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1. Introduction 
 

Over the past few decades, NEMS systems have made 

substantial progress. The mechanical behavior of nanoscale 

structural elements employed in NEMS has captivated the 

interest of scientists keen on comprehending their unique 

properties (Zhao et al. 2016 and Huang 2019). Nanomaterials 

are distinct from conventional materials, exhibiting novel 

characteristics that differentiate them from their larger 

counterparts. 

Numerous experiments and simulations have provided 

compelling evidence supporting the significance of small-

scale impact in design and optimization of MEMS and 

NEMS systems, including sensor systems, resonators, 

controllers, atomic force microscopes, and pumping systems 

(Aliasghary et al. 2022, Anjum et al. 2022, Faghidian et al. 

2022). The conventional continuum concept, which lacks a 

length-scale parameter in its constitutive Eq.s, falls short of 

adequately explaining the mechanical behavior of micro- 

and nanostructures (Borjalilou et al. 2020). To overcome 

these limitations, researchers have developed non-classical 

continuum models within the framework of elasticity theory 

to capture the effects of reduced dimensions. Several novel 

approaches were devised to forecast mechanical behavior, 

taking into account the influence of size-dependent 

influences. At the nanoscale, size-dependent continuum 

mechanics models have been formulated, incorporating 
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concepts such as surface elasticity, strain gradient elasticity, 

nonlocal elasticity, and couple stress elasticity (Toupin 

1964, Mindlin et al. 1968, Lam et al. 2003, Yang et al. 

2002, Eringen 1983). Among these models, Eringen (2002) 

introduced the concept of nonlocal elasticity as a size-

dependent framework to tackle submicron structures. This 

model suggests that the strain in the surrounding region 

influences the stress tensor at a given location, deviating 

from the definition of the stress tensor in the conventional 

(local) continuum concept.  

It is commonly acknowledged that the Euler-Bernoulli 

beam theory (EBT), which is extensively employed, 

neglects the influence of shear deformation. Long, narrow 

beams have the potential to yield dependable outcomes 

when utilized for forecasting the mechanical reaction. 

Nevertheless, in cases where the beam is thicker and 

shorter, the influence of shear deformation becomes 

significant. The Timoshenko beam model (TBT) is a 

pioneering beam theory that accounts for shear deformation. 

It postulates that the transverse shear stress and strain 

remain constant along the thickness direction. However, in 

real-world scenarios, it can be observed that the transverse 

shear stress and strain experienced by the top and bottom 

surfaces of the beam are negligible. Hence, the utilization of 

a transverse shear factor is implemented to account for the 

non-uniformity of the stress-strain distribution in the 

direction perpendicular to the thickness. Subsequently, a 

range of advanced beam theories have been developed to 

enhance the precision of predicting the mechanical 

characteristics of thick beams. One such theory is the 

sinusoidal shear deformation beam concept. Various 

versions of micro-polar elasticity, nonlocal elasticity, couple 

stress elasticity, and strain gradient elasticity, along with 

 
 
 

Thermoelastic deformation properties of non-localized  
and axially moving viscoelastic Zener nanobeams 

 

Ahmed E. Abouelregal1,2a, Badahi Ould Mohamed3 and Hamid M. Sedighi4,5 
 

1Department of Mathematics, College of Science and Arts, Jouf University, Al-Qurayyat, Saudi Arabia 
2Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt 

3Faculty of Sciences and Technology, University of Nouakchott, Nouakchott, Mauritania 
4Mechanical Engineering Department, Faculty of Engineering, Shahid Chamran University of Ahvaz, Ahvaz, 61357-43337, Iran 

5Drilling Center of Excellence and Research Center, Shahid Chamran University of Ahvaz, Ahvaz, Iran 
 

(Received July 19, 2023, Revised September 18, 2023, Accepted October 30, 2023) 

 
Abstract.  This study aims to develop explicit models to investigate thermo-mechanical interactions in moving nanobeams. 
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other related theories, have been extensively employed to 

investigate micro- and nanostructural phenomena (Koutsoumaris 

2021, Xia et al. 2002, Askarian et al. 2020, Tung 2021, 

Pham et al. 2023, Zhang et al. 2022, Kumar et al. 2022, 

Abouelregal et al. 2022, Shan et al. 2022, Wu et al. 2023, 

Azandariani et al. 2022, Alazwari et al. 2022). 

Many studies provide a comprehensive analysis of the 

impacts of many factors, including local volume fraction, 

nonlocal parameters, material length scale parameters, shear 

deformation, and surface energy, on stress- and strain-

driven models. The results of the parametric analyses 

indicate that the two scale factors, namely the nonlocal 

parameters and material length characteristic parameters, 

have contrasting impacts on the stiffness of the nanobeams 

in the two driving models. On the other hand, the surface 

characteristics exert an equivalent influence on the stiffness 

of both driving models (Thai et al. 2022). The relationship 

between the slenderness ratio and the surface effect, as well 

as the scale effect, is characterized by an inverse correlation. 

Specifically, a rise in the slenderness ratio intensifies the 

influence of the surface effect while simultaneously 

diminishing the magnitude of the scale effect. Furthermore, 

disparities can be observed in the impact of higher-order 

modes on both products. The utilization of advanced 

methodologies yields more pronounced scale effects, 

whereas the impact of these methodologies on surface 

effects is contingent upon the elastic characteristics of the 

material's surface. Additionally, it is seen that the inclusion 

of surface elasticity leads to a wider disparity between the 

Euler-Bernoulli, Timoshenko, and other higher-order beam 

models. This suggests that the higher-order beam model 

yields more precise predictions when both surface and 

nonlocal effects are taken into account (Yang et al. 2023). 

The theory of linear viscoelasticity is known for its 

effectiveness in determining constitutive relationships based 

on experimental data, as it provides a clear understanding of 

the interplay between stress, strain, and time. Mathematical 

models are frequently employed to gain deeper insights into 

the creep, relaxation, and oscillatory behavior exhibited by 

viscoelastic materials. To unravel the underlying molecular 

or microstructural deformation mechanisms, it is crucial to 

extract model parameters and establish their inter-

relationships. These principles find application not only in 

sensory perception but also in various sectors, such as the 

food industry, to name just one example. However, before 

comparing the behavior of different materials, organizational 

states, or environmental conditions, it is imperative to select 

an appropriate model that allows for meaningful comparisons. 

By utilizing these mathematical techniques, one can predict 

a material's stress and strain response under a wide range of 

loading conditions. These parameters, also referred to as 

material characteristics, define the behavior of a material 

and enable accurate predictions of its mechanical response. 

Materials possessing both elasticity and viscosity, such 

as polymers and rubbers, exhibit Viscoelastic characteristics. 

These materials have a molecular structure composed of 

chain-like molecules. The works (Mead 1999, Jones 2001) 

provided examples of various polymeric materials utilized 

in dampers, along with practical and engineering challenges 

associated with viscoelastic dampers. Mathematical models 

have been developed to simulate the behavior of linear 

viscoelastic materials. These models, known as viscoelastic 

traditional models (Vincent 1990), employ a combination of 

springs and dashpots arranged in series and parallel 

configurations due to the similarities between the responses 

of viscoelastic materials and those of elastic and viscous 

materials. These models depict the stress-strain relationship 

by applying first-order differential Eq.s to the spring and 

dashpot components. Extensive research has been 

conducted on the dynamic properties of such components, 

given their widespread use in pipeline networks (Vincent 

1990). Although traditional viscoelastic models can capture 

some of the elastic and viscous behavior of materials, they 

may lack the precision required to predict material response 

across a broad range of frequencies. Enhancing the 

accuracy of these models can be achieved by incorporating 

additional springs and dashpots in series and parallel 

configurations. However, it is crucial to acknowledge that 

in such cases, a significant number of experimental 

constants would be necessary to accommodate the observed 

experimental results (Eldred et al. 2005).  

Fractional derivatives provide a more precise and 

realistic representation of the behavior of complex 

materials, such as sludge, in viscoelastic models. The 

concept of fractional derivatives is an alternative approach 

to predicting the response of viscoelastic materials. 

