC)

4𝑉𝐶𝑁𝑇
∗ (

|𝑧|

ℎ
) (FG− X CNTRC)

 (2) 

Considering Figs. 2 and 4 and Eq. (2), we have 

suggested a three-layer shell so that each layer has sub-

patterns of CNT distribution. Then, using Eq. (2) and 

applying the continuity condition, the CNTs volume 

fraction relation for the sandwich shell with three CNTs 

distribution patterns can be written as follows: 

Type 1: FG V-UD-FG Λ 

𝑉𝐶𝑁𝑇(𝑧)

=

{
 
 

 
 

FG − 𝑉:    2𝑉𝐶𝑁𝑇
∗ (1 −

2𝑧

ℎ
)

UD:    𝑉𝐶𝑁𝑇
∗

FG− 𝛬:  𝑉𝐶𝑁𝑇
∗ (1 +

2𝑧

ℎ
)

−
ℎ

2
≤ 𝑧 ≤ −

ℎ

2
+ ℎ1

−
ℎ

2
+ ℎ1 ≤ 𝑧 ≤

ℎ

2
− ℎ3

ℎ

2
− ℎ3 ≤ 𝑧 ≤

ℎ

2

 (3a) 

Type 2: FG V-X-Λ 

𝑉𝐶𝑁𝑇(𝑧)

=

{
  
 

  
 FG − 𝑉:    2𝑉𝐶𝑁𝑇

∗ (1 −
2𝑧

ℎ
)

FG − 𝑋:   4𝑉𝐶𝑁𝑇
∗ (

|𝑧|

ℎ
)

FG − 𝛬:  𝑉𝐶𝑁𝑇
∗ (1 +

2𝑧

ℎ
)

−
ℎ

2
≤ 𝑧 ≤ −

ℎ

2
+ ℎ1

−
ℎ

2
+ ℎ1 ≤ 𝑧 ≤

ℎ

2
− ℎ3

ℎ

2
− ℎ3 ≤ 𝑧 ≤

ℎ

2

 (3b) 

Type 3: UD-FG X-UD 

𝑉𝐶𝑁𝑇(𝑧) =

{
 
 

 
 UD:    𝑉𝐶𝑁𝑇

∗

FG − 𝑋:   4𝑉𝐶𝑁𝑇
∗ (

|𝑧|

ℎ
)

UD:    𝑉𝐶𝑁𝑇
∗

−
ℎ

2
≤ 𝑧 ≤ −

ℎ

2
+ ℎ1

−
ℎ

2
+ ℎ1 ≤ 𝑧 ≤

ℎ

2
− ℎ3

ℎ

2
− ℎ3 ≤ 𝑧 ≤

ℎ

2

 (3c) 

where 

𝑉𝐶𝑁𝑇
∗ =

𝑤𝐶𝑁𝑇

𝑤𝐶𝑁𝑇 + (
𝜌𝐶𝑁𝑇

𝜌𝑚
) − (

𝜌𝐶𝑁𝑇

𝜌𝑚
)𝑤𝐶𝑁𝑇

 
(4) 

3. Governing equations 
 

The classical shell theory is used to obtain the 

compatibility and equilibrium equations, and to examine the 

static and dynamic post-buckling responses. In this study, a 

new variable is introduced (𝑟), which is defined as 𝑟 =
𝑅 sin 𝜑. Due to the shallowness of the sandwich spherical 

shell, it is assumed that cos 𝜑 = 1 and 𝑅𝑑𝜑 = 𝑑𝑟. The 

strains at z-distance related to mid-plane along the thickness 

of the spherical shell are as follows: 

𝜀𝑟 = 𝜀𝑟
0 − 𝑧𝜒𝑟; 𝜀𝜃 = 𝜀𝜃

0 − 𝑧𝜒𝜃; 𝛾𝑟𝜃 = 𝛾𝑟𝜃
0 − 2𝑧𝜒𝑟𝜃 (5) 

Based on the von Kármán-Donnell nonlinear strain-

displacement relations, the components of the strain at the 

middle surface of the spherical shell are in the following 

form (Bich and Van Dung 2012): 

𝜀𝑟
0 =

𝜕𝑢

𝜕𝑟
−
𝑤

𝑅
+
1

2
(
𝜕𝑤

𝜕𝑟
)
2

, 

 𝜀𝜃
0 =

1

𝑟

𝜕𝑣

𝜕𝜃
+
𝑢

𝑅
−
𝑤

𝑅
+

1

2𝑟2
(
𝜕𝑤

𝜕𝜃
)
2

 

𝛾𝑟𝜃
0 =

𝜕𝑣

𝜕𝑟
+
1

𝑟

𝜕𝑢

𝜕𝜃
−
𝑣

𝑟
+
1

𝑟

𝜕𝑤

𝜕𝑟

𝜕𝑤

𝜕𝜃
, 𝜒𝑟 =

𝜕2𝑤

𝜕𝑟2
, 

𝜒𝜃 =
1

𝑟

𝜕𝑤

𝜕𝑟
+
1

𝑟2
𝜕2𝑤

𝜕𝜃2
, 𝜒𝑟𝜃 =

1

𝑟

𝜕2𝑤

𝜕𝜃𝜕𝑟
−
1

𝑟2
𝜕𝑤

𝜕𝜃
 

(6) 

where 𝜀𝑟
0, 𝜀𝜃

0, and 𝛾𝑟𝜃
0  are the normal strains and the shear 

strain at the middle surface of the shell, respectively. Also, 

𝜒𝑟 , 𝜒𝜃 , and 𝜒𝑟𝜃  are the twist and curvature changes, 

respectively. 

