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1. Introduction 

 

The production of functionally graded materials (FGMs) 

has also found its way into the world of sports, opening up 

new possibilities for enhancing athletic performance and 

equipment design. Functionally graded materials in sports 

are specifically tailored to meet the demands of athletes, 

providing improved performance, safety, and comfort. In 

terms of production, various manufacturing techniques are 

employed to create functionally graded materials for sports 

applications (Hou et al. 2021, Huang et al. 2021b, Xu et al. 

2021, Wang et al. 2022). Advanced composite materials are 

often utilized, where different fibers or fillers are 

strategically placed to achieve the desired gradient. For 

example, in tennis racket production, carbon fibers with 

different properties can be combined to create a racket 

frame that offers a gradual transition from increased 

stiffness at the handle to enhanced flexibility at the racket 

head. This allows for better control and power transfer 

during gameplay (Liu et al. 2020a, Wang et al. 2020, Zhou 

et al. 2020, Dai et al. 2021, Guo et al. 2021, Shao et al. 

2021, Wu and Habibi 2021). Additionally, additive 

manufacturing technologies such as 3D printing have 

gained popularity in the production of functionally graded 

sports equipment. This approach enables precise control 

over material distribution, allowing for the creation of 

complex and customized designs. For instance, 3D-printed 

running shoes can incorporate varying levels of cushioning 

or support along the sole to optimize performance and 

reduce the risk of injuries. The applications of functionally 

graded materials in sports are extensive (Fan et al. 2023, 
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Miao et al. 2023, Qu et al. 2023b). In sports equipment, 

FGMs are employed to improve performance characteristics 

such as strength, flexibility, and weight distribution. Golf 

clubs, for example, can be designed with a gradual 

transition in material properties from the shaft to the 

clubhead, optimizing energy transfer and enhancing 

accuracy and distance. Similarly, in skiing and snow-

boarding, functionally graded materials can be used to 

create skis and snowboards that offer varying degrees of 

stiffness along their length, providing better stability and 

control on different terrains. Moreover, functionally graded 

materials play a role in sports safety equipment. Helmets for 

various sports, such as football, cycling, and skiing, can be 

constructed using FGMs to ensure an optimal balance 

between impact resistance and comfort (Cao et al. 2022, 

Zhang et al. 2022, Cheng et al. 2024, Liu et al. 2024, Zhao 

et al. 2024). By varying the material properties, helmets can 

be designed to provide different levels of protection in 

different regions, reducing the risk of injuries while 

maintaining wearer comfort. 

The thermal stability of functionally graded structures is 

a critical aspect that influences their performance and 

reliability in various applications. Functionally graded 

structures (FGS) are characterized by a gradual variation in 

composition, microstructure, or material properties, 

resulting in a smooth transition from one end to another. 

This unique characteristic enables FGS to exhibit enhanced 

thermal stability compared to homogeneous materials (Hu 

et al. 2023, Jannat et al. 2023, Zhang et al. 2023b). One key 

advantage of functionally graded structures is their ability to 

mitigate thermal stresses and strains that occur due to 

temperature gradients. Traditional homogeneous materials 

are susceptible to thermal expansion and contraction, which 

can lead to thermal deformation and failure under extreme 

temperature conditions. In contrast, the graded composition 
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and material properties of FGS allow for a better 

distribution and dissipation of thermal stresses, minimizing 

the risk of thermal failure. The thermal stability of 

functionally graded structures can be attributed to several 

factors. The gradual change in material properties along the 

gradient helps in reducing the thermal mismatch between 

adjacent layers, resulting in lower thermal stress 

concentrations (Di et al. 2023, Hou et al. 2023b, Li et al. 

2023b, Zou et al. 2023). Additionally, the tailored 

distribution of materials can optimize thermal conductivity 

and heat dissipation, preventing the buildup of excessive 

temperatures in localized regions. The thermal stability of 

functionally graded structures finds applications in various 

fields. In aerospace engineering, FGS are employed in the 

design of components for high-temperature environments, 

such as turbine blades and thermal protection systems. The 

graded composition and material properties allow these 

structures to withstand extreme temperatures while 

maintaining structural integrity. Furthermore, in the field of 

energy systems, functionally graded materials are utilized 

for thermal management and heat transfer applications. FGS 

can be incorporated into heat exchangers, thermal barriers, 

and energy storage devices to enhance thermal stability, 

improve efficiency, and prolong the lifespan of the systems 

(Liu et al. 2020b, Habibi et al. 2021, He et al. 2021, Huang 

et al. 2021a, Liu et al. 2021, Zhang et al. 2021). Moreover, 

functionally graded structures play a crucial role in the 

development of advanced electronics and microelectron-

mechanical systems (MEMS). The thermal stability of FGS 

is vital in maintaining the performance and reliability of 

microelectronic devices, such as integrated circuits and 

sensors, which are subjected to significant thermal 

fluctuations during operation (Cai et al. 2023, Hou et al. 

2023a, Qu et al. 2023a, Zhao et al. 2023).   

Nanoelectromechanical systems (NEMS) have emerged 

as a promising technology with potential applications in the 

sports industry, particularly in the realm of player safety. 

NEMS devices, which are characterized by their nanoscale 

size and the integration of mechanical and electrical 

components, can be utilized to monitor and prevent injuries 

to athletes in various sports. One key application of NEMS 

in sports is the development of wearable sensors that can 

continuously monitor an athlete’s vital signs, motion, and 

impact forces during gameplay. These sensors, often 

integrated into garments or equipment, can provide real-

time data on parameters such as heart rate, body 

temperature, oxygen levels, and acceleration. By collecting 

and analyzing this data, coaches, trainers, and medical staff 

can gain valuable insights into an athlete’s physiological 

state and performance, allowing them to identify potential 

injury risks or signs of fatigue. This information can then be 

used to make informed decisions regarding training 

regimens, rest periods, and injury prevention strategies (He 

and Deng 2023, Jia et al. 2023, Li et al. 2023a, Su et al. 

2023). Another application of NEMS in sports safety is the 

development of impact sensors that can detect and quantify 

the magnitude and location of impacts during contact 

sports. These sensors can be embedded in helmets, 

mouthguards, or protective padding to provide real-time 

feedback on the forces experienced by the athlete. By 

monitoring and analyzing impact data, coaches and medical 

professionals can identify high-risk situations, assess the 

effectiveness of protective equipment, and implement 

strategies to minimize the risk of concussions and other 

traumatic injuries (Dai et al. 2023, Song et al. 2023, Yang 

and Mao 2023, Ye et al. 2023). Furthermore, NEMS devices 

can be utilized in the design and development of smart 

surfaces and sports equipment with enhanced shock 

absorption properties. By integrating nanoscale sensors and 

actuators into sports surfaces or equipment, it becomes 

possible to dynamically adjust the properties of the surface 

or equipment based on the detected impact forces. This 

adaptive capability can help reduce the risk of injuries by 

providing an optimal level of cushioning and support based 

on the specific demands of the sport or activity (Jin et al. 

2023, Lau and Li 2023, Wang et al. 2023, Zhang et al. 

