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1. Introduction 
 

This exploration into nanotechnology unveils diverse 

strategies for elevating concrete by integrating nano-sized 

building blocks or surface modifications. These techniques 

provide control over material behavior and introduce novel 

properties. Nanoparticles, nanotubes, and grafted molecules 

serve to manipulate surface functionality, fostering specific 

interfacial interactions. Operating as elementary building 

blocks, nanoparticles form clusters within the 1-100 nm size 

range, characterized by a high surface area-to-volume ratio. 

Noteworthy alterations in their properties, such as surface 

energy, chemistry, and morphology, manifest with size 

reduction (Scrivener 2009, Zhou 2016). 

In the realm of mathematical modeling for civil 

engineering and related fields (Yang and Yu 2017, Padhy 

and Panda 2017, Zhao et al. 2017, Rishikeshan and Ramesh 

2017, Wen et al. 2017, Torres-Jimenez and Rodriguez-

Cristerna 2017, Liu et al. 2018), computer programs play a 

pivotal role. Researchers have undertaken mechanical 

analyses of nanostructures, leading to significant enhance-

ments in the mechanical performance of various materials, 

spanning metals, polymers, ceramics, and concrete 

composites (Amoli et al. 2018, Arbabi et al. 2017, Azmi et 

al. 2019, Bakhshande Amnieh et al. 2018, Faramoushjan et 

al. 2021, Jo et al. 2007). For instance, nanosilica (nano-

SiO2) emerges as a key player, enhancing workability and 
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strength in high-performance and self-compacting concrete 

(Sanchez and Sobolev 2010). 

Advancements in instrumentation have empowered the 

nanoscale characterization of concrete and the measurement 

of local mechanical properties in micro- and nanoscopic 

phases (Trtik and Bartos 2001). Techniques like nuclear 

magnetic resonance, atomic force microscopy, micro- and 

nano-indentation, neutron scattering, ultrasonic force micro-

scopy, and focus-ion beam (FIB) nanotomography offer 

insights into nano-scale processes in cementitious materials. 

For example, atomic force microscopy (AFM) has unveiled 

a highly ordered structure in nanoscale C-S-H, challenging 

conventional assumptions. This improved understanding of 

concrete’s nano-level structure facilitates better performance 

control and the customization of desired properties, 

potentially influencing concrete production and application 

methods (Farokhian and Kolahchi 2020, 2018, Golabchi et 

al. 2018, Hajmohammad et al. 2017, 2018a, b, c, 2019a, b, 

2021, Heidarzadeh et al. 2018, Jafarian Arani 2016, Jassas 

et al. 2019, Jamali et al. 2016, 2019, Jafari Natanzi 2018, 

Keshtegar et al. 2018, 2020a, b, c, Kolahdouzan et al. 2020, 

Motezaker et al. 2017a, b, 2021, Naseri Taheri et al. 2020, 

Taherifar et al. 2020, 2021). 

Another avenue of nanotechnology application in 

concrete lies in the “bottom-up” potential of nano-

chemistry, giving rise to innovative superplasticizers and 

advanced coating materials (Babazadeh et al. 2016). These 

coatings can boast self-cleaning properties, resistance to 

discoloration and graffiti, and high scratch-and-wear 

resistance. Moreover, self-cleaning materials based on 

photocatalyst technology, utilizing substances like titanium 
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Abstract.  This paper conducts a thorough economic evaluation of integrating nanoparticles into concrete structures within the 

construction industry, aiming to elevate the material properties of concrete. Employing the Halpin-Tsai micromechanics theory 

for deriving the effective material properties of the nanocomposite concrete structure, the research investigates the nuanced 

impact of nanoparticles on various mechanical properties, including the modulus of elasticity, compressive strength, and their 

indirect effects on the percentage of reinforcement. Implementing the Euler theory to formulate the governing equation based on 
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of concrete structures. Notably, the findings reveal that a measured increase in the volume percentage of nanoparticles, up to 1%, 

results in a remarkable 78% improvement in elastic modulus and a substantial 142% reduction in armature percentage. 

