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1. Introduction 
 

Carbon atoms are organized in a hexagonal lattice on a 

two-dimensional nanoscale to form graphene nanosheets 

(GPLs). There is now a great deal of interest in employing 

LPG and its derivatives for numerous applications, including 

gas sensing, tuning of electrical characteristics (Gaj et al. 

2020), chemical and biological applications (Fei et al. 2020), 

solar cells, and photovoltaics (Cui et al. 2021), due to the 

unique nanostructure and distinctive features of LPG. By 

giving polymer composites extra qualities and enhancing 

mechanical stiffness, GPL and its derivatives seem to be 

excellent prospects to revolutionize the plastics industry in 

structural engineering (Wang et al. 2021). As low as 0.1 

weight percent of LPG added to the polymer matrix has 

been shown to increase the strength of composites 

reinforced with 1.0 weight percent carbon nanotubes (CNT) 

(Rafiee et al. 2009). New composites reinforced with 

minimal GPL content, as opposed to traditional composites 

reinforced with high numbers of reinforcing fibers, have 
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fewer issues with GPL adherence and deboning to the 

polymer matrix. These materials maintain the advantageous 

characteristics of polymers, such as high plastic deformation, 

durability, and excellent chemical and biological compatibility 

(Stankovich et al. 2006), while also increasing the hardness 

and durability of the material. This kind of materials can be 

used in fabrication of advanced structures (Alazwari et al. 

2022a, b, Azandariani et al. 2022, Devnath et al. 2022, 

Kasiri and Massah 2022).  

There have been several investigations on composites 

constructed of laminates and sandwich panels’ dynamic 

behavior under heat stress. In order to explore the 

thermoelastic behavior of multilayer composites, Zhen et al. 

(2010) proposed an efficient higher-order model in which it 

was presupposed that thermal expansion had an impact on 

lateral displacement. Matsunaga (2007) suggested a higher-

order 2D deformation theory to address the stability and 

free vibration of composites with corner-layer plates after 

enlarging the power chain displacement components. In the 

instance of the nonlinear behavior of a functionally graded 

(FG) beam under uniform thermal loading of the planner, 

Ma and Lee 2012 found an accurate solution. Using higher-

order sandwich panel theory, Frostig and Thomsen (2009) 

concentrated on the impact of increasing temperatures on 

the free vibration of sandwich panels. With an emphasis on 
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Abstract.  When the amplitude of the vibrations is equivalent to that clearance, the vibrations for small amplitudes will really 

be significantly nonlinear. Nonlinearities will not be significant for amplitudes that are rather modest. Finally, nonlinearities will 

become crucial once again for big amplitudes. Therefore, the concrete panel system may experience a big amplitude in this work 

as a result of the high temperature. Based on the 3D modeling of the shell theory, the current work shows the influences of the 

von Kármán strain-displacement kinematic nonlinearity on the constitutive laws of the structure. The system’s governing 

Equations in the nonlinear form are solved using Kronecker and Hadamard products, the discretization of Equations on the 

space domain, and Duffing-type Equations. Thermo-elasticity Equations. are used to represent the system’s temperature. The 

harmonic solution technique for the displacement domain and the multiple-scale approach for the time domain are both covered 

in the section on solution procedures for solving nonlinear Equations. An effective data-driven solution is often utilized to 

predict how different systems would behave. The number of hidden layers and the learning rate are two hyperparameters for the 

network that are often chosen manually when required. Additionally, the data-driven method is offered for addressing the 

nonlinear vibration issue in order to reduce the computing cost of the current study. The conclusions of the present study may be 

validated by contrasting them with those of data-driven solutions and other published articles. The findings show that certain 

physical and geometrical characteristics have a significant effect on the existing concrete panel structure’s susceptibility to 

temperature change and GPL weight fraction. For building construction industries, several useful recommendations for 

improving the thermo-mechanics’ behavior of structural concrete panels are presented. 
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composite panels, Kulikov and Plotnikova (2015) employed 

a surface sampling technique for a 3D steady-state thermo-

elastic issue under heat stress. Khalili and Mohammadi 

(2012) modified higher-order theory involving sandwich 

panels was utilized to investigate the free vibration of heat-

resistant sandwich panels with functionally categorized face 

panels. by splitting the horizontal displacement into the 

thickness of the stretched sections and the bending-shear 

deformation A novel higher-order theory was created by 

Houari et al. (2013) and utilized to examine the thermo-

elastic bending of FG sandwich panels. The free vibrations 

of a sandwich panel that was exposed to thermal stress were 

the focus of Fazzolari and Carrera (2013). Liu et al. (2015) 

examined the random failure behavior of composite panels 

exposed to thermal buckling using the single-mode Fokker-

Planck distribution. The FE formulation was created by 

Pandey and Pradyumna 2015) to examine heat-resistant FG 

sandwich panels. Additionally, several studies (Yang et al. 

2022a, Zhang et al. 2023) have shown the significance of 

the solution technique in predicting the mechanical 

characteristics of diverse systems. Li et al. (2021) have 

examined the nonlinear vibrations and stability of double-

curved laminated panels in thermal conditions in the area of 

linear/nonlinear vibration of double curved plates. Using a 

size-dependent nonlinear FE approach, Bidzard et al. (2022) 

investigated the free vibration of thermally loaded GPLRC 

multilayer microplates. In Ref. (Sahmani and Safaei 2021), 

the nonlinear stability behavior of microplates under axial 

compression was given as being microstructure-dependent 

and incorporating mobile mesh-free Kriging formulations, a 

third-order shear flexible shell model, and continuous 

gradient mechanics of changed deformation. 

Artificial neural networks (ANN) and machine learning 

techniques are often used to forecast the behavior of 

scientific and technical systems (Li et al. 2023). Using the 

synthesis conditions of the chemical process, Moradi et al. 

(2022) employed machine learning regression to estimate 

particle size at the nanoscale. They came to the conclusion 

that precise and trustworthy findings may be attained by 

employing machine learning techniques. Neural networks 

may be quite successful in predicting the strength of 

concrete structures, according to Wang et al. (2021). Guo et 

al. (2022) employed fully connected NNs to analyze the 

frequency response of vibrating multilayer nanodiscs in the 

area of vibration. The quadrature differential technique and 

Hamilton’s principle were used to derive and solve the 

governing Equations. The findings of the study suggest that 

ANN may be utilized to accurately anticipate the vibration 

of complicated structures. ANN was utilized by Babaei et al. 

(2022) to forecast beam oscillation behavior. According to 

studies in the fields of structural mechanics and ANNs, 

intensive computational effort in the fields of continuum 

mechanics and structural mechanics may be efficiently 

replaced by ANNs (Amelirad and Assempour 2019). 

Machine learning algorithm can be used in prediction of 

mechanical behavior of various complex systems (Guo et al. 

2021, Ming et al. 2021, Wang and Zhang 2021, Zhou et al. 

2022).  

Researchers have discovered that stability analysis plays 

a significant role in supporting the mechanical response of 

systems (Feng et al. 2023, Safaei et al. 2023). In order to 

address this problem, Safaei (2021) introduced frequency-

dependent damped vibrations of multifunctional foam plates 

sandwiched and integrated by composite faces. Yang et al. 

(2021)  investigated the linear and nonlinear flexural 

responses of functionally graded composite microplates 

with changing thickness using an isogeometric couple stress 

continuum. Isogeometric analysis was used in Ref. (Wang 

et al. 2021) to examine the surface stress size dependence in 

nonlinear free oscillations of FGM quasi-3D nanoplates 

with arbitrary forms and variable thickness.  Sobhani 

(2023a) looked at simulations of the vibrational 

characteristics of joining two separate semi-spheroidal 

shells and a full-spheroidal shell with a conical shell that is 

classified as undersea structures. Machine learning 

applications in additive manufacturing, from design through 

production and property control, were reviewed in Ref. 

(Sarkon et al. 2022). Graphene Oxide Powders (GOPs) 

were employed as a nano-reinforcement in a matrix to 

improve the vibrational properties of multifunctional 

structures (plate and shells) used in aerospace components, 

according to research by Sobhani (2023b). Ref. (İnada et al. 

2022) performed a cutting-edge evaluation of the 

effectiveness of nanomaterials for solar energy storage 

devices. In Ref. (Rao et al. 2021), the porous FG composite 

microplates’ isogeometric nonlinear bending analysis with a 

central cutout was represented using the pair stress 

continuum quasi-3D plate theory. Fan et al. (2021) 

investigated pair stress-based dynamic stability analysis for 

functionally graded composite truncated conical microshells 

with magnetostrictive face-sheets integrated within 

nonlinear viscoelastic foundations. 

In order to produce computer hardware and software, 

computer engineering is a discipline of computer science 

and electronic engineering that combines several computer 

science and electronic engineering fields (Wang et al. 2022, 

Xu et al. 2022). Some colleges refer to computer 

engineering as computer science and engineering (Liu et al. 

2021, Han et al. 2023). Training in electronic engineering, 

software engineering, computer science, software design, 

and hardware-software integration is necessary for 

computer engineers. It can include topics like computer 

networks, artificial intelligence, computer networks, 

robotics, computer architecture, and operating systems and 

applies the methods and concepts of electrical engineering 

and computer science (Tian et al. 2023, Yao et al. 2023). 

Computer engineers develop circuits as well as individual 

microcontrollers, microprocessors, personal computers, and 

supercomputers, among other hardware and software 

components of computing (He et al. 2023, Ren et al. 2023a). 

This branch of engineering focuses on both the internal 

workings of computer systems and their integration with 

broader systems (Zhou et al. 2021, Wu et al. 2023). Among 

the uses of computer engineering is robotics (Wang et al. 

2022a, b) Writing firmware and software for embedded 

microcontrollers, designing chips, creating mixed signal 

circuit boards, creating analog sensors, and creating 

operating systems are among the topics typically covered by 

computer engineers (Shi et al. 2023, Shu et al. 2023). 

Robotics research, which primarily uses digital systems to 
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operate and monitor electrical systems including motors, 

communications, and sensors, is a good fit for computer 

engineers (Xue-feng et al. 2013, Dai et al. 2023). Since an 

undergraduate degree cannot encompass the entire range of 

knowledge required in the design and implementation of 

computers, many higher education institutions permit junior 

and senior computer engineering students to select areas of 

in-depth study (Huang et al. 2021, Sun et al. 2023). Before 

identifying computer engineering as their primary 

concentration, engineering students at other universities 

would be required to take one or two years of general 

engineering coursework (Wu et al. 2022, Yuan et al. 2023). 

