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1. Introduction 
 

This work is the first of its kind to integrate Mindlin's 

theory with analytical methods in order to produce an exact 

solution to a specific vibration issue as well as a bending 

problem involving a nanoplate that is supported by a 

viscoelastic foundation. The plate is exposed to the 

simultaneous effects of a compressive load in the plate 

plane and a force operating perpendicular to the plane of the 

nanoplate. In addition, the flexoelecity effect is included 

into the plate. The strain gradient component is taken into 

consideration while calculating the plate equilibrium 

equation using the nonlocal theory and Hamilton's 

principle. The free vibration and static responses of the 

nanoplate seem to be both real and imaginary components 

because of the appearance of the viscoelastic drag 

coefficient of the viscoelastic foundation. This study also 

shows that when analyzing the mechanical response for 

nanostructure, taking into account the flexoelectricity effect 

and the influence of the nonlocal parameter, the results will 

be completely different from the case in which this 

parameter is ignored. This indicates that it is vital to take 

into consideration the effects of nonlocal parameters on the 
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nanosheet structure while also taking into consideration the 

effect of flexoelectricity. 

Micro- and nano-electro-mechanical systems are mostly 

driven by the contributions of their intelligent subsystems. 

In general, the performance of certain tasks requires 

electromechanical coupling effects, such as piezoelectric 

effect, which are provided by intelligent components. On 

the other hand, the fexoelectric effect has been getting a lot 

of attention as of late. Higher-order electromechanical 

coupling effects, such as the Flexoelectric effect, have a 

wide range of applications in a wide range of industries 

(Shu et al. 2019, Zubko et al. 2013). This higher-order 

electromechanical connection is known as the flexoelectric 

effect. Because it is present in all dielectric materials, the 

fexoelectric effect opens up a wider range of materials for 

usage in electromechanical applications. In addition, 

because it is size dependent, the fexoelectric effect will be 

amplified at the nanoscale. For electromechanical 

applications, this allows for a wider range of materials. 

More materials may be used in electromechanical 

applications as a result of this. 

The mechanical behavior of structures that are impacted 

by the flexoelectricity effect has been the primary focus of 

research conducted by scientists as a foundation for the 

design, production, and use of the micro- and nano-

structures. According to Shen and Hu (2010), nano-

dielectrics may be coupled to each other through flexo-

electricity, surface effect, and electrostatic force. The effect 
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of flexoelectricity on nanoscale piezoelectric beam bending 

and vibration was studied by Yan and Jiang (2013a, b), 

Ebrahimi et al. (2019a). Bernouli–Euler beam model was 

utilized by Liang et al. (2014, 2015) to investigate the 

effects of surface and flexoelectricity on piezoelectric 

nanobeam bending. An investigation of fairly thick beams 

was conducted by Yue et al. (2016) that included evaluation 

of flexoelectric effects on the surface and the bending and 

vibration difficulties. The Timoshenko beam theory was 

used in their therapy. Piezoelectric nanobeams with 

geometrical imperfections and flexoelectric effects may be 

simulated using the finite element method (FEM) and an 

unique third-order shear deformation beam theory. Tho et 

al. (2021) the FEM with a novel third-order shear 

deformation beam theory (TSDT), in which, the structures 

are placed on Pasternak's elastic foundations. Deng et al. 

(2014) performed research on the harvesting of flexoelectric 

energy when it was exposed to harmonic mechanical 

stimulation for a nanoscale beam. This study was the result 

of the researchers' efforts. Their research showed that the 

efficiency of the flexoelectric conversion was enhanced. 

Following an investigation into the influence of the 

flexoelectric effect on the buckling and vibration behavior 

of piezoelectric nanofilms, Liang et al. (2016) came to the 

conclusion that the flexoelectric effect significantly raises 

both the critical buckling loads and the natural frequencies. 

This was the conclusion that was reached as a result of the 

investigation. Qi et al. (2016) investigated the static 

bending of bilayer cantilever beams under closed and open 

conditions respectively. In a subsequent investigation, Qi et 

al. (2018) colleagues looked into the electromechanical 

responses of a curved flexoelectric microbeam. By basing 

their work on the theory of nonlocal elasticity, Rupa and 

Ray (2017) were able to establish the ideal solution for the 

static bending of simply supported flexoelectric nanobeams. 

Using the two-dimensional theory of elasticity, Xiang and 

Li (2018) were able to provide an accurate solution for the 

bending of an elastic beam that took into account both the 

flexoelectric and piezoelectric effects. In their study, Xiang 

and Li applied the theory of elasticity to two dimensions. 

Taking into consideration the flexoelectric effect, Xiang et 

al. (2020) extended the previously reported findings to the 

static bending of a functionally graded beam. This was 

accomplished by taking into account the flexoelectric effect. 