Remarkably, from an economic perspective, the incremental cost associated with the integration of nanoparticles is relatively 

modest (around $1 per ton of concrete), considering the substantial enhancements in mechanical properties achieved. 
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dioxide (TiO2), have been explored. TiO2 acts as a 

photocatalyst under UV light, enabling self-cleaning and 

disinfecting properties, with surface hydrophilicity 

preventing the attachment of dust and dirt. While prior 

concrete technology advancements employed super-fine 

particles like fly ash and silica fume, recent progress in 

nano-chemistry and nanoparticle synthesis methods is 

anticipated to offer new possibilities for enhancing concrete 

performance (Flores et al. 2010). 

Integrating nanoparticles into traditional construction 

materials opens avenues for introducing advanced or smart 

properties, particularly relevant to high-rise, long-span, and 

intelligent infrastructure systems (Flores et al. 2010). 

Researchers have delved into nonlinear vibration analyses 

of embedded nanocomposite concrete (Shokravi et al. 

2017), wave propagation analyses in concrete models 

reinforced with silicon dioxide (SiO2) nanoparticles 

(Bakhshandeh Amnieh and Zamzam, 2017), and stability 

analyses of concrete pipes mixed with nanoparticles 

conveying fluid (Zamani Nouri 2016). 

To the best of the author’s knowledge, no prior reports 

have explored the technical and economic evaluation of 

utilizing silica nanoparticles for constructing concrete 

structures. Driven by this gap, this study aims to enhance 

the optimal design of concrete structures by investigating 

the effects of nanoparticles on mechanical properties such 

as modulus of elasticity, compressive strength, and their 

indirect influence on the percentage of reinforcement.  
 

 

2. Halpin-Tsai formulation  
 

2.1 Materials 
 

A concrete beam with length L and thickness h is 

assumed. Based on Euler theory of beam, we have 

(Zamanian et al. 2017, Zarei et al. 2017): 

𝑈(𝑥, 𝑧, 𝑡) = 𝑢0(𝑥, 𝑡) − 𝑧
𝜕

𝜕𝑥
𝑤0(𝑥, 𝑡), (1) 

𝑉(𝑥, 𝑧, 𝑡) = 0, (2) 

𝑊(𝑥, 𝑧, 𝑡) = 𝑤0(𝑥, 𝑡), (3) 

where respectively, u0, w0 are the mid-plane displacements 

in the x and z axis. The normal and shear strains are: 

 𝜀𝑥𝑥 =
𝜕

𝜕𝑥
𝑢0𝑡 − 𝑧

𝜕2

𝜕𝑥2
𝑤0, (4) 

𝜀𝑥𝑧 = 0, (5) 

The stress-strain relation is: 

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙 (6) 

where 𝐶𝑖𝑗𝑘𝑙  is the matrix of elastic. The effective Young’s 

modulus, Poisson’s ratio and density for the micro concrete 

beam using the Halpin-Tsai model are: 
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𝑡
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𝐸𝑀 , 

𝜐 = 𝑉𝑁𝑃𝜐𝑁𝑃 + (1 − 𝑉𝑁𝑃)𝜐𝑀 , (8) 

𝜌 = 𝑉𝑁𝑃𝜌𝑁𝑃 + (1 − 𝑉𝑁𝑃)𝜌𝑀, (9) 

where t, W, l are the thickness, width and average length of 

nanoparticles, respectively, 𝐸𝑁𝑃 and 𝐸𝑀 are the moduli of 

nanoparticles and matrix, respectively, 𝜐𝑀  and 𝜐𝑁𝑃  are 

the Poisson’s ratio of matrix and nanoparticles, 𝜌𝑀  and 

𝜌𝐺𝑃𝐿  respectively are densities of matrix and nanoparticles, 

𝑉𝑁𝑃 is:  