2023d). Additionally, NEMS-based technologies can play a 

role in the rehabilitation and injury recovery process. 

Microscale sensors and actuators can be integrated into 

therapeutic devices, such as braces or joint support systems, 

to monitor joint movement, muscle activity, and 

biomechanical parameters. This real-time feedback can 

assist athletes and medical professionals in optimizing 

rehabilitation protocols, ensuring proper technique, and 

preventing reinjury (Cheng et al. 2023, Fu et al. 2023, Li et 

al. 2023d, Zhang and Huang 2023). 

The mathematical simulation of small-scale functionally 

graded nanoelectromechanical systems (NEMS) sensors 

and their application in sports offer exciting possibilities for 

enhancing athlete performance, safety, and monitoring 

capabilities. By employing mathematical models and 

simulations, researchers can investigate the behavior and 

performance of these sensors, which are characterized by 

their nanoscale size and functionally graded composition 

(Li 2023, Li et al. 2023e, Zhang et al. 2023a, c). 

Functionally graded NEMS sensors can be designed to 

incorporate varying material properties, such as mechanical 

stiffness, electrical conductivity, or thermal characteristics, 

along their structure. Mathematical simulations enable the 

study of how these graded properties impact the sensor’s 

performance in sports-related applications. One key 

application of functionally graded NEMS sensors in sports 

is their integration into wearable devices for athlete 

monitoring. By employing mathematical models, researchers 

can simulate the response of these sensors to different 

mechanical and physiological stimuli (Guan 2023, Li et al. 

2023c, Ma et al. 2023). This enables the prediction of the 

sensor’s sensitivity, accuracy, and range, allowing for the 

optimization of their design for specific sports applications. 

For example, simulations can provide insights into how a 

functionally graded NEMS sensor embedded in a sports 

garment can accurately measure joint angles, muscle 

contractions, or impact forces during athletic movements. 

Mathematical simulations also play a crucial role in 

assessing the mechanical reliability and durability of 

functionally graded NEMS sensors. By modeling the stress 

and strain distribution within the sensor under different 

loading conditions, researchers can predict potential failure 

points or areas prone to fatigue. This information can guide 

the design and fabrication of sensors that can withstand the 
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rigors of athletic activities, ensuring long-term performance 

and reducing the risk of sensor failure during sports 

participation. Furthermore, mathematical simulations enable 

the exploration of the interaction between functionally 

graded NEMS sensors and the surrounding environment 

(Omidi et al. 2013, Ghadiri et al. 2016c, Mousavi et al. 

2017). For instance, simulations can evaluate the effects of 

temperature variations, humidity, or exposure to chemicals 

on the sensor’s performance. This knowledge is valuable in 

designing sensors that can withstand diverse sports 

environments, ranging from extreme outdoor conditions to 

indoor arenas. In sports applications, functionally graded 

NEMS sensors can be utilized for a variety of purposes. 

They can monitor an athlete’s vital signs, such as heart rate, 

respiratory rate, or oxygen levels, providing real-time 

feedback on performance and fatigue levels. The data 

collected from these sensors can be used to optimize 

training programs, prevent overexertion, and minimize the 

risk of injuries. Moreover, functionally graded NEMS 

sensors can be integrated into sports equipment, such as 

helmets, protective padding, or footwear, to assess impact 

forces, detect potential concussions, or provide real-time 

feedback on technique and performance. Mathematical 

simulations aid in understanding how these sensors respond 

to different impact scenarios and can assist in the 

development of safer sports equipment (Azimi et al. 2016, 

Ghadiri et al. 2016a, b, Shafiei et al. 2016, 2017). 

Many researchers have extensively studied the thermal 

buckling phenomenon in functionally graded (FG) 

nanobeams for various applications, with a particular focus 

on reducing sports-related injuries using NEMS sensors. 

However, further research is still required, specifically 

concerning the analysis of nonuniform nanobeams 

composed of functionally graded materials, particularly in 

the context of detecting player and equipment injuries using 

NEMS sensors. This study investigates the thermal buckling 

behavior of a nonuniform nanobeam made of imperfectly 

functionally graded materials containing porosity voids. By 

applying the energy method and employing nonlocal 

elasticity theory in conjunction with different higher-order 

beam theories, governing partial differential equations are 

derived and subsequently solved using GDQM. 

 
 
2. Simulation using mathematical models 
 

Functionally graded NEMS sensors, utilized for injury 

detection in players and equipment, can be mathematically 

modeled by incorporating Timoshenko and Euler-Bernoulli 

beam theories along with Eringen nonlocal elasticity using 

the generalized differential quadrature method (GDQM). 

The GDQM is a numerical technique employed to discretize 

and solve differential equations, particularly advantageous 

for complex systems. The unknown variables, such as 

deflection and strain, are approximated at specific grid 

points within the beam domain. The differential equations 

are then converted into a system of algebraic equations by 

applying the GDQM approximation. The resulting system is 

subsequently solved numerically to obtain the response of 

the functionally graded NEMS sensor, including deflection,  

 
(a) 

 
(b) 

Fig. 1 Depiction of a non-uniform cylindrical nano beam 

made of functionally graded material, where the porosity 

distribution affects its properties, (a) schematic of 

cylindrical beam, (b) cross-section of beam 

 

 

strain distribution, and thermal buckling load. This 

combined approach of Timoshenko and Euler-Bernoulli 

beam theories, Eringen nonlocal elasticity, and the 

generalized differential quadrature method enables accurate 

and efficient mathematical modeling of functionally graded 

NEMS sensors for injury detection in players and 

equipment. 

This paper investigates the thermal buckling behavior of 

a cylindrical nanobeam composed of a functionally graded 

material. The material consists of a combination of a metal-

based phase and a ceramic phase, with the addition of 

porosity voids in the radial direction, as illustrated in Fig. 1. 

The nanobeam has a length denoted as ‘L’ and is 

characterized by an internal radius of ‘Rin’ and an external 

radius of ‘Rex’. Importantly, the external radius varies 

along the length of the beam in accordance with a 

mathematical equation. 

𝑅𝑒 𝑥𝐿 − 𝑅𝑒 𝑥 (𝑥) = 𝑅𝑒 𝑥𝐿 𝛼
𝑥

𝐿
 (1) 

where the rate of cross-section change is denoted via ‘𝛼 =
𝑅𝑒𝑥𝑅 𝑅𝑒𝑥𝐿⁄ ’, in which ‘RexL’ is the external radius at ‘x=0’, 

and ‘RexL’ is the external radius at ‘x=L’. 

The FG structure is characterized by a varying material 

distribution along both the radius and length of the beam, 

making it a two-dimensional functionally graded (2D-FG) 

structure. Consequently, the subsequent mathematical 

equations consider the mechanical properties of elasticity 

modulus (E), Poisson ratio (ν), and thermal distribution 

parameter (β) for a porosity-dependent 2D-FG nano 

cylindrical beam. 