Hieu et al. (2020) carried out an experimental study to 

enhance the quality of the characteristic transmittance curve 

in the infrared range of 2.5-7 μm of the optical magnesium 

fluoride (MgF2) ceramic. Which is used a lot in power 

generation equipment. The Kirchhoff thin plate theory 

(Yang et al. 2015), clamped boundary circumstances 

(Zhang et al. 2014), and cantilevered boundary conditions 

(Wang et al. 2017), respectively, have been used in order to 

examine the flexoelectric influence on the bending behavior 

of piezoelectric nanoplates. Navier's technique is used to 

find solutions to the motion equations for nanobeams that 

are simply supported. Majdoub et al. (2008) conducted 

research on the influence of flexoelectric effects and 

piezoelectric effects on mechanical behavior. They found 

that the flexoelectric effect has a notable scale effect, 

particularly at the nanoscale. Research on the flexoelectric 

effects of a heterogeneous flexoelectric membrane was 

carried out by Mohammadi et al. (2014), who also projected 

the effective electromechanical features of the membrane. 

During the course of their study, Li et al. 2016 investigated 

the fexoelectric responses of a circular plate. Ghobadi et al. 

(2021) looked at the nonlinear behavior of a functionally 

graded fexoelectric nano-plate in the context of a 

temperature setting. In addition, the capacity to collect 

energy of a fexoelectric plate that was attached on an elastic 

substrate was investigated, and the optimal inner and outer 

radii for producing the most amount of power were found 

(Wang and Wang 2018). To investigate the vibration and 

static bending response of nanoplates, Thai et al. (2022), 

Doan et al. (2022) employ the finite element technique. 

These calculations factor in the influence of flexoelectricity. 

Phung et al. (2022) analyzed the mechanical response of 

rectangular plates subjected to static loads and supported on 

a discontinuous two-parameter elastic foundation. 

When beams or plates are supported by other objects, 

depending on the specific foundation theories, they are 

frequently described as resting on either an elastic 

foundation (described by springs) or a viscoelastic 

foundation (through the viscous drag coefficient) . In 

addition, there have been a great number of scientific 

publications that have focused on analyzing the mechanical 

behavior of structures that are built on such foundations. 

Duc et al. (2022) uses the finite element method to simulate 

the specific vibrational response of cracked nanoplates and 

takes into account the flexoelectricity effect. Experiments 

conducted by Su et al. (2012) demonstrated conclusively 

that graphene oxide had viscoelastic characteristics. 

Srivastava et al. (2012) conducted research on the 

mechanical characteristics of graphene composites when 

they were subjected to dynamic loading. The researchers 

discovered that the graphene/epoxy and graphene/poly-

dimethylsiloxane composites had viscoelastic features. 

Eichler et al. (2011) provided an illustration of the damping 

properties of mechanical resonators that were based on 

either a carbon nanotube or a graphene sheet. Consequently, 

taking into consideration the viscoelastic features of 

graphene is necessary in order to get conclusions that are 

more realistic about the behavior of graphene sheets. 

Pouresmaeeli et al. (2013) analyzed the free vibration of an 

orthotropic single-layered graphene sheet over a Kelvin–

Voigt viscoelastic substrate using the classical plate theory. 

This was part of a larger theoretical research on viscoelastic 

nanostructures. Eringen's nonlocal theory is utilized to 

account for small-scale effects. Doan et al. (2022) analyze 

the vibration and static buckling of flexoelectric nano-

plates. Karlicic et al. (2014) employed nonlocal continuum 

theory to study the natural transverse frequency of multi-

layered viscoelastic nanoplates embedded in a viscoelastic 

foundation. Karlicic et al. (2015) used clampedclamped and 

clamped-free boundary conditions to illustrate longitudinal 

nanorod vibration. Hashemi et al. (2015) used the Kirchhoff 

plate theory to calculate an orthotropic bilayer graphene 

system's nonlocal natural frequency in a visco-Pasternak 

medium. Wang et al. (2015) studied bilayer graphene's 

nonlinear vibration using Galerkin's method. In the 

aforesaid study, nanostructure materials are represented  
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using a modified Kelvin–Voigt relation for viscoelasticity. 

Akbas (2016-2019) combined a modified version of the 

couple stress theory with the Kelvin–Voigt viscoelastic 

model to examine the vibration response of a complete and 

fragmented viscoelastic nanobeam on a Winkler–Pasternak 

elastic foundation. Demir and Oz (2014) used finite 

elements to study a FG beam under viscoelastic conditions. 

Ebrahimi et al. 2019d used the Euler–Bernoulli beam model 

and Eringen's nonlocal theory to study curved magneto-

electro-viscoelastic FG nanobeams on viscoelastic 

foundations. In addition, numerous studies on the mechanical 

performance of beams, plates, and shell structures have 

been carried out as of late, with some examples of typical 

applications including the following: (Pham et al. 2016, 

Tinh et al. 2016, Quang et al. 2022, Hoang-Nam et al. 