The compatibility equation of the imperfect spherical 

shell according to Eqs. (5) and (6), can be expressed as 

follows: 

1

𝑟2
𝜕2𝜀𝑟

0

𝜕𝜃2
−
1

𝑟

𝜕𝜀𝑟
0

𝜕𝑟
+
1

𝑟2
(2𝑟

𝜕𝜀𝜃
0

𝜕𝑟
+ 𝑟2

𝜕2𝜀𝜃
0

𝜕𝑟2
) 

−
1

𝑟2
(
𝜕𝛾𝑟𝜃

0

𝜕𝜃
+ 𝑟

𝜕2𝛾𝑟𝜃
0

𝜕𝑟𝜕𝜃
) 

= −
1

𝑅
(
𝜕2𝑤

𝜕𝑟2
+
1

𝑟

𝜕𝑤

𝜕𝑟
+
1

𝑟2
𝜕2𝑤

𝜕𝜃2
) −

1

𝑟

𝜕𝑤

𝜕𝑟

𝜕2𝑤

𝜕𝑟2
 

−
1

𝑟2
(
𝜕2𝑤

𝜕𝑟2
𝜕2𝑤

𝜕𝜃2
− (

𝜕2𝑤

𝜕𝑟𝜕𝜃
)

2

) 

−
2

𝑟3
𝜕𝑤

𝜕𝜃

𝜕2𝑤

𝜕𝑟𝜕𝜃
−
1

𝑟4
(
𝜕𝑤

𝜕𝜃
)
2

 

(7) 

Based on Hooke’s law, the stress-strain relations of 

sandwich FG-CNTRC shallow spherical shells can be 

written as (Loy et al. 1999): 

[

𝜎𝑟
𝜎𝜃
𝜎𝑟𝜃

] = [

𝑄11 𝑄12 0
𝑄12 𝑄22 0
0 0 𝑄66

] {

𝜀𝑟
𝜀𝜃
𝛾𝑟𝜃

} (8) 

where 

𝑄11 =
𝐸11

1 − 𝜈12𝜈21
;   𝑄22 =

𝐸22
1 − 𝜈12𝜈21

;    

𝑄12 =
𝜈21𝐸11

1 − 𝜈12𝜈21
;   𝑄66 = 𝐺12;   𝜈21 =

𝐸22
𝐸11

𝜈12 

(9) 

In Eq. (9), 𝜈21  and 𝜈12  are Poisson's ratios. 𝜎𝑟 , 𝜎𝜃 

and 𝜎𝑟𝜃  are the normal stresses in radial and tangential 

directions and the shear stress of the sandwich FG-CNTRC 

shallow spherical shells, respectively. 
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To obtain the resultant forces (𝑁𝑟 , 𝑁𝜃 , 𝑁𝑟𝜃 ) for the 

sandwich FG-CNTRC shallow spherical shell, Eq. (8) is 

integrated over the thickness. The resultant moments 

(𝑀𝑟 , 𝑀𝜃 , 𝑀𝑟𝜃) obtain by first multiplying the Eq. (8) by the 

thickness z and integrating over the thickness. Substituting 

Eq. (8) into Eqs. (5) and (6), the resultant moments and 

forces are obtained as follows: 

Resultant forces: 

𝑁𝑟 = 𝐴11𝜀𝑟
0 + 𝐴12𝜀𝜃

0 − 𝐵11𝜒𝑟 − 𝐵12𝜒𝜃 

𝑁𝜃 = 𝐴12𝜀𝑟
0 + 𝐴22𝜀𝜃

0 − 𝐵12𝜒𝑟 − 𝐵22𝜒𝜃 

𝑁𝑟𝜃 = 𝐴66𝛾𝑟𝜃
0 + 𝐵66𝜒𝑟𝜃 

(10) 

Resultant moments: 

𝑀𝑟 = 𝐵11𝜀𝑟
0 + 𝐵12𝜀𝜃

0 − 𝐷11𝜒𝑟 − 𝐷12𝜒𝜃 

𝑀𝜃 = 𝐵12𝜀𝑟
0 + 𝐵22𝜀𝜃

0 − 𝐷12𝜒𝑟 − 𝐷22𝜒𝜃 

𝑀𝑟𝜃 = 𝐵66𝛾𝑟𝜃
0 + 𝐷66𝜒𝑟𝜃 

(11) 

where the coefficients in Eqs. (10) and (11) are as follows: 

 

 

 

(12) 

Considering the classical shell theory, the nonlinear 

motion equations of the shallow spherical shell are in the 

following form (Bich and Van Dung 2012, Duc 2014, Duc 

et al. 2017a). Also, in these equations, it is assumed that 

𝑢 ≪ 𝑤  and 𝑣 ≪ 𝑤  and consequently 𝜌1
𝜕2𝑢

𝜕𝑡2
→ 0  and 

𝜌1
𝜕2𝑣

𝜕𝑡2
→ 0. 

𝜕𝑁𝑟
𝜕𝑟

+
1

𝑟

𝜕𝑁𝑟𝜃
𝜕𝜃

+
𝑁𝑟 − 𝑁𝜃

𝑟
= 0 (13) 

𝜕𝑁𝑟𝜃
𝜕𝑟

+
1

𝑟

𝜕𝑁𝜃
𝜕𝜃

+
2𝑁𝑟𝜃
𝑟

= 0 (14) 

1

𝑟
[
𝜕2

𝜕𝑟2
(𝑟𝑀𝑟) + 2(

𝜕2𝑀𝑟𝜃

𝜕𝑟𝜕𝜃
+
1

𝑟

𝜕𝑀𝑟𝜃

𝜕𝜃
) +

1

𝑟

𝜕2𝑀𝜃

𝜕𝜃2
−
𝜕𝑀𝜃

𝜕𝑟
] 

+
1

𝑟

𝜕

𝜕𝑟
(𝑟𝑁𝑟

𝜕𝑤

𝜕𝑟
+ 𝑁𝑟𝜃

𝜕𝑤

𝜕𝜃
) +

𝑁𝑟 + 𝑁𝜃
𝑅

 

+
1

𝑟

𝜕

𝜕𝜃
(𝑁𝑟𝜃

𝜕𝑤

𝜕𝑟
+
1

𝑟
𝑁𝜃
𝜕𝑤

𝜕𝜃
) + 𝑞 = 2𝜌1𝜇

𝜕𝑤

𝜕𝑡
+ 𝜌1

𝜕2𝑤

𝜕𝑡2
 

(15) 

where q is the external pressure. t is the time, and 𝜌1 is 

obtained in the following form: 

𝜌1 = ∫ 𝜌𝑑𝑧

ℎ

2

−
ℎ

2

 (16) 

The stress function (𝜓) is considered in the following 

form, which is satisfied by Eqs. (13) and (14): 

𝑁𝑟 =
1

𝑟

𝜕2𝜓

𝜕𝑟2
+
1

𝑟2
𝜕2𝜓

𝜕𝜃2
;   𝑁𝜃 =

𝜕2𝜓

𝜕𝑟2
;    

𝑁𝑟𝜃 =
1

𝑟2
𝜕𝜓

𝜕𝜃
−
1

𝑟

𝜕2𝜓

𝜕𝑟𝜕𝜃
 

(17) 

According to Eqs. (10) and (17), one can solve these 

equations to find 𝜀𝑟
0, 𝜀𝜃

0, and 𝛾𝑟𝜃
0  in terms of 𝑁𝑟, 𝑁𝜃, and 

𝑁𝑟𝜃 as follows: 

