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Scale-dependent buckling of embedded thermo-electro-magneto-
elastic cylindrical nano-shells with different edge conditions
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Abstract. A new analytical buckling solution of a thermo-electro-magneto-elastic (TEME) cylindrical nano-shell made of
BiTiOs-CoFe,O, materials is obtained based on Hamiltonian approach. The Winkler and Pasternak elastic foundations as well as
thermo-electro-magneto-mechanical loadings are applied, and two different types of edge conditions are taken into the
investigation. According to nonlocal strain gradient theory (NSGT) and surface elasticity theory in conjunction with the
Kirchhoff-Love theory, governing equations of the nano-shell are acquired, and the buckling bifurcation condition is obtained by
adopting the Navier’s method. The detailed parameter study is conducted to investigate the effects of axial and circumferential
wave numbers, scale parameters, elastic foundations, edge conditions and thermo-electro-magnetic loadings on the buckling
behavior of the nano-shell. The proposed model can be applied in design and analysis of TEME nano components with multi-

field coupled behavior, multiple edge conditions and scale effect.
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1. Introduction

Nanocomposite materials have been applied to
laboratory, industrial and commercial applications and also
have various applications in industries such as defense,
aerospace and automotive. Significant progress has been
made in nanocomposite structures by using new groups of
TEME nanomaterials, like BaTiOz-CoFe;0s, is well-proven
as prominent materials with numerous potential applications
such as actuators and sensors (Fraternali and Paulino 2020,
Tiwari et al. 2022). The composite TEME nanostructures
have received further attention over the previous years for
presenting a coupled among the thermal, electric, magnetic
and mechanical fields (Moaaz et al. 2022, Qu et al. 2023,
Zhang et al. 2020).

To promote the design and manufacture processes, the
analysis of the structural stability of TEME nanostructures
has drawn a widespread attention recently. The first work is
to execute computer simulations and experiments (Frankland
et al. 2002, Liew et al. 2004) to explain small scale effects
that affect the behavior of TEME nanostructures, however,
it is so sophisticated and needs lots of computing resources.
For this reason, to estimate mechanical behavior of
structures up to nano scale accurately, the modified and
advanced continuum theories accounting length scale and
surface effect should be adopted. The NSGT considers the
nonlocal stress field also strain gradient stress field, which
could depict both stiffness hardening and stiffness softening
effects (Lu et al. 2019), has been widely used to study
nanostructures. Many scholars preferred to choose the
NSGT in their attempts to research the scale-dependent
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mechanical behavior of nano structures (Arefi et al. 2020,
Dai and Safarpour 2021, Farzad and Parisa 2017, Hosseini
et al. 2021, Karimi and Farajpour 2019, Momeni-Khabisi
and Tahani 2022). Nevertheless, surface effect was not
taken into account in their investigation of mechanical
behavior using NSGT. Zeighampour et al. (2020)
investigated the axial buckling of nanotubes regarding the
surface effect, and revealed that the surface parameters and
surface residual tension have a quite effect on critical load
of nanotubes. Recently, the compounding effects of small
scale and surface effect on the mechanical behavior of
nanostructures have been proceeded by some scholars.
Zhang et al. (2021) adopted modified couple stress and
surface elasticity theories to unify the small size and surface
effects. Hamidi et al. (2022) discussed the forced torsional
vibration of nanobeams with the NSGT in conjunction with
surface effect. Presently, researches considering both small
size and surface effects mainly focused on nanobeams and
nanoplates, while, there is a very limited literature are
available for nano-shells (Boyina and Piska 2023, Huang et
al. 2022, Wang and Jin 2022).

The elastic foundations have capacious applications in
engineering such as offshore designing, pipeline network,
electromechanical devices and smart material systems
(Daikh et al. 2021, Jena et al. 2019, Pham et al. 2023). And
the model that considering both normal pressure and
transverse shear stress is a generalized depiction of the
elastic foundation, is called as Winkler-Pasternak foundation
(Ghorbanpour et al. 2013, Tran et al. 2020, Timesli 2020,
2021). There is limited research have depicted the
mechanical characteristics of nanostructures with the elastic
foundation using the Winkler-Pasternak model. Li et al.
(2022) derived analytical solution of the forced vibration of
Timoshenko nano-beam under axial tensions supported on
Winkler-Pasternak foundation subjected to a harmonic load,
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Wiﬁkler foundation

Fig. 1 Configuration and coordinate system of the TEME
cylindrical nano-shell on elastic medium

and Timoshenko beam theory and NSGT were employed to
describe the nano-beam model. Nicolae et al. (2022)
investigated on the dynamics of double-walled carbon
nanotubes under the influence of Winkler-Pasternak
foundation near the primary resonance, and the nonlinear
damped and forced vibration was studied using the optimal
auxiliary functions method. Mamandi (2023) derived the
large deflection of a Euler-Bernoulli cantilever nano-beam
on a nonlinear Winkler-Pasternak elastic foundation and
under uniformly distributed lateral load using Eringen’s
nonlocal elasticity theory, considering the nonlinear and
linear relationships of curvature-deformation.