2019a, b, Ebrahimi et al. 2019b, c, Nam et al. 2019, Thom 

et al. 2020, 2022, Singh et al. 2021, Abdelaziz 2021, Luat et 

al. 2021, Zhang et al. 2022, Foroutan and Dai 2022, Zhou 

2022, Wenjuan 2022, Zhonghong and Gongxing 2022, 

Jinxuan et al. 2022, Xiao et al. 2022, Jing-Lei et al. 2022, 

Minh and Thanh 2022, Thanh et al. 2022, Cuong-Le et al. 

2021, Tuan et al. 2021, Tho et al. 2023, Duc et al. 2018a, 

Tran et al. 2020, Tien et al. 2023, Pham et al. 2022, Nguyen 

et al. 2019, Thom et al. 2017, Duc et al. 2018b, Bui 2022, 

2023, Tuyen 2023, Bui and Gia 2023, Lieu and Gia 2023, 

Ahmed-Amine et al. 2022, Mahmoud et al. 2022, Aissa et 

al. 2022, Wenjuan 2022, Zhe et al. 2022, Smain et al. 2022, 

Lingao 2022, Zhonghong and Gongxing 2022, Jinxuan et 

al. 2022, Xiao et al. 2022, Jing-Lei et al. 2022). 

It is easy to see, through the works that have been 

published, that there has not been any research showing that 

the free vibration and static bending response of nano-

structures resting on viscoelastic substrates have taken into 

account the flexoelectricity effect and the size effect. This 

demonstrates that the size effect cannot be ignored when 

calculating nanostructures with the flexoelectricity effect. In 

order to provide a solution to this issue, the authors of this 

work apply a mixture of Mindlin's theory and analytical 

approaches.  

 

 

The remaining parts of this work are organized as 

described below. In the second section, which also takes 

into account the flexoelectricity effect and the axial 

compressive force, a comprehensive presentation of the 

equilibrium equation of the nanostructure is given. The 

third section gives an analytical solution for finding the 

natural and bending frequencies of nanostructure. In section 

4, instances of verification are shown to the reader. Section 

5 contains a substantial amount of commentary in addition 

to the numerical data. In conclusion, Section 6 summarizes 

the most significant findings from the preceding excursions 

of this study. 

 

 

2. Equilibrium equations of nanoplates based on 

nonlocal theory 

 

Computing the free vibration and the static bending 

behaviors of the modeled nanoplate illustrated in Fig. 1 is 

the primary emphasis of this body of work. Compressed in 

the Oxy plane by compressive loads Nx and Ny, the 

nanoplate also has the perpendicular coordinate systems of 

Oxyz, and the load q acts perpendicular to the plane of the 

plate. The geometric dimensions of the plate are a and b, 

while the plate thickness is h. 

Assuming that the nanoplate satisfies Mindlin's first-

order shear deformation theory, now, the three displacement 

components along the three coordinate axes respectively 

Ox, Oy and Oz at any point with coordinates (x, y, z) are 

represented as follows (Phung et al. 2022, Reissner (1985): 

{

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0(𝑥, 𝑦, 0, 𝑡) + 𝑧𝜑𝑥
𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣0(𝑥, 𝑦, 0, 𝑡) + 𝑧𝜑𝑦
𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤(𝑥, 𝑦, 𝑡)

 (1) 

where u, v, and w are the components of the vertical 

displacements in the three directions Ox, Oy, and Oz at the 

point with coordinates (x, y, z), and u0 and v0 are the two 

Viscoelastic 

medium

x

y

Nx

Shear (K2)

Spring (K1)

Visco (kv)

z

Nx

Ny

Ny

q

 

Fig. 1 The model of a nanoplate resting on a viscoelastic foundation subjected to multiple loads 
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displacements at the mean plane of the plate (z = 0). 

Derivative of the variables x, y, and z, one gets the 

components of bending strain and shear strain in the 

following form: 

{
𝜀 = 𝜀𝑚 + 𝑧𝜀𝑘
𝛾 = 𝛾0

 (2) 

where 

𝜀𝑚 = {𝜀𝑚𝑥, 𝜀𝑚𝑦 , 𝛾𝑚𝑥𝑦}
𝑇
;  ε𝑘 = {𝜀𝑘𝑥, 𝜀𝑘𝑦 , 𝜀𝑘𝑥𝑦}

𝑇
;  γ

0

= {𝛾𝑥𝑧 , 𝛾𝑦𝑧}
𝑇

 