𝐸 = 𝐸𝐶𝑒𝑟𝑎𝑚𝑖𝑐 × 𝛯 − 

(𝐸𝐶𝑒𝑟𝑎𝑚𝑖𝑐 − 𝐸𝑚𝑒𝑡𝑎𝑙) (
𝑥

𝐿
)
𝜅

(
𝑟 − 𝑅 𝑖 𝑛

𝑅 𝑒 𝑥 − 𝑅𝑖𝑛
)
𝜇

× 𝛯 
(2a) 
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𝜈 = 𝐸𝐶𝑒𝑟𝑎𝑚𝑖𝑐 × 𝛯 − 

(𝜈𝐶𝑒𝑟𝑎𝑚𝑖𝑐 − 𝜈𝑚𝑒𝑡𝑎𝑙) (
𝑥

𝐿
)
𝜅

(
𝑟 − 𝑅 𝑖 𝑛

𝑅 𝑒 𝑥 − 𝑅𝑖𝑛
)
𝜇

× 𝛯 
(2b) 

𝛽 = 𝛽𝐶𝑒𝑟𝑎𝑚𝑖𝑐 × 𝛯 − 

(𝛽𝐶𝑒𝑟𝑎𝑚𝑖𝑐 − 𝛽𝑚𝑒𝑡𝑎𝑙) (
𝑥

𝐿
)
𝜅

(
𝑟 − 𝑅 𝑖 𝑛

𝑅 𝑒 𝑥 − 𝑅𝑖𝑛
)
𝜇

× 𝛯 
(2c) 

In which, the parameter ‘κ’ represents the FGM value 

along the length of the beam, ‘μ’ represents the FGM value 

along the radius of the beam, and ‘Ξ’ is the porosity 

function, which can be defined in the following manner: 

1 − 𝛯 = 𝜉 𝑐𝑜𝑠 (
𝑟 − 𝑅𝑖𝑛

𝑅 𝑒 𝑥 − 𝑅𝑖𝑛
) (3) 

where the parameter ‘ξ’ is utilized to manage and regulate 

the porosity voids. The temperature dependency of both the 

metal and ceramic materials is acknowledged, and their 

characterization can be described by the equation provided 

by Touloukian and Ho (1970). 

ℜ𝑇

ℜ0

=
ℜ−1

𝑇
+ ℜ1𝑇 + ℜ2𝑇

2 + ℜ3𝑇
3 + 1 (4) 

Within this context, the mechanical parameters denoted 

as ‘ℜ-1’, ‘ℜ0’, ‘ℜ1’, ‘ℜ2’, and ‘ℜ3’ are temperature-

dependent. These parameters are associated with elasticity 

modulus (E), Poisson ratio (ν), and thermal distribution 

parameters (β), and their specific values can be found in 

Table 1. 

The thermal buckling behavior of a truncated conical 

FG nanobeam, which is influenced by porosity, is 

investigated using both classical beam theory and first-order 

shear deformation beam theory. In order to accomplish this 

objective, the energy approach is employed, as described by 

the equation provided. 

𝛿𝛺 + 𝛿℧ = 0 (5) 

Where ‘℧’ and ‘Ω’ are the energy of potential and 

external work, respectively. In the present study, the 

external work is equal to zero. The calculation of the virtual 

potential energy (δ℧) will be performed in the following 

manner: 

𝛿𝛺 = ∭𝜎: 𝜀𝑑𝑉 +∭𝜎𝑖𝑖𝜀𝑖𝑖 − 𝜎𝑖𝑖𝜀
𝑇𝑑𝑉 (6) 

The strains, denoted as ‘ε’, are defined based on both 

classical beam theory and the first-order shear deformation 

beam theory, as follows. 

𝜀𝑖𝑗 =
1

2
(𝑢𝑗,𝑖 + 𝑢𝑖,𝑗) (7) 

Within this context, the displacement fields ‘u’ along the 

x-axis (ux), y-axis (uy), and z-axis (uz) are defined as 

follows. 

𝑢𝑥 = 𝑢 + 𝛾(𝑤,𝑥 + 𝜑) − 𝑧𝑤,𝑥 (8a) 

𝑢𝑧 = 𝑤, 𝑢𝑦 = 0 (8b) 

In this case, the transverse displacement component is 

represented by ‘w’, the axial element is denoted as ‘u’, and 

the rotation element is indicated as ‘φ’. According to the 

classical beam theory, the value of ‘γ’ is assumed to be zero. 

However, based on the first-order shear deformation beam 

theory, ‘γ’ is equal to ‘z’, where ‘𝑧 = 𝑟𝑠𝑖𝑛(𝜃)’ represents 

the coordinate along the beam’s thickness direction. 

Moreover, the thermal strains, referred to as ‘εT’, are 

defined in the following manner. 

𝜀𝑇 + 𝑇0𝛼(𝑥, 𝑧, 𝑇()(𝑥, 𝑧, 𝑇())) (9) 

In this case, the temperature of a reference point is 

denoted as ‘T0’ with a value of 300K. Additionally, the 

temperature distribution function, represented as ‘T’, is 

defined as follows. 

𝑇 = 𝛥𝛵 (
𝑟 − 𝑅𝑖𝑛

𝑅 𝑒 𝑥 − 𝑅𝑖𝑛
) + 𝑇0 (10) 

It should be acknowledged that the strain tensors ‘σ’ are 

derived from the provided displacement fields, which are 

defined as follows. 

𝑖𝑓𝑖 ≠ 𝑗 ⇒ 2𝜎𝑖𝑗 =
𝐸𝜀𝑖𝑗

(1 + 𝜈)
 (11a) 

𝑖𝑓𝑖 ≠ 𝑗 ⇒ 𝜎𝑖𝑖 = 𝐸𝜀𝑖𝑖 (11b) 

The nonlocal Eringen theory is a framework that 

extends the classical beam theories, such as the Timoshenko 

and Euler-Bernoulli beam theories, by considering the 

nonlocal effects in the analysis of beams. Unlike the 

classical theories that assume infinitesimal deformation, the 

nonlocal Eringen theory accounts for the influence of small-

scale material behavior on the overall structural response. 

This theory introduces a nonlocal parameter that captures 

the nonlocal interactions between adjacent points along the 

beam’s length. These nonlocal effects become significant at 

small scales, such as in nanoscale or microscale beams, 

where the conventional beam theories fail to accurately 

predict the mechanical behavior. By incorporating nonlocal 

effects, the Eringen theory provides a more comprehensive 

and accurate description of the mechanical response of 

beams, enabling a better understanding and analysis of 

small-scale structures.  