Utilizing fractional derivatives in viscoelastic models 

enhances their performance in the linear viscoelastic 

domain and extends their applicability to higher 

frequencies. The power-law relaxation modulus is 

commonly observed in polymers, and these formulations 

have shown promise in capturing their behavior (Bagley et 

al. 1983). Fractional viscoelastic formulations excel due to 

the inclusion of fractional elements that bridge the gap 

between purely viscoelastic and completely elastic 

components (Farno et al. 2018). These formulations have 

the potential to accurately predict viscoelastic behavior 

across a wide frequency range without relying on numerous 

empirical constants. Researchers have investigated the 

molecular response of viscoelastic materials (Vincent 

1990), demonstrating that employing a molecular model to 

describe viscoelastic materials leads to a fractional stress-

strain relationship. Bagley and Torvik (1983) conducted 

experiments and compared the results with the fractional 

derivative model, finding that the fractional derivative 

model significantly improved predictions of viscoelastic 

material behavior. 

According to the conventional concept of thermo 

elasticity, which is based on the Fourier model of thermal 

conductivity, a thermoplastic wave propagates at infinite 

speed under extreme temperature scenarios such as laser 

pulse heating and high-frequency operation. However, 

conclusive evidence against this traditional concept has 

been obtained from physical observations and experimental 

results (Zhou and Li 2017). Several non-Fourier theories of 

thermal conductivity, including Cattaneo-Vernotte heat 

wave modulation (Cattaneo 2011, Vernotte 1958), the Tzou 

(2014, 2015) double-phase lag (DPL) model, and the Roy 

Choudhuri three-phase (DPL) model (Roy Choudhuri 

2017), have been proposed to address this problem. Among 
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the most popular ideas and models in thermoelastic are the 

theory developed by Green and Naghdi (GN) (1992, 1993) 

and the Lord and Shulman (LS) model (1967), both of 

which utilize the energy Eq. 

In their study, Arhami et al. (2022) conducted a coupled 

thermoelastic analysis on a nanobeam subjected to 

clamped-clamped and pinned-pinned boundary conditions. 

The analysis was performed using the Green-Naghdi theory, 

which incorporates energy dissipation. Abouelregal et al. 

(2023) present a novel approach to analyzing and exploring 

the transverse vibrational characteristics of rotating thermo-

elastic nanobeams. This is achieved by utilizing nonlocal 

elasticity theory, taking into account the size-dependent 

nature of the system. The study employed a thermal 

conductivity model using two-phase delays (DPL) in its 

formulation. Borjalilou et al. (2020) introduce a 

comprehensive formulation that describes the thermoelastic 

damping phenomenon in nanobeams. This formulation 

takes into account the influence of small-scale influences on 

both the continuum mechanics and heat transfer aspects. In 

order to account for small-scale impacts, the coupled Eq.s 

governing motion and heat transfer are derived using the 

nonlocal elasticity model and the dual-phase-lag heat 

transfer theory. Jalil et al. (2023) employ a combined 

utilization of the nonlocal strain gradient concept (NSGT) 

and nonlocal dual-phase-lag (NDPL) heat transport theories 

to provide a mathematical framework and analytical 

solution for thermal elastic distortion (TED) in nanobeams. 

This approach allows for incorporating size impacts in 

structural and heat transmission domains. Grover and Seth 

(2018) conducted research on visco-thermoelastic micro-

scale beam resonators by employing a dual phase-lagging 

model in their work. In (Hamidi et al. 2020), the shaking of 

a silver nanobeam resonator was looked at, taking into 

account both the surface impact and the temperature 

influence. The Green–Naghdi thermoelastic, nonlocal 

elasticity concept, and surface impact for the Euler–

Bernoulli beam framework are used to get the governing 

Eq.s for shaking. 

Based on the previous literature review, studies 

examining the behavior of moving rubber nanobeams using 

viscoelastic fractional models are scarce. Furthermore, it is 

evident that further research is necessary to gain a deeper 

understanding of how changes in volume and temperature 

impact the softening of toughness and strengthening of 

elasticity in nano- and microstructures. Fractional models 

are frequently employed due to their ability to accurately 

depict the dynamic behavior of a damper across a broad 

range of temperatures and vibrations using only a few 

parameters.  

The Zener model, often referred to as the standard linear 

solid, is a theoretical framework employed for characterizing 

the mechanical response of viscoelastic materials. It 

involves using a linear combination of springs and dashpots 

to represent the elastic and viscous constituents. Frequently, 

the Maxwell model and the Kelvin-Voigt model are 

employed. However, it is essential to note that these models 

often have limitations. For instance, the Maxwell model 

fails to adequately characterize phenomena such as creep or 

recovery, while the Kelvin-Voigt model does not well 

capture stress relaxation (Oparnica and Süli 2020). The 

Zener model integrates elements from the Maxwell and 

Kelvin-Voigt models to accurately represent the overall 

response of a system subjected to certain loading 

circumstances. The new model possesses the capability to 

accurately depict a diverse range of linear viscoelastic 

materials. The linear Zener model has demonstrated its 

efficacy in characterizing the viscoelastic response of 

different materials under minor deformations, as evidenced 

by previous studies. The model incorporates commonly 

observed attenuation phenomena, such as quality factors, 

using a frequency power law (Blanc et al. 2016). The 

identification of the model parameters was conducted 

through laboratory experiments conducted at various 

temperatures and vibration frequencies. 

This paper aims to study thermo-viscoelastic vibrations 

in nanobeam resonators by presenting a new mathematical 

framework for non-Fourier phase-delay thermal conductivity 

and the non-local Eringen theory. The idea of nonlocal 

elasticity is employed as a means of comprehending the 

influence of small-scale phenomena. Considering the effect 

of thermal effects, this article also contributes to the 

analysis of the viscoelastic vibrations of a moving 

nanobeam using the Zener model with fractional 

derivatives. The viscoelastic nanobeam undergoes axial 

movement at a constant speed under the influence of a 

sinusoidal pulse with varying temperatures. This study also 

aims to compare the results obtained from computing the 

dynamics of structural members using the aforementioned 

two models in order to assess the suitability of the fractional 

Kelvin-Voigt model. A set of solvable ordinary differential 

Equations is derived by transforming them into a Laplace 

field under the given initial conditions. Through numerical 

simulations, we examine how various viscoelastic 

properties, including phase delay, size-dependent effects, 

axial velocity, and fractional order parameters, impact the 

dynamic characteristics of a moving nanobeam. The 

findings of this investigation have potential applications in 

modeling Stockbridge dampers, energy harvesting devices, 

viscoelastic nanostructures, and military airplane wings. 

Fractional viscoelasticity can also find utility in 

environmental and building materials such as asphalt, 

concrete, rock mass, viscous petroleum products, polymer 

materials, gel forms, and food. 

 

 

2. Formulation of the problem and fundamental 
Equations 

 

NEMS resonators are commonly fabricated using 

nanobeams featuring square or rectangular cross-sections. 

In this study, we propose a viscoelastic moving nanobeam, 

as depicted in Fig. 1, which will be subjected to time-

dependent thermal loading. The nanobeam possesses 

specific dimensions: length 𝐿, fixed cross-section area 𝐴, 

thickness ℎ, and width 𝑏. Our hypothesis assumes that the 

nanobeam remains in a state of non-deformation and stress 

when in equilibrium at a temperature 𝑇0 representing the 

surrounding environment's temperature. Additionally, the 

nanobeam exhibits an axial velocity denoted by υ and a 
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flexural stiffness represented by 𝐸𝐼, where 𝐼 is equal to 

𝑏ℎ3/12. The material properties are characterized by 𝐸, 

𝜇𝑃, and 𝜌, corresponding to Young's modulus, Poisson's 

ratio, and density, respectively. 