𝜀𝑚𝑥 =
𝜕𝑢0
𝜕𝑥

; 𝜀𝑚𝑦 =
𝜕𝑣0
𝜕𝑦

; 𝜀𝑘𝑥 =
𝜕𝜑𝑥
𝜕𝑥

; 𝜀𝑘𝑦 =
𝜕𝜑𝑦

𝜕𝑦
 

𝛾𝑚𝑥𝑦 =
𝜕𝑢0
𝜕𝑦

+
𝜕𝑣0
𝜕𝑥

; 𝜀𝑘𝑥𝑦 = (
𝜕𝜑𝑥
𝜕𝑦

+
𝜕𝜑𝑦

𝜕𝑥
) ; 𝛾𝑥𝑧

= 𝜑𝑥 +
𝜕𝑤

𝜕𝑥
; 𝛾𝑦𝑧 = 𝜑𝑦 +

𝜕𝑤

𝜕𝑦
 

(3) 

Due to the influence of the flexoelectricity effect, it is 

necessary to take into account the strain gradient, which has 

the following expression: 

𝜂 =

{
 

 𝜂𝑥𝑥𝑧 =
𝜕𝜀𝑥
𝜕𝑧

=
𝜕𝜑𝑥
𝜕𝑥

𝜂𝑦𝑦𝑧 =
𝜕𝜀𝑦

𝜕𝑧
=
𝜕𝜑𝑦

𝜕𝑦 }
 

 

 (4) 

In this particular investigation, the strain gradient along 

the z-axis is not taken into consideration; rather, only those 

along the x- and y-axes are investigated. This suggests that 

the strain gradients along the x and y axes are much greater 

than those in the thickness direction (Tho et al. 2021, Thai 

et al. 2022). 

When dealing with nanoscale structures, it is essential to 

take into account the size effect. There are many various 

theories that may be used to quantify this effect; however, 

the theory that is utilized in this work is the one that 

incorporates the nonlocal scale coefficient l. This coefficient 

is also the parameter that represents the small scale 

influence on nanoscale structures. When the flexoelectric 

effect is taken into account, the following formulation may 

be used to describe the stress components and electric 

displacement vector for a nanoscale dielectric material (Tho 

et al. 2021, Thai et al. 2022, Doan et al. 2022, Aghababaei 

and Reddy 2009): 

(1 − 𝑙2𝛻2)𝜎𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙𝜀𝑘𝑙 − 𝑒𝑘𝑖𝑗𝐸𝑘;  

(1 − 𝑙2𝛻2)𝜏𝑚𝑛 = 𝑐𝑚𝑛𝛾𝑚𝑛 
𝐿𝑖𝑗𝑚 = −𝑓𝑘𝑖𝑗𝑚𝐸𝑘  

𝑄𝑖 = 𝑐𝑖𝑗𝑘𝜀𝑗𝑘 + 𝜅𝑖𝑗𝐸𝑘 + 𝑓𝑖𝑗𝑘𝑙𝜂𝑗𝑘𝑙 

(5) 

where 𝛻2 represents the Laplacian and 𝜎𝑖𝑗 indicates the 

stress tensor, which has properties that are analogous to 

those of the conventional elastic substrate. 𝑐𝑖𝑗𝑘𝑙 , 𝑒𝑘𝑖𝑗, 𝑓𝑘𝑖𝑗𝑚 

and 𝜅𝑖𝑗 are the parts of elastic, piezoelectric, flexoelectric, 

and permittivity constant tensors; they are also the material 

parameters. 𝐿𝑖𝑗𝑚 is the moment stress tensor or the higher-

order stress tensor, and 𝑄𝑖  is the electric displacement 

vector. 

It is presumed that the only direction in which the 

electric field can act on the plate is in the direction that is 

perpendicular to the plane of the plate, which is the 

direction that points toward Oz (Tho et al. 2021, Thai et al. 

2022, Doan et al. 2022). Therefore, in order to compute the 

electric field Ez, the derivative of the electrical potential H 

must first be used. 

𝐸𝑧 = −
𝜕𝐻

𝜕𝑧
 (6) 

One obtains, in accordance with the law of Gaussian: 

𝜕𝑄𝑧
𝜕𝑧

= 0 (7) 

From Eqs. (5)-(7), the electric field expression Ez is 

found to have the following form: 

𝐸𝑧 = 𝑧
𝑒31
𝑘33

(
𝜕2𝑤

𝜕𝑥2
+
𝜕2𝑤

𝜕𝑦2
) + 𝐸0 (8) 

Since E0 is a constant, the following boundary condition 

is required in order to find this constant as well as the 

precise expression of Ez: 

𝑄𝑧 (±
ℎ

2
) = 0 (9) 

Eq. (9) gives the expression of Ez as follows: 