This aligns with nonlocal theory of Eringen (1983), 

which states that a specific stress field relies on the strain 

present at all other locations within the body, rather than 

solely at the reference point. To calculate the complete 

stress tensors (τij), the following procedure needs to be 

followed: 

𝑖𝑓𝑖 ≠ 𝑗 ⇒ 

(𝑒𝑎)2𝛻2𝜏𝑖𝑗 − 𝜏𝑖𝑗 = −
𝐸𝜀𝑖𝑗

2(1 + 𝜈)
𝜀𝑖𝑖 , 

(12a) 

𝑖𝑓𝑖 ≠ 𝑗 ⇒ 
(𝑒𝑎)2𝛻2𝜏𝑖𝑗 − 𝜏𝑖𝑗 = −𝐸𝜀𝑖𝑗 

(12b) 

The size-dependent theory is governed by a nonlocal 

parameter known as ‘ea’, which plays a crucial role in 

considering the effects of the structural size on the behavior 

of the system. This nonlocal parameter is responsible for 

incorporating the influence of neighboring points and their 

interactions, allowing the theory to account for length scales 
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that are comparable to or smaller than the characteristic 

dimensions of the system. By adjusting the value of ‘ea’, 

the level of nonlocality in the theory can be controlled, 

enabling a more accurate representation of the size-

dependent effects in the structural response. Thus, ‘ea’ 

serves as a key factor in determining the extent to which the 

size-dependent phenomena are accounted for in the 

analysis. Subsequently, the nonlocal theory, as expressed in 

Eqs.(12), is utilized in the evaluation of the virtual potential 

energy of the strain components, finally, the nonlocal 

governing equations regarding the energy approach, arising 

from the various nonlocal strain components is expressed in 

the following manner: 

First-order shear deformation beam theory: 

𝛿(𝑢): 𝛷1

𝜕2𝑢

𝜕𝑥2
+ 𝛷1′

𝜕𝑢

𝜕𝑥
− 𝛷2

𝜕2𝜑

𝜕𝑥2
 

= 𝛷2′
𝜕𝜑

𝜕𝑥
+ 𝛩′𝛥𝛵 

𝑂𝑅 

𝛿(𝑢): 𝛩𝛥𝛵 + 𝛷2

𝜕𝜑

𝜕𝑥
− 𝛷1

𝜕𝑢

𝜕𝑥
= 0 

(13a) 

𝛿(𝑤): 𝛷2

𝜕2𝑢

𝜕𝑥2
− 𝐾𝑆𝛷4 (

𝜕𝑤

𝜕𝑥
+ 𝜑) − 

𝛷3

𝜕2𝜑

𝜕𝑥2
+ 𝛷2′

𝜕𝑢

𝜕𝑥
− 𝛷3′

𝜕𝜑

𝜕𝑥
 

+(𝑒𝑎)2𝛥𝛵 (𝛩
𝜕4𝑤

𝜕𝑥4
+ 𝛩′′′

𝜕𝑤

𝜕𝑥
) 

+3(𝑒𝑎)2𝛥𝛵 (𝛩′
𝜕3𝑤

𝜕𝑥3
+ 𝛩′′

𝜕2𝑤

𝜕𝑥2
) 

= 𝛥𝛵 (𝛩′
𝜕𝑤

𝜕𝑥
+ 𝛩

𝜕2𝑤

𝜕𝑥2
) 

𝑂𝑅 

𝛿(𝑤): 𝛷4 (
𝜕𝑤

𝜕𝑥
+ 𝜑) = 𝛩

𝜕𝑤

𝜕𝑥
𝛥𝛵 

(13b) 

𝛿(𝜑): 𝛷2′
𝜕𝑢

𝜕𝑥
− 𝛷3

𝜕2𝜑

𝜕𝑥2
+ 𝛷2

𝜕2𝑢

𝜕𝑥2
 

−𝛷3′
𝜕𝜑

𝜕𝑥
+ 𝛷4 (

𝜕2𝑤

𝜕𝑥2
+
𝜕𝜑

𝜕𝑥
) + 𝛩′𝛥𝛵 

+𝛷4′ (
𝜕𝑤

𝜕𝑥
+ 𝜑) − (𝑒𝑎)2𝛩′′′𝛥𝛵 = 0 

𝑂𝑅 

𝛿(𝜑): 𝛷3

𝜕𝜑

𝜕𝑥
− 𝛷2

𝜕𝑢

𝜕𝑥
= 𝛩𝛥𝛵 

(13c) 

Classical beam theory: 

𝛿(𝑢): 𝛷1

𝜕2𝑢

𝜕𝑥2
− 𝛷2

𝜕3𝑤

𝜕𝑥3
+ 𝛷1′

𝜕𝑢

𝜕𝑥
 

= 𝛷2′
𝜕2𝑤

𝜕𝑥2
+ 𝛩′𝛥𝛵 

𝑂𝑅 

𝛿(𝑢): 𝛩𝛥𝛵 + 𝛷2

𝜕2𝑤

𝜕𝑥2
= 𝛷1

𝜕𝑢

𝜕𝑥
 

(13d) 

𝛿(𝑤): 𝛷2

𝜕3𝑢

𝜕𝑥3
− 𝛷3

𝜕4𝑤

𝜕𝑥4
+ 2𝛷2′

𝜕2𝑢

𝜕𝑥2
 (13e) 

+𝛷2′′
𝜕𝑢

𝜕𝑥
− 𝛷3′′

𝜕2𝑤

𝜕𝑥2
+ 2𝛷3

𝜕3𝑤

𝜕𝑥3
= 

𝛩
𝜕2𝑤

𝜕𝑥2
𝛥𝛵 + 𝛩′

𝜕𝑤

𝜕𝑥
𝛥𝛵 − (𝑒𝑎)2𝛩′′

𝜕2𝑤

𝜕𝑥2
𝛥𝛵 

−(𝑒𝑎)2𝛩′′′
𝜕𝑤

𝜕𝑥
𝛥𝛵 − (𝑒𝑎)2𝛩′′′′

𝜕4𝑤

𝜕𝑥4
𝛥𝛵 

−3(𝑒𝑎)2𝛩′
𝜕3𝑤

𝜕𝑥3
𝛥𝛵 + 𝛩̄′′𝛥𝛵 − (𝑒𝑎)2𝛩̄′′′′𝛥𝛵 

𝑂𝑅 

𝛿(𝑤): 𝛷2′
𝜕𝑢

𝜕𝑥
+ 𝛷2

𝜕2𝑢

𝜕𝑥2
− 𝛷3

𝜕3𝑤

𝜕𝑥3
 

= 𝛷3′
𝜕2𝑤

𝜕𝑥2
+ 𝛩

𝜕𝑤

𝜕𝑥
𝛥𝛵 + 𝛩̄𝛥𝛵 

𝑂𝑅 

𝛿 (
𝜕𝑤

𝜕𝑥
) :𝛷2

𝜕𝑢

𝜕𝑥
+ 𝛩𝛥𝛵 = 𝛷3

𝜕2𝑤

𝜕𝑥2
 

where 

𝛷1 = ∬𝐸𝑟𝑑𝑟𝑑𝜃 

𝛷2 = ∬𝐸𝑟2 𝑠𝑖𝑛(𝜃) 𝑑𝑟𝑑𝜃 

𝛷3 = ∬𝐸𝑟3 𝑠𝑖𝑛2(𝜃) 𝑑𝑟𝑑𝜃 

𝛷4 =∬𝐾𝑆
𝐸

2(1 + 𝜈)
𝑟𝑑𝑟𝑑𝜃 

𝛩 =∬𝐸𝛽𝑟𝑑𝑟𝑑𝜃 

𝛩̄ = ∬𝐸𝛽𝑟2 𝑠𝑖𝑛(𝜃) 𝑑𝑟𝑑𝜃 

(14a) 

The shear correction factor, denoted as ‘KS’ is typically 

determined in the following manner for cylindrical beam 

structures. 