Some colleges refer to computer engineering as 

computer science and engineering (Zhou et al. 2023a). A 

bachelor’s degree in computer science, electrical 

engineering, or computer engineering is typically required 

for entry-level computer engineering positions (Tang et al. 

2023, Zhou et al. 2023b). A variety of mathematics, 

including calculus, algebra, and trigonometry, as well as 

some computer science classes, are typically required to be 

learned (Chen et al. 2023, Ren et al. 2023b).  Because the 

domains of electronic and electric engineering are 

comparable, degrees in those fields are also acceptable 

(Kuang et al. 2018, Zhou et al. 2023c). Hardware engineers 

commonly work with computer software systems, so they 

need to have a strong foundation in computer programming 

(Lu et al. 2020, Hao et al. 2022). According to the Bureau 

of Labor Statistics (Lu et al. 2017, Lin et al. 2023), a 

computer engineering major is similar to an electrical 

engineering major with the addition of some computer 

science courses to the curriculum. Certain large 

organizations or specialized roles demand a master’s degree 

(Yang et al. 2018a, Liu et al. 2020).  

Computer engineers should also stay abreast of the swift 

advancements in technology (Yang et al. 2020, 2023). 

Consequently, a lot of people keep learning throughout their 

careers (Chen et al. 2021, Yang et al. 2022b). This can be 

beneficial, particularly in terms of picking up new abilities 

or honing ones that you already have (Yang et al. 2014, 

2018b). For instance, there may be larger cost savings 

associated with producing and testing quality code as early 

in the process as feasible, especially prior to release, since 

the relative cost of correcting a fault rises the further along 

it is in the software development cycle (Hu et al. 2023, Wu 

et al. 2023). Because computer engineering creates more 

dependable, secure, and efficient computer hardware and 

software, it affects students’ academic performance (Han et 

al. 2023a, b). Virtual reality and online learning, two recent 

developments in computer engineering, have revolutionized 

education by giving students flexible learning options and 

immersive experiences (Liu et al. 2021, Taheri et al. 2021). 

Computer engineering is a dynamic profession that has the 

ability to further transform education because it involves a 

variety of topics, such as electrical engineering concepts, 

hardware and software design, and working with software 

engineers (Taheri et al. 2020, Feng et al. 2021). The 

majority of computer engineers work for larger product 

development companies, and they might not need a license 

for this type of work (Firouzianhaji et al. 2021, Mehrabi et 

al. 2021). Independent consultants who promote computer 

engineering, like any other type of engineering (Toghroli et 

al. 2020), could be vulnerable to state regulations that limit 

the practice of professional engineering to individuals 

holding the relevant license (Taheri et al. 2019, Mehrabi et 

al. 2021). 

The nonlinear thermo-elasticity performance of the 

concrete curved panels has not been studied, as can be 

observed from the previous papers. Based on the 3D 

modeling of the shell theory, the current work shows the 

influences of the von Kármán strain-displacement kinematic 

nonlinearity on the constitutive laws of the structure. The 

system’s governing equations in the nonlinear form are 

solved using Kronecker and Hadamard products, the 

discretization of equations on the space domain, and 

Duffing-type equations. The system’s temperature is 

represented using thermo-elasticity equations. The harmonic 

solution technique for the displacement domain and the 

multiple-scale approach for the time domain are both 

covered in the section on solution procedures for solving 

nonlinear Equations. An effective data-driven solution is 

often utilized to predict how different systems would 

behave. The number of hidden layers and the learning rate 

are two hyperparameters for the network that are often 

chosen manually when required. Additionally, the data-

driven method is offered for addressing the nonlinear 

vibration issue in order to reduce the computing cost of the 

current study. The innovations in this book may be divided 

into the following four categories: 1. Presenting nonlinear 

thermoelastic equation. for a concrete panel with two 

curvatures. 2. Taking into account higher linear and 

nonlinear Winkler Pasternak terms to represent a real-world 

scenario. 3. Outlining a data-driven approach to estimating 

how the existing system would react in further difficult 

situations using simulation predictions as the train outcomes. 

4. Outlining some useful recommendations for further 

research into the thermo-mechanics of structural concrete 

panel behavior for associated businesses.  

 
 

2. Problem formulation 
 

As previously stated, the current work examines the 

coupled thermo-elasticity performance of a composite panel 

made of FG and GPLR that is placed in an elastic 

foundation, as shown in Fig. 1a. Three distinct models are 

employed to depict the distribution of GPL nanoparticles 

across the panel’s thickness, as illustrated in the image. 

Using a modified version of the well-known Halpin-Tsai 

micromechanics, the necessary Young moduli of the 

composite would be determined. These would be as 

follows:  

𝐸(𝑧) = −
3

8

1 + 𝜉𝐿𝜂𝐿𝑉𝐺𝑃𝐿

𝜂𝐿𝑉𝐺𝑃𝐿 − 1
× 𝐸𝑀 −

5

8

1 + 𝜉𝑊𝜂𝑊𝑉𝐺𝑃𝐿

𝜂𝑊𝑉𝐺𝑃𝐿 − 1
× 𝐸𝑀 (1) 

where 𝜉𝐿 = 2
𝑙𝐺𝑃𝐿

𝑡𝐺𝑃𝐿
,   𝜉𝑊 = 2

𝑤𝐺𝑃𝐿

𝑡𝐺𝑃𝐿
,    V𝐺𝑃𝐿

∗ =
𝛬𝐺𝑃𝐿

(
𝜌𝐺𝑃𝐿
𝜌𝑀

)(1−𝛬𝐺𝑃𝐿)+𝛬𝐺𝑃𝐿
, 

  𝜂𝑊 = −
1−(

𝐸𝐺𝑃𝐿
𝐸𝑀

)

𝜉𝑊+(
𝐸𝐺𝑃𝐿
𝐸𝑀

)
 , and 𝜂𝐿 =

(
𝐸𝐺𝑃𝐿
𝐸𝑀

)−1

(
𝐸𝐺𝑃𝐿
𝐸𝑀

)+𝜉𝐿
. The well-known rule 
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Fig. 1a GPLR composite panel geometrical measurements 

and a schematic inserted on a nonlinear elastic basis in a 

thermal environment 

 

 

of mixtures (ROM), as shown below, would be used to 

determine the specific heat, Poisson’s ratio, and mass 

density of the composite plate  

𝜌(𝑧) = 𝜌𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝜌𝑀(1 − 𝑉𝐺𝑃𝐿),  

(2) 

𝜈(𝑧) = 𝜈𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝜈𝑀(1 − 𝑉𝐺𝑃𝐿), 

𝛼(𝑧) = 𝛼𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝛼𝑀(1 − 𝑉𝐺𝑃𝐿), 

𝐶(𝑧) = 𝐶𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝐶𝑚(1 − 𝑉𝐺𝑃𝐿). 

The formula below is used to calculate the plate’s shear 

modulus 

G(𝑧) =
𝐸(𝑧)

2(1 + 𝜈(𝑧))
 (3) 

In this research, three different models of GPL 

distribution are taken into consideration and mathematically 

characterized as follows: 

GPL-O:  𝑉𝐺𝑃𝐿 = 2𝑉𝐺𝑃𝐿
∗ (1 − 2|

𝑧

ℎ
|) 

(4) GPL-X:  𝑉𝐺𝑃𝐿 = 4𝑉𝐺𝑃𝐿
∗ |

𝑧

ℎ
| 

GPL-UD:  𝑉𝐺𝑃𝐿 = 𝑉𝐺𝑃𝐿
∗  

where 𝑧 =
(𝑘−1)ℎ

𝑁𝐿−1
−

ℎ

2
, 𝑘 = 1,… ,𝑁𝐿. 

Additionally, 𝐾𝑐 , the associated thermal conductivity, 

would be calculated as follows for each distribution of 

GPL: 

GPL − UD: 
𝐾𝑐
𝑘𝑚

= 1 + 𝐷 (5a) 

GPL-X : 
𝐾𝑐
𝑘𝑚

= 1 + 4𝐷|
𝑧

ℎ
| (5b) 

GPL-O : 
𝐾𝑐
𝑘𝑚

= 1 + 2𝐷 (1 − 2|
𝑧

ℎ
|) (5c) 

where 

𝐷 =
1

3
𝑉𝐺𝑃𝐿
∗ {

2

𝐻 +
1

𝐾𝑥
𝑘𝑚
−1

+
1

1

2
(1 − 𝐻) +

1
𝐾𝑧
𝑘𝑚
−1

} (61) 

𝐻 =
𝐿𝑛 [𝜑(𝜑 + √𝜑2 − 1)]

√(𝜑2 − 1)3
−

1

𝜑2 − 1
 (6b) 

𝐾𝑥 =
𝑘𝐺𝑃𝐿

2𝑅𝑘𝑘𝐺𝑃𝐿

𝑙𝐺𝑃𝐿
+ 1

 (6c) 

𝐾𝑧 =
𝑘𝐺𝑃𝐿

2𝑅𝑘𝑘𝐺𝑃𝐿

𝑡𝐺𝑃𝐿
+ 1

 (6d) 

φ =
𝑙𝐺𝑃𝐿
𝑡𝐺𝑃𝐿

 (6e) 

Additionally, the usual strain varies nonlinearly with 

thickness. resulting in an open, curved shell: 

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝐴𝑥𝑢0(𝑥, 𝑦, 𝑡) − 𝑧
𝜕𝑤(𝑥,𝑦,𝑡)

𝜕𝑥
+

𝑓(𝑧)(
𝜕𝑤(𝑥,𝑦,𝑡)

𝜕𝑥
+ 𝑢1(𝑥, 𝑦, 𝑡)), 

(7) 𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 𝐴𝑦𝑣0(𝑥, 𝑦, 𝑡) − 𝑧
𝜕𝑤(𝑥,𝑦,𝑡)

𝜕𝑦
+

𝑓(𝑧)(
𝜕𝑤(𝑥,𝑦,𝑡)

𝜕𝑦
+ 𝑣1(𝑥, 𝑦, 𝑡)), 

𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤0(𝑥, 𝑦, 𝑡). 

