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An accurate analytical exploration for dynamic response
of thermo-electric CNTRC beams under driving harmonic
and constant loads resting on Pasternak foundation
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Abstract. This paper aims to analyze the dynamic response of thermoelectric carbon nanotube-reinforced composite
(CNTRC) beams under moving harmonic load resting on Pasternak elastic foundation. The governing equations of
thermoelectric CNTRC beam are obtained based on the Karama shear deformation beam theory. The beams are resting on the
Pasternak foundation. Previous articles have not performed the moving load mode with the analytical method. The exact
solution for the transverse and axial dynamic response is presented using the Laplace transform. A comparison of previous
studies has been published, where a good agreement is observed. Finally, some examples were used to analyze, such as
excitation frequency, voltage, temperature, spring constant factors, the volume fraction of Carbon nanotubes (CNTs), the
velocity of a moving harmonic load, and their influence on axial and transverse dynamic and maximum deflections. The
advantages of the proposed method compared to other numerical methods are zero reduction of the error percentage that exists
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in numerical methods.
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1. Introduction

The discovery of multi-walled tubes in 1991 has caused
extensive research activities in the sciences to be devoted to
discussing carbon nanotubes and their applications. The
main reason for this is their expected structural evolution,
small size, low density, high hardness, high strength, and
excellent electrical properties. So far, extraordinary
qualities have been obtained from this material, including
mechanical resistance, low weight, thermal conductivity,
different electronic behavior, and its most external tensile
strength (Kaiser et al. 2011, Ebrahimi et al. 2015, Hosseini
and Rahmani 2016, Hayati et al. 2017, Ghadiri et al. 2018,
Hamidi et al. 2018, 2020, Alizade Hamidi et al. 2019, 2021,
Behrouz et al. 2019, Bensattalah et al. 2019, 2020, Alizadeh
Boulal et al. 2020, Gafour et al. 2020, Hosseini et al. 2020,
Khosravi and Hosseini 2020, Khosravi 2020a, b, Ghadiri
Rad et al. 2021).

According to research conducted by the University of
California, people who suffer from osteoporosis and bone
fractures, their problem is solved with the help of carbon
nanotubes. The strength, flexibility, and lightweight carbon
nanotubes allow researchers to use them as splints or
scaffolds to regenerate broken bones. The researchers’
findings have improved the flexibility and strength of
artificial bones and created new types of bone grafts to treat
bone diseases. Artificial bones are made from various
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materials, such as polymers or peptide filaments, but the
problem is that they are not very strong and may not be
accepted by the body. Single-walled carbon nanotubes are
very strong materials. Because the bone is a natural
composite composed of a mixture of organic and inorganic
materials, nanotubes can be an excellent alternative to the
organic part of the bone. Osteoporosis is a natural
composite of collagen fibers and hydroxyapatite crystals
based on the mineral calcium phosphate. In their
experiments on mice, the scientists used this type of fluid,
which contained the proteins, on open wounds and in a
variety of tissues, including tissues such as the brain,
kidneys, skin, and nerve fibers. In all of these cases, they
could immediately control the bleeding in the damaged
tissue and blood vessels (Nielsen 1974, Zhang and Li 2009,
Tounsi et al. 2013, Mohammadjani and Shariyat 2020,
Tayeb et al. 2020, Zerrouki et al. 2020, Shariyat and Abedi
2022).

Simsek and Reddy (2013) investigated the vibrations of
a functional calibrated microbeam using high-order theory
using nonlocal theory. Shen and Xiang (2013) studied the
carbon nanotubes nonlinearly in a thermal environment.
Wattanasakulpong et al. studied the buckling, bending, and
vibrations of carbon nanotubes using an analytical solution
(Wattanasakulpong and Ungbhakorn 2013). Mantari et al
(2014) dealt with a variety of higher-order theories for
composite sheets. Hosseini and Rahmani (2017) investigated
the transverse and axial displacement of a functionally
graded nanobeam under moving load. Bensattalah et al.
(2019) analyzed Timoshenko nanobeam reinforced with
three-walled carbon tubes. The equations were derived
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Fig. 1 Geometry of a CNTRC thermoelectric beam on
Pasternak foundation

using nonlocal elasticity theory and zigzag theory.
Bensattalah et al. (2016) analyzed the free vibrations of
Euler-Bernoulli and Timoshenko nanobeam in a temperature
environment. Equations were extracted using the theory of
nonlocal elasticity. Material properties are temperature-
dependent. Zerrouki et al. (2020) critical buckling analyses
of nonlinear FG-CNT reinforced nano-composite beam.

Here are the latest works. Abdelrahman et al. (2021)
studied the dynamic analysis of carbon nanobeam
reinforced on elastic foundation. Alazwari et al. (2021)
studied the static analysis of multilayer carbon nanotubes.
Babaei (2022) examined Free vibration and snap-through
instability of FG-CNTRC shallow arches supported on
nonlinear elastic foundation. Babaei et al. (2021a, b)
studied the vibrations of carbon nanotubes in different
thermal environments and different boundary conditions.
Civalek et al. studied the free and forced vibrations of
carbon nanotubes with zigzag theory (Chalak et al. 2021,
Civalek 2021a, b). Ebrahimi et al. studied the free and
torsional vibrations of sandwich beams in thermal, magnetic
and electric environments with the face layer of carbon
nanotubes and graphene oxide (Ebrahimi et al. 2021a, b, ¢).