𝐾𝑆 = 1 +
6

10
(
𝑑

𝑡
)
0.5

+
1

4
(
𝑑

𝑡
) (14b) 

where ‘𝑑 = 2𝑅𝑒𝑥’ is the outer diameter of the pipe and ‘𝑡 =
𝑅𝑒𝑥 − 𝑅𝑖𝑛 ’ is the wall thickness. This equation is 

commonly used to account for the shear deformation effects 

in pipe structures 

 

 

3. Solution procedure 
 

The generalized differential quadrilateral method 

effectively addresses the thermal buckling phenomenon by 

incorporating both the first-order shear deformation beam 

theory and classical beam theory within the framework of 

non-local elasticity theory. This innovative approach 

combines the advantages of these two theories to provide a 

comprehensive solution. By considering the non-local 

effects, the method accurately captures the influence of 

small-scale thermal disturbances on the buckling behavior 

of beams. It successfully accounts for the size-dependent 

effects that classical beam theory fails to address, thereby 

improving the accuracy of the analysis. The generalized 

differential quadrilateral method represents a significant 

advancement in understanding and predicting the thermal 

buckling of beams, bridging the gap between different 
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theoretical frameworks and providing a more comprehensive 

understanding of this complex phenomenon (Ehyaei et al. 

2017, Ghadiri et al. 2017a, b, Shivanian et al. 2017). 

The generalized differential quadrilateral method 

effectively solves eigenvalue problems by employing a 

specialized numerical technique. It discretizes the domain 

into quadrilateral elements and employs differential 

operators to express the governing equations. This method 

accurately captures the eigenvalues of the system by 

considering higher-order effects and accurately modeling 

the geometry and boundary conditions. Through the 

combination of numerical discretization and differential 

operators, the generalized differential quadrilateral method 

provides reliable solutions to eigenvalue problems in a 

computationally efficient manner (Ebrahimi et al. 2017, 

Ghadiri et al. 2017c, Shahabinejad et al. 2018, Shafiei et al. 

2020). 

The GDQM states that the pth-order derivative functions 

(
𝜕𝑝𝑓

𝜕𝑥𝑝
) will be transformed into mathematical matrices, which 

are then combined into a single matrix. The eigenvalues of 

this final matrix represent the temperature-induced buckling 

behavior in this particular problem. The GDQM presents a 

mathematical formulation for the eigenvalue problem 

associated with the thermal buckling of nanobeams.  

First-order shea deformation beam theory: 

{[𝐾] − 𝛥𝛵[𝑀]} {
𝑢
𝜑
𝑤
} = 0 

(15a) 

Classical beam theory 

{[𝐾] − 𝛥𝛵[𝑀]} {
𝑢
𝑤
} = 0 

(15b) 

In which ‘[K]’ is the stiffness matrices and ‘[M]’ is the 

mass matrices calculated according to the governing 

equations. Generalized Differential Quadrilateral Method 

provides a specific definition for the weighting coefficient 

corresponding to various orders of derivative functions. In 

this method, the weighting coefficient serves as a crucial 

factor in the calculation process. It assigns different 

importance or influence to the derivative functions based on 

their respective orders. By appropriately defining the 

weighting coefficient, the GDQM can effectively account 

for the varying degrees of significance associated with 

different orders of derivative functions. This approach 

allows for a more accurate and comprehensive analysis of 

the problem at hand, considering the specific characteristics 

and behaviors of each derivative function. 

𝜕𝑡𝑓

𝜕𝑥𝑡
= ∑ℵ𝑖𝑗

(𝑡)

𝑛

𝑗=1

= 

∑[ℵ𝑖𝑗
(1)ℵ𝑖𝑗

(𝑡−1) + ℵ𝑖𝑗
(𝑡−1)(𝑥𝑗 − 𝑥𝑖)]𝑡

𝑛

𝑗=1

 

(16a) 

The higher-order derivative functions can be determined 

by utilizing the lower-order functions. Specifically, the 

calculation of the first-order derivative can be achieved by 

following the subsequent procedure: 

∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

=∑
𝛹(𝑥𝑖)

𝛹(𝑥𝑗)(𝑥𝑖 − 𝑥𝑗)

𝑛

𝑗=1

 (16b) 

where 

𝛹(𝑥𝑖) = ∏ (𝑥𝑖 − 𝑥𝑗)

𝑛

𝑗=1,𝑖≠𝑗

 (16c) 

In these equations, the grid point number ‘n’ is 

determined based on the Chebyshev-Gauss-Lobatto 

approach. This approach involves a specific method for 

selecting the grid points to ensure accurate and efficient 

calculations. The Chebyshev-Gauss-Lobatto approach places 

emphasis on distributing the grid points in a way that 

optimizes the accuracy of the computations. By employing 

this approach, the grid points are strategically positioned to 

minimize errors and enhance the overall performance of the 

calculations. This careful selection of grid points based on 

the Chebyshev-Gauss-Lobatto approach ensures reliable 

and precise results in the equations being considered. 

2
𝑥𝑖
𝐿
= 1 − 𝑐𝑜𝑠 (

𝑖 − 1

𝑛 − 1
𝜋) (16d) 

By utilizing the GDQM, the following set of eigenvalue 

equations is derived from the governing equations. The 

GDQM approach is applied to transform the governing 

equations into a formulation that facilitates the 

determination of eigenvalues. This technique allows for a 

comprehensive analysis of the system, enabling the 

calculation of eigenvalues that correspond to the specific 

characteristics and behavior of the system under 

consideration. 

First-order shear deformation beam theory: 

𝛿(𝑢):𝛷1∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑢𝑗 +𝛷1′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑢𝑗 − 

𝛷2∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝜑𝑗 = 𝛷2′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝜑𝑗 + 𝛩′𝛥𝛵 

(17a) 

𝛿(𝑤):𝛷2∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑢𝑗 − 𝛷3∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝜑𝑗  

−𝐾𝑆𝛷4(∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑤𝑗 + 𝜑𝑗) 

+𝛷2′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑢𝑗 − 𝛷3′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝜑𝑗  

+(𝑒𝑎)2𝛥𝛵(𝛩∑ℵ𝑖𝑗
(4)

𝑛

𝑗=1

𝑤𝑗 + 𝛩′′′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑤𝑗) 

+3(𝑒𝑎)2𝛥𝛵(𝛩′∑ℵ𝑖𝑗
(3)

𝑛

𝑗=1

𝑤𝑗 + 𝛩′′∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑤𝑗) 

= 𝛥𝛵(𝛩′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑤𝑗 + 𝛩∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑤𝑗) 

(17b) 
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𝛿(𝜑): 𝛷2′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑢𝑗 − 𝛷3∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝜑𝑗  

+𝛷4(∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑤𝑗 +∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝜑𝑗) + 𝛩′𝛥𝛵 

+𝛷2∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑢𝑗 − 𝛷3′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝜑𝑗 + 

𝛷4′ (∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑤𝑗 + 𝜑𝑗) − (𝑒𝑎)2𝛩′′′𝛥𝛵 = 0 

(17c) 

 Classical beam theory: 