In Eq. (4), 𝐴𝑥 and 𝐴𝑦 are equal to (1 +
𝑧

𝑅𝑥
), and (1 +

𝑧

𝑅𝑦
, respectively. Eq. (8)’s in-plane displacement parameters 

are 𝑤0, 𝑣0, and 𝑢0. Additionally, (x, y) shifts a random 

point (x, y) towards the center of the shell. Additionally, the 

y- and x-axes of 𝑣1 and 𝑢1 are each spinning. Below, in 

Eq. (5), the structural strain-stress Equation is shown: 

𝜎𝑥𝑥 = 𝑄11(𝜀𝑥𝑥 − 𝛼𝑐Δ𝑇) + 𝑄12(𝜀𝑦𝑦 − 𝛼𝑐Δ𝑇), 

(8) 

𝜎𝑦𝑦 = 𝑄12(𝜀𝑥𝑥 − 𝛼𝑐Δ𝑇) + 𝑄22(𝜀𝑦𝑦 − 𝛼𝑐Δ𝑇), 

𝜏𝑦𝑧 = 𝑄44γ𝑦𝑧, 𝜏𝑥𝑧 = 𝑄55γ𝑥𝑧 , 𝜏𝑥𝑦 = 𝑄55γ𝑥𝑦. 

𝑄11 = 𝑄22 =
𝐸

(1−𝓋)2
, 𝑄12 =

𝓋𝐸

(1−𝓋)2
  

𝑄44 = 𝑄55 = 𝑄66 =
𝐸

2(1 + 𝓋)
. 

234



 

The efficient data-driven solution to nonlinear continuum thermo-mechanics behavior … 

By assuming without heat generation in the system and 

steady state:  

1

𝐴𝑥𝐴𝑦
[
𝜕

𝜕𝑥
(K𝑐

𝜕(T − 𝑇0)

𝜕𝛼

𝐴𝑦

𝐴𝑥
) +

𝜕

𝜕𝑦
(K𝑐

𝜕(T − 𝑇0)

𝜕𝛽

𝐴𝑥
𝐴𝑦
)

+
𝜕

𝜕𝑧
(K𝑐

𝜕(T − 𝑇0)

𝜕𝑧
𝐴𝑥𝐴𝑦)] = 0 

(9) 

Thermal surface boundary conditions are: 

𝑇(0, 𝑦, 𝑧) = 𝑇0, 𝑇(𝑎, 𝑦, 𝑧) = 𝑇0, 𝑇(𝑥, 0, 𝑧)
= 𝑇0, 𝑇(𝑥, 𝑏, 𝑧) = 𝑇0, 𝑇(𝑥, 𝑦, −ℎ/2)
= 𝑇0, 𝑇(𝑥, 𝑦, ℎ/2) = 𝑇 

(10) 

where 𝑇0 represent the ambient temperature. In addition to, 

(𝜎𝑥𝑥, 𝜎𝑦𝑦 , 𝜏𝑦𝑧 , 𝜏𝑥𝑧, 𝜏𝑥𝑦) are the stresses and (𝜀𝑥𝑥, 𝜀𝑦𝑦, 

𝛾𝑦𝑧, 𝛾𝑥𝑧, 𝛾𝑥𝑦) is strains in linear form. The z, x, and y axes’ 

respective elastic coefficients are known as 𝑄𝑖𝑗 . As a 

consequence, it is possible to express the following 

correlations between strain and displacement: 

𝜀𝑥𝑥 =
1

𝐴𝑥
(
𝜕𝑢

𝜕𝑥
+
𝑤

𝑅𝑥
+
1

2
(
𝜕𝑤

𝜕𝑥
)
2

) , 

𝜀𝑦𝑦 =
1

𝐴𝑦
(
𝜕𝑣

𝜕𝑦
+
𝑤

𝑅𝑦
+
1

2
(
𝜕𝑤

𝜕𝑦
)
2

) , 

𝛾𝑥𝑧 =
1

𝐴𝑥
(
𝜕𝑤

𝜕𝑥
−
𝑢

𝑅𝑥
) +

𝜕𝑢

𝜕𝑧
, 

𝛾𝑦𝑧 =
𝜕𝑣

𝜕𝑧
+
1

𝐴𝑦
(
𝜕𝑤

𝜕𝑦
−
𝑣

𝑅𝑦
) , 

𝛾𝑥𝑦 =
1

𝐴𝑥

𝜕𝑣

𝜕𝑥
+
1

𝐴𝑦

𝜕𝑢

𝜕𝑦
+

1

𝐴𝑥𝐴𝑦

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
 

(11) 

Using the variational energy method, the motion 

equations. and related boundary conditions (B. Cs) of the 

shell may be specified: 

∫ (𝛿𝒯 − 𝛿𝒰 − 𝛿𝒲)𝑑𝑡 = 0
𝑡2

𝑡1

 (12) 

where kinetic energy is [108]: 

𝛿𝒯 =∭ 𝜌(
𝜕𝑢

𝜕𝑡

𝜕𝛿𝑢

𝜕𝑡
+
𝜕𝑣

𝜕𝑡

𝜕𝛿𝑣

𝜕𝑡
+
𝜕𝑤

𝜕𝑡

𝜕𝛿𝑤

𝜕𝑡
) 𝑑𝑉

𝑉

 (13) 

The strain energy for open-type shells may also be 

expressed using the following Equation. 

δ𝒰 = ∫ ∬(𝜎xxδεxx + 𝜎yyδεyy + 𝜏yzδγyz
A

h/2

−h/2

+ 𝜏xzδγxz + 𝜏xyδγxy) dV 

(14) 

The strain energy resulting from a nonlinear elastic basis 

may also be expressed as 

𝛿𝒲 = ∫{𝐾1𝑤0𝛿𝑤0 +𝐾3𝑤0
3𝛿𝑤0 + 𝐾4𝑤0

5𝛿𝑤0

𝐴

− 𝐾2 [
∂2𝑤0
𝜕𝑥2

+
∂2𝑤0
𝜕𝑦2

] 𝛿𝑤0} 𝑑𝐴 

(15) 

The linear Winkler foundation, linear Pasternak 

foundation, and nonlinear Winkler foundation are, 

respectively, their parameters are defined by 𝐾1  (
𝑁

𝑚3) , 

𝐾2 (
𝑁

𝑚
), 𝐾3 (

𝑁

𝑚5), and 𝐾4 (
𝑁

𝑚7). Finally, substituting Eqs. 

(13)-(15) in Eq. (12), motion equations of the current 

system are acquired as: 

𝛿𝑢0:
𝜕𝑁𝑥𝑥

𝜕𝑥
 +

𝑁𝑥𝑧

𝑅𝑥
− 𝑅𝑥𝑧 +

𝜕𝑄𝑥𝑦

𝜕𝑦
= 𝐼0

𝑢0 𝜕
2𝑢0

𝜕𝑡2
− 𝐼1

𝑢0 𝜕3𝑤0

𝜕𝑥𝜕𝑡2
+

𝐼2
𝑢0 𝜕3𝑤0

𝜕𝑥𝜕𝑡2
+ 𝐼2

𝑢0 𝜕
2𝑢1

𝜕𝑡2
, 

(16a) 

𝛿𝑣0:
𝜕𝑁𝑦𝑦

𝜕𝑦
 +

𝑁𝑦𝑧

𝑅𝑦
− 𝑅𝑦𝑧 +

𝜕𝑁𝑥𝑦

𝜕𝑥
= 𝐼0

𝑣0 𝜕
2𝑣0

𝜕𝑡2
− 𝐼1

𝑣0 𝜕3𝑤0

𝜕𝑦𝜕𝑡2
+

𝐼2
𝑣0 𝜕3𝑤0

𝜕𝑦𝜕𝑡2
+ 𝐼2

𝑣0 𝜕
2𝑣1

𝜕𝑡2
, 

(16b) 

𝛿𝑤0:
𝜕2𝑃𝑥𝑥

𝜕𝑥2
−
𝜕2𝑄𝑥𝑥

𝜕𝑥2
−
𝑀𝑥𝑥

𝑅𝑥
+

𝜕

𝜕𝑥
(𝑀𝑥𝑥

𝜕𝑤0

𝜕𝑥
) +

𝜕2𝑃𝑦𝑦

𝜕𝑦2
−

𝜕2𝑄𝑦𝑦

𝜕𝑦2
−
𝑀𝑦𝑦

𝑅𝑦
+

𝜕

𝜕𝑦
(𝑀𝑦𝑦

𝜕𝑤0

𝜕𝑦
) +

𝜕𝑀𝑦𝑧

𝜕𝑦
+

1

𝑅𝑦

𝜕𝑃𝑦𝑧

𝜕𝑦
−

1

𝑅𝑦

𝜕𝑄𝑦𝑧

𝜕𝑦
−

𝜕𝑁𝑦𝑧

𝜕𝑦
+
𝜕𝑆𝑦𝑧

𝜕𝑦
+
𝜕𝑀𝑥𝑧

𝜕𝑥
+

1

𝑅𝑥

𝜕𝑃𝑥𝑧

𝜕𝑥
−

1

𝑅𝑥

𝜕𝑄𝑥𝑧

𝜕𝑥
−
𝜕𝑁𝑥𝑧

𝜕𝑥
+
𝜕𝑆𝑥𝑧

𝜕𝑥
+

𝜕2𝑀𝑥𝑦

𝜕𝑥𝜕𝑦
−
𝜕2𝑃𝑥𝑦

𝜕𝑥𝜕𝑦
+
𝜕2𝑅𝑥𝑦

𝜕𝑥𝜕𝑦
−
𝜕2𝑆𝑥𝑦

𝜕𝑥𝜕𝑦
+
1

2

𝜕

𝜕𝑥
(𝑇𝑥𝑥

𝜕𝑤0

𝜕𝑦
) +

1

2

𝜕

𝜕𝑦
(𝑇𝑥𝑥

𝜕𝑤0

𝜕𝑥
) − 𝐾1𝑤0 − 𝐾3𝑤0

3 −𝐾4𝑤0
5 + 𝐾2 [

∂2𝔴0

𝜕𝑥2
+

∂2𝔴0

𝜕𝑦2
] − 𝑁𝑇∇2𝑤0 = 𝐼0

𝑤0 𝜕
2𝑤0

𝜕𝑡2
− (𝐼3

𝑢0 𝜕3𝑢0

𝜕𝑥𝜕𝑡2
− 𝐼4

𝑢0 𝜕4𝑤0

𝜕𝑥2𝜕𝑡2
+

𝐼5
𝑢0 𝜕4𝑤0

𝜕𝑥2𝜕𝑡2
+ 𝐼5

𝑢0 𝜕3𝑢1

𝜕𝑥𝜕𝑡2
) + (𝐼6

𝑢0 𝜕3𝑢0

𝜕𝑥𝜕𝑡2
− 𝐼7

𝑢0 𝜕4𝑤0

𝜕𝑥2𝜕𝑡2
+

𝐼8
𝑢0 𝜕4𝑤0

𝜕𝑥2𝜕𝑡2
+ 𝐼8

𝑢0 𝜕3𝑢1

𝜕𝑥𝜕𝑡2
) − (𝐼3

𝑣0 𝜕3𝑣0

𝜕𝑦𝜕𝑡2
− 𝐼4

𝑣0 𝜕4𝑤0

𝜕𝑦2𝜕𝑡2
+

𝐼5
𝑣0 𝜕4𝑤0

𝜕𝑦2𝜕𝑡2
+ 𝐼5

𝑣0 𝜕3𝑣1

𝜕𝑦𝜕𝑡2
) + (𝐼6

𝑣0 𝜕3𝑣0

𝜕𝑦𝜕𝑡2
− 𝐼7

𝑣0 𝜕4𝑤0

𝜕𝑦2𝜕𝑡2
+

𝐼8
𝑣0 𝜕4𝑤0

𝜕𝑦2𝜕𝑡2
+ 𝐼8

𝑣0 𝜕3𝑣1

𝜕𝑦𝜕𝑡2
), 

(16c) 