𝑉𝑁𝑃 =
𝑊𝑁𝑃

𝑊𝑁𝑃 + (𝜌𝑁𝑃/𝜌𝑀) − (𝜌𝑁𝑃/𝜌𝑀)𝑊𝑁𝑃
, (10) 

where 𝑊𝑁𝑃  is the weight fraction of nanoparticles. The 

potential and kinetic energies of the structure are: 

𝑈 =
1

2
∫(𝜎𝑖𝑗𝜀𝑖𝑗) 𝑑𝑣 (11) 

𝐾 = ∫𝜌 [(
𝜕𝑈

𝜕𝑡
)
2

+ (
𝜕𝑊

𝜕𝑡
)
2

] 𝑑𝑥𝑑𝑡, (12) 

Utilizing Hamilton’s principle can be obtained the 

motion final equations as: 

𝛿∫ [𝑈 − 𝐾
𝑇

0

]𝑑𝑡 = 0, (13) 

Based on ACI, the elastic modulus of the concrete 

without nanoparticles can be calculated by 

𝐸𝑐 = 4700√𝑓𝑐
’ = 4700√21 = 21.5𝐺𝑃𝑎 (14) 

Noted that the final relations are presented in Appendix 

A and B. 

 

 

3. Results and discussion 

 

The elastic modulus of concrete, as predicted by the 

Halpin-Tsai model, is depicted in Fig. 1 for various beam 

length. The graph clearly illustrates that an increase in the 

volume percentage of nanoparticles corresponds to a 

significant rise in the elastic modulus. Specifically, 

reinforcing the concrete with 1% nanoparticles results in an 

impressive 78% enhancement of the elastic modulus. This 

improvement can be attributed to the increased stiffness of 

the structure as the volume percentage of silica nano-

particles rises. 

However, it is important to note that the length of beam 

can lead to a reduction in the elastic modulus of up to 24%. 

To mitigate this effect, proper dispersion of nanoparticles in 

the water during the construction process becomes crucial. 

Ensuring effective dispersion will help minimize the 

agglomeration of nanoparticles and maintain the desired 

enhancement in the elastic modulus of the concrete. 
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Fig. 1 The effect of nanoparticles and length on the elastic 

modulus 

 

 

Fig. 2 The effect of nanoparticles and length on the 

armature percentage 

 
 

Fig. 2 illustrates the impact of nanoparticle volume 

percentage and length on the armature percentage in 

concrete. The graph shows that as the volume percentage of 

nanoparticles increases, the armature percentage decreases. 

For instance, reinforcing the concrete with 1% nanoparticles 

results in a significant reduction of approximately 142% in 

the armature percentage. This implies that the addition of 

nanoparticles allows for a reduction in the amount of 

reinforcement required in the concrete structure. 

On the other hand, it should be noted that the length of 

beam has the opposite effect, leading to an increase in the 

armature percentage. This means that when nanoparticles, it 

becomes necessary to use a higher percentage of 

reinforcement in the concrete to compensate for this effect. 

Therefore, it is crucial to ensure proper dispersion of 

nanoparticles during the construction process to minimize 

length and achieve the desired reduction in the armature 

percentage. 

Fig. 3 demonstrates the influence of nanoparticle 

volume percentage and length on the compressive strength 

of the concrete. The graph clearly shows that as the volume  

 

Fig. 3 The effect of nanoparticles and length on the 

compressive strength 

 

Table 1 Price analysis of using silica nanoparticle in the 

concrete 

Concrete 

with 40 GPa 
Cement price 

Silica nanoparticle 

price 

Total 

price 

Sample 1 (512/1000)*25=12.8$ 0 12.8$ 

Sample 2 (288/1000)*25=7.3$ (45/1000)*150=6.75$ 14.05$ 

 

 

percentage of nanoparticles increases, the compressive 

strength of the concrete also increases. This is attributed to 

the enhanced stiffness of the structure resulting from the 

presence of nanoparticles. 

For instance, when no nanoparticles are present, the 

compressive strength of the concrete is 20 MPa. However, 

reinforcing the concrete with 1% nanoparticles leads to a 

substantial increase in compressive strength, reaching 72.69 

MPa. In other words, the addition of 1% nanoparticles 

results in the concrete exhibiting a compressive strength 

approximately 2.5 times higher than that of the concrete 

without nanoparticles. 