𝛿(𝑢): 𝛷1∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑢𝑗 −𝛷2∑ℵ𝑖𝑗
(3)

𝑛

𝑗=1

𝑤𝑗  

+𝛷1′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑢𝑗 = 𝛷2′∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑤𝑗 + 𝛩′𝛥𝛵 

(17d) 

𝛿(𝑤): 𝛷2∑ℵ𝑖𝑗
(3)

𝑛

𝑗=1

𝑢𝑗 − 𝛷3∑ℵ𝑖𝑗
(4)

𝑛

𝑗=1

𝑤𝑗  

+2𝛷2′∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑢𝑗 + 𝛷2′′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑢𝑗 

−𝛷3′′∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑤𝑗 + 2𝛷3∑ℵ𝑖𝑗
(3)

𝑛

𝑗=1

𝑤𝑗 = 

𝛩∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑤𝑗𝛥𝛵 + 𝛩′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑤𝑗𝛥𝛵 

−(𝑒𝑎)2𝛩′′∑ℵ𝑖𝑗
(2)

𝑛

𝑗=1

𝑤𝑗𝛥𝛵 − (𝑒𝑎)2𝛩̄′′′′𝛥𝛵 

−(𝑒𝑎)2𝛩′′′∑ℵ𝑖𝑗
(1)

𝑛

𝑗=1

𝑤𝑗𝛥𝛵 

−(𝑒𝑎)2𝛩′′′′∑ℵ𝑖𝑗
(4)

𝑛

𝑗=1

𝑤𝑗𝛥𝛵 

−3(𝑒𝑎)2𝛩′∑ℵ𝑖𝑗
(3)

𝑛

𝑗=1

𝑤𝑗𝛥𝛵 + 𝛩̄′′𝛥𝛵 

(17e) 

Subsequently, the governing equation is subjected to the 

application of boundary conditions. This involves 

incorporating the specific conditions that govern the 

behavior of the system at its boundaries. By considering 

these boundary conditions, the equation is further refined 

and tailored to accurately model the thermal buckling 

phenomenon. Solving the resulting equations (Eqs. (17)), 

yields the eigenvalues associated with the temperature field 

during thermal buckling. These eigenvalues provide crucial 

information regarding the critical temperature thresholds 

and modes of deformation that the system may exhibit. By 

obtaining these eigenvalues, a deeper understanding of the 

thermal buckling behavior can be attained, aiding in the 

design and analysis of structures subjected to thermal 

loading. 

Table 2 Comparison of the presented results for the 

temperature-induced thermal buckling (ΔT/π) of a simply 

supported nanobeam with the findings of Shan and Huang 

(2022), considering variations in the nonlocal parameter 

(ea) and aspect ratio (L/thickness) 

 (ea)=0 (ea)=1 (nm) (ea)=2 (nm) (ea)=3 (nm) 

L/h=40 

Shan and Huang 

(2022) 
22.6896 20.6514 18.9492 17.5062 

Present, FSBT 22.6919 20.6535 18.9511 17.508 

Present, CBT 22.6862 20.6483 18.9463 17.5036 

L/h=50 

Shan and Huang 

(2022) 
14.5298 13.674 12.9071 12.2217 

Present, FSBT 14.5313 13.6753 12.9084 12.2229 

Present, CBT 14.5276 13.6719 12.9051 12.2198 

L/h=60 

Shan and Huang 

(2022) 
10.0933 9.66921 9.27927 8.91958 

Present, FSBT 10.0944 9.67017 9.2802 8.92047 

Present, CBT 10.0918 9.66772 9.27785 8.91821 

 
 
4. Analysis and interpretation of the findings 

 

This study investigates the thermal buckling behavior of 

a small-scale truncated conical, cylindrical beam made of 

porous functionally graded (FG) material. The beam’s non-

uniform characteristics in terms of porosity, thickness, and 

material distribution are examined in both radial and axial 

directions. Classical and first-order nonlocal beam theories 

are utilized to evaluate the thermal buckling performance 

under environmental heat conditions. The governing 

equations for thermal stability are derived using the energy 

technique and solved numerically with the extended 

differential quadratic technique (GDQM). The obtained 

results are then analyzed in-depth, considering the various 

effective parameters employed in the study. 

In order to validate the numerical results obtained using 

both the nonlocal classical beam theory (CBT) and first-

order shear deformation beam theory (FSDT), a comparison 

is made with the results presented by Shan and Huang 

(2022) in Table 2. Shan and Huang (2022) focused on the 

thermal buckling analysis of rectangular nanobeams using 

classical beam theory coupled with the nonlocal theory. The 

comparison involves different nonlocal parameters (ea) and 

various aspect ratios (L/h). It is important to note that 

Shan’s study investigated rectangular geometry, while the 

current study focuses on cylindrical beams. In the 

cylindrical structures considered in this study, the beam 

thickness ‘h’ is defined as ‘ℎ = 𝑅𝑒𝑥 − 𝑅𝑖𝑛 ’ .  The 

comparison conducted between the numerical approach 

employed in this study and the generation of governing 

equations, along with the results obtained, provides robust 

confirmation of their accuracy. The findings from this 

comparative analysis unequivocally demonstrate a high 

level of agreement between the results obtained through the 

numerical simulations and the expected outcomes. This  
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Table 3 Effect of FGM parameters involving both axial parameter (κ) and radial parameter (μ) on the thermal 

buckling temperature (ΔΤ/π) of FG uniform NEMS made of SUS304/Al2O3 versus the different aspect ratio 

(L/(Rex-Rin)) based on both first-order shear deformation beam theory as well as classical beam theory 

 ‘μ=0’ ‘μ=1’ ‘μ=2’ ‘μ=3’ ‘μ=4’ ‘μ=5’ 

First-order shear deformation beam theory, L = 50(Rex − Rin) 

‘κ=0’ 101.2268 129.9247 147.7654 159.4228 167.6331 173.7317 

‘κ=1’ 137.6984 161.9229 174.7114 182.5051 187.7662 191.563 

‘κ=2’ 156.2695 176.457 186.3433 192.17 196.0258 198.7716 

‘κ=3’ 167.3369 184.6654 192.7331 197.3928 200.441 202.5952 

‘κ=4’ 174.8205 190.0127 196.8211 200.6993 203.217 204.9877 

Classical beam theory, L = 50(Rex − Rin) 

‘κ=0’ 101.2525 129.9576 147.8028 159.4632 167.6756 173.7758 

‘κ=1’ 137.7333 161.9639 174.7557 182.5513 187.8138 191.6116 

‘κ=2’ 156.3091 176.5017 186.3905 192.2187 196.0755 198.822 

‘κ=3’ 167.3793 184.7122 192.782 197.4429 200.4918 202.6466 

‘κ=4’ 174.8648 190.0609 196.871 200.7502 203.2685 205.0397 

First-order shear deformation beam theory, L = 25(Rex − Rin) 

‘κ=0’ 390.0827 501.4622 570.3157 615.2179 646.8059 670.2512 

‘κ=1’ 530.1602 624.2318 673.6483 703.701 723.9629 738.5725 

‘κ=2’ 601.708 680.1711 718.3925 740.8643 755.7131 766.2762 

‘κ=3’ 644.4638 711.8162 743.0019 760.9661 772.6983 780.9808 

‘κ=4’ 673.4541 732.4725 758.7721 773.7109 783.3924 790.1936 

Classical beam theory, L = 25(Rex − Rin) 