Eghbali et al. (2021) studied the free vibration of axially
functionally graded nanobeam with an attached mass based
on nonlocal strain gradient theory via the new ADM
numerical method. Garg et al. (2022) examined the free
vibrations of a carbon-reinforced sandwich beam with a
softcore. Heidari et al. (2021) studied the free vibrations of
a carbon cylinder reinforced with a nanotube.

Madenci examined free vibration analysis of carbon
nanotube RC nanobeams with variational approaches
(Madenci 2021). Serajzadeh et al. studied two-dimensional
low-velocity impact analysis of curved sandwich beams
with FG-CNTRC face sheets and porous core (Serajzadeh
and Malekzadeh 2021). Van Quyen et al. (2021) studied
nonlinear forced vibration of the cylindrical sandwich panel
with negative Poisson’s ratio auxetic honeycombs core and
CNTRC face sheets. Xu et al. (2021a, b) analyzed the
vibrations of FG carbon nanotubes in a thermal environment

with general boundary conditions. Zheng et al. (2021)
studied forced vibration characteristics of embedded
graphene oxide powder reinforced metal foam nano-
composite plate in a thermal.

This paper aimed to analyze the axial and transverse
dynamic response of CNTRC beams under moving
harmonic and constant load. The governing equations of the
CNTRC beam are obtained based on the Karama shear
deformation beam theory and Laplace transform to solve
the derived differential equations. It should be noted that an
exact solution for both transverse and axial responses is
obtained due to this effort. Through parametric study,
valuable results have been concluded related to the effect of
essential parameters such as excitation frequency, voltage,
temperature, spring constant factors, the volume fraction of
CNTs, and load velocity on the dynamic response of the
thermoelectric CNTRC beams in axial and transverse
modes. The presented results in this study are validated by
obtaining good agreement, which compares with available
results in the literature.

2. Formulation of the problem
2.1 CNTRC beams

A CNTRC thermoelectric beam is considered from a
single-walled carbon nanotube (SWCNT) and anisotropic
polymer matrix. The beam, having length (L) and height (h)
with surface-bonded thermoelectric layers with a thickness
h,, is placed on the Pasternak elastic foundation, including
a shear layer and Winkler spring. In this study, the beams
are assumed to have four different reinforcement patterns
over the cross-sections, shown in Fig. 1.

Eyy = mVenEf + ViEX

N2 _ Ven | Vi
By Ejp B (1)
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where GY, EZY and Ef) are defined as the shear
modulus and Young’s modulus, respectively, and E*, G*
as the properties of the polymer matrix. Also, Vgy and V
are the volume fraction for the carbon nanotube and
polymer matrix, respectively, with the relation of V .y +
Vi, = 1. To consider the size dependent material properties,
the CNT efficiency parameters, n; = (i = 1,2,3) , are
introduced. They can be determined from the matching of
the elastic modulus of estimated by MD simulation with the
numerical results estimated by the mixed rule. By using the
same rule, Poisson’s ratio (v) and mass density (p) of the
CNTRC beams are written as

Uy = Venven + Viv® (2)

pr = Venpen + Viep" 3)
The thermal expansion coefficient can be expressed as:

ap = Veyasy + Vea® (4)
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The expressions of the effective Young’s modulus and shear
modulus of CNTRC beams are as follows (Shen and Xiang
2013)

L Length Vin Volume fraction
h Height Ocn Mass fraction
h Thermoelectric layers ‘ CNT Efficiency
P thickness N parameters
G Shear modulus Uo Axial displacement
E Young’s modulus Wo d‘_rransverse
isplacement
p Mass density Y(z) Shape function
Thermal expansion . .
a coefficient ¢o  Total bending rotation
v Poisson’s ratio t Time
. Normal stress ke Shearing layer spring
constants
Oz Shear stress Bw. Bs Spring constant factors

o,  Thermoelectric stress Ao Extension stiffness

Reduced elastic

Ci1 constant f Transverse load
Winkler layer spring Velocity of moving
kw V1, Va2
constants load
Nxo AX|aInycoor::r;presswe U Virtual strain energy
N, Mo Siress resultants v Virtual work
Px,Qx

- Dimensionless natural . L

. K Virtual Kinetic ener
frequencies ey
Mass moments of

) Excitation frequency | inertia

where voy, V¥, pen, p¥ and a¥ are the Poisson’s ratios,
densities, and thermal expansion coefficients of the CNT
and polymer matrix, respectively. The continuous mathe-
matical functions are used to describe the distribution of the
components of the following elements:

UD-Beam:Vey = Viy
2z
V-Beam:Voy = (1 + T)VEN

2
O-Beam:Voy = 2(1 — %)VC*N )

2|z|
X-Beam:VCN = Z(T)VC*N

where V¢ is the given volume fraction of CNTSs, which is
derived from the following equation:

e _ Ocn .
CN —
Ocn + (22 — (B2 0g,, ©)
k Pk

where Oy is the mass fraction of CNT. From Eq. (5), It
can be defined that the beams O -, X - and V - are some
form of functional calibrated beams where their constituent
materials continuously change in their thickness, at the
same time, the V-Beam has uniformly distributed carbon
nanotube reinforcement. In this work, the CNT efficiency
parameters (r;) associated with the given volume fraction
(Vgy) are: ny = 1.2833 and n, = n; = 1.0556for V¢
012, n, =13414and n, =n; =17101 for Viy
0.17, n, =1.3238 and n, =n; =1.7380 for Viy
0.28 (Shen and Xiang 2013).