There have been many studies on the buckling of
composite cylindrical shells (Wang et al. 2018a, b, ¢, Gui
and Li 2023, Gui and Wu 2023), according to the authors'
knowledge and literature research, the buckling problem of
the embedded TEME cylindrical nano-shell under thermo-
electro-magneto-mechanical loadings has not been
considered before. In the present study, a scale-dependent
buckling analysis of an embedded TEME cylindrical nano-
shell under thermo-electro-magneto-mechanical loadings is
developed for the first time based on Hamiltonian approach.
The Winkler and Pasternak elastic foundations are applied
to describe the foundation effects, and two different types of
edge conditions of the shell are taken into the investigation.
According to NSGT and surface elasticity theory in
conjunction with the Kirchhoff-Love theory, governing
equations are acquired, and the buckling bifurcation

condition is obtained by adopting the Navier’s method. This
new model can account for the nanostructure, thermo-
electro-magneto-mechanical coupling and foundation
effects.

2. Basic equations for the TEME cylindrical nano-
shell

Fig. 1 depicts a TEME cylindrical nano-shell made of
BaTiOs-CoFe,O, materials resting on a Winkler-Pasternak
elastic foundation with length L, mid-surface radius R and
thickness h. The coordinate system (x, 6, z) is located on
the mid-surface of the shell, x -, 8 - and z - axes are
along the longitudinal, circumferential and radial of the
mid-surface, respectively. Winkler and Pasternak
coefficients of the elastic foundation are represented by k,,
and k,, respectively. AT, &(x,6,z,t), ¥Y(x,0,zt), P
are uniform temperature change, electric potential, magnetic
potential and axial load acting on the shell, respectively.

2.1 The scale-dependent TEME cylindrical nano-shell
The strain-displacement relations of the TEME

cylindrical nano-shell based on the Kirchhoff-Love theory
are given by:
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where, u, v, and w correspond to the displacement
components in the x, 8, and z directions, respectively. 6,
and 6, are rotational angles between the neutral surface
and normal which around the 6 and x axes, respectively.
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The constitutive relations for TEME cylindrical shells
polarized along the thickness direction are expressed
through relations of stress and strain, which are not taking
scale effect into account (Ke et al. 2014)
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here, o;;, D; and B; denote stress component, electric
displacement and magnetic induction, respectively. g;; is
thermal modulus. Cijkl! emij, fnij! him! Gin» Pi» Tin» and
A; represent bulk elastic, piezoelectric, piezomagnetic,
dielectric, magnetoelectric, pyroelectric, magnetic, and
pyromagnetic constants, respectively. E,, and H, are the
electric field strength and magnetic field strength,
respectively, which can be given as
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The electric and magnetic potentials are defined as a
mixture of linear and cosine distributions to clarify the
electrically and magnetically influenced behavior of the
shell (Jamalpoor et al. 2017)

2
D(x,0,2,t) = —cos(nz)P(x,0,t) + %% (5a)
2z¢,
Y(x,0,z,t) =—cos(nz)e(x,0,t) + h (5b)
in which, n =Z. ¢(x,6,t) and @(x,6,t) represent the

h
electric and magnetic potentials induced by elastic
deformation, respectively. ¢, and ¢, denote initial
magnetic and electric potentials, respectively.
Herein, it is significant to consider the surface effect
while investigating the buckling of nano-shells. Therefore,

Table 1 Material properties of bulk part and surfaces of
BaTiO3-CoFe,04 (Karimi and Rafieian 2019, Ni et al. 2020,
Zur et al. 2020)

€11 = 226, cq, = 125, ¢35 = 124,

Cop =216, cy3 = 124, c33 = 216,

Caq = 44.2, c55 = 44.2, ce6 = 50.5
e31 = —2.2, e33 = 9.3,

e;5 =58, e;, =58, e3, =—-2.2

hll = 5.64, h22 = 5.64’, h33 = 6.35
f31 = 290.1, f33 = 349.9,

Elastic (GPa)

Piezoelectric (C/m?)