‘κ=0’ 390.1815 501.5893 570.4602 615.3737 646.9698 670.421 

‘κ=1’ 530.2946 624.39 673.8189 703.8793 724.1463 738.7596 

‘κ=2’ 601.8605 680.3435 718.5745 741.0521 755.9046 766.4703 

‘κ=3’ 644.6271 711.9965 743.1901 761.1589 772.8941 781.1786 

‘κ=4’ 673.6247 732.6581 758.9644 773.9069 783.5909 790.3938 

 

 
Fig. 2 Impact of nonlocal parameters (ea) and geometrical nonuniformity (α) on the thermal buckling of fully clamped 

and fully pinned FG NEMS, L/RexL=30, κ=μ=1 
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(a) Pure SUS304 

 
(b) FGM, μ=1 

 
(c) AFGM, κ=1 

 
(d) 2DFGM, κ=μ=1 

Fig. 3 Effect of porosity parameter along with the rate of cross-section change on the thermal buckling behavior of FG 

NEMS for different FGM parameters, including the homogeneous, FGM, AFGM, and bi-directional FGM structures 

made of SUS304/Al2O3, L/RexL=60, ea=0.25L 
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agreement serves as compelling evidence to support the 

validity and reliability of the numerical approach and the 

derived governing equations in accurately capturing and 

predicting the thermal buckling behavior of the system 

under investigation. The excellent agreement observed 

further reinforces the confidence in the obtained results and 

strengthens the overall credibility of this study’s findings. 

Within Table 3, a comprehensive compilation is 

provided, presenting the thermal buckling temperatures 

(ΔΤ/π) of the FG NEMS sensor fabricated using 

SUS304/Al2O3. The table showcases these temperatures in 

correlation with the FGM parameters, encompassing both 

the axial (κ) and radial (μ) directions. Moreover, the thermal 

buckling temperatures are examined across a range of 

aspect ratios (L/(Rex-Rin)) and varying beam theories. By 

including diverse aspect ratios and beam theories, the table 

offers a comprehensive analysis of the effects of these 

factors on the thermal buckling behavior of the FG NEMS 

sensor. This valuable information facilitates a deeper 

understanding of the interplay between FGM parameters, 

aspect ratios, beam theories, and the resulting thermal 

buckling temperatures, thereby aiding researchers and 

practitioners in designing and optimizing the performance 

of FG NEMS sensors. It is noted that the axially 

functionally graded materials are assumed when the value 

of ‘κ’ is nonzero and the ‘μ’ is equal to zero. Also, the radial 

FGM means the value of ‘κ’ equals zero, and ‘μ’ is nonzero. 

When comparing the values of thermal buckling between 

the first-order shear deformation beam theory (FSDT) and 

the classical beam theory (CBT), several key differences 

can be observed. The FSDT takes into account the shear 

deformation effects that occur within the beam, whereas the 

CBT assumes negligible shear deformation. In general, the 

FSDT provides more accurate predictions for the thermal 

buckling behavior of beams, particularly when the aspect 

ratio (L/h) is large or when the beam is subjected to higher 

temperatures. This is because the FSDT incorporates shear 

deformation effects that become more significant under 

these conditions. On the other hand, the CBT is often 

considered a simplification of the FSDT, neglecting the 

shear deformation component and assuming a constant 

cross-section throughout the beam. In some cases, the 

thermal buckling values predicted by the FSDT and CBT 

may exhibit noticeable disparities. The CBT tends to yield 

higher critical buckling temperatures compared to the 

FSDT, due to the consideration of shear deformation 

effects. Therefore, when evaluating the thermal buckling of 

beams, it is important to choose the appropriate beam 

theory based on the specific characteristics of the beam, 

such as its geometry, aspect ratio, material properties, and 

operating conditions. It should be noted that the choice 

between FSDT and CBT depends on the level of accuracy 

required for a particular analysis and the computational 

resources available. While the FSDT offers more accurate 

predictions, it is computationally more expensive than the 

CBT. Therefore, researchers and engineers should carefully 

consider the trade-off between accuracy and computational 

efficiency when selecting the appropriate beam theory for 

analyzing the thermal buckling behavior of beams. 

The increment of each FGM parameter along the radius 

(μ) and beam length (κ) results in increased beam stiffness, 

which has a direct impact on the beam’s resistance to 

thermal buckling. By carefully manipulating the FGM 

parameters, such as the material composition, porosity, and 

thickness distribution, the overall structural characteristics 

of the beam can be tailored to effectively resist thermal 

buckling. The gradual change in material properties within 

the FGM structure allows for a smooth transition of 

mechanical properties along the beam’s length and radius. 

This spatial variation in material composition helps to 

alleviate stress concentrations and mitigate the potential for 

premature buckling under thermal loading. The increased 

beam stiffness achieved through the bi-directional 

distribution of FGM parameters leads to improved 

resistance against thermal buckling. As the beam 

experiences temperature variations, the FGM’s enhanced 

stiffness helps maintain the structural integrity and stability 

of the beam, minimizing the risk of buckling and 

maintaining its load-carrying capacity. The controlled 

variation of FGM parameters in both radial and axial 

directions ensures a more uniform distribution of stresses 

and strains, contributing to the overall improvement in the 

beam’s thermal buckling performance. It is important to 

note that the specific effect of each FGM parameter on 

thermal buckling behavior may vary depending on their 

magnitudes and distributions. Proper optimization and 

selection of FGM parameters are essential to achieve the 

desired enhancement in thermal buckling resistance. 

Through systematic analysis and numerical simulations, the 

influence of different combinations of FGM parameters can 

be investigated, allowing for the identification of optimal 

configurations that maximize the beam’s thermal buckling 

resistance and operational efficiency. 

The aspect ratio (L/(Rex-Rin)) of a functionally graded 

material (FGM) NEMS, which refers to the ratio of its 

length to thickness, has a significant influence on its 

thermal buckling behavior. When the aspect ratio is 

increased, meaning the length becomes much greater than 

the thickness, the thermal buckling resistance of the FGM 

NEMS tends to decrease. This is because a larger aspect 

ratio leads to a lower flexural stiffness and an increased 

vulnerability to thermal deformations. Consequently, the 

FGM NEMS becomes more prone to buckling and may 

experience thermal instability at lower temperatures. On the 

other hand, reducing the aspect ratio, where the length is 

closer to the thickness, enhances the thermal buckling 

resistance of the FGM NEMS. With a smaller aspect ratio, 

the NEMS exhibits higher flexural stiffness, allowing it to 

better withstand thermal deformations and resist buckling 

even at elevated temperatures. Thus, careful consideration 

of the aspect ratio is crucial during the design and 

optimization of FGM NEMS to ensure their thermal 

stability and reliable performance. 