Furthermore, it should be noted that the length of beam 

has a detrimental effect on the compressive strength of the 

concrete. Increasing length leads to a decrease in 

compressive strength compared to the dispersed state of 

nanoparticles. Hence, it is important to ensure proper 

dispersion of nanoparticles during the concrete preparation 

process in order to achieve the desired increase in 

compressive strength. 

To perform a pricing analysis of using silica 

nanoparticles, let’s consider information from the “Alibaba” 

website. The price of 1 ton of silica nanoparticles is $150, 

while the price of cement for 1 ton is $25. 

Table 1 indicates that to achieve a compressive strength 

of 40 GPa, two samples are considered: one without 

nanoparticles (sample 1) and the other with nanoparticles 

(sample 2). 

For sample 1 (without nanoparticles), 512 kg of cement 

is required to obtain the desired compressive strength. 

For sample 2 (with nanoparticles), considering the 

enhanced properties discussed earlier, 288 kg of cement and 

45 kg of silica nanoparticles are needed to achieve the same 
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compressive strength. 

Now, let’s calculate the cost implications: 

For sample 1: 

Cement: 512 kg x $25/ton = $12.8 

For sample 2: 

Cement: 288 kg x $25/ton = $7.2 

Silica nanoparticles: 45 kg x $150/ton = $6.75 

Therefore, the total cost increase in 1 ton of concrete, 
when reinforcing it with silica nanoparticles (sample 2), is 

$7.2. 

Considering the cost difference and the significant 

improvements in compressive strength (2.5 times higher) 

and reduced armature percentage (up to 142% reduction), it 

can be concluded that the use of silica nanoparticles is a 

cost-effective option. The increase in price is relatively 

small compared to the enhanced performance achieved by 

incorporating nanoparticles into the concrete. 

 

 

4. Conclusions 
 

The study delves into the technical and economic 

evaluation of employing silica nanoparticles in the 

construction of concrete structures. The Mori-Tanaka model 

is employed to ascertain the equivalent material properties 

of the structure while considering nanoparticle agglomeration. 

The investigation explores the impact of these nanoparticles 

on concrete’s mechanical properties, including modulus of 

elasticity, compressive strength, and their indirect influence 

on armature percentage. Furthermore, the study scrutinizes 

the pricing aspect of silica nanoparticles and their influence 

on the overall cost escalation of concrete structures. The 

integration of nanoparticles substantially enhances the 

modulus of elasticity, with a noteworthy 78% increase 

observed by elevating the volume percentage of silica 

nanoparticles up to 1%. Compressive strength experiences a 

significant boost through nanoparticle addition, resulting in 

a 2.5 times increase with 1% nanoparticle reinforcement 

compared to nanoparticle-free concrete. The armature 

percentage in concrete decreases with escalating volume 

percentages of silica nanoparticles, exemplified by a 

remarkable 142% reduction when reinforcing with 1% 

silica nanoparticles. The length of the beam negatively 

affects both elastic modulus and compressive strength in 

concrete. Ensuring proper nanoparticle dispersion during 

the construction process is crucial to minimizing length-

related impacts and maximizing desired material properties. 

A comprehensive price analysis, incorporating the costs of 

silica nanoparticles and cement, reveals a relatively modest 

increase in price (approximately $1 per ton of concrete) 

when utilizing silica nanoparticles, underscoring the cost-

effectiveness of achieving significant enhancements in 

mechanical properties. In conclusion, the research 

underscores that the incorporation of nanoparticles in 

concrete yields notable improvements in mechanical 

properties without compromising cost-effectiveness. This 

study contributes valuable insights for integrating 

nanotechnology into the construction industry and 

underscores the potential advantages of using silica 

nanoparticles in concrete structures. 
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𝜕𝑥3

+
2

5
𝑓(𝑧)