2.2 Equations of motion

The shear deformation beam theory, the axial and
transverse displacement field can be expressed as follows:
owg(x, t)

X

u(x,2,6) = U = 2————+ ¥(2)fo(x, ) )

w(x,z,t) = wy(x,t)

where ug and wp are the axial and transverse displacement,
respectively ¥ (z) shape function. foand ¥ (z), defined as
the transverse shear strain, can be expressed as (Mantari et
al. 2014)

oty = 2228

4
W(z) = ze[_z(ﬁ)z]

- ¢0 (x' t) (8)

where ¢, is the total bending rotation of the cross-section,
and t is time. The expression of normal and shear strain
components associated with the displacement field in Eq.
(7) follows.

_Ouy  0%wy 0*w, 09,

— _ - 9

Ex = 5y T2 ox2 + @) 0x2 O0x ®
0¥ (z) dw,

= — — 10

yxz 6Z ( 6x ¢0) ( )

The normal, shear, and thermoelectric stress,

respectively o,,, o,, and of, including thermal effect, is
given by the linear elastic constitutive law as:

0%wg 0w,  0¢,
e+ PG - ol

du,
Oxx = E11(2, ) W -z

2

d a 02 a
ol = Cn(20) {% R O %)}(12)
_ Ey,(2)
Oxz = 1— UhZ(Z) Yxz»
Qss(2) = G12£‘Z)'( ) (13)
T _ 11Z
%@ = 20— v @)
where in Eq. (12):
Voltage
E, = (14)
h'p

The thermoelectric material properties are temperature
independent, and C;;, ap denotes the reduced elastic
constant and thermal expansion coefficient, respectively.
The reduced elastic modulus E, thermal expansion
coefficient «, and density p are piecewise functions to
variable z as:

H h
_ESZ<_E
C11 ar Pr vt h h
(E,a,p,v) =3 E11 |, @n || P | |0 |- <2< = (15)
C11 ar Pr vt 2 2
h H J
—<z<-=
2 2
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2.3 Hamiilton principle

To obtain the equations of motion, Hamilton’s principle

is employed as follows:

t2

(6V — 0K + 6U)dt = 0,6U = U, + 6U, (16)

ty
where 6V do external forces do the virtual work, 6K is
the virtual Kinetic energy andsU is the virtual variation of
the total strain energy. The initial and final time is defined
as t; and ty, respectively. Each of these quantities in Eq. (16)
is derived next.

Strain energy 6U = 86U, + 6U, is composed of the
virtual strain energy of the beam &§U, and the virtual
potential energy of the elastic foundation §U,. The virtual
strain energy of the beam:

2z
oU, = f fH(axx Oy + 04,0Vxz)dxdydz =

d(Suo d 6w0 d?6w, dS¢,.  (17)
d(SWO
+ Qe — 590)) dA
5U, —ka Sw, — &, Do doWo,
- (WWO WO s dx dx ) X (]_8)
ky —@ ks = ByArio

In Eq. (17), kw and ks are the Winkler and shearing layer
spring constants. B, and B, are the corresponding spring
constant factors. It is also defined that Ao IS the extension
stiffness or the value of A of a homogeneous beam made
of the pure matrix material.

The virtual work done (8V) can be expressed as:

sV = fL( 5 dw, d6w0)
0 f WO JCO d dx
Ny =NT + NP,
f =P 6(x —Vit) + P, cos(wt)d(x — V,t)

(19)

where the transverse load (f), w is excitation frequency, Vi
and V; velocity of moving constant and harmonic load
6(.)is Dirac delta function, and axially compressive force
(Nxo)

For the dynamic case, the virtual kinetic energy (6K) is
required for the equations of motion, which takes the form:

L
5K=fm@mﬁ+wwmmw=
0

o e dwo . . dbéwy
To(Ugduy + Wobwg) — Il(W&LO + 1, ix )
(dwo d6wo)
dx dx

(20)

L dwg . . . déwy . .
+I3(—6u0—¢>06u0+u0 dx —ugSehy) [ dx
0
dé‘Wo dWO d6W0 dWO

+y(po—— dx ax dx 5¢0) +
dWO d6W0 . d6W0 dWO 6 6
sy dx ®o dx $o + hoSo)

The stress results are extracted as:

.