Given that the transverse dimensions of the nanobeam 

are significantly smaller in comparison to its beam length, 

neglect of shear deformation is warranted. Consequently, 

this investigation employs the standard Euler-Bernoulli 

(EB) assumption. Under these circumstances, the 

displacement components can be expressed as follows: 

𝑢⃗ (𝑥, 𝑦, 𝑧, 𝑡) = (−𝑧
𝜕𝑤

𝜕𝑥
,  0,   𝑤(𝑥, 𝑡)) (1) 

The variable 𝑤(𝑥, 𝑡) represents the beam's deflection, 

often known as its transverse displacement. To understand 

why the beam is oscillating in a transverse direction, we can 

utilize the following Eq. based on Newton's second law of 

motion (Liu et al. 2014, Chen 2005): 

𝜕2𝑀

𝜕𝑥2 + 𝜌𝐴 (
𝜕2𝑤

𝜕𝑡2 + 2𝜐
𝜕2𝑤

𝜕𝑥𝜕𝑡
+ 𝜐2

𝜕2𝑤

𝜕𝑥2) = 0 (2) 

In this Eq., 𝑀 is the bending moment and 𝐴 is the 

cross-sectional area. Also, using the Hamiltonian idea, the 

motion Eq. (2) was established. 

The nonlocal theory is the most widely adopted 

approach in nanostructured elasticity. Academics pre-

dominantly employ the differential form of this theory due 

to its inherent convenience in simplifying relationships. 

Nonlocal elasticity posits that the stress at a specific 

location along a nanobeam relies on the strain at that 

particular point and the themes present throughout the beam 

length (Eringen 1972). Eringen (2002) has derived a 

differential form of the constitutive Eq. that establishes a 

connection between nonlocal and local stresses. 

Consequently, it becomes feasible to express this Eq. for the 

nonlocal beam as (Eringen, 1972b): 

𝜎𝑥 − 𝜉
𝜕2𝜎𝑥

𝜕𝑥2
= −𝐸 (𝑧

𝜕2𝑤

𝜕𝑥2
+ 𝛼𝑇𝜃) (3) 

In Eq. (3), the parameter 𝜉 = (𝑒0𝑎)2 is the size scale 

indicator, 𝑎 denotes a material constant, and 𝑒0 represents 

the internal characteristic length. Also, 𝜃 = 𝑇 − 𝑇0 indicates 

the temperature increment, 𝛼𝑇 = 𝛼𝑡/(1 − 2𝜇𝑃), 𝛼𝑡 is the 

thermal expansion, and 𝜎𝑥 denotes the axial nonlocal 

thermal stress. 

The influence of viscoelastic materials on the dynamic 

 

 

behavior of a system is widely recognized in the scientific 

community. The damping properties of a system play a 

crucial role in its dynamic behavior, and these properties are 

directly influenced by the characteristics of the viscoelastic 

material. Consequently, accurately determining the energy 

dissipation properties of a structure poses a significant 

challenge when predicting its dynamics. Therefore, 

employing an appropriate model of viscoelastic matter in 

the study of dynamics is imperative. In recent decades, 

fractional differential Equations have gained popularity to 

describe various physical processes (Podlubny 1999, Das 

2011). These Equations allow for the modeling of spatially 

and temporally dependent physical events through the use 

of fractional derivatives (Sumelka 2015, Rahimi 2017). 

Fractional derivatives are particularly useful in modeling 

the damping characteristics of viscoelastic materials, 

especially those that exhibit a moderate frequency 

dependency (Di Pa et al. 2011). 

Numerous studies have focused on investigating the 

beam dynamics of viscoelastic beams using the fractional 

Kelvin-Voigt Equations. One notable advantage of the 

fractional Kelvin-Voigt model is its versatility in examining 

the dynamics of different components within a building. By 

employing the Kelvin-Vo fractional viscoelastic material 

model to represent the dynamics of structural elements, we 

can formulate Equations that align with well-established 

approaches for addressing elastic issues. 

Unfortunately, this paradigm has a few drawbacks as 

well. Specifically, it tends to overestimate material damping 

at higher frequencies. Through a comparison between the 

fractional Zener solid model and the fractional Kelvin-Voigt 

model, Caputo and Mainardi (1971) discovered that the 

former exhibited a superior fit to the experimental data. 

Therefore, when calculating the dynamics of beams and 

other structural components, it is crucial to assess the 

potentially significant differences between the fractional 

Zener model and the fractional Kelvin-Voigt model. Several 

academic articles have also been published on the subject of 

forced transient vibrations of viscoelastic beams utilizing 

the fractional Zener model. For instance, there is a scarcity 

of research on transiently induced vibrations of cantilever 

beams with a tip mass element modeled using a fractional 

Zener material. 

The primary objective of this study is to ascertain how 

the complexity of a model influences the accuracy with 

which fractional-order models can match experimental data. 

This investigation concentrates on the fractional Zener 

 

Fig. 1 The configuration of moving nanobeam resonator composed of viscoelastic material 
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model for describing the dynamic transient response of a 

nanobeam composed of a viscoelastic material. It is 

anticipated that the viscoelastic characteristics of the beam 

material can be described using the fractional Zener 

framework, which is formulated as follows (Mainardi et al. 

2011, Lewandowski et al. 2017, 2017b): 

(1 + 𝜏𝜎
𝛼𝐷𝑡

𝛼)𝜎𝑥 = −𝐸0(1 + 𝜏𝜀
𝛼𝐷𝑡

𝛼) (𝑧
𝜕2𝑤

𝜕𝑥2
+ 𝛼𝑇𝜃) (4) 

where the parameters 𝜏𝜎  and 𝜏𝜀  are relaxation times 

satisfying 𝜏𝜀 > 𝜏𝜎 > 0 and 𝐸0 > 0 is the relaxed stiffness 

modulus. Moreover, 𝐷𝑡
𝛼  is the e Caputo fractional 

derivative operator of the non-integer order (0 < 𝛼 < 1) 

concerning the time 𝑡 . The expression for the Caputo 

fractional derivative, 𝐷𝑡
𝛼𝑓(𝑡), may be written as: 

𝐷𝑡
𝛼𝑓(𝑡) =

1

Γ(1 − 𝛼)
∫

1

(𝑡 − 𝜒)𝛼

𝑡

0

𝜕𝑓(𝜒)

𝜕𝑡
𝑑 𝜒, 

𝛼 ∈ (0,1), 𝑡 > 0 

(5) 

Γ(1 − 𝛼) is the Euler gamma function. Upon the use of 

fractional derivatives, conventional rheological models 

undergo a transformation into their corresponding fractional 

counterparts. The new model possesses the capability to 

accurately depict a diverse range of linear materials with 

viscoelastic properties. 

The flexural moment of the nanobeam can be calculated 

using the following formula: 

𝑀(𝑥, 𝑡) = 𝑏 ∫ 𝜎𝑥𝑧 𝑑 𝑧
ℎ/2

−ℎ/2

 (6) 

The result of applying Eq. (4) to Eq. (6) is 

(1 + 𝜏𝜎
𝛼𝐷𝑡

𝛼) (1 − 𝜉
𝜕2

𝜕𝑥2
)𝑀 

= −𝐼𝐸0(1 + 𝜏𝜀
𝛼𝐷𝑡

𝛼) (
𝜕2𝑤

𝜕𝑥2
+ 𝛼𝑇𝑀𝑇) 

(7) 

where 𝑀𝑇 stands for the thermal moment that is calculated 

by 

𝑀𝑇 =
12

ℎ3
∫ 𝑧𝜃 𝑑 𝑧

ℎ/2

−ℎ/2

 (8) 

By making a double differentiation of Eq. (10) with 

respect to the variable 𝑥, we get 

(1 + 𝜏𝜎𝐷𝑡
𝛼) (1 − 𝜉

𝜕2

𝜕𝑥2)
𝜕2𝑀

𝜕𝑥2  

= −𝐼𝐸0(1 + 𝜏𝜀
𝛼𝐷𝑡

𝛼) (
𝜕4𝑤

𝜕𝑥4 + 𝛼𝑇

𝜕2𝑀𝑇

𝜕𝑥2 ) 

(9) 

When Eq. (2) is put into Eq. (9), it yields: 

𝜌𝐴(1 + 𝜏𝜎
𝛼𝐷𝑡

𝛼)(1 − 𝜉
𝜕2

𝜕𝑥2
) (

𝜕2𝑤

𝜕𝑡2
+ 2𝜐

𝜕2𝑤

𝜕𝑥𝜕𝑡
+ 𝜐2

𝜕2𝑤

𝜕𝑥2
) 

= 𝐼𝐸0(1 + 𝜏𝜀
𝛼𝐷𝑡

𝛼) (
𝜕4𝑤

𝜕𝑥4 + 𝛼𝑇

𝜕2𝑀𝑇

𝜕𝑥2 )  

(10) 

The mathematical model for the transverse excitations 

of moving nonlocal viscoelastic nanobeams is represented 

by Eq. (10). When 𝜉 = 0 is substituted into the Equations 

above, the classical Eq. of motion for an oscillating Euler-

Bernoulli viscoelastic beam is recovered. 