𝐸𝑧 = −
𝑒31
𝑘33

(
𝜕𝜑𝑥
𝜕𝑥

+
𝜕𝜑𝑦

𝜕𝑥
) 𝑧 −

𝑒31
𝑘33

(
𝜕𝑢0
𝜕𝑥

+
𝜕𝑣0
𝜕𝑦
)

−
𝑓14
𝑘33

(
𝜕𝜑𝑥
𝜕𝑥

+
𝜕𝜑𝑦

𝜕𝑦
) 

(10) 

The components in expression (5) can be specifically 

expanded as follows: 

(1 − 𝑙2𝛻2)𝜎 = (1 − 𝑙2𝛻2) {

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

} 

= [

𝑐11 𝑐12 0
𝑐12 𝑐11 0
0 0 𝑐66

] {

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦

} − 𝑒31 {
1
1
0
}𝐸𝑧 

(11) 

(1 − 𝑙2𝛻2)𝜏 = (1 − 𝑙2𝛻2) {
𝜏𝑥𝑧
𝜏𝑦𝑧
} = [

𝑐66 0
0 𝑐66

] {
𝛾𝑥𝑧
𝛾𝑦𝑧
}; 

𝐿 = {
𝐿𝑥𝑥𝑧
𝐿𝑦𝑦𝑧

} = −𝑓14 {
1
1
}𝐸𝑧 

(12) 

𝑄𝑧 = 𝑒31(𝜀𝑥𝑥 + 𝜀𝑦𝑦) + 𝜅33𝐸𝑧 + 𝑓14(𝜂𝑥𝑥𝑧 + 𝜂𝑦𝑦𝑧) (13) 

in which  f14 = f3113 and f14 = f3223 (Shu et al. 2011, Thai et 

al. 2022, Doan et al. 2022) . 

The internal force components including resultant forces 

(Fx, Fy, Fxy), resultant moments (Mx, My, Mxy) and shear 

force components (Qxz, Qyz) are calculated through the 

integration of the thickness variable as follows: 

{{

𝐹𝑥
𝐹𝑦
𝐹𝑥𝑦

} , {

𝑀𝑥

𝑀𝑦

𝑀𝑥𝑦

}} = ∫ 𝜎{1, 𝑧}𝑑𝑧
ℎ/2

−ℎ/2
=

∫ {

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

} {1, 𝑧}𝑑𝑧
ℎ/2

−ℎ/2
;  

(14) 
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{
𝑄𝑥𝑧
𝑄𝑦𝑧

} =
5

6
∫ 𝜏𝑑𝑧
ℎ/2

−ℎ/2

=
5

6
∫ {

𝜏𝑥𝑧
𝜏𝑦𝑧
} 𝑑𝑧

ℎ/2

−ℎ/2

 

With stress components as illustrated in Eq. (11), the 

integrals in Eq. (14) take the following particular form: 

{

𝐹𝑥
𝐹𝑦
𝐹𝑥𝑦

} − 𝑙2𝛻2 {

𝐹𝑥
𝐹𝑦
𝐹𝑥𝑦

} = ∫ {

𝑐11𝜀𝑥 + 𝑐12𝜀𝑦
𝑐11𝜀𝑦 + 𝑐12𝜀𝑥
𝑐66𝛾𝑥𝑦

}𝑑𝑧

ℎ

2

−
ℎ

2

 

+𝑒31∫

{
 
 

 
 
𝑒31

𝑘33
(
𝜕𝑢0

𝜕𝑥
+
𝜕𝑣0

𝜕𝑦
) −

𝑓14

𝑘33
(
𝜕𝜑𝑥

𝜕𝑥
+
𝜕𝜑𝑦

𝜕𝑦
)

𝑒31

𝑘33
(
𝜕𝑢0

𝜕𝑥
+
𝜕𝑣0

𝜕𝑦
) −

𝑓14

𝑘33
(
𝜕𝜑𝑥

𝜕𝑥
+
𝜕𝜑𝑦

𝜕𝑦
)

0 }
 
 

 
 

𝑑𝑧
ℎ/2

−ℎ/2

 

(15a) 

{

𝑀𝑥

𝑀𝑦

𝑀𝑥𝑦

} − 𝑙2𝛻2 {

𝑀𝑥

𝑀𝑦

𝑀𝑥𝑦

} 

= ∫ {

𝑐11𝜀𝑥 + 𝑐12𝜀𝑦
𝑐11𝜀𝑦 + 𝑐12𝜀𝑥
𝑐66𝛾𝑥𝑦

} 𝑧𝑑𝑧

ℎ

2

−
ℎ

2

 

+𝑒31∫

{
 
 

 
 
𝑒31

𝑘33
(
𝜕𝜑𝑥

𝜕𝑥
+
𝜕𝜑𝑦

𝜕𝑥
)