M, = f 20y, dz +f zol.dz +f
h
2 2 (the)

N

2thp 2
Oxxdz +.L Jxxdz+f . ol.dz (21)
z Gt+hp)

NS

B~

zol.dz (22)

| s

E+hp
P = f Y (2)o,,dz + f Y (z)olL.dz
2 2

_h (23)
2
+ f . ¥Y(z)ol.dz
G+hp)
(7 a¥(2) P AW (z)
X _J‘_E dZ UXZ Z J;l dZ o-deZ
’ (24)

Oyzdz

+f—§ z d¥ (2)

~Cinpy 92

Nx, My, Px, and Qy are the stress resultants in the normal,
bending moment, higher-order generalized, and sheer force.
Where the superscripts “T” and “P” in Eq. (18) represent
the thermal and electric loads, respectively, and N, MT as
well as NP, MP is defined as:

h
NTMT\ _ E(EnaAT )
(NPMP) h f_g Ei1d3E, [1,z]dz

E+hp
2 Cy1aAT
+.L (C11d31EZ) [1,z]dz (25)

2

h
2 AT

+j ’ (gng E)[l,z]dz
_(§+hp) 11431L7

where the superposed dot on a variable indicates time
derivative and I; (i = 0,1,2...5) are the mass moments of
inertia defined as:

h
2
[10!11I12] = Jhph[l,z,zz]dz
N (26)
%+hp _%
+Jh PT[l'Z'ZZ]dZ‘F] prll,z z*dz

3 ~G+hp)
h
U3 L] = J-zhphllu(z)[l: zldz
: n @7)

2the -2
+f pT‘I’(z)[l,z]dz+f N pr¥(2)[1,z]dz

h
2 —(Gthp)

: Fhe
I = f pnP2(2)dz + f pr¥2(2)dz (28)

2

ol
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h

+f; pr¥2(2)dz
—(G+hp)

Using Eg. (16) and, Egs. (17-20) solving the
relationship and factorization, the equilibrium equation
results in the following effect:

5”05%2 Loty — I1d <%_d§0)
gzxpx d?M d%x d?w,
~f = Nuo— —— = IOWO—Ild—xO+IZW2° (29)
) ! .
+, CZ + 14(% - dd Yoy 1 "(% - %

dp, dwo AW .
&Po:_a_Qx— 13u0+14d _15( _¢0)

From the above relations, all stress resultants can be
written in the form of material stiffness components and
displacements as follows:

duy d? WO WO do,

Ne=An—t=Bu—o + Colggy — o) (0
du, d?w, d*w, d¢
My=By—>—Du— o+ Bl -2 @
du d*w d*w, do¢
P = C11od_xo_ E110W20+ H11(W20_ _0) (32)
dw,
Qx = Ass (> — $o) (33)
where:
h
2

[A11,B11,D11] = fhEu[l;Z,Zz]dZ
E h (34)

Fhe =
+ﬁl Ciall,2 2 ]dz+f C1[1,2,z%]dz
3 E+hp)

NS

[Ci10, E110] = fhEnllU(Z)[l:Z]dZ
K (35)

E+hp Y
+L2 C1¥(2)[1,z]dz +j C1¥Y(2)[1,z]dz

—(—+hP)

h
2
H,= fhEll'PZ(z)dz

" . (36)
athe 2 ,
+J;l C¥ (Z)dz+f N C11¥Y*(2)dz
2 =G thp)
P d¥()
2 Z
Ass = hst( dz )2d
z @7

Sthe qp - aw
+jh st( (Z)) 2dz +j(ﬂ . )st( (Z))

The stress resultants of Egs. (30-33) are substituted into
Eqg. (29) to obtain the equations of motion or the governing
equations in the form of displacements as follows:

d? U d3w, N <d3wo dquo)
(38)

An e ~Bugs °\'dx3  dx?
) dw,  dw, .
= Ipliy — 11W+ 13(?‘ ®o)
duo d*w, d"w0 d3q,’>0
CllO d 3 110 d 4 + dx4 d.x3
d3u, d*wy, d*w, d3¢,
“Bu g TP T B Tw T s
dZWo d¢o
—_— k
55 ( dx? dx ) i Wo (39)
d?w, d?w,
Kogr S TN
i ;, dito dii, L+ 1, B d*w, L 1, Lo dii,
0Wo" 10y g Ty
do, d Wy d*w, d(l)o
g — 2 ) TG — )
d?u, d3wg d*w, d?¢,
C110 d 2 +E110 d 3 - 1 dx3 - dx (40)
Wo . dw, dw,
_ASS(W —¢o) = —I3iy + I4W (— — $o)

2.4 Analytical solution

The following is used to discretization the relationships
of the following assumptions. Therefore:

(6 t) = ) Un() cos() (41)
n=1

Bot,t) = ) By() cos() (42)
n=1

wo(,6) = D Wa(®) sin(*) (43)
n=1

U,(t), W,(t) and @,(t) are the unknown Fourier
coefficients to be determined for each n value. By using the
general property of the Dirac Delta function as follows:

S(x—=Tt)y=2 Z sin(@) sin(nnLvlt)
. (44)
S(x = V,yt) = ZZsm(—) ("" 2ty
Assuming:
_ nm
a= (T)
With the initial condition:
W, (0) = W, (0) = U, (0) = Un(0) (45)