Fig. 2 displays the numerical results of the thermal 

buckling behavior of bi-directional FG NEMS versus the 

nonlocal parameters (ea) as well as geometrical 

nonuniformity parameters (α) for both clamped and pinned 

beams. Geometrical nonuniformity, which refers to 

variations in the shape, dimensions, or geometry of a 

structure, can have a profound effect on the thermal 
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buckling temperatures. When a structure exhibits 

geometrical nonuniformity, such as changes in cross-

sectional area, curvature, or thickness along its length, the 

distribution of stresses and strains becomes uneven under 

thermal loading. This uneven distribution can lead to 

localized regions of higher stress concentrations, resulting 

in reduced thermal buckling temperatures. In these 

nonuniform regions, the structural elements are more 

susceptible to buckling due to the localized thermal effects. 

Conversely, a structurally uniform system with consistent 

geometry throughout tends to exhibit higher thermal 

buckling temperatures. The presence of geometrical 

nonuniformity introduces additional complexities in 

predicting and analyzing thermal buckling behavior, 

emphasizing the importance of carefully considering and 

managing these variations in the design and optimization of 

structures to ensure their thermal stability and reliable 

performance. 

The nonlocal parameters affect the stiffness of the 

nanobeam, which in turn influences its resistance to thermal 

buckling. Higher values of the nonlocal parameter tend to 

reduce the stiffness in the pre-buckling configuration, 

leading to a decrease in the first critical thermal buckling 

load. Conversely, lower values of the nonlocal parameter 

enhance the stiffness, thereby increasing the critical thermal 

buckling load. The nonlocal interactions induced by these 

parameters redistribute stresses and strains across the 

nanobeam, affecting its thermal buckling behavior. 

Furthermore, the nonlocal parameter may also influence the 

dispersion relation at high wave numbers. It is worth noting 

that the specific impact of nonlocal parameters on the 

thermal buckling of FG nanobeams may vary depending on 

the study, as different aspects such as material index, 

boundary conditions, thermal effects, and geometrical 

parameters are considered. Therefore, further investigation 

and analysis are required to fully understand and optimize 

the role of nonlocal parameters in enhancing the thermal 

buckling performance of FG nanobeams. 

The thermal buckling behavior of fully clamped and 

fully pinned beams differs due to the variation in their 

boundary conditions. A fully clamped beam is rigidly 

supported at both ends, preventing any translational or 

rotational movement. In contrast, a fully pinned beam 

allows for rotational movement at both ends while 

restraining translational motion. These distinct boundary 

conditions result in different buckling characteristics. In the 

case of a fully clamped beam, thermal loading induces 

compressive thermal stresses. In contrast, a fully pinned 

beam allows for rotation at both ends, resulting in different 

buckling behavior. Thermal loading induces thermal 

stresses in the beam, and under certain conditions, these 

thermal stresses can lead to buckling instability. However, 

the critical buckling temperature and the buckling mode of 

a fully pinned beam are influenced by the specific boundary 

conditions and the interplay between thermal effects and 

rotational freedom. The post-buckling behavior of a fully 

pinned beam can vary depending on the applied thermal 

loading and the structural parameters. In summary, the 

thermal buckling of a fully clamped beam and a fully 

pinned beam differs due to their distinct boundary 

conditions. While both beams can experience buckling 

instability under thermal loading, the critical buckling 

temperature, buckling mode, and post-buckling behavior are 

influenced by the specific boundary conditions and the 

interplay between thermal effects and rotational freedom. 

In Fig. 3, the investigation focuses on examining the 

influence of porosity and geometric nonuniformity on the 

thermal stability and thermal buckling behavior of 

functionally graded nanostructures. The study considers 

various types of material distributions, including 

functionally graded materials (FGM) along the radial 

direction, axially functionally graded materials (AFGM) 

along the beam length direction, and bi-directional 

functionally graded structures. The aim is to understand 

how porosity and changes in the rate of cross-section affect 

the thermal buckling response in these nanostructures. The 

research explores the impact of these factors to enhance the 

understanding of thermal stability in functionally graded 

nanostructures with different material distributions. Based 

on the available search results, it is evident that the porosity 

parameter has an influence on the thermal buckling 

behavior, but the specific effects can vary depending on the 

material distribution. The porosity parameter has been 

observed to play a role in affecting the thermal buckling 

temperature and the rate of cross-section change in various 

types of material distributions. These distributions include 

functionally graded materials (FGM), axially functionally 

graded materials (AFGM), and bi-directional functionally 

graded materials structures. One important observation is 

that the porosity parameter tends to enhance the thermal 

buckling temperature. In other words, as the porosity 

parameter increases, the temperature at which thermal 

buckling occurs also increases. This indicates that the 

presence of porosity in the material can have a positive 

effect on its thermal stability and resistance to buckling 

under thermal loading conditions. On the other hand, it has 

been noted that the thermal buckling decreases with the rate 

of cross-section change in the mentioned material 

distributions. This implies that as the rate of cross-section 

change increases, the likelihood of thermal buckling 

occurring decreases. It is worth mentioning that the specific 

mechanisms and underlying factors responsible for these 

observations may vary depending on the specific material 

composition, geometric parameters, and other influencing 

factors. Further research and analysis are necessary to fully 

understand and quantify the relationship between the 

porosity parameter, thermal buckling temperature, and the 

rate of cross-section change in different material 

distributions. 

 

 
5. Conclusions 

 

The primary focus of the present study was to 

investigate the use of functionally graded (FG) nano-

electromechanical systems (NEMS) sensors for sports 

applications, with the aim of preventing injuries. To achieve 

this goal, a comprehensive framework was developed, 

which involved mathematical modeling of an FG NEMS 

sensor using both first-order shear deformation beam theory 
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and classical beam theory coupled with the nonlocal 

Eringen theory. These theories were employed to accurately 

capture the effects of small-scale impacts and extract the 

governing nonlocal partial differential equations and 

associated boundary conditions. The FG NEMS sensor was 

composed of porosity-dependent materials, specifically 

SUU304/Al2O3, where the material distributions varied 

along the length and radial direction of the beam, while 

porosity voids were distributed along the beam radius. 

Additionally, the geometry of the NEMS sensor was 

nonuniform along its length and continuously changed 

throughout its span. Subsequently, numerical simulations 

were conducted to analyze the thermal buckling behavior of 

the nonuniform imperfect FG NEMS sensor. The main 

conclusions drawn from this research can be summarized as 

follows: 

• The parameters of functionally graded materials 

(FGMs) in both the radial and axial directions contribute to 

the enhancement of beam stiffness, thereby improving its 

structural integrity and resistance to thermal buckling. 

Additionally, these FGM parameters have a tendency to 

increase the thermal buckling temperature.  

• The inclusion of the nonlocal parameter decreases the 

beam stiffness, resulting in reduced beam stability and an 

increased susceptibility to thermal buckling.  

• Reducing the rate of cross-section adversely impacts 

beam stability, resulting in a decrease in thermal buckling 

resistance.  

• The anticipated thermal buckling of the beam with 

clamped boundary conditions exceeds that of beams with 

pinned supports, indicating that clamped beams exhibit 

greater stability compared to pinned beams. 

• The thermal buckling of FGM structures is intensified 

by the presence of the porosity parameter. 
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