When Eq. (2) is replaced with Eq. (7), the bending 

moment Eq. may be written as follows: 

(1 + 𝜏𝜎
𝛼𝐷𝑡

𝛼)𝑀(𝑥, 𝑡) 

= −𝜉𝜌𝐴(1 + 𝜏𝜎
𝛼𝐷𝑡

𝛼) (
𝜕2𝑤

𝜕𝑡2 + 2𝜐
𝜕2𝑤

𝜕𝑥𝜕𝑡
+ 𝜐2

𝜕2𝑤

𝜕𝑥2) 

−𝐼𝐸0(1 + 𝜏𝜀
𝛼𝐷𝑡

𝛼) (
𝜕2𝑤

𝜕𝑥2 + 𝛼𝑇𝑀𝑇) 

(11) 

To analyze the behavior of a moving thermoelastic 

nanobeam resonator, dual-phase lag (DPL) theory will be 

taken into account. According to the generalized DPL 

thermoelasticity model, the approximate modified heat 

transfer Eq. takes the following formula: 

𝑞 + 𝜏𝑞

𝜕𝑞 

𝜕𝑡
= −𝐾 (∇𝜃 + 𝜏𝜃

𝜕∇𝜃

𝜕𝑡
) (12) 

where 𝜏𝑞  and 𝜏𝜃  are positive delay times, which are 

linked to the microstructure of the substance being studied, 

and 𝐾  ( > 0 ) indicates the thermal conductivity. The 

stability of the system is determined by the relationship 

between the time constant 𝜏𝜃 and 𝜏𝑞. Specifically, if 𝜏𝜃 

is greater than 2𝜏𝑞 , the system is considered stable. 

Conversely, if 𝜏𝜃 is less than 2𝜏𝑞, the system is deemed 

unstable. 

The following formula can be used to represent the 

energy Equation for a thermoviscoelastic material: 

𝐶𝐸

𝜕𝜃

𝜕𝑡
+ 𝐸0𝛼𝑇𝑇0(1 + 𝜏𝜀

𝛼𝐷𝑡
𝛼)

𝜕𝑒

𝜕𝑡
− 𝑄 = −∇ ∙ 𝑞  (13) 

where 𝐶𝐸 > 0  represents the specific heat, 𝑒 = 𝑢𝑘,𝑘 

represents the cubical dilatation, and 𝑄  represents the 

internal supply of energy. The DPL heat transfer Equation 

for isotropic thermoviscoelastic material can be derived 

from Eqs. (12) and (13), as shown below: 

(1 + 𝜏𝑞

𝜕

𝜕𝑡
) (𝜌𝐶𝐸

𝜕𝜃

𝜕𝑡
+ 𝐸0𝛼𝑇𝑇0(1 + 𝜏𝜀

𝛼𝐷𝑡
𝛼)

𝜕𝑒

𝜕𝑡
) 

−(𝑄 + 𝜏𝑞

𝜕𝑄

𝜕𝑡
) = 𝐾 (∇2𝜃 + 𝜏𝜃

𝜕

𝜕𝑡
(∇2𝜃)) 

(14) 

For 𝜏𝑞 = 0 = 𝜏𝜃, the DPL thermoelastic model is 

reduced to the standard Fourier's law. For both and 𝜏𝜃 , 𝜏𝑞 >

0, one gets the Lord and Shulman (LS) heat transfer theory. 

The DPL heat transfer Equation can be derived in the 

case of neglecting the heat source (𝑄 = 0) by substituting 

Eq. (1) into Eq. (14) to get: 

(1 + 𝜏𝑞

𝜕

𝜕𝑡
) [𝜌𝐶𝐸

𝜕𝜃

𝜕𝑡
− 𝐸0𝛼𝑇𝑇0𝑧(1 + 𝜏𝜀

𝛼𝐷𝑡
𝛼) (

𝜕3𝑤

𝜕𝑡𝜕𝑥2)] 

 = 𝐾 (1 + 𝜏𝜃

𝜕

𝜕𝑡
) [

𝜕2𝜃

𝜕𝑥2 +
𝜕2𝜃

𝜕𝑧2] 

(15) 

 
 

3. Problem solution 
 

Furthermore, we make the assumption that the upper 

and lower surfaces of the beam exhibit adiabatic behavior, 

resulting in a condition where the temperature gradient 
𝜕𝜃

𝜕𝑧
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is zero at 𝑧 = ±
ℎ

2
. To address this problem, we will 

consider the sinusoidal growth of temperature increases 

along the thickness direction of the nanobeam in motion. 

Specifically, the temperature increase 𝜃(𝑥, 𝑧, 𝑡)  can be 

expressed as follows: 

𝜃(𝑥, 𝑧, 𝑡) = Θ(𝑥, 𝑡) sin(𝜋𝑧/ℎ) (16) 

By inserting Eq. (16) into Eqs. (10) and (11), the 𝑧 

variable is eliminated, and the resulting Eqs. are as follows: 

𝜌𝐴(1 + 𝜏𝜎
𝛼𝐷𝑡

𝛼)(1 − 𝜉
𝜕2

𝜕𝑥2) (
𝜕2𝑤

𝜕𝑡2 + 2𝜐
𝜕2𝑤

𝜕𝑥𝜕𝑡
+ 𝜐2

𝜕2𝑤

𝜕𝑥2)

= 𝐼𝐸0(1 + 𝜏𝜀
𝛼𝐷𝑡

𝛼) (
𝜕4𝑤

𝜕𝑥4
+

24𝛼𝑇

ℎ𝜋2
Θ) 

(17) 

(1 + 𝜏𝜎
𝛼𝐷𝑡

𝛼)𝑀(𝑥, 𝑡) 

= −𝜉𝜌𝐴(1 + 𝜏𝜎
𝛼𝐷𝑡

𝛼) (
𝜕2𝑤

𝜕𝑡2 + 2𝜐
𝜕2𝑤

𝜕𝑥𝜕𝑡
+ 𝜐2

𝜕2𝑤

𝜕𝑥2) 

−𝐼𝐸0(1 + 𝜏𝜀
𝛼𝐷𝑡

𝛼) (
𝜕2𝑤

𝜕𝑥2 +
24𝛼𝑇

ℎ𝜋2 Θ). 

(18) 

Once again, integrating Eq. (15) with respect to 𝑧 in 

the range 𝑧 ∈ [−ℎ/2, ℎ/2] after multiplying by 12𝑧/ℎ3 , 

yields 

(1 + 𝜏𝜃

𝜕

𝜕𝑡
) [

𝜕2Θ

𝜕𝑥2
−

𝜋2

ℎ2
Θ] 

= (1 + 𝜏𝑞

𝜕

𝜕𝑡
) [𝜂

𝜕Θ

𝜕𝑡
−

𝐸0𝛼𝑇𝑇0𝜋
2ℎ

24𝐾
(1 + 𝜏𝜀

𝛼𝐷𝑡
𝛼) (

𝜕3𝑤

𝜕𝑡𝜕𝑥2)] 

(19) 

We utilize the following non-dimensional quantities for 

the sake of simplicity: 

(𝑥′, 𝐿′, 𝑢′, 𝑤′ , 𝑧′) = ℊ𝓋(𝑥, 𝐿, 𝑢, 𝑤, 𝑧), Θ′ =
Θ

𝑇0
, 𝜎𝑥

′ =
𝜎𝑥

𝐸0
,

𝑀′ = −
𝑀

ℊ𝓋𝐼𝐸0
, (𝑡′, 𝑡0

′ , 𝜏𝑞
′ , 𝜏𝜃

′ ) = ℊ𝓋2(𝑡, 𝑡0, 𝜏𝑞 , 𝜏𝜃), 𝜐′ =
𝜐

𝑐
,

 (20) 

where ℊ =
𝜌𝐶𝐸

𝐾
 and 𝓋 = √

𝐸

𝜌
. 