= ®,(0) = $,(0) = 0
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To solve the system of the differential Egs. (38), (39),
and (40) in the time domain, Laplace transform is utilized.
By recalling this transform as follows:

L[Wn(t)] = SZWn(s) — sW,(0) — Wn(O)' W (s) = L[Wr(0)]
L[Un(t)] = SZUn(s) —sUp(0) — Un(O)' Un(s) = L[Un(D)] (46)
L[dsn(t)] = Sz(pn(s) —5®,(0) — d)n(o)'q)n(s) = L[, (8)]

where applying Laplace Transform in Egs. (38), (39), and
(40), the system of equation is obtained as follows:

Ki1 Kz Kiz\ (Un(s) 0
<K21 K32 K23> Wa(s)p = {F} 47)
K31 K3z Kzz/ (@,(s) 0

A a? + 1ys?,

Ky, = K31 = B1a® — Ci1003 + Lias? — L;as?,

Ki3 = K31 = C1100” + 357

Ky, = —2Ejj0a* + Hyja* + Dyqat

+Agsa? + k,, + kga? — Nyoa?

+1ys? + La%s? — 21,a%s? + Ia?s?

Ky3 = K3z = —Hy10° + Eqg0a° (48)
—Agsa + Lyas? — [sas?,

K33 = Hyja? + Ags + Iss?

where:

_ 2P(aVy) Py(w + aVy)
T s24(aV)?  s2+ (0 + aly)?
Pz((l) - aVZ)

s?2+ (w —al,)?

By solving the Eq. (47), U, (s), W, (s) and &, (s) are
obtained as:

<Un(s)> 1 <F(—K13K23 + K12K33)
Wa(s) | = 5—< F(K132 - K11K33)
D, (s) det(K) —F(K;2K13 — K11K33)

det(K) = K13°Ky; — 2K12K13Kz3 + Ki1K23” + K15° K33
— K11K22K33

(49)

By applying in inverse Laplace transform to Eq. (49),
the transverse and axial dynamic responses of the
thermoelectric CNTRC beam are obtained:

1 (yysin[\/dyst] 1 (ys sin[\[dat]
w0 =5, () 5 )
1 (ys sin[ dzzt]
+£<7¢d—22 )+
_96(f0 +x,(fo + f4x1))\/x_z(x2 - x3)\/x—35inh[t\/x_1] +
96\/x_1((f0 +x,(fz + f4x2))(x1 - x3)\/x—3$inh[t\/x_2] +
VI (=21 + %) (fo + x3(f2 + faxs)) sink[ty/xs])
\/x—l\/x—Z\/x—B(gzg4 —3909s + 2962 (X127 + x1%x3 + x2x32))

(50)

1 (y, sin[ dlst] 1 (ys sin[ dzot]
Hale,0 ‘E( e )*E( e )
+i<yg sin[\/d_zzt]> N

Ve \/d_zz
_.96(]0 +x,( +]4x1))\/x_2(x2 - x3)\/x—3$inh[t\/x_1] +
96\/x_1((]0 +x,(J> +]4x2))(x1 - x3)\/x_33inh[t\/x_2] +
Vg (—xy + xz)(]o +x3(J; +]4x3)) Sinh[t\/x—3])

\/x_l\/x_Z\/x_3(g2.g4 — 39096 + 296 (X122 + x1%x3 + x2x32))

(51)

P, 1) = i<y wosin] dwt]) ; i(yn Sinwd_zot]>

2 Jdig Va v dao
1 <y12 sin[,/dzzt]>
==+
Ye \Jdzz

_ge(Ro +x1(Ry + R4x1))\/E(x2 - x3)\/x—35inh[tx/x_1] + (52)

96\/x—1((R0 +x,(Ry + R4x2))(x1 - x3)\/x—3$inh[t\/x_z] +
VI (=%, + %) (Ro + x3(Ry + Ryx3)) sink[t /x5])
\/x_1\/z\/x—3(9294 —300gs + 2962 (x1%,% + x1%2x5 + x2x32))

3. Analytical results and discussions

The results presented in this chapter are related to
analyzing the axial and transverse dynamic response of
thermoelectric CNTRC beams under moving harmonic and
constant load resting on the Pasternak foundation. Also, the
influence of parameters such as excitation frequency,
voltage, temperature, spring constant factors, the volume
fraction of CNTs, and load velocity on the dynamic
response of the thermoelectric CNTRC beams in axial and
transverse modes was investigated.

The relations described in Eq. (53) are performed to
calculate dimensionless natural frequencies.