𝜕2𝛼

𝜕𝑥2

−
1

5

𝜕2𝑓(𝑧)

𝜕𝑧2
𝛼) 

(A44) 

𝜏𝑦𝑥𝑦
𝑡 = 2𝜇𝐼11

2 (−
1

5

𝜕2𝑢0𝑡
𝜕𝑥2

+
1

5
𝑧
𝜕3𝑤0
𝜕𝑥3

−
1

5
𝑓(𝑧)

𝜕2𝛼

𝜕𝑥2

−
2

15

𝜕2𝑓(𝑧)

𝜕𝑧2
𝛼) 

(A45) 

𝜏𝑦𝑥𝑦
𝑏 = 2𝜇𝐼11

2 (−
1

5

𝜕2𝑢0𝑏
𝜕𝑥2

+
1

5
𝑧
𝜕3𝑤0
𝜕𝑥3

−
1

5
𝑓(𝑧)

𝜕2𝛼

𝜕𝑥2

−
2

15

𝜕2𝑓(𝑧)

𝜕𝑧2
𝛼) 

(A46) 

𝜏𝑦𝑦𝑥
𝑡 = 2𝜇𝐼11

2 (
1

5

𝜕2𝑢0𝑡
𝜕𝑥2

−
1

5
𝑧
𝜕3𝑤0
𝜕𝑥3

+
1

5
𝑓(𝑧)

𝜕2𝛼

𝜕𝑥2

+
2

15

𝜕2𝑓(𝑧)

𝜕𝑧2
𝛼) 

(A47) 

𝜏𝑦𝑦𝑥
𝑏 = 2𝜇𝐼11

2 (
1

5

𝜕2𝑢0𝑏
𝜕𝑥2

−
1

5
𝑧
𝜕3𝑤0
𝜕𝑥3

+
1

5
𝑓(𝑧)

𝜕2𝛼

𝜕𝑥2

+
2

15

𝜕2𝑓(𝑧)

𝜕𝑧2
𝛼) 

(A48) 

𝜏𝑦𝑦𝑧 = 2𝜇𝐼11
2 (

4

5

𝜕 𝑓(𝑧)

𝜕𝑧

𝜕𝛼

𝜕𝑥
−
1

15

𝜕2𝑤0
𝜕𝑥2

) (A49) 

𝜏𝑦𝑧𝑦 = 2𝜇𝐼11
2 (−

4

5

𝜕 𝑓(𝑧)

𝜕𝑧

𝜕𝛼

𝜕𝑥
+
1

15

𝜕2𝑤0
𝜕𝑥2

) (A50) 

𝜏𝑧𝑥𝑥 = 2𝜇𝐼11
2 (+

4

5

𝜕 𝑓(𝑧)

𝜕𝑧

𝜕𝛼

𝜕𝑥
−
4

15

𝜕2𝑤0
𝜕𝑥2

) (A51) 
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𝜏𝑧𝑥𝑧
𝑡 = 2𝜇𝐼11

2

(

 
−
1

5

𝜕2𝑢0𝑡
𝜕𝑥2

+
1

5
𝑧
𝜕3𝑤0
𝜕𝑥3

−
1

5
𝑓(𝑧)

𝜕2𝛼

𝜕𝑥2
+
8

15

𝜕2𝑓(𝑧)

𝜕𝑧2
𝛼)

  (A52) 

𝜏𝑧𝑥𝑧
𝑏 = 2𝜇𝐼11

2

(

 
−
1

5

𝜕2𝑢0𝑏
𝜕𝑥2

+
1

5
𝑧
𝜕3𝑤0
𝜕𝑥3

−
1

5
𝑓(𝑧)

𝜕2𝛼

𝜕𝑥2
+
8

15

𝜕2𝑓(𝑧)

𝜕𝑧2
𝛼)

  (A53) 

𝜏𝑧𝑦𝑦 = 2𝜇𝐼11
2 (−

1

5

𝜕𝑓(𝑧)