The dimensionless version of the coupled system of 

Equations may be constructed by substituting Eq. (20) into 

Eqs. (17-19) as 

12

ℎ2
(1 + 𝜏𝜎

𝛼𝐷𝑡
𝛼) (1 − 𝜉

𝜕2

𝜕𝑥2)(
𝜕2𝑤

𝜕𝑡2 + 2𝜐
𝜕2𝑤

𝜕𝑥𝜕𝑡
+ 𝜐2

𝜕2𝑤

𝜕𝑥2) 

= (1 + 𝜏𝜀
𝛼𝐷𝑡

𝛼) (
𝜕4𝑤

𝜕𝑥4 + 𝒷1

𝜕2Θ

𝜕𝑥2) 

(21) 

(1 + 𝜏𝜃

𝜕

𝜕𝑡
) [

𝜕2Θ

𝜕𝑥2
−

𝜋2

ℎ2
Θ] 

= (1 + 𝜏𝑞

𝜕

𝜕𝑡
) [

𝜕Θ

𝜕𝑡
− 𝒷2(1 + 𝜏𝜀

𝛼𝐷𝑡
𝛼) (

𝜕3𝑤

𝜕𝑡𝜕𝑥2)] 

(22) 

(1 + 𝜏𝜎
𝛼𝐷𝑡

𝛼)𝑀(𝑥, 𝑡) 

= 𝜉(1 + 𝜏𝜎
𝛼𝐷𝑡

𝛼) (
𝜕2𝑤

𝜕𝑡2 + 2𝜐
𝜕2𝑤

𝜕𝑥𝜕𝑡
+ 𝜐2

𝜕2𝑤

𝜕𝑥2) 

+(1 + 𝜏𝜀
𝛼𝐷𝑡

𝛼) (
𝜕2𝑤

𝜕𝑥2
+ 𝒷1Θ) 

(23) 

where 𝒷1 =
24𝑇0𝛼𝑇

ℎ𝜋2  and 𝒷2 =
𝛼𝑇𝐸0𝜋2ℎ

24𝐾𝜂
. 

4. Transformed solution of the problem 
 

Assuming homogeneous initial conditions, the starting 

conditions will be considered as follows: 

𝑤(𝑥, 𝑡)|𝑡=0 = 0 =
𝜕𝑤(𝑥, 𝑡)

𝜕𝑡
|
𝑡=0

,    

Θ(𝑥, 𝑡)|𝑡=0 = 0 =
𝜕Θ(𝑥, 𝑡)

𝜕𝑡
|
𝑡=0

 

(24) 

Moreover, the scenario wherein both ends of the beam 

are clamped is duly considered. Consequently, the boundary 

conditions exhibit the subsequent structure: 

𝑤(𝑥, 𝑡)|𝑥=0,𝐿 = 0,
𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
|
𝑥=0,𝐿

= 0 (25) 

The scenario where the initial end (x=0) of the 

nanobeam experiences thermal loading will be considered. 

Consequently, the subsequent thermal boundary condition 

will be obtained: 

𝜃 = 𝜃(𝑧, 𝑡) = 𝜃0 sin( 𝑝𝑧)𝑓(𝑥, 𝑡)  at  𝑥 = 0 (26) 

where 𝜃0 is a constant. We also assume that the function 

𝑓(𝑥, 𝑡) is a time-dependent sinusoidal function with a pulse 

width 𝑡0 and takes the following form: 

𝑓(𝑥, 𝑡) = 𝑓(𝑡) = sin(𝜋𝑡/𝑡0) ,  0 ≤ 𝑡 ≤ 𝑡0 (27) 

In addition, it is supposed that the other end (𝑥 = 𝐿) of 

the nanobeam is thermally insulated and fulfills the 

following thermal condition: 

𝜕Θ

𝜕𝑥
= 0,  at 𝑥 = 𝐿 (28) 

Under initial conditions Eq. (24), applying the Laplace 

transform to Eqs. (21)-(23) yields the following: 

(
d4

d𝑥4
+ 𝐴3

d3

d𝑥3
+ 𝐴2

d2

d𝑥2
+ 𝐴1

𝑑

𝑑𝑥
+ 𝐴0) 𝑤̅ = −𝐵1

d2Θ̅

d𝑥2
 (29) 

−𝐴4

d2𝑤̅

d𝑥2
= (

d2

d𝑥2
− 𝐵2) Θ̅ (30) 

𝑀̅(𝑥, 𝑡) = (𝜐2𝜉 + 𝜔0)
d2𝑤̅

d𝑥2
+ (2𝜐𝜉𝑠

𝑑

𝑑𝑥
+ 𝜉𝑠2) 𝑤̅

+ 𝜔0𝒷1Θ̅ 
(31) 

where 

𝜔0 =
(1 + 𝜏𝜎

𝛼𝑠𝛼)

(1 + 𝜏𝜀
𝛼𝑠𝛼)

, 𝜔1 =
12𝜔0

ℎ2
, 

 𝜔2 =
𝑠(1 + 𝜏𝑞𝑠)

1 + 𝜏𝜃𝑠
 , 𝐴0 =

𝜔1𝑠
2

(1 + 𝜉𝜔1𝜐
2)

, 

𝐴1 =
2𝜐𝜔1𝑠

(1 + 𝜉𝜔1𝜐
2)

, 𝐴2 =
𝜔1(𝑠

2𝜉 − 𝜐2)

(1 + 𝜉𝜔1𝜐
2)

, 

𝐴3 =
2𝑠𝜐𝜉𝜔1

(1 + 𝜉𝜔1𝜐
2)

, 𝐵1 =
𝒷1

(1 + 𝜉𝜔𝜐2)
,    

𝐵2 =
𝜋2

ℎ2
+ 𝜔2, 𝐴4 = 𝒷2 𝜔2(1 + 𝜏𝜀

𝛼𝑠𝛼) 

(32) 

Through the process of multiplying Eq. (29) by two and 
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combining it with Eq. (30), followed by rearrangement, we 

arrive at the subsequent differential Eq.: 

[
 
 
 𝑎6

d6

d𝑥6
+ 𝑎5

d5

d𝑥5
+ 𝑎3

d4

d𝑥4
+ 𝑎3

d3

d𝑥3

+𝑎2

d2

d𝑥2
+ 𝑎1

𝑑

𝑑𝑥
+ 𝑎0 ]

 
 
 

{𝑤̅, Θ̅} (33) 

where 

𝑎5 = 𝐴3, 𝑎4 = 𝐴2 − 𝐵1𝐴4,  𝑎3 = 𝐴1 − 𝐵2𝐴3,
𝑎2 = 𝐴0 − 𝐵2𝐴2, 𝑎1 = −𝐵2𝐴1, 𝑎0 = −𝐵2𝐴0.

 (34) 

The following formula can mathematically represent the 

solution to the differential Eq. (31): 

{𝑤̅, Θ̅} = ∑{𝐶𝑖 , 𝐶𝑖
′} 𝑒𝑚𝑖𝑥,

6

𝑖=1

 (35) 

where 𝐶𝑖 and 𝐶𝑖
′ are constants that need to be calculated 

once the boundary conditions have been applied. 