𝜀𝑟
0 = (

1

𝑟

𝜕𝜓

𝜕𝑟
+
1

𝑟2
𝜕2𝜓

𝜕𝜃2
)𝑑1 +

𝜕2𝜓

𝜕𝑟2
𝑑2 

−
𝜕2𝑤

𝜕𝑟2
𝑑3 − (

1

𝑟

𝜕𝑤

𝜕𝑟
+
1

𝑟2
𝜕2𝑤

𝜕𝜃2
)𝑑4 

(18a) 

𝜀𝜃
0 =

𝜕2𝜓

𝜕𝑟2
𝑑5 + (

1

𝑟

𝜕𝜓

𝜕𝑟
+
1

𝑟2
𝜕2𝜓

𝜕𝜃2
)𝑑2 

−(
1

𝑟

𝜕𝑤

𝜕𝑟
+
1

𝑟2
𝜕2𝑤

𝜕𝜃2
)𝑑6 −

𝜕2𝑤

𝜕𝑟2
𝑑7 

(18b) 

𝛾𝑟𝜃
0 = (

1

𝑟2
𝜕𝜓

𝜕𝜃
−
1

𝑟

𝜕2𝜓

𝜕𝑟𝜕𝜃
)𝑑8 + (

1

𝑟2
𝜕𝑤

𝜕𝜃
−
1

𝑟

𝜕2𝑤

𝜕𝑟𝜕𝜃
)𝑑9 (18c) 

where 𝑑𝑖  (𝑖 = 1, 2, … , 9) are as follows: 

𝑑1 =
𝐴22
𝛿
;    𝑑2 = −

𝐴12
𝛿
;    

𝑑3 =
(𝐴12𝐵12 − 𝐴22𝐵11)

𝛿
;    𝑑4 =

(𝐵22𝐴12 − 𝐴22𝐵12)

𝛿
 

𝑑5 =
𝐴11
𝛿
;    𝑑6 =

(𝐴12𝐵12 − 𝐴11𝐵22)

𝛿
;     

𝑑7 =
(𝐵11𝐴12 − 𝐴11𝐵12)

𝛿
𝑑8 =

1

𝐴66
;    

 𝑑9 = −
𝐵66
𝐴66

;    𝛿 = 𝐴11𝐴22 − 𝐴12
2  

(19) 

To obtain the resultant moments in terms of the resultant 

forces, Eq. (18) substitutes into Eq. (11) as follows: 

𝑀𝑟 = (
1

𝑟

𝜕𝜓

𝜕𝑟
+
1

𝑟2
𝜕2𝜓

𝜕𝜃2
)𝑔1 +

𝜕2𝜓

𝜕𝑟2
𝑔2 

−
𝜕2𝑤

𝜕𝑟2
𝑔3 − (

1

𝑟

𝜕𝑤

𝜕𝑟
+
1

𝑟2
𝜕2𝑤

𝜕𝜃2
)𝑔4 (20a) 

𝑀𝜃 =
𝜕2𝜓

𝜕𝑟2
𝑔5 + (

1

𝑟

𝜕𝜓

𝜕𝑟
+
1

𝑟2
𝜕2𝜓

𝜕𝜃2
)𝑔6 

−(
1

𝑟

𝜕𝑤

𝜕𝑟
+
1

𝑟2
𝜕2𝑤

𝜕𝜃2
)𝑔7 −

𝜕2𝑤

𝜕𝑟2
𝑔8 (20b) 

𝑀𝑟𝜃 = (
1

𝑟2
𝜕𝜓

𝜕𝜃
−
1

𝑟

𝜕2𝜓

𝜕𝑟𝜕𝜃
)𝑔9 + (

1

𝑟2
𝜕𝑤

𝜕𝜃
−
1

𝑟

𝜕2𝑤

𝜕𝑟𝜕𝜃
)𝑔10 (20c) 

where 𝑔𝑖  (𝑖 = 1, 2, … , 10) are as follows: 

𝑔1 = 𝐵11𝑑1 + 𝐵12𝑑2,    𝑔2 = 𝐵11𝑑2 + 𝐵12𝑑5 
𝑔3 = 𝐵11𝑑3 + 𝐵12𝑑7 + 𝐷11,     
𝑔4 = 𝐵11𝑑4 + 𝐵12𝑑7 + 𝐷12 
𝑔5 = 𝐵22𝑑5 + 𝐵12𝑑2,    𝑔6 = 𝐵22𝑑2 + 𝐵12𝑑1 
𝑔7 = 𝐵22𝑑6 + 𝐵12𝑑4 + 𝐷22,    
𝑔8 = 𝐵22𝑑7 + 𝐵12𝑑3 + 𝐷12 
𝑔9 = 𝐵66𝑑8,    𝑔10 = 𝐵66𝑑9 + 𝐷66 

(21) 

To derive the compatibility equation in terms of 𝑤 and 

𝜓, Eqs. (6), (17) and (18) are substituted into Eq. (7) in the 

following form: 

𝑑5
𝜕4𝜓

𝜕𝑟4
+
2

𝑟
𝑑5
𝜕3𝜓

𝜕𝑟3
+
1

𝑟2

(

 
𝑑2

𝜕4𝜓

𝜕𝑟2𝜕𝜃2
− 𝑑1

𝜕2𝜓

𝜕𝑟2

+𝑑8
𝜕4𝜓

𝜕𝑟2𝜕𝜃2
+ 𝑑2

𝜕4𝜓

𝜕𝑟2𝜕𝜃2)

  

+
1

𝑟3
(𝑑1

𝜕𝜓

𝜕𝑟
−𝑑8

𝜕3𝜓

𝜕𝑟𝜕𝜃2
− 2𝑑2

𝜕3𝜓

𝜕𝑟𝜕𝜃2
) 

+
1

𝑟4
(𝑑8

𝜕2𝜓

𝜕𝜃2
+ 𝑑1

𝜕4𝜓

𝜕𝜃4
+ 2𝑑2

𝜕2𝜓

𝜕𝜃2
+ 2𝑑1

𝜕2𝜓

𝜕𝜃2
) 

(22) 