𝛿𝑢1:
𝜕𝑄𝑥𝑥

𝜕𝑥
 +

𝑄𝑥𝑧

𝑅𝑥
− 𝑆𝑥𝑧 +

𝜕𝑆𝑥𝑦

𝜕𝑦
= 𝐼0

𝑢1 𝜕
2𝑢0

𝜕𝑡2
− 𝐼1

𝑢1 𝜕3𝑤0

𝜕𝑥𝜕𝑡2
+

𝐼2
𝑢1 𝜕3𝑤0

𝜕𝑥𝜕𝑡2
+ 𝐼2

𝑢1 𝜕
2𝑢1

𝜕𝑡2
, 

(16d) 

𝛿𝑣1:
𝜕𝑄𝑦𝑦

𝜕𝑦
 +

𝑄𝑦𝑧

𝑅𝑦
− 𝑆𝑦𝑧 +

𝜕𝑃𝑥𝑦

𝜕𝑦
= 𝐼0

𝑣1 𝜕
2𝑣0

𝜕𝑡2
− 𝐼1

𝑣1 𝜕3𝑤0

𝜕𝑦𝜕𝑡2
+

𝐼2
𝑣1 𝜕3𝑤0

𝜕𝑦𝜕𝑡2
+ 𝐼2

𝑣1 𝜕
2𝑣1

𝜕𝑡2
. 

(16e) 

In which: 

{𝑁𝑥𝑥 , 𝑀𝑥𝑥, 𝑃𝑥𝑥 , 𝑄𝑥𝑥} = ∫
1

𝐴𝑥
{𝐴𝑥 , 1, 𝑧, 𝑓(𝑧)}𝜎𝑥𝑥𝑑𝑉𝑉

, 

(17) 

{𝑁𝑦𝑦 , 𝑀𝑦𝑦, 𝑃𝑦𝑦 , 𝑄𝑦𝑦} = ∫
1

𝐴𝑦
{𝐴𝑦 , 1, 𝑧, 𝑓(𝑧)}𝜎𝑦𝑦𝑑𝑉𝑉

, 

{𝑁𝑥𝑧, 𝑀𝑥𝑧, 𝑃𝑥𝑧, 𝑄𝑥𝑧, 𝑅𝑥𝑧, 𝑆𝑥𝑧} =

∫ {1,
1

𝐴𝑥
,
𝑧

𝐴𝑥
,
𝑓(𝑧)

𝐴𝑥
,
𝜕𝐴𝑥

𝜕𝑧
, 𝑓′(𝑧)} 𝜏𝑥𝑧𝑑𝑉𝑉

, 

{𝑁𝑦𝑧, 𝑀𝑦𝑧, 𝑃𝑦𝑧, 𝑄𝑦𝑧, 𝑅𝑦𝑧, 𝑆𝑦𝑧} =

∫ {1,
1

𝐴𝑦
,
𝑧

𝐴𝑦
,
𝑓(𝑧)

𝐴𝑦
,
𝜕𝐴𝑦

𝜕𝑧
, 𝑓′(𝑧)} 𝜏𝑦𝑧𝑑𝑉𝑉

, 

{𝑁𝑥𝑦 , 𝑀𝑥𝑦, 𝑃𝑥𝑦, 𝑄𝑥𝑦, 𝑅𝑥𝑦, 𝑆𝑥𝑦, 𝑇𝑥𝑦} =

∫ {
𝐴𝑦

𝐴𝑥
,
𝑧

𝐴𝑥
,
𝑓(𝑧)

𝐴𝑥
,
𝐴𝑥

𝐴𝑦
,
𝑧

𝐴𝑦
,
𝑓(𝑧)

𝐴𝑦
,

1

𝐴𝑥𝐴𝑦
} 𝜏𝑥𝑦𝑑𝑉𝑉

, 

𝑁𝑇 = ∫ {𝑄11 + 𝑄12 +𝑄13}𝛼𝑐∆𝑇𝑑𝑉𝑉
, 

{𝐼0
𝑢0 , 𝐼1

𝑢0 , 𝐼2
𝑢0} = ∫ 𝐴𝑥𝜌{𝐴𝑥 , 𝑧, 𝑓(𝑧)}𝑉

𝑑𝑉, 
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{𝐼0
𝑤0} = ∫ 𝜌

𝑉
𝑑𝑉, 

{𝐼3
𝑢0 , 𝐼4

𝑢0 , 𝐼5
𝑢0} = ∫ 𝑧𝜌{𝐴𝑥 , 𝑧, 𝑓(𝑧)}𝑉

𝑑𝑉, 

{𝐼6
𝑢0 , 𝐼7

𝑢0 , 𝐼8
𝑢0} = ∫ 𝑓(𝑧)𝜌{𝐴𝑥 , 𝑧, 𝑓(𝑧)}𝑉

𝑑𝑉, 

{𝐼0
𝑢1 , 𝐼1

𝑢1 , 𝐼2
𝑢1} = ∫ 𝑓(𝑧)𝜌{𝐴𝑥 , 𝑧, 𝑓(𝑧)}𝑉

𝑑𝑉, 

{𝐼0
𝑣0 , 𝐼1

𝑣0 , 𝐼2
𝑣0} = ∫ 𝐴𝑦𝜌{𝐴𝑦 , 𝑧, 𝑓(𝑧)}𝑉

𝑑𝑉, 

{𝐼3
𝑣0 , 𝐼4

𝑣0 , 𝐼5
𝑣0} = ∫ 𝑧𝜌{𝐴𝑦 , 𝑧, 𝑓(𝑧)}𝑉

𝑑𝑉, 

{𝐼6
𝑣0 , 𝐼7

𝑣0 , 𝐼8
𝑣0} = ∫ 𝑓(𝑧)𝜌{𝐴𝑦 , 𝑧, 𝑓(𝑧)}𝑉

𝑑𝑉, 

{𝐼0
𝑣1 , 𝐼1

𝑣1 , 𝐼2
𝑣1} = ∫ 𝑓(𝑧)𝜌{𝐴𝑦 , 𝑧, 𝑓(𝑧)}𝑉

𝑑𝑉, 

The following are the present microstructure’s boundary 

conditions: 

𝛿𝑢0: (𝑁𝑥𝑥)𝑛̂𝑥 + (𝑄𝑥𝑦)𝑛̂𝑦 = 0, 

(18) 

𝛿𝑣0: (𝑁𝑥𝑦)𝑛̂𝑥 + (𝑁𝑦𝑦)𝑛̂𝑦 = 0, 

𝛿𝑤0 : (−
𝜕𝑃𝑥𝑥

𝜕𝑥
−𝑀𝑥𝑥

𝜕𝑤0

𝜕𝑥
+𝑀𝑥𝑧 +

𝑃𝑥𝑧

𝑅𝑥
−
𝑄𝑥𝑧

𝑅𝑥
− 𝑁𝑥𝑧 +

𝑆𝑥𝑧 +
1

2

𝜕𝑀𝑥𝑦

𝜕𝑦
−
1

2

𝜕𝑃𝑥𝑦

𝜕𝑦
+
1

2

𝜕𝑅𝑥𝑦

𝜕𝑦
−
1

2

𝜕𝑆𝑥𝑦

𝜕𝑦
+
1

2
𝑇𝑥𝑥

𝜕𝑤0

𝜕𝑦
) 𝑛̂𝑥 +

(−
𝜕𝑃𝑦𝑦

𝜕𝑦
−𝑀𝑦𝑦

𝜕𝑤0

𝜕𝑦
+𝑀𝑦𝑧 +

𝑃𝑦𝑧

𝑅𝑦
−
𝑄𝑦𝑧

𝑅𝑦
−𝑁𝑦𝑧 + 𝑆𝑦𝑧 +

1

2

𝜕𝑀𝑥𝑦

𝜕𝑥
−
1

2

𝜕𝑃𝑥𝑦

𝜕𝑥
+
1

2

𝜕𝑅𝑥𝑦

𝜕𝑥
−
1

2

𝜕𝑆𝑥𝑦

𝜕𝑥
+
1

2
𝑇𝑥𝑥

𝜕𝑤0

𝜕𝑥
) 𝑛̂𝑦 = 0, 

𝛿𝑢1: (𝑄𝑥𝑥)𝑛̂𝑥 + (𝑆𝑥𝑦)𝑛̂𝑦 = 0, 

𝛿𝑣1: (𝑆𝑥𝑦)𝑛̂𝑥 + (𝑄𝑦𝑦)𝑛̂𝑦 = 0. 