Furthermore, the 𝑚𝑖 parameters, where 𝑖 ranges from 1 to 

6, each represent a root of the following polynomial: 

𝑚6 + 𝑎5𝑚
5 + 𝑎4𝑚

4 + 𝑎3𝑚
3 + 𝑎2𝑚

2 + 𝑎2𝑚 + 𝑎0 = 0 (36) 

Kulkarni (2008) devised a technique for decomposing a 

six-degree polynomial issue into two cubic polynomials as 

constituent elements. The cubic polynomial Eq. is set to 

zero, and upon solving it, the solution yields six distinct 

roots for the Eq. (36). The salient feature of the Eq. solved 

in this manner is that the aggregate of its three roots is 

equivalent to the sum of its remaining three roots. He 

derived the requirement that the coefficients of a solved Eq. 

of this kind must fulfill. 

Take into account the sixth-degree polynomial Eq. given 

below: 

(𝑚3 + 𝑏2𝑚
2 + 𝑏1𝑚 + 𝑏0)

2 − (𝑐2𝑚
2 + 𝑐1𝑚 + 𝑐0)

2 = 0, (37) 

The Eq. (37) involves unknown coefficients denoted as 

𝑏0, 𝑏1, 𝑏2, 𝑐0, 𝑐1, and 𝑐2. These coefficients correspond 

to the component cubic and quadratic polynomials, 

respectively. Suppose the Eq. with a degree of six, denoted 

as Eq. (36), can be represented in the format of Eq. (37). In 

that case, it is possible to decompose it into two cubic 

polynomials, which will lead to the determination of its 

solution. The cubic Eqs. presented above are derived by 

setting the polynomial components equal to zero: 

𝑚3 + (𝑏2 − 𝑐2)𝑚
2 + (𝑏1 − 𝑐1)𝑚 + 𝑏0 − 𝑐0 = 0,

𝑚3 + (𝑏2 + 𝑐2)𝑚
2 + (𝑏1 + 𝑐1)𝑚 + 𝑏0 + 𝑐0 = 0.

 (38) 

The process of solving these cubic Eqs. yields six 

distinct solutions that correspond to the roots of the given 

six-degree problem. Therefore, in order to express Eq. (36) 

in the format of Eq. (37), it is necessary for the parameters 

of both Eqs. to be identical. Consequently, this leads to 

𝑏0 =
𝑎3

2
+

𝑎5
3

16
−

𝑎5𝑎4

4
,   𝑏1 =

𝑎4

2
−

𝑎5
2

8
, 

𝑏2 =
𝑎5

2
, 𝑐2 = 0, 

𝑐1
2 =

5𝑎5
4

64
+

𝑎4
4

4
+

𝑎5𝑎3

2
−

3𝑎4𝑎5
2

8
− 𝑎2, 𝑐0

2 =
𝑎7

2

𝑐1
2 , 

(39) 

𝑎7 =
𝑎3𝑎4

4
+

3𝑎4𝑎5
3

16
−

𝑎5𝑎4
2

8
−

𝑎3𝑎5
2

16
−

𝑎5
5

128
−

𝑎1

2
 

After solving for the unknown variables and substituting 

their values into the cubic Eqs. (38), we have all six 

solutions for Eq. (36) as 

𝑚1 =
2

3
𝑝1 sin( 𝑞1), 

𝑚2 = −
1

3
𝑝1[√3 cos( 𝑞1) + sin( 𝑞1)], 

𝑚3 =
1

3
𝑝1[√3 cos( 𝑞1) − sin( 𝑞1)], 

𝑚4 =
2

3
𝑝2 sin( 𝑞2), 

𝑚5 = −
1

3
𝑝2[√3 cos( 𝑞2) + sin( 𝑞2)], 

𝑚6 =
1

3
𝑝2[√3 cos( 𝑞2) − sin( 𝑞2)] 

(40) 

where 

𝑝1 = √3𝑐1 − 3𝑏1,   𝑞1 =
1

3
sin−1 (

27𝑏0 − 27𝑎7

2𝑝1
3 ) ,

𝑝1 = √3𝑐1 + 3𝑏1,   𝑞2 =
1

3
sin−1 (

27𝑏0 + 27𝑎7

2𝑝2
3 ) .

 (41) 

Due to the fact that two Eqs. (30) and (35) are 

compatible with each other, the following relations can be 

obtained: 

𝐶𝑖
′ = 𝛽𝑖𝐶𝑖 ,   𝛽𝑖 = −

𝐴4𝑚𝑖
2

𝑚𝑖
2 − 𝐵2

 (42) 

With the help of the function Θ̅ and Eq. (16), the global 

solution for the temperature change in the transformed 

Laplace field can be found as follows: 

𝜃̄ = sin (
𝜋𝑧

ℎ
)∑𝛽𝑖𝐶𝑖 𝑒

𝑚𝑖𝑥

6

𝑖=1

 (43) 

After performing the Laplace transform, we obtain the 

axial displacement 𝑢̄ by substituting Eq. (35) into Eq. (1), 

as follows: 

𝑢̄ = ∑𝑚𝑖𝐶𝑖 𝑒
𝑚𝑖𝑥 ,

6

𝑖=1

 (44) 

The final expression for the bending moment M given in 

Eq. (31) can be rewritten with the help of Eq. (35) as: 

𝑀̅(𝑥, 𝑡) = ∑(𝜐2𝜉𝑚𝑖
2 + 𝜔0𝑚𝑖

2 + 2𝜐𝑠𝜉𝑚𝑖 + 𝜉𝑠2

6

𝑖=1

+ 𝜔0𝒷1𝛽𝑖)𝐶𝑖𝑒
𝑚𝑖𝑥 

(45) 

After applying the Laplace transform to the Eqs. (25)-

(28), the boundary conditions of the problem are converted 

to: 

𝑤̅(𝑥, 𝑠)|𝑥=0,𝐿 = 0,          
𝑑𝑤̅(𝑥, 𝑠)

𝑑𝑥
|
𝑥=0,𝐿

= 0, 

Θ̅(𝑥, 𝑠)|𝑥=0 =
𝜋𝑡0

𝜋2 + 𝑡0
2𝑠2

= 𝐺̄(𝑠),      
𝑑Θ̅(𝑥, 𝑠)

𝑑𝑥
|
𝑥=𝐿

= 0 
(46) 
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When Eq. (35) is substituted into the boundary 

conditions, the following linear Eqs. can be found as: 

∑𝑒𝑚𝑖𝐿 𝐶𝑖

6

𝑖=1

= 0, ∑𝑚𝑖𝐶𝑖

6

𝑖=1

= 0,   ∑𝑚𝑖 𝑒
𝑚𝑖𝐿 𝐶𝑖

6

𝑖=1

= 0,   

∑𝐶𝑖

6

𝑖=1

= 0, ∑𝛽𝑖𝐶𝑖

6

𝑖=1

= 𝐺̄(𝑠),    ∑𝛽𝑖𝑚𝑖 𝑒
𝑚𝑖𝐿 𝐶𝑖

6

𝑖=1

= 0 

(47) 

The above set of linear Eqs. can be solved to calculate 

the unknown coefficients 𝐶𝑖, ranging from 1 to 6. Here, the 

complete solution to the problem has been found in the 

domain of the Laplace transform. 

 
 
5. Laplace transform inversion 

 

In order to compute the numerical calculations of the 

thermophysical fields examined in the nanobeam, including 

bending moment modes, temperature, displacement, and 

pressure, it is necessary to invert the Laplace transforms of 

these fields into the time domain. Due to the complexity of 

the expressions in different domains, direct inversion 

becomes challenging. To address this issue, the Riemann 

sum approximation algorithm will be employed as a reliable 

and validated approximation method. Following this 

approach, any function denoted by 𝐹̅(𝑥, 𝑠) in the Laplace 

domain can be reversed into the time domain using the 

relation (Honig et al. 1984): 

𝑓(𝑥, 𝑡) =
𝑒𝛽𝑡

𝑡
[
1

2
𝑅𝑒[ 𝐹̄(𝑥, 𝛽)]

+ 𝑅𝑒 ∑ (𝐹̄ (𝑥, 𝛽 +
𝑖𝜑𝜋

𝑡
) (−1)𝑛)

𝑁

𝜑=0

] 

(48) 

where 𝛽 and 𝑁 represent constants that are consistently 

present, the precision of the Reimann sum approximation 

relies on the magnitude of the constant 𝛽 in addition to the 

truncation error associated with the number 𝑁. It is feasible 

to develop a Mathematica program capable of numerically 

solving the Laplace inversion of Eq. (43). 