( ) ( )2
11 22 12 66 11 22 12 66

2

, , , , , , 
h

hA A A A Q Q Q Q dz
−

= 

( ) ( )2
11 22 12 66 11 22 12 66

2

, , , , , , 2
h

hB B B B Q Q Q Q zdz
−

= 

( ) ( ) 22
11 22 12 66 11 22 12 66

2

, , , , , , 2
h

hD D D D Q Q Q Q z dz
−

= 
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= 𝑑7
𝜕4𝑤

𝜕𝑟4
−
1

𝑅
(
𝜕2𝑤

𝜕𝑟2
+
1

𝑟

𝜕𝑤

𝜕𝑟
+
1

𝑟2
𝜕2𝑤

𝜕𝜃2
) 

+
1

𝑟
(𝑑6

𝜕3𝑤

𝜕𝑟3
− 𝑑3

𝜕3𝑤

𝜕𝑟3
−
𝜕𝑤

𝜕𝑟

𝜕2𝑤

𝜕𝑟2
+ 2𝑑7

𝜕3𝑤

𝜕𝑟3
) 

+
1

𝑟2
((
𝜕2𝑤

𝜕𝑟𝜕𝜃
)

2

−
𝜕2𝑤

𝜕𝑟2
𝜕2𝑤

𝜕𝜃2
− 𝑑4

𝜕2𝑤

𝜕𝑟2
+ 𝑑3

𝜕4𝑤

𝜕𝑟2𝜕𝜃2

+ 𝑑6
𝜕4𝑤

𝜕𝑟2𝜕𝜃2
− 𝑑9

𝜕4𝑤

𝜕𝑟2𝜕𝜃2
) 

+
1

𝑟3
(𝑑4

𝜕𝑤

𝜕𝑟
+ 𝑑9

𝜕3𝑤

𝜕𝑟𝜕𝜃2
−2𝑑6

𝜕3𝑤

𝜕𝑟𝜕𝜃2
− 2

𝜕𝑤

𝜕𝜃

𝜕2𝑤

𝜕𝑟𝜕𝜃
) 

+
1

𝑟4
((
𝜕𝑤

𝜕𝜃
)
2

− 𝑑9
𝜕2𝑤

𝜕𝜃2
+ 2𝑑4

𝜕2𝑤

𝜕𝜃2
− 2𝑑6

𝜕2𝑤

𝜕𝜃2
+
𝜕4𝑤

𝜕𝜃4
𝑏4
𝑟) 

To derive the equation of motion in terms of 𝑤 and 𝜓, 

Eqs. (5), (17) and (20) are substituted into Eq. (15) in the 

following form: 

𝑅𝑟2(𝑔1 + 𝑔5 − 2𝑔9)
𝜕4𝜓

𝜕𝑟2𝜕𝜃2
 

−𝑅𝑟2(𝑔4 + 𝑔8 + 2𝑔10)
𝜕4𝑤

𝜕𝑟2𝜕𝜃2
+ 𝑅𝑔6

𝜕4𝜓

𝜕𝜃4
− 𝑅𝑔7

𝜕4𝑤

𝜕𝜃4
 

+𝑅𝑟4𝑔2
𝜕4𝜓

𝜕𝑟4
− 𝑅𝑟4𝑔3

𝜕4𝑤

𝜕𝑟4
+ 𝑅𝑟3(𝑔1 − 𝑔5 + 2𝑔2)

𝜕3𝜓

𝜕𝑟3
 

−𝑅𝑟3(2𝑔3 + 𝑔4 − 𝑔8)
𝜕3𝑤

𝜕𝑟3
− 2𝑅𝑟(𝑔1 − 𝑔9)

𝜕3𝜓

𝜕𝑟𝜕𝜃2
 

 +2𝑅𝑟(𝑔4 + 𝑔10)
𝜕3𝑤

𝜕𝑟𝜕𝜃2
 

+(𝑅𝑟2
𝜕2𝑤

𝜕𝑟2
+ 𝑅(2𝑔1 + 2𝑔6 − 2𝑔9) + 𝑟

2)
𝜕2𝜓

𝜕𝜃2
 

 −𝑟2 (−𝑅𝑟
𝜕𝑤

𝜕𝑟
+ 𝑅𝑔6 − 𝑅

𝜕2𝑤

𝜕𝜃2
− 𝑟2)

𝜕2𝜓

𝜕𝑟2
 

−2𝑅(+𝑔7 + 𝑔4 + 𝑔10)
𝜕2𝑤

𝜕𝜃2
+ 2𝑅𝑟 (−𝑟

𝜕2𝑤

𝜕𝑟𝜕𝜃
+
𝜕𝑤

𝜕𝜃
)
𝜕2𝜓

𝜕𝑟𝜕𝜃
 

+𝑅𝑟2 (𝑟
𝜕𝜓

𝜕𝑟
+ 𝑔7)

𝜕2𝑤

𝜕𝑟2
+ 2𝑅𝑟

𝜕𝜓

𝜕𝜃

𝜕2𝑤

𝜕𝑟𝜕𝜃
 

−2𝑅
𝜕𝑤

𝜕𝜃

𝜕𝜓

𝜕𝜃
+ (𝑅𝑟𝑔6 + 𝑟

3)
𝜕𝜓

𝜕𝑟
− 𝑅𝑟𝑔7

𝜕𝑤

𝜕𝑟
 − 𝑟4𝑞 

= 2𝑅𝑟4𝜌1𝜇
𝜕𝑤

𝜕𝑡
+ 𝑅𝑟4𝜌1

𝜕2𝑤

𝜕𝑡2
 

(23) 

The compatibility equation (Eq. (22)) and equation of 

motion (Eq. (23)) are utilized to examine the vibration 

analysis and nonlinear dynamic stability of sandwich FG-

CNTRC shallow spherical shells. 

 

3.1 Boundary conditions 
 

The sandwich FG-CNTRC shallow spherical shell is 

assumed to be clamped and immovable at its base edge 

(𝑟 = 𝑟0), which is exposed to external pressure so that the 

loading is uniformly distributed on the outer surface of the 

shell, as shown in Fig. 5. 