𝜕𝑧

𝜕𝛼

𝜕𝑥
+
1

15

𝜕2𝑤0
𝜕𝑥2

) (A54) 

𝜏𝑧𝑧𝑥
𝑡 = 2𝜇𝐼11

2

(

 
−
1

5

𝜕2𝑢0𝑡
𝜕𝑥2

+
1

5
𝑧
𝜕3𝑤0
𝜕𝑥3

−
1

5
𝑓(𝑧)

𝜕2𝛼

𝜕𝑥2
+
8

15

𝜕2𝑓(𝑧)

𝜕𝑧2
𝛼)

  (A55) 

𝜏𝑧𝑧𝑥
𝑏 = 2𝜇𝐼11

2

(

 
−
1

5

𝜕2𝑢0𝑏
𝜕𝑥2

+
1

5
𝑧
𝜕3𝑤0
𝜕𝑥3

−
1

5
𝑓(𝑧)

𝜕2𝛼

𝜕𝑥2
+
8

15

𝜕2𝑓(𝑧)

𝜕𝑧2
𝛼)

  (A56) 

𝜏𝑧𝑧𝑧 = 2𝜇𝐼11
2 (−

3

5

𝜕𝑓(𝑧)

𝜕𝑧

𝜕𝛼

𝜕𝑥
+
1

5

𝜕2𝑤0
𝜕𝑥2

) (A57) 

𝜏𝑥𝑥𝑧
𝑐 = 2𝜇𝐼11

2 (
8

15

𝐻

ℎ𝑐
(
𝜕2𝑤0
𝜕𝑥2

+

𝜕𝑢0𝑡

𝜕𝑥
−
𝜕𝑢0𝑏

𝜕𝑥

𝐻
)) (A58) 

𝜏𝑥𝑧𝑥
𝑐 = 2𝜇𝐼11

2 (
8

15

𝐻

ℎ𝑐
(
𝜕2𝑤0
𝜕𝑥2

+

𝜕

𝜕𝑥
𝑢0𝑡 −

𝜕

𝜕𝑥
𝑢0𝑏

𝐻
)) (A59) 

𝜏𝑦𝑦𝑧
𝑐 = 2𝜇𝐼11

2 (−
2

15

𝐻

ℎ𝑐
(
𝜕2𝑤0
𝜕𝑥2

+

𝜕

𝜕𝑥
𝑢0𝑡 −

𝜕

𝜕𝑥
𝑢0𝑏

𝐻
)) (A60) 

𝜒𝑥𝑦

=

𝜕

𝜕𝑥
(−(1/2)

𝜕

𝜕𝑥
𝑤0 + (1/2)(

𝑑

𝑑𝑧
𝑓(𝑧))𝛼 − (1/2)

𝜕

𝜕𝑥
𝑤0)

2
 

(A61) 

𝜒𝑦𝑧 =
(
𝑑2

𝑑𝑧2
𝑓(𝑧))𝛼

4
 (A62) 

 

 

Appendix B 
 

(𝐴11, 𝐵11, 𝐻11, 𝑃11, 𝑆11, 𝑇11)

= ∫
(1, 𝑧, 𝑧2, 𝑓(𝑧),

𝑧𝑓(𝑧), 𝑓2(𝑧))𝑐11𝑡𝑑𝑧

(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 (B1) 

(𝑄11, 𝑅11, 𝑌11, 𝐾11, 𝐹11, 𝑍11) = 

∫ (1, 𝑧, 𝑧2 , 𝑧𝑓(𝑧), 𝑓(𝑧), 𝑓2(𝑧))𝑐11𝑏𝑑𝑧
−(ℎ𝑐/2)

−(ℎ𝑐/2)−ℎ𝑏

 

(B2) 

(𝑀31, 𝐽31, 𝑍31) = ∫ (1, 𝑧, 𝑓(𝑧))𝑒31𝑡𝑑𝑧
(ℎ𝑐/2)+ℎ

ℎ𝑐/2

 

(B3) 