 

 
6. Benchmark analysis 

 

In this section, we demonstrate the alterations in thermal 

vibration of viscoelastic nanobeams when incorporating 

nonlocal elasticity theory and the DPL heat transfer 

framework. Additionally, numerical data is employed to 

examine the impacts of nonlocality, viscosity, and the axial 

transport velocity of the nanobeam on the dimensions of the 

thermophysical fields under investigation. We present 

numerical results for a silicon nanobeam with a fixed aspect 

ratio of 𝐿 = 10ℎ. The material parameters of the silicon 

nanobeam can be described as (Duwel et al. 2003): 
𝐸 = 169GPa, 𝐿 = 300nm, 𝐶𝐸 = 713J/(kgK), 𝑏 = 15nm,

𝜇𝑃 = 0.22, 𝛼𝑇 = 0.259 × 10−5𝐾−1, 𝐾 = 1.56 × 102W/(mK),

𝜌 = 2330(kg/m3), ℎ = 30nm,𝑇0 = 293K.

 

For only a limited number of specific materials, it is 

possible to determine the phase delays of heat flow 𝜏𝑞 and 

temperature gradient 𝜏𝜃. The values of these phase delay 

parameters can be deduced by considering the mechanical 

and thermal properties of the materials, as demonstrated in 

reference (Tzou 1995). By incorporating the physical non-

dimensional quantities mentioned in Eq. (20), the numerical 

values of the non-dimensional fields under investigation can 

be computed, and corresponding graphs can be generated. 

In the present study, we consider the non-dimensional 

values = 0.12, 𝜉 = 0.001 𝜏𝑞 = 0.2, 𝜏𝜃 = 0.1, 𝑡0 = 0.1, 

𝐿 = 1, 𝑏 = ℎ/2, unless they have been previously 

mentioned in the discussion. Graphical representations 

illustrating the variations of system variables, such as 

temperature change 𝜃, deflection 𝑤, and deformation 𝑢 in 

the 𝑥-axis direction, are presented at 𝑧 = ℎ/6. Including 

these variables reveals significant effects on the dynamic 

behavior of an axially traveling nanobeam. Three numerical 

cases will be thoroughly examined and discussed. 

 

6.1 The small-scale effect 
 

Experimental studies have demonstrated the significant 

role of the small-scale effect in the optimal design of micro- 

and nanoelectromechanical devices. Consequently, the first 

scenario aims to investigate the impact of changes in the 

non-local dimensionless parameter on the bending moment, 

thermodynamic temperature, displacement, and transverse 

vibration. Figures 2, 3, 4, and 5 depict the predicted 

variation of the nanobeam along the axial distance. The 

classical continuity theory (local) is compared with the 

nonlocal elasticity theory for different values 𝜉 =
0, 0.001, 0.002, 0.003. In this context, we adopt an updated 

version of the two-phase delay theory (DPL) of heat 

transfer. It is assumed that the phase delay coefficients (𝜏𝑞 

and 𝜏𝜃), which are dimensionless, and the transport speed 

(𝜐) remain constant. 

As the nanobeams increase in size and shape, their non-

local characteristics decrease, resulting in a further 

reduction of their influence with larger beam sizes. 

Consequently, the softening effect of a non-local 

parameter  𝜉  becomes evident across all physical fields, 

accompanied by the thermal vibration of nanobeams when 

one of their sides is exposed to a sinusoidally changing 

temperature . 

When considering the length scale coefficient 𝜉 and the 

impact of sinusoidal temperature in comparison to the 

classical theory of continuum mechanics (as depicted in 

Fig. 2), varying degrees of deviation 𝑤 are observed. Fig. 

2 illustrates that incorporating the length scale parameter 

leads to a reduction in both the largest and smallest lateral 

deviations 𝑤. Notably, despite differences in quantities, the 

deflection behavior aligns with the findings of Borjalilou et 

al. (2020), confirming the accuracy of the current study's 

results. 

 Fig. 2 illustrates the geometric distribution of the 

lateral deflection, denoted as w. This deflection initiates 

from zero (i.e., it starts at zero) and adheres to the boundary 

conditions at 𝑥 = 0 and 𝑥 = 𝐿. It is noteworthy that the 

lateral deflection w attains its maximum value at a specific 

distance 𝑥 from the edge of the nanobeam, after which it  
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Fig. 2 The variation of deflection 𝑤  wrt non-local 

coefficient 𝜉 

 

 
 

Fig. 3 The variation of temperature 𝜃  wrt non-local 

coefficient 𝜉 

 

 

Fig. 4 The variation of displacement 𝑢  wrt non-local 

coefficient 𝜉 

 

diminishes with increasing separation. By augmenting the 

non-local factor, the lateral deflection propagates slower 

and disappears more rapidly from the graph. In contrast, the 

conventional vibration concept generates smaller signals, 

while the nonlocal effect produces significantly larger ones. 

In other words, when comparing outcomes derived from the 

traditional theory of vibration to those influenced by non-

local effects, the latter often yields lower vibrational modes. 

The nonlocal results obtained in this study exhibit notable 

distinctions compared to Lim's findings (Lim et al. 2010). 

Fig. 3 illustrates that the variations of non-local 

parameter 𝜉 have negligible influence on the temperature 

profile 𝜃. It is evident that the impact of non-local stress on 

the temperature 𝜃 of the nanobeam is trivial. Furthermore, 

as depicted in the figure, as one moves away from the heat 

source at the initial edge and increases the distance 𝑥, the 

temperature 𝜃 decreases. This observation indicates that 

thermal signals propagate through the nanobeam like a 

wave traveling at a specific velocity. This behavior can be 

attributed to the inclusion of phase delay parameters in the 

proposed thermoelastic model. 

Fig. 4 is presented to depict the range of variations in 

the displacement 𝑢 along the axis of the nanobeam within a 

short time (𝑡 = 0.12) while considering different values of 

the non-local coefficient 𝜉. The illustration demonstrates 

that the displacement u initiates with minute magnitudes 

and subsequently undergoes rapid growth until it reaches its 

maximum value, followed by a gradual decrease until it 

eventually diminishes. It is evident that the displacement 

magnitude diminishes as the non-local parameter 𝜉 

increases within the specified range. Consequently, 

understanding the disparity between the outcomes of local 

thermoplastic models and non-local theories becomes 

crucial. Since nanotechnology typically involves micro-

scopic length scales, it is imperative to investigate further 

whether classical continuity models can be applied to such 

dimensions. 

Fig. 5 illustrates the fluctuation in the bending moment 

𝑀 caused by variations in the non-dimensional, non-local 

parameter 𝜉. It is important to note that the beam-bending 

moment 𝑀 reaches a constant maximum value at a specific 

distance from the tip of the first beam. Subsequently, it 

decreases until it reaches a constant minimum value at a 

certain distance from the ends of the beam. This trend is 

further supported by the data presented in Fig. 5, indicating 

the high sensitivity of the bending moment 𝑀 to changes in 

the non-local parameter 𝜉. Consequently, nonlocal nano-

materials models can potentially consider size effects at the 

nanoscale, which are not accounted for by traditional 

continuum models. This study demonstrates that the size 

effect, as quantified by the nonlocal nanoscale factor, is 

more pronounced in smaller nanostructured materials. 