[ S11 S12 S13 ]
s s s
12 S22 S23 Un(s) 0
[ S13 S23  S33 | W, (s) b =1F
my; Mz Mg (pn 0
A2 myy; myy; My n(S)
myz Mp3 Mgz

_ 2 _ 3 3
S11 = A1@%, Sz = Bypa® — Ciqp@”,

_ 2
S13 = C11027%,

VCNT+ Vm =1

Sy = —2E;0a* + Hyja* + Dyjat

+Assa? + k, + ksa? — Nyya?, (53)
Sp3 = —Hpa® + Eqjpa — Assa,

S33 = Hyja® + Ass, myy = —ly,

my, = —lLa+ La, my; = — 13,

My, = —Iy — La? + 2I,a? — Isa?

mys = —a + Isa, my; = =1,

S

? |pk
=1~ |2
h | E¥

The results are compared with (Wattanasakulpong and
Ungbhakorn 2013), given in Table 1 and Table 2. Also, the

dimensions of the beam are: % =100,L = 100,h, = 0.1.

As shown in Table 1, among different types of CNTRC
beams, frequency O-Beam is the lowest, and X-Beam is the
highest.

Figs. (2)-(5) shows the axial displacement in terms of
time. Fig. 2 shows the axial displacements for different
spring constant for V-Beam on elastic foundation versus
time. As can be seen, with increasing spring constant, the
axial displacement decrease.

Fig. 3 shows the axial displacements for different
excitation frequencies for V-Beam on elastic foundation
versus time. The moving harmonic force decreases with
increasing excitation frequency, and the axial displacement
decreases.
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Table 1 Comparisons of fundamental frequencies for CNTRC beams with and without elastic foundation for
HSDT — =15,V = 0.12

UD-Beam V-Beam 0O-Beam X-Beam

oN 0.974908 0.745672 1.11562 0.844435
@, (Wattanasakulpong and Ungbhakorn 2013) 0.9745 0.7454 1.1151 0.8441
@, 2.88138 2.39797 3.10205 2.6492

@3 4.93056 4.29371 5.16984 4.68817

N 7.01828 6.22862 7.2849 6.79126

Table 2 Compares displacements and stresses for isotropic beams without elastic foundation subjected to uniform

load % =20
w(Wattanasakulpong and 6 (Wattanasakulpong and ~ 0y, (Wattanasakulpong and _
Ungbhakorn 2013) W [Present] Ungbhakorn 2013) O [Present] Ungbhakorn 2013) Oz [Present]
HSDT 2.8962 2.8962 15.0131 15.0129 0.7402 0.7417
Table 3 Properties of PMMA and SWCNTs (10, 10) (Shen and Xiang 2013)
Material Properties
E*(GPa) 25
R(E 1190
PMMA P ins
vk 0.3
ak(K1) 0.3x 1076
Ef{' (GPa) 600
G13 (GPa) 17.2
Kg
pen(— 1400
SWCNTs Mim3
Ucn 019
an(K™1) 23 %1076
d m 0.254
31(V) :
0.0000} [----- w=4(Radis) | /1
0_001: s w = 3.5(Radls) ;I ]
—— w = 3(Rad/s) Il
-0.0005 N TTTTREERELEe w = 2.5(Radls) 1
. |= = w=2(Radls) | .
0.000 : —
-0.0010 [ :
12 =
-0.0015 -0.001
-0.0020 Rt -0.002|
00 02 04 06 08 10 00 02 04 06 08 10
t(s) t(s)
Fig. 2 Variation of dimensionless axial dynamic deflection Fig. 3 Variation of dimensionless axial dynamic deflection
V-Beam on Pasternak foundation versus time for different V-Beam on Pasternak foundation versus time for different
spring constant of moving load V; =10,V, = 20,% = excitation frequency of moving load V; = 10,V, = 20,% =
100, Bs = 0.02,4T=10,V¢y = 0.12,w = 3 100,8,, = 0.1, 85 = 0.02,4T=10,V}y = 0.12

Fig. 4 shows the axial displacements for different As can be seen, with increasing temperature, the axial
temperatures for V-Beam on elastic foundation versus time. displacement also increases.
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Fig. 4 Variation of dimensionless axial dynamic deflection
V-Beam on Pasternak foundation versus time for the

different temperatures of moving load V; = 10, V, = 20,
%z 100, B, = 0.1, Bs = 0.02, voltage =0, Vy = 0.12,
w=3

0.0

------ - Voltage = 7(V)
Voltage = 6(V)
-01F -:=-= Voltage = 5(V)

— — \Voltage = 4(V)
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Fig. 5 Variation of dimensionless axial dynamic deflection

V-Beam on Pasternak foundation versus time for different

voltage of moving load V; =10,V, = 20,% =100,8, =
0.1, Bs = 0.02, AT=0, Viy =0.12, w =3

Fig. 5 shows the axial displacements for the different
voltage for V-Beam on elastic foundation versus time. With
increasing voltage, the axial displacement increases.

Fig. 6 shows the axial displacements for the different
velocities of constant load for V-Beam on elastic foundation
versus time. As can be seen, the axial displacement
increases with the increasing velocity of the constant load.

Fig. 7 shows the axial displacements for the different
velocities of harmonic for V-Beam on elastic foundation
versus time and temperature. As can be seen, with
increasing harmonic velocity, the axial displacement
decreases, and with increasing temperature, the axial
displacement also increases.