  

 

3. Solution procedure 
 
3.1 Discretization in space domain 
 
The equations of motion and related BCs were 

discretized using GDQ for this inquiry. A variable function 

𝑓(𝑥)  may be written across the interval [𝑥1, … ,𝑥𝔫], and 

its rth-order derivative at 𝑥𝑖 is 

𝑑𝑟𝑓(𝑥)

𝑑𝑥𝑟
=∑𝐷𝑖𝑗

(𝑟)
𝑓(𝑥𝑗)

𝑁

𝑗=1

 (19) 

and the recursion formula displays the weighting factors for 

the rth-order derivative 𝐷𝑖𝑗
(𝑟)

 

𝐷𝑖𝑗
(𝑟) 

=

{
 
 
 
 

 
 
 
 

𝐼𝑖𝑗 𝑟 = 0

𝓅(𝑥𝑖)

(𝑥𝑖 − 𝑥𝑗)𝓅(𝑥𝑗)
𝑖,𝑗 = 1, … ,𝑁 and 𝑖 ≠ 𝑗 and 𝑟 = 1

{
 
 

 
 
𝑟 [𝒲𝑖𝑗

(1)
𝒲𝑖𝑖

(𝑟−1)
−
𝒲𝑖𝑗

(𝑟−1)

𝑥𝑖 − 𝑥𝑗
] , 𝑖 ≠ 𝑗

−∑

𝑁

𝑘=1
𝑘≠𝑖

𝒲𝑖𝑘
(𝑟)
, 𝑖 = 𝑗

𝑖,𝑗 = 1, … ,𝑁 and 𝑟 ⩾ 2

 
(20) 

In which identity matrix is shown by 𝐼𝑖𝑗  and 𝓅(𝑥𝑖) 

can be described by ∏ (𝑥𝑖 − 𝑥𝑘)
𝑁

𝑘=1,𝑖≠𝑘
. The GDQ technique 

may be used to a 2-D system to anticipate partially 

derivatives of the function 𝑓(𝑥,𝑦) defined on [𝑥1, … ,𝑥𝔫]  

and [𝑦1 , … ,𝑦𝔪]. This is done by using the Kronecker tensor 

product, which is represented as ⊗. The partial derivative 

of second-order for x and y would be 

𝜕2𝑓(𝑥,𝑦)

𝜕𝑥𝜕𝑦
= (D𝑦

(1)
⊗D𝑥

(1)
) f ̅ (21) 

where f ̅ can be written as 

f̅ =
[𝑓(𝑥1,𝑦1), … ,𝑓(𝑥𝔫,𝑦1),𝑓(𝑥1,𝑦2),…

𝑓(𝑥𝔫,𝑦2),… ,𝑓(𝑥1,𝑦𝔪), … ,𝑓(𝑥𝔫,𝑦𝔪)]

T

 (22) 

in which N and M are the x, y coordinates of grid points, 

respectively. Consider the 2D functions 𝑣1(𝑥,𝑦), 𝑢1(𝑥,𝑦), 
𝑤0(𝑥,𝑦) , 𝑣0(𝑥,𝑦)  and 𝑢0(𝑥,𝑦). Using the shifted 

Chebyshev-Gauss-Lobatto technique, one can determine the 

distribution of grid points along x and y 

𝑥𝑖 =
1

2
(1 − cos

𝑖 − 1

𝑁 − 1
𝜋) ,𝑖 = 1:𝑁,

𝑦𝑗 =
1

2
(1 − cos

𝑗 − 1

𝑀 − 1
𝜋) ,𝑗 = 1:𝑀.

 (23) 

By incorporating Eqs. (16) through (17), accounting for 

Eq. (19), and presenting them in a discretized form, the 

following may be expressed. 

MẌ + KX + K𝑛𝑙(X) = 0 (24) 

Over-dotting in Eq. (24), which represents the field 

variables vector, stiffness matrix, mass matrix, and 

nonlinear stiffness vector, respectively, reveals derivatives 

relevant to. 

X = [𝑢̅0, 𝑣̅0, 𝑤̅0, 𝑢̅1, 𝑣̅1]
T, 

(25) 

K𝑛𝑙(X) = [R1,R2,R3,R4,R5]
T, 

𝐼 = [𝐼𝑖𝑗]   𝑖, 𝑗 = 1,… ,5, 

𝑀 = [𝑀𝑖𝑗]   𝑖, 𝑗 = 1,… ,5, 

where displacement variables column vector are u̅0, v̅0,
w̅0, u̅1 and v̅1 which can be expressed by Eq. (26) 

u̅0 =
[𝑢0(𝑥1,𝑦1), … ,𝑢0(𝑥𝔫,𝑦1),𝑢0(𝑥1,𝑦2), …

𝑢0(𝑥𝔫,𝑦2), … ,𝑢0(𝑥1,𝑦𝔪), … ,𝑢0(𝑥𝔫,𝑦𝔪)]

T

, 

(26) 

v̅0 =
[𝑣0(𝑥1,𝑦1), … ,𝑣0(𝑥𝔫,𝑦1),𝔳𝑖(𝑥1,𝑦2), …

𝑣0(𝑥𝔫,𝑦2), … ,𝑣0(𝑥1,𝑦𝔪), … ,𝑣0(𝑥𝔫,𝑦𝔪)]

T

, 

w̅0 =
[𝑤0(𝑥1,𝑦1), … ,𝑤0(𝑥𝔫,𝑦1),𝑤0(𝑥1,𝑦2), …

𝑤0(𝑥𝔫,𝑦2), … ,𝑤0(𝑥1,𝑦𝔪), … ,𝑤0(𝑥𝔫,𝑦𝔪)]

T

, 

u̅1 =
[𝑢1(𝑥1,𝑦1), … ,𝑢1(𝑥𝔫,𝑦1),𝑢1(𝑥1,𝑦2), …

𝑢1(𝑥𝔫,𝑦2), … ,𝑢1(𝑥1,𝑦𝔪), … ,𝑢1(𝑥𝔫,𝑦𝔪)]

T

, 

v̅1 =
[𝑣1(𝑥1,𝑦1), … ,𝑣1(𝑥𝔫,𝑦1),𝑣1(𝑥1,𝑦2), …

𝑣1(𝑥𝔫,𝑦2), … ,𝑣1(𝑥1,𝑦𝔪), … ,𝑣1(𝑥𝔫,𝑦𝔪)]

T

, 

The symbol ∘ shows Hadamard product. 
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3.2 Finding Duffing-type Eqs. 
 

In this subsection, the particle differential Eq. of motion’ 

transformation to the Eqs. of Duffing-type ordinary is 

presented. It is possible to find an eigenvalue issue in its 

general form if a harmonic solution is presented as X =

X
∼

𝑒𝑗𝜔𝜏 . By substituting BCs for the stiffness and inertia 

matrices in Eq. (24) and eliminating the nonlinear 

components, it is possible to create a common form of an 

eigenvalue issue. 

KX̃ = 𝜔2MX̃, 

(27) 

X̃ = [𝑢̃0
𝑇 , 𝑣̃0

𝑇 , 𝑤̃0
𝑇 , 𝑢̃1

𝑇 , 𝑣̃1
𝑇]T. 

the linear frequencies and their mode forms as a result of 

solving Eq. (27) as below: 

X = Φq (28) 

where sparse matrix and reduced generalized coordinates 

are represented by Φ and q, which are Galerkin basic 

functions of first m mode forms. You might define Φ and q 

using Eqs. (29) and (30) as follows: 

q(2𝑚)×1
T =

[
 
 
 
 
 
 𝑞𝑢0
(1)
,𝑞𝑢0
(2)
, … ,𝑞𝑢0

(𝑚)
,

𝑞𝑣0
(1)
,𝑞𝑣0
(2)
, … ,𝑞𝑣0

(𝑚)

𝑞𝑤0
(1)
,𝑞𝑤0
(2)
, … ,𝑞𝑤0

(𝑚)
,

𝑞𝑢1
(1)
,𝑞𝑢1
(2)
, … ,𝑞𝑢1

(𝑚)
,

𝑞𝑣1
(1)
,𝑞𝑣1
(2)
, … ,𝑞𝑣1

(𝑚)
]
 
 
 
 
 
 

, 

(29) 

𝛷 =

[
 
 
 
 
 
𝛷𝑢0 0 0 0 0

0 𝛷𝑣0 0 0 0

0 0 𝛷𝑤0 0 0

0 0 0 𝛷𝑢1 0

0 0 0 0 𝛷𝑣1]
 
 
 
 
 

, 

in which the components of Φ are 

Φ𝑢0
= [{𝜒𝑢0

1 }
𝑁×𝑀

, … ,{𝜒𝑢0
𝑚 }

𝑁×𝑀
], 

(30) 

Φ𝑣0
= [{𝜒𝑣0

1 }
𝑁×𝑀

, … ,{𝜒𝑣0
𝑚}

𝑁×𝑀
], 

Φ𝑤0
= [{𝜒𝑤0

1 }
𝑁×𝑀

, … ,{𝜒𝑤0
𝑚 }

𝑁×𝑀
]. 

Φ𝑢1
= [{𝜒𝑢1

1 }
𝑁×𝑀

, … ,{𝜒𝑢1
𝑚 }

𝑁×𝑀
], 

Φ𝑣1 = [{𝜒𝑣1
1 }

𝑁×𝑀
, … ,{𝜒𝑣1

𝑚}
𝑁×𝑀

], 

Substituting Eq. (28) into (24) gives the residuals 

R = MΦq̈ + KΦq + K𝑛𝑙(Φq) (31) 

matrix operator can be defined as 

G𝑚×12𝑁𝑀 = ΦT𝑑𝑖𝑎𝑔(S), S = [S𝜉 ,S𝜉 ,S𝜉 ,S𝜉 ,S𝜉]1×(5𝑁𝑀) (32) 

Integration across the domain may then be done by 

multiplying the mode forms in the relevant Equation. In the 

appendix, the integral operator Sξ is studied. The following 

is the outcome of multiplying Eq. (32) by Eq. (31) (residual 

vector): 

M̃q̈ + K̃q + K̃𝑛𝑙(q) = 0 (33) 

where 

M̃ = GMΦ,  K̃ = GKΦ,  K̃𝑛𝑙(q) = GK𝑛𝑙(Φq) (34) 

 

3.3 Time domain solution 
 

The defining normalized parameters Ω = 2π/T and 

τ∗ = τ/T would simplify Eq. (33) into 

(
Ω

2𝜋
)
2

M̃q̈ + K̃q + K̃𝑛𝑙(q) = 0 (35) 

where, the q̈  is differentiation related to τ∗. Over time 

domain, q can be discretized by: 

Q5𝑚×𝑁𝑡 =

[
 
 
 
 
 
 
 
 q𝑢0
(1)

1×𝑁𝑡
, … ,q𝑢0

(𝑚)

1×𝑁𝑡
,

q𝑣0
(1)

1×𝑁𝑡
, … ,q𝑣0

(𝑚)

1×𝑁𝑡
,

q𝑤0
(1)

1×𝑁𝑡
, … ,q𝑤0

(𝑚)

1×𝑁𝑡
,

q𝑢1
(1)

1×𝑁𝑡
, … ,q𝑢1

(𝑚)

1×𝑁𝑡
,

q𝑣1
(1)

1×𝑁𝑡
, … ,q𝑣1

(𝑚)

1×𝑁𝑡
,]
 
 
 
 
 
 
 
 

 (36) 

where 𝑁𝑡 is an even number of discretization points in the 

time domain and m is the number of Galerkin mode forms. 