According to Fig. 5, the boundary conditions can be 

written as follows: 

𝑢 = 0, 𝑤 =
𝜕𝑤

𝜕𝑟
= 0, 

𝑁𝑟 = 𝑁0, 𝑁𝑟𝜃 = 0  𝑎𝑡  𝑟 = 𝑟0 

(24) 

Also, boundary edge immovability conditions of the 

shallow spherical shell are fulfilled regarding the average 

sense as close conditions as follows: 
 

 

Fig. 5 Schematic of sandwich FG-CNTRC shallow 

spherical shell exposed to external pressure 
 

 

∫ ∫
𝜕𝑢

𝜕𝑟

𝑟0

0

𝑟𝑑𝑟𝑑𝜃
𝜋

0

= 0 (25) 

According to the boundary conditions (Eq. (24)), the 

approximate solution for the deflection (w) is represented 

by suitable mode functions, which consist of the three 

modes of transverse nonlinear oscillations. One function is 

chosen to represent the change in the symmetrically 

deformed shape of the shell (Tillman 1970), and the 𝑛 =
 1 and 𝑛 =  2 asymmetrical mode functions are chosen to 

represent closely the shapes deduced by Huang (1964) that 

these functions are as follows: 

𝑤(𝑟, 𝜃, 𝑡) =
𝑊1(−𝑟

2 + 𝑟0
2)2

𝑟0
4 +

𝑊2𝑟(−𝑟
2 + 𝑟0

2)2 𝑐𝑜𝑠(𝜃)

𝑟0
5

+
𝑊3𝑟

2(−𝑟2 + 𝑟0
2)2 𝑐𝑜𝑠(2𝜃)

𝑟0
6  

(26) 

where 𝑊1 = 𝑊1(𝑡) , 𝑊2 = 𝑊2(𝑡) , and 𝑊3 = 𝑊3(𝑡)  are 

the three order modes of time-dependent unknown 

amplitudes, respectively. 
(−𝑟2+𝑟0

2)
2

𝑟0
4 , 

𝑟(−𝑟2+𝑟0
2)
2
𝑐𝑜𝑠(𝜃)

𝑟0
5  and 

𝑟2(−𝑟2+𝑟0
2)
2
𝑐𝑜𝑠(2𝜃)

𝑟0
6  are the three shape functions, 

respectively, which satisfy the boundary conditions. To 

obtain the stress function (𝜓), Eq. (26) must be substituted 

in the compatibility equation (Eq. (22)), and then by solving 

the obtained PDE, the suitable stress function is extracted. 

But obtaining a suitable stress function via this method is 

difficult and complicated. Instead, it is more convenient to 

consider a stress function (𝜓) similar to the approximate 

solution for the deflection. It should be noted that the 

selected stress function must be satisfied with the boundary 

conditions (Eq. (24)). Accordingly, the stress function can 

be chosen as follows: 

𝜓(𝑟, 𝜃) =
𝐹1(−𝑟

2 + 𝑟0
2)2

𝑟0
4 +

𝐹2𝑟(−𝑟
2 + 𝑟0

2)2 𝑐𝑜𝑠(𝜃)

𝑟0
5  

+
𝐹3𝑟

2(−𝑟2 + 𝑟0
2)2 𝑐𝑜𝑠(2𝜃)

𝑟0
6 +

1

2
𝑁0𝑟

2 

(27) 

By substituting Eqs. (26) and (27) into Eq. (22), and 

applying the Galerkin method, a set of three equations in 

terms of 𝐹𝑖  (𝑖 = 1,2,3) are obtained as follows: 

𝐹1 =
𝑊2

2

10(𝑑1 − 9𝑑5)
+

𝑊3
2

35(𝑑1 − 9𝑑5)
+

3𝑊1
2

5(𝑑1 − 9𝑑5)
 

+
(3𝑑3 − 3𝑑6 − 9𝑑7 + 𝑑4)𝑊1

(𝑑1 − 9𝑑5)
−

𝑊1𝑟0
2

2𝑅(𝑑1 − 9𝑑5)
 

(28a) 
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𝐹2 =
−2𝑊2𝑊3

7(𝑑8 + 𝑑1 + 2𝑑2 + 9𝑑5)
 

+
(𝑑3 + 𝑑4 + 𝑑6 + 9𝑑7 + 𝑑9 + 2𝑟0

2)𝑊2

(𝑑8 + 𝑑1 + 2𝑑2 + 9𝑑5)
 

−
4𝑊2𝑊1

5(𝑑8 + 𝑑1 + 2𝑑2 + 9𝑑5)
 

(28b) 

𝐹3 =
−5𝑊2

2

7(8𝑑1 + 10𝑑2 + 30𝑑5 + 5𝑑8)
 

+
(5𝑑3 + 8𝑑4 + 5𝑑6 + 30𝑑7 − 5𝑑9)𝑊3

(8𝑑1 + 10𝑑2 + 30𝑑5 + 5𝑑8)
 

+
𝑊3𝑟0

2

𝑅(8𝑑1 + 10𝑑2 + 30𝑑5 + 5𝑑8)
 

−
8𝑊3𝑊1

(56𝑑1 + 70𝑑2 + 210𝑑5 + 35𝑑8)
 

(28c) 

Substituting Eqs. (6), (17), (18) and (27) into Eq. (26), 

and by integrating, we can obtain 𝑁0  in the following 

form: 

𝑁0 = −2

(𝐴12𝐵12 − 𝐴12𝐵22 − 𝐴22𝐵11 + 𝐴22𝐵12)𝑊1
+(𝐴12 + 𝐴22)𝐹1
𝑟0
2(𝐴12 − 𝐴22)

 
(29) 

Substituting 𝐹1  of Eq. (28a) into Eq. (29), 𝑁0 is 

calculated as: 

𝑁0 =
−2

𝑟0
2(𝐴12 − 𝐴22)

[(
𝐴12𝐵12 − 𝐴12𝐵22
−𝐴22𝐵11 + 𝐴22𝐵12

)𝑊1 

+
1

𝑅(70𝑑1 − 630𝑑5)
{(𝐴12 + 𝐴22) (

7𝑅𝑊2
2 + 2𝑅𝑊3

2

+210𝑑3𝑅𝑊1
 

+42𝑅𝑊1
2 + 70𝑑4𝑅𝑊1 − 210𝑑6𝑅𝑊1 − 630𝑑7𝑅𝑊1

− 35𝑊1𝑟0
2)}] 

(30) 

Finally, by substituting Eqs. (26), (27), (28), and 30 into 

Eq. (23), and applying the Galerkin method, the nonlinear 

second-order ordinary differential equations for 𝑊𝑖  (𝑖 =
1,2,3), are obtained in the following form: 