Figs. (8)-(11) shows the transverse displacement in
terms of time. Fig. 8 shows the axial displacements for

0000 —1_, = [-s--- v, = 10(m/s)
RIEEER Vy = 20(mis)
— Vy = 30(m/s)
----- Vy = 40(mis) | 7
-0.001 - — vy=50mis) | F S
12 _o.002
-0.003 ,
A R
N
\ /
~ '
-0.004 -
0.0 0.2 0.4 0.6 0.8 1.0
t(s)

Fig. 6 Variation of dimensionless axial dynamic deflection
V-Beam on Pasternak foundation versus time for the

different velocity of constant load V, = 20, %z 100,
B, = 0.1, Bs = 0.02, AT=10, Vi, =0.12, w =3

AT(C)

g W V,=10(m/s)
L i 1 W V=20(nVs)

0 W V.=30(n/s)

t(s) W V,=40(m/s)

Fig. 7 Variation of dimensionless axial dynamic deflection
V-Beam on Pasternak foundation versus time and
temperature for the different velocity of harmonic load

V; =10, =100, B, = 0.1, B, = 0.02, voltage =0, V¢ =
012, w =3

0.3!
0.2}

01!

0.0
0.0 0.2 0.4 06 0.8 1.0
t(s)
Fig. 8 Variation of dimensionless transverse dynamic
deflection V-Beam on Pasternak foundation versus time for
different spring constant of moving load V; =10, V, =

20, £=100, B, = 0.02, AT=10, Vgy = 0.12, w =3
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Fig. 9 \Variation of dimensionless transverse dynamic
deflection V-Beam on Pasternak foundation versus time for
different excitation frequency of moving load V; =

10, V, = 20, £ =100, f,, = 0.1, f; = 0.02, AT=10,
Viy = 0.12
----- AT = 60(°C) ‘
0.4 AT = 40(°C) /
' —— AT = 30(°C)
----- - AT = 20(°C)
03l == 8T=7000 \
|= \
0.2¢ "
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0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 10 Variation of dimensionless transverse dynamic
deflection V-Beam on Pasternak foundation versus time for
the different temperatures of moving load V; = 10,V, =

20, =100, B, = 0.1, B; = 0.02, voltage =0, V;y =
012, w =3

different spring constant for VV-Beam on elastic foundation
versus time. As can be seen, with increasing spring
constant, the transverse displacement decrease.

Fig. 9 shows the transverse displacements for different
excitation frequencies for V-Beam on elastic foundation
versus time. The moving harmonic force decreases with
increasing excitation frequency, and the transverse
displacement decreases.

Fig. 10 shows the transverse displacements for different
temperatures for V-Beam on elastic foundation versus time.
As can be seen, the transverse displacement also increases
with increasing temperature.

0.8r - |'-""""""".

06 g
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-+ Voltage = 7(V)
Voltage = 6(V)
------ Voltage = 5(V)
— — Voltage = 4(V)
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0.0f
0.0 0.2 0.4 0.6 0.8 1.0
t(s)
Fig. 11 Variation of dimensionless transverse dynamic
deflection V-Beam on Pasternak foundation versus time for
different voltage of moving load v; =10, V, = 20, %=
100, B,, = 0.1, B = 0.02, AT=0, Viy = 0.12, w = 3

...............

0.8f -
..... V; = 10(mls) , RN
-V, = 20(mls) ’ - . \\
— V; = 30(mis) ’;7 \
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)
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|= 04}
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Fig. 12 Variation of dimensionless transverse dynamic
deflection V-Beam on Pasternak foundation versus time for
the different velocity of constant load V, = 20, %=
100, B, = 0.1, Bs = 0.02, AT=10, V¢y = 0.12, w = 3

Fig. 11 shows the transverse displacements for the
different voltage for V-Beam on elastic foundation versus
time. With increasing voltage, the transverse displacement
increases.

Fig. 12 shows the transverse displacements for different
velocities of constant load for VV-Beam on elastic foundation
versus time, as can be seen, the transverse displacement
increases with the increasing velocity of constant load.

Fig. 13 shows the transverse displacements for different
temperatures for V-Beam on elastic foundation versus time
and spring constant as can be seen, with increasing
temperature, the transverse displacement increase, and with
increasing spring constant, the transverse displacement
decrease.
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Fig. 13 Variation of dimensionless transverse dynamic
deflection V-Beam on Pasternak foundation versus time and
spring constant for the different temperatures of moving

load v, =10, 7 =100, B, = 0.1, f; = 0.02, voltage =0,
Viy =012, w =3
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Fig. 14 Maximum dimensionless axial displacements of V-
Beam on Pasternak foundation under moving load versus
excitation frequency for different spring constant

0.0025
(— aT=400C) |
— AT=30(°C)
— AT=20(C)
| — aT=10(C)

0.0020

> 0.0015
]

Max(

0.0010

0.0005

0.0000

0o 2 4 6 8 10 12 14
w(Rad/s)

Fig. 15 Maximum dimensionless axial displacements of V-

Beam on Pasternak foundation under moving load versus

excitation frequency for different temperature

In Fig. 16, maximum dimensionless transverse displace-
ments of VV-Beam on elastic foundation under moving load

0.1 — pw=06

— pw=08

0.0

0 2 4 6 8 10 12 14
w(Rad/s)

Fig. 16 Maximum dimensionless transverse displacements

of V-Beam on Pasternak foundation under moving load

versus excitation frequency for different spring constant

v, =10, V, = 20, %: 100, Bs = 0.02,4 T=10, Vy = 0.12

S !
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w(Rad/s)

Fig. 17 Maximum dimensionless transverse displacements

of V-Beam on Pasternak foundation under moving load

versus excitation frequency for different temperature v, =

10, V, = 20, %: 100, B, = 0.1, Bs = 0.02, voltage =

0, Viy=0.12

versus excitation frequency for different spring constant
shows. By increasing the spring constant, maximum
dimensionless transverse displacements decrease.