𝑒31

𝑘33
(
𝜕𝜑𝑥

𝜕𝑥
+
𝜕𝜑𝑦

𝜕𝑥
)

0 }
 
 

 
 

𝑧2𝑑𝑧
ℎ/2

−ℎ/2

 

(15b) 

{
𝑄𝑥𝑧
𝑄𝑦𝑧

} − 𝑙2𝛻2 {
𝑄𝑥𝑧
𝑄𝑦𝑧

} =
5

6
∫ {

𝜏𝑥𝑧
𝜏𝑦𝑧
} 𝑑𝑧

ℎ

2

−
ℎ

2

 

=
5

6
∫ 𝑐66 {

𝛾𝑥𝑧
𝛾𝑦𝑧
} 𝑑𝑧

ℎ/2

−ℎ/2

 

(15c) 

Therefore, the expressions in Equation (15) show that 

the internal force components of the nanoplate, in the case 

of taking into account the flexoelectricity effect, will appear 

to have some other components than those of the ordinary 

nanostructure. This is because the flexoelectricity effect 

causes the nanoplate to deform in a way that makes it more 

flexible. This also results in the plate's equilibrium equation 

becoming more difficult, and the plate's mechanical reaction 

becoming distinct from the response of a conventional 

nanostructure. 

In addition to the numerous research that have been 

conducted on structures that are based on elastic 

foundations, there are also various computational models 

for elastic foundations. Nevertheless, there are circumstances 

in which it can be regarded as a viscoelastic foundation 

model. During these instances, there is an additional 

coefficient of viscous resistance of the foundation; 

consequently, the force that is exerted by the viscous 

foundation on the plate is determined by the formula 

Zenkour (2016), which is as follows: 

𝑃𝑉 = (𝑘1 − 𝑘2𝛻
2 + 𝑘𝑣

𝜕

𝜕𝑡
)𝑤  (16) 

where the damping drag coefficient of the viscoelastic 

medium is denoted by kv and the time variable is denoted by 

t, 𝛻2 =
𝜕2

𝑥2
+

𝜕2

𝑦2
. Because of this, drawing the conclusion 

that the normal elastic foundation is just a specific case 

when the viscous drag coefficient is omitted is a simple and 

straightforward process. 

The following are the various forms that the work that 

can be done by the inertial force can take: 

𝛿𝐾 = ∫ ∫ 𝜌 {(
𝜕2𝑢

𝜕𝑡2
)𝛿𝑢 + (

𝜕2𝑣

𝜕𝑡2
)𝛿𝑣 + (

𝜕2𝑤

𝜕𝑡2
)𝛿𝑤} 𝑑𝑧𝑑𝐴

ℎ/2

−ℎ/2𝐴

 

      = ∫ ∫ 𝜌

{
 
 
 

 
 
 (
𝜕2𝑢0
𝜕𝑡2

)𝛿𝑢0 + (
𝜕2𝑣0
𝜕𝑡2

)𝛿𝑣0

+(
𝜕2𝜑𝑥
𝜕𝑡2

) 𝑧2𝛿𝜑𝑥

+(
𝜕2𝜑𝑦

𝜕𝑡2
)𝑧2𝛿𝜑𝑦 + (

𝜕2𝑤

𝜕𝑡2
)𝛿𝑤

}
 
 
 

 
 
 

𝛿𝑤𝑑𝑧𝑑𝐴
ℎ/2

−ℎ/2𝐴

 

(17) 

The possible work of PV force due to the action of 

viscoelastic foundation has the following expression: 

𝛿𝛱𝑣 = ∫𝑃𝑣𝛿𝑤𝑑𝑆
𝐴

 

= ∫ (𝑘1𝑤 − 𝑘2𝛻
2𝑤 + 𝑘𝑣

𝜕𝑤

𝜕𝑡
) 𝛿𝑤𝑑𝐴

𝐴

 

(18) 

The expression for the possible work of the external 

force acting on the plate has the following expression: 

𝛿𝛱𝑓𝑜𝑟𝑐𝑒 = ∫ {𝑞 + 𝑁𝑥
𝜕𝑤

𝜕𝑥

𝜕𝛿𝑤

𝜕𝑥
+ 𝑁𝑦

𝜕𝑤

𝜕𝑦

𝜕𝛿𝑤

𝜕𝑦
} 𝛿𝑤𝑑𝐴

𝐴

 (19) 

where q is the force acting perpendicular to the plane of the 

plate, and Nx and Ny are the compressive forces acting in the 

plane of the plate. 