𝑊̈1 + 2𝜇𝑊̇1 + 𝑏11𝑊1 + 𝑏12𝑊1
2 + 𝑏13𝑊1

3 
+𝑏14𝑊1𝑊2

2 + 𝑏15𝑊1𝑊3
2 + 𝑏16𝑊3𝑊2

2 
+𝑏17𝑊2

2 + 𝑏18𝑊3
2 + 𝑏19𝑞 = 0 

𝑊̈2 + 2𝜇𝑊̇2 + 𝑏21𝑊2 + 𝑏22𝑊2𝑊1
2 

+𝑏23𝑊2𝑊1 + 𝑏24𝑊2𝑊3 + 𝑏25𝑊3𝑊1
2 

+𝑏26𝑊2𝑊3
2 + 𝑏27𝑊1𝑊2𝑊3 = 0 

𝑊̈3 + 2𝜇𝑊̇3 + 𝑏31𝑊3 + 𝑏32𝑊2
2 + 𝑏33𝑊3

3 
+𝑏34𝑊3𝑊2

2 + 𝑏35𝑊1𝑊2
2 + 𝑏36𝑊3𝑊1

2 
+𝑏37𝑊1𝑊3 = 0 

(31) 

where the coefficients 𝑏𝑖𝑗  are too long to be explicitly 

presented here, they can be easily computed with computer 

algebra. Putting 𝑊 = 𝑊𝑚𝑎𝑥, from Eq. (26), it is obvious 

that the maximum deflection of the sandwich FG-CNTRC 

shallow spherical shells: 

𝑊 = 𝑊1 +𝑊2 +𝑊3 (32) 

Eq. (31) is utilized to analyze the influences of input 

parameters on the load-maximum deflection curves of the 

sandwich FG-CNTRC shallow spherical shells. 

 

3.2 Nonlinear vibration analysis 
 
Considering the sandwich FG-CNTRC shallow 

spherical shells subjected to uniformly external pressure as 

𝑞 = 𝑄 sinΩ𝑡, Eq. (31) can be written in the following form: 

𝑊̈1 + 2𝜇𝑊̇1 + 𝑏11𝑊1 + 𝑏12𝑊1
2 + 𝑏13𝑊1

3 
+𝑏14𝑊1𝑊2

2 + 𝑏15𝑊1𝑊3
2 + 𝑏16𝑊3𝑊2

2 
+𝑏17𝑊2

2 + 𝑏18𝑊3
2 + 𝑏19𝑄 𝑠𝑖𝑛 𝛺 𝑡 = 0 

𝑊̈2 + 2𝜇𝑊̇2 + 𝑏21𝑊2 + 𝑏22𝑊2𝑊1
2 

+𝑏23𝑊2𝑊1 + 𝑏24𝑊2𝑊3 + 𝑏25𝑊3𝑊1
2 

+𝑏26𝑊2𝑊3
2 + 𝑏27𝑊1𝑊2𝑊3 = 0 

𝑊̈3 + 2𝜇𝑊̇3 + 𝑏31𝑊3 + 𝑏32𝑊2
2 + 𝑏33𝑊3

3 
+𝑏34𝑊3𝑊2

2 + 𝑏35𝑊1𝑊2
2 + 𝑏36𝑊3𝑊1

2 
+𝑏37𝑊1𝑊3 = 0 

(33) 

where Q is the amplitude of excitation and Ω is excitation 

frequency. The nonlinear vibration responses of the 

sandwich FG-CNTRC shallow spherical shells can be 

obtained by solving Eq. (3) by the fourth-order Runge-

Kutta method. 

To analyze the linear and free vibration of sandwich FG-

CNTRC shallow spherical shells, the nonlinear terms and 

external load in Eq. (33) are neglected in the following 

form: 

𝑊̈1 + 𝑏11𝑊1 = 0 

𝑊̈2 + 𝑏21𝑊2 = 0 
𝑊̈3 + 𝑏31𝑊3 = 0 

(34) 

According to Eq. (34), the natural frequency (𝜔𝑖  (𝑖 =
1,2,3) ) of the sandwich FG-CNTRC shallow spherical 

shells can be written in the following form: 

𝜔1 = √𝑏11; 𝜔2 = √𝑏21; 𝜔3 = √𝑏31 (35) 

 
3.3 Dynamic post-buckling analysis 
 

To analyze the dynamic post-buckling, in Eq. (31), the 

external load is varied as a linear function of time 𝑞 = 𝑐𝑡, 
in which 𝑐(N/m2s)  is the speed of loading. By 

considering the external load in the mentioned form, the 

nonlinear relation for dynamic post-buckling of the 

sandwich FG-CNTRC shallow spherical shells is 

investigated in the following form: 

𝑊̈1 + 2𝜇𝑊̇1 + 𝑏11𝑊1 + 𝑏12𝑊1
2 + 𝑏13𝑊1

3 
+𝑏14𝑊1𝑊2

2 + 𝑏15𝑊1𝑊3
2 + 𝑏16𝑊3𝑊2

2 
+𝑏17𝑊2

2 + 𝑏18𝑊3
2 + 𝑏19𝑐𝑡 = 0 

𝑊̈2 + 2𝜇𝑊̇2 + 𝑏21𝑊2 + 𝑏22𝑊2𝑊1
2 

+𝑏23𝑊2𝑊1 + 𝑏24𝑊2𝑊3 + 𝑏25𝑊3𝑊1
2 

+𝑏26𝑊2𝑊3
2 + 𝑏27𝑊1𝑊2𝑊3 = 0 

𝑊̈3 + 2𝜇𝑊̇3 + 𝑏31𝑊3 + 𝑏32𝑊2
2 

+𝑏33𝑊3
3 + 𝑏34𝑊3𝑊2

2 + 𝑏35𝑊1𝑊2
2 

+𝑏36𝑊3𝑊1
2 + 𝑏37𝑊1𝑊3 = 0 

(36) 

Because solving Eq. (36), using the analytical method is 

very hard and complicated, so, to solve this equation, the 

fourth-order Runge-Kutta method is utilized. Also, according 

to the Budiansky-Roth criterion (Budiansky 1962), the 

critical dynamic buckling loads are calculated. It should be 

explained that according to this criterion, the displacement 

response increases sharply depending on the time in the 

time-domain curve for large values of loading speed. Also, 

the maximum value of the curve is obtained by passing 

from a slope point. At the corresponding time  𝑡 = 𝑡𝑐𝑟 ,   
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Table 1 Comparison of the critical dynamic buckling of 

clamped FG shallow spherical shell with the change of 

index 𝑘  ( 𝑃𝑐𝑟 × 10
5 , 𝑅/ℎ = 1000 , 𝑟0 /𝑅 = 0.2 , 

𝜌𝑐  =  2370 kg/m
3 , 𝜌𝑚  =  8166 kg/m3 , 𝐸𝑐  =

 348.43 GPa, 𝐸𝑚  =  201.04 GPa, 𝜐 =  0.3) 

k present 

Duc et al. (2017) 
Bich and Van Dung 

(2012) 