At grid point 𝜏𝑖
∗ , the value of 𝑞(𝜏𝑖

∗)  may be written as 

follows: 

𝜏𝑖
∗ =

𝑖

𝑁𝑡
,0 < 𝜏𝑖 ⩽ 1,𝑖 = 1,2, … ,𝑁𝑡 = 2𝑘 (37) 

substituting Eq. (37) into (35) yields 

(
Ω

2𝜋
)
2

M̃QD𝜏
(2)T

+ K̃Q + K̃nl(Q) = 0 (38) 

where the matrix of the time differentiation operator (D𝜏
()
 ) 

can be defined as follows: 

{
 
 

 
 

𝑎11 = 0

𝑎𝑖,1 =
(−1)

2

𝑖−1
cot

𝜋(𝑖−1)

𝔫𝑡

𝑎1,𝑗 =
(−1)

2

𝑁𝑡−𝑗+1
cot

𝜋(𝑁𝑡−𝑗+1)

𝑁𝑡
𝑎𝑖+1,𝑗+1 = 𝑎𝑖,𝑗

, 𝑖,𝑗 = 2,3,4, … ,𝑁𝑡, 

(39) 

D𝜏
(1)
= 2𝜋[𝑎𝑖,𝑗], 

{
 
 
 

 
 
 𝑏11 = −

𝑁𝑡
2

12
−
1

6

𝑏𝑖,1 =
(−1)𝑖−2

2sin2
𝜋(𝑖−1)

𝑁𝑡

𝑏1,𝑗 =
(−1)𝑁𝑡−𝑗

2sin2
𝜋(𝑁𝑡−𝑗+1)

𝑁𝑡

𝑏𝑖+1,𝑗+1 = 𝑏𝑖,𝑗

,  𝑖,𝑗 = 2,3,4,… ,𝑁𝑡, 

D𝜏
(2)
= (2𝜋)2[𝑏𝑖,𝑗]. 

In Eq. (39) the Teoplitz matrices are shown by D𝜏
(2)

 and 

D𝜏
(1)

. Eq. (38) can be vectorized as 
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((
Ω

2𝜋
)
2

(D𝜏
(2)
⊗ M̃) + (I𝜏⊗ K̃)) 𝑣𝑒𝑐(Q)

+ 𝑣𝑒𝑐(K̃𝑛𝑙(Q)) = 0 

(40) 

Also, have: 

H:ℝ12𝑚×𝑁𝑡+1 → ℝ12𝑚×𝑁𝑡 ,H(𝑣𝑒𝑐(Q),Ω) = 0 (41) 

Finally, the Eq. (40) can be solved via pseudo-arc-length 

continuation algorithm. For more detail please see Ref. (HB 

1977).  

 
 
4. Numerical findings and technical discussion 

 

A list of GPLs reinforcement and concrete material are 

presented in Table 1. In this section, the verification, 

parameteric results, data-driven solution algorithm and the 

results of mentioned algorithm will be presented in detail. 

 

4.1 Validation 
 

To verify the results, the outcomes of the current work 

and Ref. are compared for dimensionless linear frequency 

and nonlinear to the linear frequency of the panel in Table 

2. As is observed the comparison has been made for 

different temperature and CNT volume fraction. This table 

indicates that by increasing the CNT volume fraction, the 

dimensionless frequency increases while nonlinear to linear 

frequency has different behavior. For more detail, by 

increasing the CNT volume fraction, the frequency ratio 

(nonlinear to linear frequency) first decreases and then 

increases. So, the frequency ratio is sensitive to the value of 

the CNT volume fraction. By increasing the temperature, 

the dimensionless frequency decreases while the frequency 

ratio has different behavior. So, the nonlinear to linear 

frequency is very sensitive to the value of geometrical and 

physical parameters of the composite panel structure. The 

results show that the results are in good agreement with 

each other and the results of current work have been 

verified.  

 

4.2 Data-Driven solution 
 

The physics-based deep neural network developed in 

this study may be able to substitute the boundary value 

problem’s finite element solution with the surface elasticity 

effect described above. The displacement field to the 

governing differential Eqs. can be solved directly by 

reducing the overall energy loss. Unlike basic approaches, 

the deep energy technique does not require the construction 

of explicit stiffness matrices for surface and bulk materials, 

nor does it require the lengthy discretization of meshes. 

maximum. Finite element techniques struggle to avoid 

deformed components while discretizing the mesh in a 

complex structure. Deep energy methods, on the other hand, 

may totally randomize concentration sites using Monte 

Carlo simulation. The primary benefit of this approach is 

that the displacement field, which is produced by the neural 

network, is indefinitely differentiable. Because of this, the  

Table 1 The involved materials properties 

Concrete (matrix) GPL 

𝑣𝑀 = 0.2 𝑣𝐺𝑃𝐿 = 0.186 

𝜌𝑀 (
𝑘𝑔

𝑚3) = 2.3 × 10
3 𝜌𝐺𝑃𝐿(

𝑘𝑔

𝑚3) = 1.06 × 10
3 

𝐸𝑀 (𝐺𝑃𝑎) = 25 𝐸𝐺𝑃𝐿 (𝑇𝑃𝑎) = 1.01 

𝑘𝑀 (
𝑤

𝑚𝑘
) = 1.8 𝑘𝐺𝑃𝐿  (

𝑤

𝑚𝑘
) = 2000 

𝛼𝑀 (
10−5

𝑘
) = 0.1 𝛼𝐺𝑃𝐿  (

10−5

𝑘
) = 2.35 

𝐶𝑀 (
𝐽

𝑘𝑔 𝑘
) = 880 𝐶𝐺𝑃𝐿 (

𝐽

𝑘𝑔 𝑘
) = 8.03 × 107 

 𝑅𝑘(
𝑚2𝑘

𝑤
) = 10−8 

 𝑙𝐺𝑃𝐿(𝜇𝑚) = 2.5 

 𝑤𝐺𝑃𝐿(𝜇𝑚) = 1.5 

 𝑡𝐺𝑃𝐿(𝑛𝑚) = 1.5 

 

Table 2 Comparison of linear frequency and nonlinear to 

linear frequency of panel with 𝑎/𝑏 = 1, 
𝑎

𝑅𝑥
= 1,

𝑏

ℎ
= 20, ℎ =

1 [𝑚𝑚], 𝑅𝑦 = ∞ and (𝑚, 𝑛) = (1,1)(𝜔𝐿 = 𝜔𝐿R𝑥
2√

𝜌

𝐸
/ℎ) 

 𝜔𝐿 
𝜔𝑁𝐿
𝜔𝐿

 

𝑉𝐶𝑁𝑇
∗  Present 

Ref. (Shen and 

Xiang 2014) 
Present 

Ref. (Shen and 

Xiang 2014) 

∆T=300K 

0.12 18.3951 18.5407 1.5893 1.5934 

0.17 23.0025 23.0831 1.5589 1.5620 

0.28 26.4782 26.5256 1.6081 1.6441 

∆T=400K 

0.12 15.0347 15.0663 1.8096 1.8109 

0.17 18.7783 18.9391 1.7516 1.7584 

0.28 21.5156 21.6385 1.8715 1.8736 

 
 

stresses (including non-tensile stresses) change uniformly 

over the whole research region, in contrast to the findings of 

traditional finite element analysis, which clearly exhibit 

discontinuities. Neural network techniques are particularly 

well adapted to situations that need for high -order 

continuity of the displacement field (displacement 

derivative), for as in strain gradient elasticity theory. This is 

a related benefit. Using traditional finite element techniques 

may be challenging given the continuity requirement of C1. 

The inverse problem may also be handled by neural 

network systems since they can address both the forward 

and the inverse issues within the same framework. In the 

current study, the displacement field 𝒖 = (𝑢, v, w) inside 

the analysis domain in the cylindrical coordinates 
(𝑥, 𝑦, 𝑧) ∈ 𝑉  is solved using a fully connected neural 

network. A succession of completely linked layers make up 

the fully connected neural network, which links every 

neuron in one layer to every other neuron in the one below. 

The entirely connected architecture offers a wide range of 

applications since there are no special input assumptions. 

The deep neural network is shown in Fig. 3 operating as a  
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substitute mechanical model. In this scenario, the deep 

neural network’s inputs are the spatial coordinates (𝑥, 𝑦, 𝑧),  

and its outputs are the displacements 𝒖 = (𝑢, v, w) . The 

neural network is supposed to have N-1 or (N) hidden 

layers. Mi neurons make up the i-th layer. The symbol ℎ𝑗,𝑖
𝑜𝑢𝑡  

denotes the output of the jth neuron in the ith layer as 

follows: 

ℎ𝑗,𝑖
𝑜𝑢𝑡 = 𝑓(ℎ𝑖

𝑖𝑛),

𝑤𝑖𝑡ℎℎ𝑖
𝑖𝑛 = ∑ 𝑤𝑚,𝑖ℎ𝑚,𝑖−1

𝑜𝑢𝑡 + 𝑏𝑗,𝑖

𝑀𝑖−1

𝑚=1

 (42) 

where 𝑤𝑚,𝑖  stands for the weight and 𝑏𝑗,𝑖  stands for the 

bias. The string ℎ𝑚,𝑖−1
𝑜𝑢𝑡  out denotes the output of the (𝑖 − 1)-

th layer’s mth neuron. f () is a representation of the 

nonlinear activation function. In both vector and matrix 

form, Eq. (22) may be written as follows: 

𝒉𝑖 = 𝑓(𝒘
T · 𝒉𝑖−1 + 𝒃𝑖) (43) 

Finally, the neural network (𝑥, 𝑦, 𝑧) = 𝑁𝑁(𝑥, 𝑦, 𝑧)  for 

solving the boundary value issue may be described as 

follows: 

Input layer: 

𝒉0 = (𝑥, 𝑦, 𝑧) (44) 

Hidden layer: 

𝐡𝑖 = 𝑓(𝐰T · 𝐡𝑖−1 + 𝐛𝑖),1 ⩽ 𝑖 ⩽ 𝑁 − 1 (45) 

Output layer 

𝐡𝑁 = (𝑢𝑥, 𝑢𝑦) = 𝐰
T · 𝐡𝑁−1 + 𝐛𝑁  (46) 

It’s crucial to note that neural networks might 

theoretically approximate any function. The weight wT and 

the ball bias are the parameters that are trained by 

minimizing the loss function, Eq. (46). To answer Eq. (46), 

a fully connected neural network is used in this study. The 

input and output layers, which are both 2× 1 tensors, 

provide the spatial coordinates of the alignment points and 

the displacements that the DNN predicts. All layers make 

use of a sigmoid linear unit (SiLU) activation function, with 

the exception of the last layer, which is devoid of one. The 

partial derivatives of the displacements are computed using 

automated differentiation techniques, which are often 

utilized in physically influenced neural networks, with 

respect to their input coordinates. Using Monte Carlo 

integration, the overall energy loss for buildings with 

complicated shapes may be objectively assessed. A more 

accurate Gaussian quadrature method for the cylindrical 

 

 

structures expressly studied in this work will be presented 

in the following section. The DNN network is trained to 

minimize the loss function by integrating the total potential 

energy and displacement boundary contributions using an 

ADAM (adaptive momentum) optimizer and quasi-

Newtonian (L) method. -BFG. The expected learning rate, 

unless otherwise specified, is 0.001. The neural network 

solution, or displacement field, ensures that the loss 

function satisfies the equilibrium criteria with the given 

boundary conditions while lowering the potential energy. 