The possible work of the internal force of the plate has 

the form: 

𝛿𝛱𝑒

= ∫ ∫ (

𝜎𝑥𝛿𝜀𝑥 + 𝜎𝑦𝛿𝜀𝑦 + 𝜏𝑥𝑦𝛿𝛾𝑥𝑦
+𝜏𝑥𝑧𝛿𝛾𝑥𝑧 + 𝜏𝑦𝑧𝛿𝛾𝑦𝑧 + 𝐿𝑥𝑥𝑧𝛿𝜂𝑥𝑥𝑧

+𝐿𝑦𝑦𝑧𝛿𝜂𝑦𝑦𝑧

)𝑑𝑧𝑑𝐴
ℎ/2

−ℎ/2𝐴

 (20) 

The following is the particular form that the equilibrium 

equation of the nanoplate takes after being established on 

the basis of Hamilton's principle: 

∫ (𝛿𝐾 − 𝛿𝛱𝑒 − 𝛿𝛱𝑣 − 𝛿𝛱𝑓𝑜𝑟𝑐𝑒)𝑑𝑡
𝑡1

𝑡0

= 0 (21) 

Following is a list of the five balanced equations that 

may be derived from Equation (20): 

𝛿𝑢0: 
𝜕𝐹𝑥

𝜕𝑥
+
𝜕𝐹𝑥𝑦

𝜕𝑦
= (1 − 𝑙2𝛻2)𝜌ℎ

𝜕2𝑢0

𝜕𝑡2
 (22) 

𝛿𝑣0: 
𝜕𝐹𝑦

𝜕𝑦
+
𝜕𝐹𝑥𝑦

𝜕𝑥
= (1 − 𝑙2𝛻2)𝜌ℎ

𝜕2𝑣0

𝜕𝑡2
 (23) 

𝛿𝜑𝑥: 
𝜕𝑀𝑥

𝜕𝑥
+
𝜕𝑀𝑥𝑦

𝜕𝑥
+ 𝑄𝑥𝑧 + 𝐵𝑓𝑥 + (1 −

𝑙2𝛻2)𝜌
ℎ3

12

𝜕2𝜑𝑥

𝜕𝑡2
= 0 

(24) 

𝛿𝜑𝑦: 
𝜕𝑀𝑥𝑦

𝜕𝑦
+
𝜕𝑀𝑦

𝜕𝑦
+ 𝑄𝑦𝑧 +𝐵𝑓𝑦 + (1 −

𝑙2𝛻2)𝜌
ℎ3

12

𝜕2𝜑𝑥

𝜕𝑡2
= 0 

(25) 
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𝛿𝑤: 
𝜕𝑄𝑥𝑧

𝜕𝑥
+
𝜕𝑄𝑦𝑧

𝜕𝑦
− (1 −

𝑙2𝛻2) {
𝑞 − 𝑘1𝑤 + 𝑘2𝛻

2𝑤 − 𝑘𝑣
𝜕𝑤

𝜕𝑡

−{𝑁𝑥
𝜕2𝑤

𝜕𝑥2
+𝑁𝑦

𝜕2𝑤

𝜕𝑦2
}

} 

= (1 − 𝑙2𝛻2)𝜌ℎ
𝜕2𝑤

𝜕𝑡2
 

(26) 

where 

𝐵𝑓𝑥 = ∫ 𝐿𝑥𝑥𝑧𝑑𝑧
ℎ/2

−ℎ/2

;  𝐵𝑓𝑦 = ∫ 𝐿𝑦𝑦𝑧𝑑𝑧
ℎ/2

−ℎ/2

 (27) 

For the SSSS nanoplate, boundary conditions for the 

plate include: 

𝑤(𝑥, 0, 𝑡) = 𝑤(𝑥, 𝑏, 𝑡) 
= 𝑤(0, 𝑦, 𝑡) = 𝑤(𝑎, 𝑦, 𝑡) = 0 
𝜑𝑥(𝑥, 0, 𝑡) = 𝜑𝑥(𝑥, 𝑏, 𝑡) 
= 𝜑𝑦(0, 𝑦, 𝑡) = 𝜑𝑦(𝑎, 𝑦, 𝑡) = 0 

𝑀𝑥(0, 𝑦, 𝑡) = 𝑀𝑥(𝑎, 𝑦, 𝑡) 
= 𝑀𝑦(𝑥, 0, 𝑡) = 𝑀𝑦(𝑥, 𝑏, 𝑡) = 0 

(28) 

 

 

3. Analytical solutions to the problem of free 
vibrations and static bending of nanoplates 

 

The objective is to identify the unknown values for each 

of the five problems by applying the exact solution to each 

of the associated Eqs. (22)-(26). In order to tackle the 

problem, this work applies analytical approaches, which 

involve combining the Fourier transform in the x and y 

directions with the Fourier transform in time t. For the free 

vibration problem, if one disregards the applied force q, the 

following are the solutions that may be discovered for the 

five different displacement components: 