Dielectric
(10° C2/Nm?)
Piezomagnetic

(N/Am) fis = 275, fou =275, f3, =290.1
Magnetoelectric g11 = 5.367, g,, = 5.367,
(102 Ns/VC) g3z = 2737.5

Magnetic

(10-6 N s2 /Cz) "= 297, Ty = 297, 33 = 83.5

Thermal moduli
(105 N/Km?)
Pyroelectric
(10 C/N)

Pyromagnetic
(108 N/AmMK)

ﬁll = 4.74’, ﬁ33 = 4.53
ps = 25

A3 =5.19

¢, =7.56,c5, = 7.56,

Surface elastic
iz = C12¢1/c11 = 4.18,

" (N/m) | cée = (i1 —¢i2)/2 = 1.69
Surface piezoelectric s _ s o _
(10 C/m) e =73 e =3
Surface
piezomagnetic fs1 =395, f5; =395
(108 N/A)

the Gurtin-Murdoch surface elasticity theory is developed
to describe the constitutive equations of the TEME
cylindrical nano-shell which is made of a bulk part and two

surface layers (z = i%), to capture the surface influence
(Karimi and Rafieian 2019, Ghorbani et al. 2020).
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here, ¢, ej; and f;; denote surface elastic constant,
piezoelectric and piezomagnetic constants, respectively. t°
denotes residual surface stress.

In addition, the NSGT is utilized to describe the scale-
dependency of the nano-shells in addition to its smart

characteristics, in which the stress consists of nonlocal and
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high order stresses to catch the small size effect. Based on
the NSGT, the constitutive relations can be stated as
(1 - (ea)*V*)ay;
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fnuH +Tu] (7d)

strain gradient parameter. V? = — + refers to the

Laplacian operator.

R2662

2.2 Hamiltonian description of governing equations

To obtain the governing equations of the TEME
cylindrical nano-shell embedded on Winkler and Pasternak
foundations, the Hamilton’s principle is applied, which can
be written as

t
0

where, II; is the strain energy of bulk part, II,, are the
strain energies of two surfaces:

1
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The external work done by elastic foundations can be
written in the following form

— B;H;) RdzdOdx 9)
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in which, k, describes the spring element and k,
represents the shear layer.

The shell withstands axial and circumferential forces
under temperature change, initial applied electrical load,
magnetic load and axial load. The external work I is
expressed as

1 ow_,
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where, Ng,, Ny., Np, are axial electrical, magnetic and
thermal loads, respectively. Ngg , Nyg , Npg are
circumferential electrical, magnetic and thermal loads,

respectively.

C13€33
Ngx = Ngg = —2(e31 —

)P0

13f33

)Po (13)
3

Nyyx = Nyg = —2(f31 —

13ﬁ33
Ny = Npg = (B11 ———)hAT
C33
Substituting Egs. (9)-(12) in Eg. (8), and setting the
coefficients of du, dv, dw, ¢, S¢ to zero, produces:
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where, N2 = Ny, + Ngy + Ny, N§ = Npg + Ngg + Nyg .
The internal force resultants N;; and moment resultants
M;; (i,j = x,0) can be portrayed by

h

2
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Based on Eg. (14), integrating Egs. (7a) - (7d),

respectively, and then seeking partial derivatives, produces
the following governing equations
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3. Buckling process for different edge conditions

In this part, introducing the Navier’s solution to
establish the displacements for the TEME cylindrical nano-
shell with simply-supported (S-S) and clamped-clamped (C-
C) edge conditions, respectively. And the electric and
magnetic potentials at the edges are considered to be zero.

3.1 TEME cylindrical nano-shells with S-S edges

The associated edge conditions are

ou %w

T=v=w="Z=¢=9=0, (x=01L) (17

The displacement fields of the shell with S-S edges can
be defined as

u(x, 0,t) = Uy, cos(Apx) cos(nb)

v(x,0,t) =V, sin( A,x) sin(nf)

w(x,6,t) = Wy, sin( A,,x) cos(no) (18)
¢(x,0,t) = Py sSin( A x) cos(nb)

©(x,0,t) = @ sin( A, x) cos(nb)

mm

here, Ay =—". Unn, Vin» Winn, ®mn, @mn denote
time-dependent unknown coefficients. m and n are axial
and circumferential wave numbers, respectively.
Substituting Eq. (18) into Eq. (16), produces
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kiy ki kiz ki, kis| |®mn
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To obtain non-trivial solutions, the determinant of the
coefficient matrix in Eq. (19) should be vanished. In other
words, the bifurcation condition of the buckling process is
attained by setting the determinant to zero.