 
4.3 Parametric results 
 

In this section, the influences of various parameters on 

the sensitivity of concrete structures’ nonlinear frequency to 

GPLs reinforcement (SCS-GPLs) and sensitivity of concrete 

structures’ nonlinear frequency to temperature (SCS-TEM). 

The SCS-GPLs and SCS-TEM can be formulated as 

follows: 

SCS − GPLs =
𝑓𝑛𝑙1 − 𝑓𝑛𝑙2

𝑓𝑛𝑙1
 

SCS − TEM =
𝑓𝑛𝑙3 − 𝑓𝑛𝑙4

𝑓𝑛𝑙3
 

(47) 

In Eq. (47) 𝑓𝑛𝑙1, 𝑓𝑛𝑙2 are the nonlinear frequencies with 

and without considering GPLs as the reinforcement, 

respectively. Also, 𝑓𝑛𝑙3, 𝑓𝑛𝑙4 are the frequency in nonlinear 

form with and without considering temperature change, 

respectively.  Also, in this section have 𝐾3 = 102 (
𝑁

𝑚5) , 

and 𝐾4 = 50 (
𝑁

𝑚7) . Also, in the work the boundary 

conditions of the structure are clamped in all edges. So, 

displacement fields are equal to zero in all edges.   

 
4.3.1 Impacts of some parameters on the nonlinear to 

linear frequency of the current structure 
The effects of the Winkler coefficient, temperature 

variations, and the weight percentage of GPLs on the 

nonlinear to linear frequency curves for different large 

deflection factors are shown in Fig. 2 in that order. Fig. 2-a 

shows the effects of three settings of the Winkler coefficient 

parameter on concrete panel nonlinear to linear frequency 

curves for various big deflection factors. As can be 

observed, a larger deflection factor enhances the structure’s 

nonlinear to linear frequency curves. For the Winkler 

coefficient parameter, this problem is inverse. In a different 

universe, as the Winkler coefficient increases, the concrete 

structure’s nonlinear frequency ratio declines. This indicates 

that this parameter has a higher effect on linear frequency 

than on nonlinear frequency. The findings of this Figure 

 

Fig. 1b A deep neural network acting as a surrogate mechanics model 
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(a) 

 
(b) 

 
(c) 

Fig. 2 The influences of GPLs’ weight fraction, linear 

Winkler coefficient, and temperature change on the 

nonlinear to linear frequency of the current composite 

structure 

 

 

unequivocally show that the nonlinear frequency ratio is 

more sensitive to a low value of significant deflection than a 

greater one. The impact of temperature variations and a 

dimensionless big deflection factor on the nonlinear to 

linear frequency curves of the structure in Fig. 2-b is the 

subject of the following discussion and analysis. It is 

 

Fig. 3 The SCS-GPLs of the composite panel for different 

K1, and ∆𝑇 
 

 

obvious that temperature variations have a greater impact 

on the linear frequency than the nonlinear one, comparable 

to Fig. 2-a. This indicates that the nonlinear frequency ratio 

increases with increasing temperature changes. The effect 

of the dimensionless huge deflection factor and the weight 

percentage of GPLs on the nonlinear to linear frequency 

curves of concrete structures is depicted in Fig. 2-c. This 

figure indicates that the nonlinear frequency change of the 

composite structure reduces as the weight percentage of 

GPLs increases. By contrasting the findings of the Figures, 

it can be said that the nonlinear frequency change lowers 

with an increase in the weight fraction of GPLs and the 

Winkler coefficient parameter, however, it rises with an 

increase in temperature changes. 

 

4.3.2 Sensitivity of concrete structures to GPLs 
reinforcement  

The influences of temperature change and linear 
Winkler coefficient on the SCS-GPLs are depicted in Fig. 3. 
As is observed, by increasing the temperature change, the 
SCS-GPLs increase. This increase continues till 502°𝐶 for 
K1=0. This value of temperature is called the critical 
temperature change of the structure. It means that after this 
value of temperature, the sensitivity of the system drops 
sharply. It should be mentioned that in the critical 
temperature of the structure, buckling occurs. It means that 
in this value of temperature change, buckling occurs. As is 
presented, by increasing the linear Winkler coefficient the 
sensitivity of the concrete structure to the nanocomposites 
decreases. This decrease is obviously seen especially in the 
temperature near the thermal buckling load. It is clearly 
observed that after the thermal buckling load, the structure 
sharply decreases till the thermal post-buckling load. It 
should be noted that the thermal post-buckling load is not 
dependent on the linear Winkler coefficient. The reason for 
this issue is that the linear Winkler coefficient did not 
appear in the nonlinear frequency of the system. It should 
be noted that the thermal buckling for K1 = 0, 103, and 
2×103 are 502°𝐶, 518°𝐶 and 531°𝐶, respectively. Finally, 
it is worth mentioning that all designers for modeling the 
concrete structure reinforced by GPLs should pay special 
attention to the lower values of temperature especially those 
lower than 500°𝐶. 
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Fig. 4 The SCS-GPLs of the composite panel for different 

K2, and ∆𝑇 

 

 

Fig. 5 The variation of SCS-GPLs for different a/b, and 

∆𝑇 

 

 

Fig. 6 The variation of SCS-GPLs for different Rx/a, and 

∆𝑇 
 
 

Fig. 4 shows the effects of temperature variation and the 

Pasternak coefficient on the SCS-GPLs. As can be seen, the 

SCS-GPLs rise as the temperature change increases. For 

K2=0, the rise lasts until 500° C. This temperature is 

referred to as the structure’s critical temperature change. 

This indicates that the system’s sensitivity reduces 

significantly below this temperature. It should be noted that 

buckling happens when the structure reaches its critical 

temperature. This indicates that buckling happens at this 

level of temperature fluctuation. As shown, the susceptibility 

of the concrete structure to the nanocomposites reduces as 

the Pasternak coefficient rises. This drop in temperature is 

particularly noticeable when it is close to the thermal 

buckling load. It is evident that the structure rapidly 

declines until thermal post-buckling stress follows thermal 

buckling force. It should be noted that the Pasternak 

coefficient has no influence on the thermal post-buckling 

load. This problem results from the absence of the 

Pasternak coefficient in the system’s nonlinear frequency. It 

should be noticed that K2=0, 5, and 10 have thermal 

buckling at 500° C, 521° C, and 538° C, respectively. 

The influences of a/b, and temperature change on the 

SCS-GPLs can be seen in Figure 5. Generally, when a 

structure encounters a sharp increase or decrease in the 

frequency due to increasing temperature change, buckling 

occurs. So, in this capture, as is observed, by increasing the 

temperature, the sensitivity of the current concrete structure 

to the GPLs increases. After this increase, we see a sharp 

decrease in the SCS-GPL in the structure due to increasing 

the temperature change. In this temperature buckling 

happens. In other work, by increasing the a/b parameter, the 

thermal buckling decreases. After thermal buckling, the 

structure encounters instability in response and the 

designers should pay special attention to the stable area. 

Fig. 6 illustrates the effects of temperature variation and 

Rx/a on the SCS-GPLs. Buckling often happens when a 

structure has a sudden rise or fall in frequency owing to an 

increase in temperature change. As a result, it can be seen in 

this picture that as the temperature rises, the present 

concrete structure becomes more sensitive to GPLs. As the 

temperature changes further after this, we see a dramatic 

drop in the SCS-GPL in the structure. Buckling occurs in 

this temperature range. In other research, the thermal 

buckling is reduced by raising the Rx/a value. The structure 

experiences instability as a result of thermal buckling, thus 

the designers must pay close attention to the stable region. 

 

4.3.3 Sensitivity of concrete structures to 
temperature (SCS-TEM) 

The influence of length-to-width ratio (a/b), and GPL 

weight fraction on the sensitivity of the structure on the 

temperature has been presented in Fig. 7. As is observed, in 

∆𝑇 = 150° C, by increasing the length-to-width ratio, the 

sensitivity of the structure to the temperature increases 

especially in the lower values of a/b (less than 6). As an 

amazing result, in the higher values of a/b, the sensitivity of 

the structure to temperature becomes constant. It means that 

the structure in the higher values of a/b (higher than 6) is 

not sensitive to the temperature (∆𝑇 = 150° C). An amazing 

result can be seen in Fig. (6. b). In the higher temperature 

than Fig. (7. a), the sensitivity of the structure to the 

temperature changes. It means that in ∆𝑇 = 155° C, by 

increasing the a/b parameter, the SCS-TEM increases 

sharply, but in a specific a/b, a sharp decrease can be seen 

in the system. It means that the system encounters  
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(a) 

 
(b) 

Fig. 7 The variation of SCS-TEM for different GPLs’ 

weight fraction, a/b and ∆𝑇 

 

 

instability in response to the higher values of a/b. Also, by 

increasing the GPLs’ weight fraction, the sensitivity of the 

structure to the temperature decreases especially in the 

higher values of a/b parameter. All designers in the higher 

values of ∆𝑇 should pay special attention to the value of 

a/b parameter. 