In Fig. 17, maximum dimensionless transverse displace-
ments of V-Beam on elastic foundation under moving load
versus excitation frequency for different temperature shows.
By increasing the temperature, maximum dimensionless
transverse displacements increase.

Fig. 18 maximum dimensionless transverse displacements
of CNTRC beams on elastic foundation under moving load
versus excitation frequency. As can be seen, beams O, V,
UD, and X have the highest max transverse dynamic
deflection, respectively.

In Fig. 19, maximum dimensionless transverse displace-
ments of V-Beam on elastic foundation under moving load



An accurate analytical exploration for dynamic response of thermo-electric CNTRC beams ... 559

01

o
[}
I~

6 8 10 12 14
w(Rad/s)

Fig. 18 Maximum dimensionless transverse displacements
of CNTRC beams on Pasternak foundation under moving
load versus excitation frequency V; =10, V, = 20, %z
100, B, = 0.1, Bs = 0.02, Voltage =0, Viy = 0.12, AT = 10
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Fig. 19 Maximum dimensionless transverse displacements
of V-Beam on Pasternak foundation under moving load
versus excitation frequency for different voltage v, =
10,V, = 20, %: 100, B, = 0.1, Bs = 0.02, AT =0, Viy =
0.12

versus excitation frequency for different voltage shows. By
increasing the voltage, maximum dimensionless transverse
displacements increase.

In Fig. 20, maximum dimensionless transverse
displacements of V-Beam on elastic foundation under
moving load versus constant velocity to harmonic velocity
ratio for different temperatures. Maximum dimensionless
transverse displacements decrease by increasing constant
velocity to harmonic velocity ratio. Increasing the harmonic
velocity reduces the maximum dimensionless transverse
displacement.

In Fig. 21, maximum dimensionless transverse displace-
ments of \V-Beam on elastic foundation under moving load
versus harmonic velocity to constant velocity ratio for
different temperatures. The maximum dimension-less
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— AT=20(°C)
— AT=10(C)
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Fig. 20 Maximum dimensionless transverse displacements
of V-Beam on Pasternak foundation under moving load
versus constant velocity to harmonic velocity ratio for

different temperature Vv, = 10, V, = 20, %: 100, B, = 0.1,
Bs = 0.02, voltage =0, Viy =0.12
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Fig. 21 Maximum dimensionless transverse displacements
of V-Beam on Pasternak foundation under moving load
versus harmonic velocity to constant velocity ratio for
different temperature v, = 10, V, = 20, = = 100, B, = 0.1,
Bs = 0.02, voltage =0, V y = 0.12

transverse displacements increase harmonic velocity to
constant velocity ratio. Increasing the constant velocity
increases the maximum  dimensionless  transverse
displacement.

4. Conclusions

This study analyzes the axial and transverse dynamic
response of CNTRC beams on the Pasternak foundation
under moving harmonic and constant load. The governing
equations of the CNTRC beam are obtained based on
higher-order shear deformation theory, Hamilton principle,
and Laplace transforms to solve the derived differential
equations.
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Based on the analytical results, it was found that the
parameters of beam thickness, excitation frequency
temperature changes, voltage, spring constant, and moving
load speed have a significant effect on forced vibrations and
transverse and axial displacement of CNTRC beams.

Among CNTRC beams, the highest transverse and axial
displacement are for O, V, UD, and X beams, respectively.
Maximum dimensionless transverse displacements of
CNTRC beams on elastic foundation under moving load
versus excitation frequency. Beams O, V, UD, and X have
the highest max transverse dynamic deflection, respectively,
so O-Beam has the weakest resistance to flexural loads.
Also, among different CNTRC beams, frequency O-Beam
is the lowest, and X-Beam is the highest. They increased the
aspect ratio of the transverse and axial displacement of the
CNTRC beams. Also, by increasing the excitation
frequency V¢, the transverse and axial displacement of the
CNTRC beams is reduced.

The axial displacement diagram has values for the states
where the arrow is close to state FG and zero for other
states, for example, UD-Beam.

It increases the voltage, temperature, and aspect ratio of
the transverse displacement of the CNTRC beams, and
bending increases.

Increasing the spring constant, velocity, and transverse
displacement of the CNTRC beams and bending is reduced.

As the velocity of the moving constant load increases,
the transverse and axial displacements increase. With
increasing the velocity of the moving harmonic load, the
transverse and axial displacements decrease.
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