3.2 TEME cylindrical nano-shells with C-C edges

Similarly, the associated edge conditions are

u=v=w=g—:=¢=<p=0, (x=0,L) (20)

In this case, the displacement fields can be defined as
u(x, 6,t) = Us, sin( A, x) cos(Ay,x) cos(nb)

(21)
v(x,0,t) = VS, sin?( A,,x) sin(nd)

w(x,8,t) = WE, sin?(A,,x) cos(n8)
o (x,0,t) = ¢S, sin?(A,x) cos(nd)
o(x,0,t) = @5, sin?(1,x) cos(nd)

where, US, ., Visn, Wi, ®fm, ©9, denote time-
dependent unknown coefficients.
Substituting Eq. (21) into Eq. (16), produces
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4. Results and discussion

In this part, the numerical results are shown in Figs. 2-
10 according to the bifurcation conditions gained in
previous part. The effects of temperature change, initial
electric potential, initial magnetic potential, scale
parameters, Winkler and Pasternak coefficients, axial and
circumferential wave numbers on the critical buckling load
of a TEME cylindrical nano-shell under different edge
conditions are investigated. The properties mentioned in
Table 1 are employed, and the geometric parameters of the
nano-shell are L = 200nm, R = 20nm, h = 1nm. The
units of the Winkler and Pasternak coefficients are N/m3
and N/m, respectively.

Fig. 2 demonstrates the effects of axial and circum-
ferential wave numbers on the critical buckling load of
TEME cylindrical nano-shells with S-S edges and C-C
edges, respectively. As can be seen, critical buckling load
increases to its maximum value by increasing circumferential
wave number to 8, and then decreases, for both two edge
conditions. In this circumstance (ea =1nm, [,=1nm, 7% =
IN/m, k,=102N/m? k, =10"*N/m, AT =300K, ¢, =
-0.4V, ¢, = -0.0002A), the maximum critical buckling
load occurs at the 8th order of circumferential number, i.e.,
the most difficult circumferential buckling for the shell
(maximum circumferential number) is n = 8. In addition, it
can be realized that an increase of axial wave number,
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Fig. 2 Effect of axial wave number m on critical buckling
load P vs. the circumferential wave number n

leads to decrease in critical buckling load in both two kinds
of edge conditions, which indicates that the increase of axial
wave number tends to decrease the buckling behavior of the
shell. Furthermore, the larger the axial wave number is, the
smaller the intervals between the curves of critical buckling
load will be, indicating that the shell is susceptible to order
jump when higher-order axial buckling occurs. Moreover,
from comparing of the results corresponding to S-S and C-
C nano-shells, showing that, critical buckling load of the
shell with S-S edges is higher than that with C-C edges. It
can be concluded that the TEME cylindrical nano-shell
exhibits more increased stiffness with S-S edges than with
C-C edges.

Figs. 3-5 display the influences of scale parameters on
the critical buckling load of a TEME cylindrical nano-shell.
It also can be found that the critical buckling load of S-S
nano-shells is larger than the C-C nano-shells.

It can be concluded from Fig. 3 that, the critical
buckling load first sharply decreases with the increase of
axial wave number, and then slowly decreases to a stable
value in both two kinds of edge conditions. It is interesting
to note that, the lower the value of the axial wave number
(m<4), the greater the impact of the axial wave number on
critical buckling load. However, the difference is diminishing
as axial wave number becomes large. It also can be witnessed
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that the curves of the critical buckling load versus axial
wave number can be raised by applying greater residual
surface stress or nonlocal parameter. Nevertheless, the
influence of strain gradient parameter on the critical
buckling load is inconspicuous. It can be said that the
residual surface stress has the greatest impact on the critical
buckling load among the scale parameters.

As it can be seen from Fig. 4, the curves of critical
buckling load versus circumferential wave number elevate
as the residual surface stress is increased for two types of
edge conditions. The curves of critical buckling load
corresponding to different nonlocal parameters are
overlapping for the values n<6. In other words, nonlocal
parameter has little effect on critical buckling load on the
first 5 circumferential orders. It is noteworthy that, the
change in nonlocal parameter can change the value of the
circumferential wave number corresponding to the highest
point of the curves, for the values n>6. In other words,
change in nonlocal parameter could change the maximum

circumferential number. For S-S and C-C nano-shells in
which the influence of strain gradient effect on critical
buckling load is negligible.