In Fig. 8, the effect of the length-to-width ratio (a/b) and 

the Rx/a on the structure’s susceptibility to temperature is 

shown. As can be seen, at ∆𝑇=150° C, as the length-to-

width ratio grows, so does the structure’s sensitivity to 

temperature, especially for lower values of a/b (less than 6). 

Amazingly, the sensitivity of the structure to temperature 

becomes constant at the higher levels of a/b. It implies that 

the structure at higher a/b ratios (greater than 6) is not 

temperature-sensitive (∆𝑇=150° C). Figure (8. B) shows an 

incredible outcome. The susceptibility of the structure to 

temperature changes increases at higher temperatures than 

in Fig. 8.a. Increasing the a/b parameter causes the SCS-

TEM to drastically grow at ∆𝑇=155° C, however at a 

certain a/b, the system may be shown to dramatically 

decline. This indicates that the system experiences 

instability as a result of greater values of a/b. Additionally,  

 
(a) 

 
(b) 

Fig. 8 The variation of SCS-TEM for different Rx/a, a/b, 

and ∆𝑇 

 

 

by increasing the Rx/a, the structure becomes less sensitive 

to temperature, especially at higher values of the Rx/a 

parameter.  

Fig. 9 shows the effects of a/b, Ry/b, and ∆T on the 

sensitivity of the existing concrete structure. SCS-TEM 

increases with increasing a/b in the lower values of a/b and 

with rising a/b in ∆T equal to 100° C. This increment turns 

into a constant number for a/b greater than 6. It indicates 

that the system is less susceptible to temperature at higher 

a/b values by increasing the length-to-width ratio. The 

existing concrete system’s temperature sensitivity is 

dependent on the a/b parameter when the Ry/b is increased. 

It indicates that the system’s sensitivity to temperature rises 

with increasing Ry/b at ∆T = 100° C and smaller values of 

a/b (less than 3.9). As the trend toward increasing a/b levels 

turns reversed. As is observed in Fig. (9. b), by increasing 

the ∆𝑇 to 150° C, we cannot increase the a/b parameter. It 

means that for obtaining the stable response, the value of 

a/b parameter should be less than 4 for Ry/b equal to 1. 

To understand the impacts of K1, and a/b parameters on 

the SCS-TEM, Fig. 10 has appeared. According to this 

image, in the lower values of a/b, K1 parameter does not  
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(a) 

 
(b) 

Fig. 9 The variation of SCS-TEM for different Ry/a, a/b, 

and ∆𝑇 

 

 

have any influence on the SCS-TEM. But, in the higher 

values of a/b, by increasing the K1 parameter, the sensitivity 

of the nonlinear frequency to the temperature decreases. In 

the lower values of K1 parameter, for modeling a structure 

should pay special attention to the value of a/b. Also, in ∆𝑇 

equal to 155° C, by increasing the K1 parameter, designers 

can select higher values of a/b in comparison with lower 

values of K1 parameter.  Also, by increasing the ∆𝑇, the 

intensity of the sensitivity of the current composite structure 

to the a/b increases. 

Fig. 11 has been published in order to better understand 

the effects of K2, and the a/b parameters on the SCS-TEM. 

This figure shows that the K1 parameter has little effect on 

the SCS-TEM at the lower levels of a/b. However, if the K2 

parameter is increased, the sensitivity of the nonlinear 

frequency to temperature diminishes for larger values of 

a/b. The value of a/b should get particular consideration 

when modeling a structure at lower K2 parameter levels. 

Additionally, designers may choose greater values of a/b in 

∆𝑇 equal to 155 by raising the K2 parameter as opposed to 

smaller values of K2.  Additionally, when ∆𝑇 is raised, the 

existing composite structure’s sensitivity to a/b becomes 

more intense. 

 
(a) 

 
(b) 

Fig. 10 The variation of SCS-TEM for different K1, a/b, 

and ∆𝑇 

 

 

4.4 The results of the mentioned data-driven solution 
 

The aforementioned DNN has 6, 8, 5, 7, 5, 3, 5, 6, 7 

neurons, with 9 neurons in the input layer and 1 neuron in 

the output layer. The number of neurons in each hidden 

layer is represented by other numbers. A back-propagation 

optimization forward network makes up the proposed 

artificial neural network (ANN). The optimum loss function 

for this regression issue is a mean square error (MSE), 

which is defined as follows: 

𝑀𝑆𝐸𝑗 =
1

𝑛
∑ (𝑌𝑗𝑖 − 𝑌𝑗𝑖̂)

2𝑛

𝑖=1
 (48) 

ANN is used to compare all expected outcomes to actual 

occurrences, allowing predictions to be formed for all 

outcomes. Also interesting is the conversion of dynamic 

response to a real value depending on their stiffness. 

According to section 5.2, known output and input parameters 

are utilized to extract a set of 189 data using the numerical 

results. While this data includes both left and right 

boundary conditions, for the sake of our problem, only two 

BCs—strict -strict and basic BC supported—are taken into 

account. Based on the numerical outcomes, other substrate 
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(a) 

 
(b) 

Fig. 11 The variation of SCS-TEM for different K2, a/b, 

and ∆𝑇 

 

 

Fig. 12 The determined MSE value by counting the 

number of epochs for each output from the validation and 

train sets of data 
 

 

data quantities, external voltage, etc. are determined. 

However, the numerical data in Figs. 2-11 is used to 

determine the output values for amplitude and bending 

information. The PyTorch IANN training method is rather 

Table 3 The prediction of the DNN model’s performance in 

relation to test data for different MSN parameters and 

dynamical load to determine the nonlinear frequency (GHz) 

of the present structure 

 Predicted 

 Fit 
𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛
= 2.13 × 10−4 

𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛
= 3.1 × 10−4 

𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛
= 3.4 × 10−4 

 K2=0.100 

K1=0 0.0569 0.035821 0.056528 0.056895 

K1=102 0.07152 0.051258 0.069196 071499.0  

K1=103 0.09125 0.081258 085698.0  091118.0  

 K2=200 

K1=0 0.08158 068512.0  079528.0  081499.0  

K1=102 0.09859 074589.0  095258.0  098412.0  

K1=103 0.11258 087458.0  099369.0  111590.0  

 

 

Fig. 13 The input variables’ sensitivity analysis 

 

 

simple. The gathered data is randomly divided into three 

halves for the network’s training, validation, and testing 

stages. The number of network epochs (or iterations) to 

utilize is determined by the value of the loss function. The 

training data make up 80% of the dataset, while the 

validation and testing data make up the remaining 40% 

equally. The quantity of epochs needed for training and 

validation data is shown in Fig. 12. Typically, the network 

may be regarded as trained if the difference in the number 

of pre-start epochs in the loss-error curve between training 

and validation is detected. Even if the training error goes 

down after this number of epochs, the network is overfitted 

and only works well with the training data set. The IANN 

will provide inflated and false findings for the validation 

data set and all subsequent input data. As we have shown, 

3800 epochs are necessary in order to have confidence in 

the outcome. This amount of epoch size will prevent the 

amplitude from being overfitted. 

Table 3 indicates that we should take into account 

𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 = 3.4 × 10
−4, in order to verify the outcomes of 

the present work with the outputs of DNN. The findings are 

confirmed, as can be observed by choosing this number for 

DNN. Other evidence in Table 3 demonstrates that the 

nonlinear frequency of the current system rises with 

increasing Winkler and Pasternak coefficients. 
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The aforementioned algorithm’s sensitivity results were 

assessed, and Yang et al.’s approach (Yang and Zhang 

1997) was used to determine how input variables influenced 

the output data. The Eq. below is used in this tactic: 

∃𝑖𝑗=
∑ (∩𝑖×∋𝑗)

𝑛

𝑘=1

√∑ ∩𝑖
2𝑛

𝑘=1
∑ ∋𝑗

2𝑛

𝑘=1

  (49) 

 Each of the input and output variables, ∩ and ∋, has 

380 possible values. Each input parameter has a value 

between 0 and 1, with the greatest value corresponding to 

the most effective output ∃ variable. Fig. 13 displays the 

∃ ratings for each input variable. The K4 (∃ = 0.991) has the 

greatest impact on the outcomes of the aforementioned 

operation, as seen in Fig. 13. 

 

 

5. Conclusions 
 

When the amplitude of the vibrations is similar to that of 

the clearance, the vibrations for small amplitudes were 

really substantially nonlinear. The consequences of the von 

Kármán strain-displacement kinematic nonlinearity on the 

constitutive laws of the shell were given in the current study 

using 3D modeling of the shell theory. The nonlinear 

governing equations. for various nonlinear boundary edges 

were solved by discretizing equations on the space domain, 

constructing equations of the Duffing type, and using 

Kronecker and Hadamard products. Thermo-elasticity 

equations were used to simulate the system’s temperature. 

The harmonic solution technique for the displacement 

domain and the multiple-scale approach for the time domain 

were provided in the section on solution procedures for 

solving nonlinear Equations. It was often utilized to predict 

how diverse systems would behave using the effective data-

driven approach. The network’s hyperparameters, such as 

the number of hidden layers and learning rate, were often 

chosen manually as required. Additionally, a data-driven 

solution to the nonlinear vibration issue was proposed in 

order to reduce the computational cost of the current study. 

The findings might be confirmed by comparing the 

outcomes of the present effort with those of data-driven 

solutions and another research that was published. For 

building construction industries, several useful 

recommendations for improving the thermo-mechanics’ 

behavior of structural concrete panels were presented. The 

results section presented the following information: 

• the nonlinear frequency change lowers with an 

increase in the weight fraction of GPLs and the Winkler 

coefficient parameter, however, it rises with an increase in 

temperature changes. 

• all designers for modeling the concrete structure 

reinforced by GPLs should pay special attention to the 

lower values of temperature especially those lower than 

500°𝐶. 

• by increasing the temperature, the sensitivity of the 

current concrete structure to the GPLs increases. 

• According to the results of sensitivity analysis, the 

thermal buckling is reduced by raising the Rx/a value. 

• All designers in the higher values of ∆𝑇 should pay 

special attention to the value of a/b parameter. 

• by increasing the Rx/a, the structure becomes less 

sensitive to temperature, especially at higher values of the 

Rx/a parameter. 

• By increasing the Ry/b, the sensitivity of the current 

concrete system to the temperature depends on the a/b 

parameter.  

The analysis of current work in the aerodynamics 

situation, under low-velocity impact loading, under wind 

excitation, and under thermal shock can be presented in the 

future scope of the study. 
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