4.1 
Discrepancy 

(%) 
 

Discrepancy 

(%) 

0 2.9446 3.0135 2.28 2.9995 1.83 

1 2.3469 2.4289 3.37 2.3796 1.37 

5 1.9347 2.1254 8.97 1.9767 2.12 

10 1.8425 1.9263 4.35 1.8826 2.13 

 

Table 2 Comparison of the critical dynamic buckling of 

clamped FG shallow spherical shell with the change of 

index 𝑅/ℎ  ( 𝑃𝑐𝑟 × 10
5 , 𝑘 = 1 , 𝑟0 /𝑅 = 0.2 , 𝜌𝑐  =

 2370 kg/m3 , 𝜌𝑚  =  8166 kg/m
3 , 𝐸𝑐  =  348.43 GPa , 

𝐸𝑚  =  201.04 GPa, 𝜐 =  0.3) 

R/h present 

Duc et al. (2017) 
Bich and Van Dung 

(2012) 

4.1 
Discrepancy 

(%) 
 

Discrepancy 

(%) 

1000 2.3469 2.3812 1.44 2.3796 1.37 

1200 1.9258 2.0039 3.89 1.9565 1.56 

1500 1.5223 1.5108 0.76 1.5505 1.81 

2000 1.1332 1.1327 0.04 1.1579 2.13 

 

Table 3 Comparison of the natural frequencies of S-FGM 

shallow spherical shell (𝜔1 ) with the change of volume 

fractions 𝑘 (𝑃𝑐𝑟 × 10
5 , 𝑟0 /𝑅 = 0.2, 𝑅 /ℎ = 100, 𝑅 = 3, 

𝜌𝑐  =  3800 kg/m
3 , 𝜌𝑚  =  2702 kg/m

3 , 𝐸𝑐  =  380 GPa, 

𝐸𝑚  =  70 GPa, 𝜐 =  0.3) 

k present 
Duc et al. (2017) 

 Discrepancy (%) 

0 5314.5 5314.2 2.28 

1 10132.2 10132.6 3.37 

5 12774.4 12774.0 8.97 

∞ 14057.4 14057.2 4.35 

 

Table 4 The CNT/ matrix efficiency parameters 

𝑉𝐶𝑁𝑇
∗

 𝜂1 𝜂2 𝜂3 

0.12 0.137 1.022 0.715 

 

Table 5 The material properties of the CNTs 

 𝜈12
𝐶𝑁𝑇  𝐸11

𝐶𝑁𝑇(TPa) 𝐸22
𝐶𝑁𝑇(TPa) 𝐺12

𝐶𝑁𝑇(TPa) 

𝑇 = 300 K 0.175 5.6466 7.0800 1.9445 

 

 

which is called dynamic critical time, the stability loss 

occurs and the dynamic critical buckling load can be 

determined. It should be noted that unlike the static analysis 

which instability occurs in a definite point, in dynamic 

buckling analysis there is a region of instability where the  

Table 6 The material properties of the composite matrix 

𝜈𝑚  𝜌𝑚(kg m3⁄ ) 𝐸𝑚(GPa) 

0.34 1150 3.52 

 

Table 7 The geometrical parameters of sandwich FG-

CNTRC shallow spherical shell 

R(m) 𝑟0(m) ℎ(m) ℎ𝑖  (𝑖 = 1,2,3) 

10 2 0.01 ℎ 3⁄  

 

 

Fig. 6 nonlinear vibration responses of the sandwich FG-

CNTRC shallow spherical shells for three types of layers of 

FG-CNTRC 
 

 
4. Numerical results 

 
4.1 Validation of this study 

 

In this section, we first validate the suggested approach 

by available results in the literature. To this end, regarding 

the results presented by Duc et al. (2017) and Bich and Van 

Dung (2012), the FG shallow spherical shell is chosen. The 

boundary conditions are assumed as clamped at the edge, 

and the shell is assumed to be under uniform external 

pressure. The critical dynamic buckling response of the 

clamped FG shallow spherical shell with 𝑛 =  1 

asymmetrical mode functions for change of index 𝑘 and 

𝑅/ℎ, respectively, is listed in Tables 1 and 2. The material 

properties are composed of silicon nitride (Si3N4) and steel 

(SUS 304). As a second validation, in Table 3, the natural 

frequencies of the S-FGM spherical shells are compared 

with the results obtained by Duc et al. (2017). As can be 

seen that there is a good agreement between these results. 

The mass density and Young’s modulus of the FG shell are 

defined as: 

𝜌(𝑧) = 𝜌𝑚 +
(𝜌𝑐 − 𝜌𝑚)

𝑘 − 1
;   𝐸(𝑧) = 𝐸𝑚 +

(𝐸𝑐 − 𝐸𝑚)

𝑘 − 1
 (37) 

 
4.2 Material properties of the sandwich FG-CNTRC 

shallow spherical shells 
 
In this sub-section, the nonlinear dynamic stability and 

vibration analysis of sandwich shallow spherical shells is  
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Type 1: FG V-UD-FG Λ 

 
Type 2: FG V-X-Λ 

 
Type 3: UD-FG X-UD 

Fig. 7 Influence of damping on the nonlinear vibration 

responses of the sandwich FG-CNTRC shallow spherical 

shells in the first periods 

 

 

investigated. The effects of material parameters and various 

geometrical characteristics are presented. Poly (methyl 

methacrylate), referred to as PMMA, is selected as the 

matrix, and the (10,10) SWCNTs are selected as the 

reinforcement. In the present work, 𝑉𝐶𝑁𝑇
∗ = 0.12, and the 

parameters of the CNT/matrix efficiency are listed in 

Table4 (Choe et al. 2018, Wang and Pyrz 2004). Also, the 

material properties of the CNTs and composite matrix and  

 
Type 1: FG V-UD-FG Λ 

 
Type 2: FG V-X-Λ 

 
Type 3: UD-FG X-UD 

Fig. 8 Influence of damping on the nonlinear vibration 

responses of the sandwich FG-CNTRC shallow spherical 

shells in the far periods 

 

 

the geometrical parameters of sandwich FG-CNTRC 

shallow spherical shell are presented in Tables 5-7, 

respectively. 