(𝑋31, 𝑀22, 𝑍22) = ∫ (1, 𝑧, 𝑓(𝑧))
(ℎ𝑐/2)+ℎ

ℎ𝑐/2

 

𝜋

ℎ𝑡
𝑐𝑜𝑠 (

𝜋 (𝑧 −
ℎ𝑐

2
)

ℎ𝑡
)𝑒31𝑡𝑑𝑧

 

(B4) 

𝑂31 = ∫ (
𝜋

ℎ𝑡
𝑐𝑜𝑠 (

𝜋 (𝑧 −
ℎ𝑐

2
)

ℎ𝑡
))

2

∈33𝑡 𝑑𝑧
(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 

(B5) 

(𝑈11 , 𝑁11) = ∫ (𝑐55𝑡 , 𝑐55𝑏) (
𝜕

𝜕𝑧
𝑓(𝑧))

2

𝑑𝑧
(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 

(B6) 

𝑉11 = ∫ 𝑒51𝑡 (
𝜕𝑓(𝑧)

𝜕𝑧
) 𝑠𝑖𝑛 (

𝜋 (𝑧 −
ℎ𝑐

2
)

ℎ𝑡
)𝑑𝑧

(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 

(B7) 

𝑈22 = ∫ ∈11𝑡 𝑠𝑖𝑛
2(
𝜋 (𝑧 −

ℎ𝑐

2
)

ℎ𝑡
)𝑑𝑧

(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 

(B8) 

𝐴𝛾
𝑡 , 𝐵𝛾

𝑡 , 𝑅𝛾
𝑡 , 𝑃𝛾

𝑡, 𝐹𝛾
𝑡, 𝐷𝛾

𝑡 = 

∫ 2(1, 𝑧, 𝑧2, 𝑓(𝑧), 𝑧𝑓(𝑧), 𝑓2(𝑧))𝜇𝑡𝐼
2
00𝑑𝑧

(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 

(B9) 

𝑄𝛾
𝑡 , 𝐻𝛾

𝑡 = ∫ 2(
𝜕𝑓(𝑧)

𝜕𝑧
, (
𝜕𝑓(𝑧)

𝜕𝑧
)

2

)𝜇𝐼200𝑑𝑧
(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 

(B10) 

𝐴𝛾
𝑏 , 𝐵𝛾

𝑏 , 𝑃𝛾
𝑏, 𝑅𝛾

𝑏 , 𝐹𝛾
𝑏 , 𝐷𝛾

𝑏 = 

∫ 2(
1, 𝑧, 𝑧2, 𝑓(𝑧) ,

𝑧𝑓(𝑧) , 𝑓2(𝑧)
) 𝜇𝑏𝐼

2
00𝑑𝑧

−(ℎ𝑐/2)

−(ℎ𝑐/2)−ℎ𝑏

 

(B11) 

𝑄𝛾
𝑏 , 𝐻𝛾

𝑏 = ∫ 2(
𝜕𝑓(𝑧)

𝜕𝑧
, (
𝜕𝑓(𝑧)

𝜕𝑧
)

2

)𝜇𝑏𝐼
2
00𝑑𝑧

−(ℎ𝑐/2)

−(ℎ𝑐/2)−ℎ𝑏

 

(B12) 

𝐴𝜂
𝑡 , 𝐵𝜂

𝑡 , 𝑃𝜂
𝑡, 𝐶𝜂

𝑡 = 

∫ 2(1, 𝑧, 𝑓(𝑧) ,
𝜕2𝑓(𝑧)

𝜕𝑧2
)𝜇𝑡𝐼

2
11𝑑𝑧

(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 

(B13) 

𝑅𝜂
𝑡 , 𝐹𝜂

𝑡, 𝐺𝜂
𝑡 , 𝐷𝜂

𝑡 = 

∫ 2(𝑧2, 𝑧𝑓(𝑧) , 𝑧
𝜕2𝑓(𝑧)

𝜕𝑧2
, 𝑓2(𝑧)) 𝜇𝑡𝐼

2
11𝑑𝑧

(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 

(B14) 