Indeed, empirical observations have demonstrated that 

size effects exert a significant influence on the physical 

properties and mechanical responses of nanoelectron-

mechanical systems (NEMS) at the nanoscale (Abouelregal 

et al. 2023, Ece 2007), contradicting the assumptions made 

by most continuum models. In the realm of lattice 

dynamics, the impact of small scale is contingent upon the 

crystal structure and the specific physics under investigation 

(Abouelregal and Marin 2020). When nanobeams are 

subjected to sinusoidal thermal loads and phase delays, their 

bending deformation exhibits nonlocal behavior. The 

predictions of nonlocal theory regarding bending deflection, 

as per thermal load and thermoelastic modeling, may either 

surpass or fall short of those derived from the classical 

approach. In essence, the interplay between the various 

imposed thermal loads determines whether the bending 

stiffness of the nano-nonlocal beam is enhanced or not (Li 

et al. 2015). 
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Fig. 5 The variation of bending moment 𝑀 wrt non-local 

coefficient 𝜉 

 

 

Fig. 6 The variation of deflection w for different 

viscoelastic models 

 

 

Fig. 7 The variation of temperature 𝜃  for different 

viscoelastic models 
 
 

6.2 Comparison of fractional thermo-viscoelastic 
models 

 

Numerous constitutive laws exist for viscoelastic 

materials, which can be employed to elucidate the 

mechanism by which the internal structure of nanobeams 

attenuates vibrations. In conventional models of visco-

elasticity utilizing integer-order derivatives, it has been 

demonstrated that a substantial number of parameters are 

required to accurately match experimental curves. To 

address this issue, several researchers have proposed 

augmenting generalized models of viscoelasticity with 

fractional-order derivatives, aiming to provide an 

explanation for this phenomenon. The utilization of 

enhanced viscoelastic models based on fractional 

derivatives, such as the fractional Kelvin-Voigt (FKV) or 

Zener (FZ) models, assumes paramount importance due to 

the crucial role played by internal damping in nano-

structured materials, both in theoretical investigations and 

practical applications of nanoscale devices. Consequently, 

the primary focus of this study revolves around 

incorporating the fractional-order Zener model into the 

constitutive Equations of a nonlocal Euler-Bernoulli 

nanobeam.  

Section 2 demonstrates the distinct physical significance 

of the fractional order in the fractional Zener model, 

representing the width of the relaxation spectrum. When the 

relaxation behaviour occurs over a broader time range with 

a lower fractional order, it directly correlates with the 

microstructure of the materials. This work enhances our 

understanding of the physical importance of fractional 

viscoelastic models. The research and analysis in this 

example focus on studying the material significance of the 

fractional arrangement of fractional operators. Additionally, 

it explores the influence of fractional viscosity models on 

the behaviour of different physical domains within the 

moving nanobeam. Three standard models, namely 

relaxation, creep, and oscillatory tests, are used to measure 

viscoelastic. Selecting the appropriate test for a specific 

application or research issue can be challenging due to 

various criteria, including the capabilities of available 

experimental equipment and the types of physical 

deformation interest . 

Figs. 6-9 illustrate that the propagation curves of 

thermomechanical waves inside viscoelastic materials differ 

significantly from those inside completely elastic materials. 

The findings highlight the greater significance of the 

viscoelastic model with derivatives and fractional order 

compared to conventional models that incorporate 

differential derivatives of integer order. This is because 

fractional models can better match the experimental data 

while requiring fewer parameters. 

As time progresses, the bending deflection 𝑤 exhibits a 

decrease in its maximum value across all values of the 

fractional derivative of order 𝛼, as depicted in Fig. 6. This 

phenomenon can be attributed to the dissipative nature of 

the material model. The decrease in bending deflection is 

primarily due to the increasing elasticity of the medium 

described by the fractional type constitutive Eq. (4) as 𝛼 

approaches zero. Conversely, as the fractional parameter 𝛼 

in Eq. (4) approaches a value of 1, the medium becomes 

more viscous. Additionally, when the fractional parameter 

𝛼 is small, the material demonstrates a gentler response, 

resulting in higher friction and energy dissipation. In 

contrast, Atanackovic and Pilipovic (2022) arrive at 

contrasting conclusions for a similar problem. However, our 

findings possess stronger physical justification. Upon 

examining the curves presented in Fig. 7, it becomes 

evident that thermal waves are diminished due to viscosity, 

particularly in the case of viscous fractional models. Figure 

7 illustrates that an increase in the 𝑥 parameter leads to a 

corresponding rise in temperature over time. This 

observation suggests that sludge viscosity escalates with 

higher temperatures and prolonged heat treatments. These 
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Fig. 8 The variation of displacement u for different 

viscoelastic models 

 

 

Fig. 9 The variation of bending moment M for different 

viscoelastic models 

 

 

results align with Farno's experimental discoveries (Xiao et 

al. 2016). 

Fig. 8 illustrates the influence of changes in the viscous 

fractional model and the order of the fractional differential 

on deformation. In contrast, viscous fractional models 

exhibit non-local properties, necessitating the consideration 

of all preceding deformation histories. Figure 9 depicts the 

representation of thermal stress for various fractional 

viscosity models. The results indicate that lower fractional 

order values lead to a slower response to thermal stress and 

relaxation, suggesting a wider range of relaxation time for 

relaxation to occur. Overall, the model predictions generally 

align well with the experimental results across different 

deformations, temperatures, and strain rates. As anticipated, 

both the fractional viscoelastic model and temperature 

change significantly affect the stress response of moving 

nanobeams. Specimens subjected to higher temperature 

deformation display less compliant stress responses 

compared to those experiencing lower temperature 

deformation. Decreasing the fractional order similarly 

reduces both temperature and deformation. 

As viscoelastic materials, polymers typically exhibit 

broad relaxation spectra and require considerable time to 

reach equilibrium. The conventional rheological systems, 

such as the Kelvin concept and the Maxwell type, fail to 

describe long-term relaxation behavior adequately (Farno et 

al. 2014). 

In order to accurately simulate nanostructures, it is 

necessary to incorporate the nonlocal concept and 

fractional-order viscoelasticity. By manipulating the system 

properties and the fractional order parameters, we can 

demonstrate a wider range of dynamic behaviors compared 

to traditional viscoelastic models. Additionally, these 

models may exhibit periodic behavior based on the 

parameter outcomes. Since generalized models require 

fewer factors than integer-order ones, they provide a natural 

framework for explaining damping characteristics, which is 

crucial from a practical perspective. Identifying numerous 

criteria to characterize the behavior of natural substances 

precisely could be a time-consuming process. However, 

fractional models have the potential to overcome these 

limitations by requiring fewer parameters to fully describe 

experimental results. This study illustrates that the three-

parameter fractional Zener model could serve as an 

alternative to the generalized Maxwell model with multiple 

parameters (Xiao et al. 2016). 
 

 

7. Conclusions 
 

The thermoelastic behavior of moving viscoelastic 

nanobeams was investigated in this study using the non-

local elasticity theory and the DPL thermal conductivity 

model for the first time. The constitutive relations and 

thermal conductivity were influenced by length scale 

parameters in this model, which also incorporated the 

generalized fractional Zener model. One of the primary 

objectives of this article was to examine the effectiveness of 

fractional thermo-viscoelasticity models in the context of 

moving nanobeams and highlight their superiority over 

traditional and commonly used viscoelasticity modeling 

methods. 

The deductions that can be drawn based on the findings 

of the current investigation are as follows: 

• By comparing data from various investigations, it is 

anticipated that a better understanding of the underlying 

physical significance of the behaviors of moving 

nanobeams can be achieved. 

• A fractional thermoelasticity model was also 

developed to facilitate comprehension for researchers 

unfamiliar with fractional calculus. The results indicate that 

fractional viscoelastic models offer systematic techniques 

for capturing comparable material properties across 

experiments.  

• At the nonlocal nanoscale, the stiffness of the 

nanobeam is significantly higher, resulting in more 

pronounced thermal and mechanical vibrations. Moreover, 

the nonlocal stiffness of the nanostructure loads can either 

be maintained or altered. The observed gradual increase in 

flexural stiffness supports a novel prediction made by the 

nonlocal effective stress model regarding the role of 

stiffness in supporting stiffness. 

• Numerous real-world studies have indicated that their 

size influences these systems' mechanical and thermal 

behavior. Therefore, it is essential to employ size-dependent 

continuum concepts and heat transfer models to obtain more 

accurate measurements of viscoelastic behaviors in small-

sized devices.  

• This work enhances our understanding of the physical 

importance of fractional viscoelastic models. Theoretical 
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and experimental data demonstrate that viscoelasticity 

offers a promising approach to harnessing energy from 

small materials. 
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