 
4.3 Nonlinear vibration results 
 
Fig. 6 illustrates the nonlinear vibration behaviors of the 

sandwich FG-CNTRC shallow spherical shells for three  

103



 

Kamran Foroutan, Akin Atas and Habib Ahmadi 

 

 

Fig. 9 Dynamic post-buckling responses of the sandwich 

FG-CNTRC shallow spherical shells for three types of 

layers of FG-CNTRC 

 

 

different pattern types of FG-CNTRC. In order to the 

excitation frequencies are much smaller than natural 

frequencies, the external pressure is chosen as: 104sin 

(300t). The vibration amplitude of the sandwich FG-

CNTRC shallow spherical shells with type 3 and type 2 is 

maximum and minimum, respectively. In other words, if the 

order of the layers of the sandwich FG-CNTRC shallow 

spherical shells to be UD-FG X-UD, the vibration 

amplitude becomes maximum and if the order of the layers 

of the sandwich FG-CNTRC shallow spherical shells to be 

FG-V-X-Λ, the vibration amplitude becomes minimum. 

The reason is that the vibration amplitude strongly depends 

on the placement of the CNT in each layer. Also, according 

to the placing of the CNT in the UD-FG X-UD case and the 

FG-V-X-Λ case, the coefficients of strains in Eq. (8) and, 

consequently the strength of the system are respectively 

decreased and increased. So, decreasing and increasing the 

strength of the system, respectively, leads to increasing and 

decreasing the vibration amplitude. 

The influence of damping on the nonlinear vibration 

responses of the sandwich FG-CNTRC shallow spherical 

shells for three pattern types is shown in Figs. 7 and 8 with 

linear damping coefficient 𝜇 = 0.3  (Duc et al. 2017a). 

According to Fig. 7, the effect of damping is negligible to 

the nonlinear vibration response in the first vibration 

periods; however, as can be seen in Fig. 8, it strongly 

decreases amplitude at the next far periods. Considering 

that the system is nonlinear and exposed to external 

excitation, the linear damping in the first vibration periods 

could not completely reduce the vibration amplitude. So, it 

exponentially reduces the vibration amplitude at the next far 

periods. 

 
4.4 Dynamic post-buckling results 
 
The dynamic post-buckling response of the sandwich 

FG-CNTRC shallow spherical shells for three types of layers 

of FG-CNTRC is demonstrated in Fig. 9. The external 

 
Type 1: FG V-UD-FG Λ 

 
Type 2: FG V-X-Λ 

 
Type 3: UD-FG X-UD 

Fig. 10 Dynamic post-buckling behaviors of the sandwich 

FG-CNTRC shallow spherical shells for various radius 

versus thickness (𝑅 ℎ⁄ ) 
 

 

pressure is chosen as: 104𝑡. The critical dynamic buckling 

of the sandwich FG-CNTRC shallow spherical shells with 

type 1 and type 3 is maximum and minimum, respectively. 

But, the minimum peak for the sandwich FG-CNTRC 

shallow spherical shells with type 1 and type 3 is less and 

more than others, respectively. In other words, if the order 

of the layers of the sandwich FG-CNTRC shallow spherical 

shells to be FG V-UD-FG Λ, the critical dynamic buckling 

becomes maximum, whereas, if the order of the layers of 

the sandwich FG-CNTRC shallow spherical shells to be 

UD-FG X-UD, the critical dynamic buckling becomes  
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Type 1: FG V-UD-FG Λ 

 
Type 2: FG V-X-Λ 

 
Type 3: UD-FG X-UD 

Fig. 11 The influences of the loading speed on the dynamic 

post-buckling responses of the sandwich FG-CNTRC 

shallow spherical shells 

 

 

minimum. In this sub-section, similar to the previous sub-

section, according to the placing of the CNT in the UD-FG 

X-UD case and the FG-V-X-Λ case, the resistance of the 

system and consequently, the dynamic buckling load-

bearing capacity of the system are, respectively decreased 

and increased. 

The dynamic post-buckling behaviors of the sandwich 

FG-CNTRC shallow spherical shells for various radius 

versus thickness (𝑅 ℎ⁄ ) are illustrated in Fig. 10. The critical 

dynamic buckling of the sandwich FG-CNTRC shallow 

spherical shells is decreased by increasing the radius versus 

thickness. 

The influences of the loading speed on the dynamic 

post-buckling responses of the sandwich FG-CNTRC 

shallow spherical shells are illustrated in Fig. 11. By 

increasing the loading speed, the critical dynamic buckling 

of the sandwich FG-CNTRC shallow spherical shells is 

decreased. Because by increasing the loading speed, the 

dynamic buckling load-bearing capacity of the sandwich 

FG-CNTRC shallow spherical shells is decreased, and 

consequently, the resistance against the dynamic buckling 

load is reduced.  

 
 

5. Conclusions 

 

A semi-analytical method was utilized to study the 

nonlinear dynamic stability and vibration analysis of 

sandwich shallow spherical shells. The sandwich shell is 

considered FG-CNTRC. The sandwich shallow spherical 

shells have three new patterns of FG-CNTRC. According to 

the von Kármán-Donnell nonlinear strain-displacement 

relations, and applying the Galerkin method, the nonlinear 

vibration problem has been solved. The Nonlinear dynamic 

stability is analyzed via the fourth-order Runge-Kutta 

method, and then the Budiansky-Roth criterion is employed 

to obtain the critical load for the dynamic post-buckling. 

The influences of various geometrical characteristics and 

material parameters on the nonlinear dynamic stability and 

vibration analysis of sandwich FG-CNTRC shallow 

spherical shells are investigated. Some of the main 

conclusions may be summarized as follows: 

• If the order of the layers of the sandwich FG-CNTRC 

shallow spherical shells to be UD-FG X-UD, the vibration 

amplitude becomes maximum, and if the order of the layers 

of the sandwich FG-CNTRC shallow spherical shells to be 

FG V-X-Λ, the vibration amplitude becomes minimum. 

• If the order of the layers of the sandwich FG-CNTRC 

shallow spherical shells to be FG V-UD-FG Λ, the critical 

dynamic buckling becomes maximum, whereas, if the order 

of the layers of the sandwich FG-CNTRC shallow spherical 

shells to be UD-FG X-UD, the critical dynamic buckling 

becomes minimum. 

• The effect of damping is very small to the nonlinear 

vibration response in the first vibration periods; however, it 

strongly decreases amplitude at the next far periods. 

• By increasing the radius versus thickness, the critical 

dynamic buckling of the sandwich FG-CNTRC shallow 

spherical shells is decreased. 

• By increasing the loading speed, the critical dynamic 

buckling of the sandwich FG-CNTRC shallow spherical 

shells is decreased. 
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