𝐿𝜂
𝑡 , 𝑄𝜂

𝑡 , 𝐻𝜂
𝑡 , 𝑂𝜂

𝑡 = 

∫ 2

(

 
 
𝑓(𝑧)

𝜕2𝑓(𝑧)

𝜕𝑧2
, (
𝜕2𝑓(𝑧)

𝜕𝑧2
)

2

,

𝜕 𝑓(𝑧)

𝜕𝑧
, (
𝜕 𝑓(𝑧)

𝜕𝑧
)

2

)

 
 
𝜇𝑡𝐼

2
11𝑑𝑧

(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 

(B15) 

𝐴𝜂
𝑏 , 𝐵𝜂

𝑏 , 𝑃𝜂
𝑏, 𝐶𝜂

𝑏 = 

∫ 2(1, 𝑧, 𝑓(𝑧) ,
𝜕2𝑓(𝑧)

𝜕𝑧2
)𝜇𝑏𝐼

2
11𝑑𝑧

−(ℎ𝑐/2)

−(ℎ𝑐/2)−ℎ𝑏

 

(B16) 
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𝑅𝜂
𝑏 , 𝐹𝜂

𝑏 , 𝐺𝜂
𝑏 , 𝐷𝜂

𝑏 = 

∫ 2(𝑧2, 𝑧𝑓(𝑧) , 𝑧
𝜕2𝑓(𝑧)

𝜕𝑧2
, 𝑓2(𝑧)) 𝜇𝑏𝐼

2
11𝑑𝑧

−(ℎ𝑐/2)

−(ℎ𝑐/2)−ℎ𝑏

 

(B17) 

𝐿𝜂
𝑏 , 𝑄𝜂

𝑏 , 𝐻𝜂
𝑏 , 𝑂𝜂

𝑏 = 

∫ 2

(

 
 
𝑓(𝑧)

𝜕2𝑓(𝑧)

𝜕𝑧2
, (
𝜕2𝑓(𝑧)

𝜕𝑧2
)

2

,

𝜕 𝑓(𝑧)

𝜕𝑧
, (
𝜕 𝑓(𝑧)

𝜕𝑧
)

2

)

 
 
𝜇𝑏𝐼

2
11𝑑𝑧

−(ℎ𝑐/2)

−(ℎ𝑐/2)−ℎ𝑏

 

(B18) 

𝐴𝜂
𝑐 = ∫ 2𝜇𝑐𝐼

2
11𝑑𝑧

+(ℎ𝑐/2)

−(ℎ𝑐/2)

 

(B19) 

𝐴𝜒
𝑡 , 𝐶𝜒

𝑡 , 𝐻𝜒
𝑡 , 𝑂𝜒

𝑡 = 

∫ 2

(

 
 
1,
𝜕2𝑓(𝑧)

𝜕𝑧2
,
𝜕 𝑓(𝑧)

𝜕𝑧
,

(
𝜕

𝜕𝑧
𝑓(𝑧))

2

)

 
 
𝜇𝑡𝐼

2
22𝑑𝑧

(ℎ𝑐/2)+ℎ𝑡

ℎ𝑐/2

 

(B20) 

𝐴𝜒
𝑏 , 𝐶𝜒

𝑏 , 𝐻𝜒
𝑏 , 𝑂𝜒

𝑏 = 

∫ 2

(

 
 
1,
𝜕2𝑓(𝑧)

𝜕𝑧2
,
𝜕 𝑓(𝑧)

𝜕𝑧

, (
𝜕 𝑓(𝑧)

𝜕𝑧
)

2

)

 
 
𝜇𝑏𝐼

2
22𝑑𝑧

−(ℎ𝑐/2)

−(ℎ𝑐/2)−ℎ𝑏

 
(B21) 

𝐶𝜒
𝑐 = ∫ 2

𝜕2𝑓(𝑧)

𝜕𝑧2
𝜇𝑐𝐼

2
22𝑑𝑧

+(ℎ𝑐/2)

−(ℎ𝑐/2)

 (B22) 
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