Fig. 5 could further study the nonlocal effect, the
numerical values display that the larger the nonlocal
parameter is, the higher the curve of critical buckling load
will be. This also indicates that the nonlocal effect is
significant for the higher-order circumferential buckling of
the TEME nano-shells.

Figs. 6-8 reveal the influences of Winkler and Pasternak
coefficients on the critical buckling load of a TEME
cylindrical nano-shell.

It is concluded from Figs. 6 and 7 that, when the
Pasternak coefficient is larger and larger, the curves of the
critical buckling load are higher and higher. This means that
Pasternak foundation intensifies the stiffness of the nano-
shell. Moreover, the effect of Pasternak foundation on the
critical buckling load is more considerable compared to the
effect of the Winkler foundation.
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It is noteworthy from Fig. 8 that the change in Pasternak
coefficient will not change the circumferential wave
number corresponding to the highest point of the critical
buckling load curves, i.e., Pasternak coefficient will not
change the maximum circumferential number.

Figs. 9 and 10 illustrate the influences of temperature
change, initial electric and magnetic potentials on the
critical buckling load of a TEME cylindrical nano-shell
with S-S edges and C-C edges. As can be seen, critical
buckling load of the shell with S-S edges is always higher
than that with C-C edges.

As illustrated in Fig. 9, it can be seen that an increase in
the negative value of initial electric potential leads to
increasing the critical buckling load. It can be deduced that
an increase in the negative voltage leads to increasing the
critical buckling load and consequently increasing the
stiffness-hardening behavior. Conversely, increasing the
negative initial magnetic potential results in decreasing the
critical buckling load. This means that the stiffness-
hardening behavior of TEME nano-shells decreases via an
increase in the negative initial magnetic potential.
Additionally, an increase in temperature change leads to
decreasing the critical buckling load, this is due to the fact
that rising the temperature change would decrease in
stiffness of the nano-shells. And this effect is very small and
insignificant in comparison with those of electric voltage
and magnetic potential. Moreover, the curves of critical
buckling load tend to converge as the axial wave number
increases. It means that variation of initial electric and
magnetic environments cannot affect the critical buckling
load of the shell when the axial wave number is large.

Fig. 10 illustrates that change in initial electric potential
or magnetic potential will change the maximum
circumferential number, while temperature change has no
effect on the maximum circumferential number. In addition,
the curves of critical buckling load tend to converge as the
circumferential wave number decreases, it means that
variation of temperature change, initial electric or magnetic
environment has little effect on the critical buckling load of
the shell when the circumferential wave number is small.

5. Conclusions

An analytical Hamiltonian-based method is applied into
the buckling of an embedded TEME cylindrical nano-shell.
The Winkler and Pasternak elastic foundations as well as
thermo-electro-magneto-mechanical loadings are applied,
and two different types of edge conditions (S-S edges and
C-C edges) are taken into the investigation. The novel
scale-dependent model presents the multi-field coupling and
nanostructure effects exhibited by the TEME cylindrical
shell at nano scale. Some useful conclusions can be
summarized as follows:

* The TEME cylindrical nano-shell exhibits more
increased stiffness with S-S edges than with C-C edges.

* The increase of axial wave number tends to decrease
the buckling behavior of the nano-shell. And the nano-shell
is susceptible to order jump when higher-order axial
buckling occurs.

« The residual surface stress has the greatest impact on
the critical buckling load among the scale parameters, while
the influence of strain gradient effect is negligible. The
nonlocal effect is significant for the higher-order
circumferential buckling of the nano-shell. In addition,
change in nonlocal parameter could change the maximum
circumferential number.

+ Pasternak foundation intensifies the stiffness of the
nano-shell, and the effect of Pasternak foundation on the
critical buckling load is more considerable compared to the
effect of the Winkler foundation.

+ Variation of initial electric and magnetic environments
cannot affect the critical buckling load of the nano-shell
when the axial wave number is large. Variation of
temperature  change, initial electric or magnetic
environment has little effect on the critical buckling load of
the nano-shell when the circumferential wave number is
small. Moreover, change in initial electric potential or
magnetic potential will also change the maximum
circumferential number.
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