𝑢0(𝑥, 𝑦, 𝑡) = 𝑈0𝑥 𝑠𝑖𝑛 (
𝜋𝑥

𝑎
) 𝑐𝑜𝑠 (

𝜋𝑦

𝑏
) 𝑒−𝑖𝜔𝑡 

𝑣0(𝑥, 𝑦, 𝑡) = 𝑉0𝑦 𝑐𝑜𝑠 (
𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝜋𝑦

𝑏
) 𝑒−𝑖𝜔𝑡 

𝑤(𝑥, 𝑦, 𝑡) = 𝑊0 𝑠𝑖𝑛 (
𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝜋𝑦

𝑏
) 𝑒−𝑖𝜔𝑡 

𝜑𝑥(𝑥, 𝑦, 𝑡) = 𝛷0𝑥 𝑐𝑜𝑠 (
𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝜋𝑦

𝑏
) 𝑒−𝑖𝜔𝑡 

𝜑𝑦(𝑥, 𝑦, 𝑡) = 𝛷0𝑦 𝑠𝑖𝑛 (
𝜋𝑥

𝑎
) 𝑐𝑜𝑠 (

𝜋𝑦

𝑏
) 𝑒−𝑖𝜔𝑡 

(29) 

in which i2 = -1 and 𝜔  is the fundamental circular 

frequency.  

When Eqs. (22) through (26) are solved using the 

solution form (29), one obtains the equation for finding the 

natural frequency of oscillation of the plate, which has the 

following general form: 

𝜔 = 𝜔𝑟𝑒 + 𝑖𝜔𝑖𝑚 (30) 

where 𝜔𝑟𝑒 and 𝜔𝑖𝑚 are the real and imaginary parts of 

the natural frequency of the nanoplate. 

For the bending issue involving nanostructures, the 

solution form of the displacement components of the plate 

has the following specifications when the density 

component is disregarded in the equilibrium Eqs. (22)-(26): 

𝑤(𝑥, 𝑦, 𝑡) = 𝑊 𝑠𝑖𝑛 (
𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝜋𝑦

𝑏
)
𝛺𝑡

𝑚𝑎𝑥
 

𝜑𝑥(𝑥, 𝑦, 𝑡) = 𝛷 𝑐𝑜𝑠 (
𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝜋𝑦

𝑏
)
𝛺𝑡

𝑥𝑚𝑎𝑥
 

𝜑𝑦(𝑥, 𝑦, 𝑡) = 𝛷 𝑠𝑖𝑛 (
𝜋𝑥

𝑎
) 𝑐𝑜𝑠 (

𝜋𝑦

𝑏
)
𝛺𝑡

𝑦𝑚𝑎𝑥
 

𝑢0(𝑥, 𝑦, 𝑡) = 𝑈 𝑠𝑖𝑛 (
𝜋𝑥

𝑎
) 𝑐𝑜𝑠 (

𝜋𝑦

𝑏
)
𝛺𝑡

𝑥𝑚𝑎𝑥
 

𝑣0(𝑥, 𝑦, 𝑡) = 𝑉 𝑐𝑜𝑠 (
𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝜋𝑦

𝑏
)
𝛺𝑡

𝑦𝑚𝑎𝑥
 

𝑞(𝑥, 𝑦, 𝑡) =
16𝑄𝑚𝑎𝑥

𝜋2 𝑠𝑖𝑛 (
𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝜋𝑦

𝑏
)
𝛺𝑡 

(31) 

in which 𝛺 is the angular frequency.  

Substituting the solution expression (31) into the 

balanced Eqs. (22)-(26), it is easy to derive the solution 

expression Wmax, 𝛷𝑥𝑚𝑎𝑥 , 𝛷𝑦𝑚𝑎𝑥 , 𝑈𝑥𝑚𝑎𝑥  and 𝑉𝑦𝑚𝑎𝑥 , 

which are functions of the angular frequency 𝛺. 

The expression of the natural vibrational frequency and 

displacement of the nanoplate has sufficient components 

related to the nonlocal parameter l, the coefficient of the 

viscoelastic foundation, the coefficients showing the effect 

of the flexoelectricity effect, and the two compressive force 

components acting on the nanoplate, as shown by the above 

calculation expressions. If the flexoelectricity effect is 

disregarded, the natural frequency of the plate will return to 

the normal nanosheet, and due to the appearance of the 

viscous drag coefficient of the elastic matrix, there will be a 

coefficient associated with the imaginary component, which 

in general will have both real and imaginary components. 

 

 

4. Verification examples 
 

This part performs four instances to evaluate the 

accuracy of the proposed theory and mathematical models. 

The numerical data of these examples are compared with 

those of other reliable publications. 

Verification problem 1: This is a plate with dimensions 

a/b=1 and the thickness h=a/20, which is fully supported 

(SSSS). E=380 Gpa, 𝜌 = 3800 kg/m3, and 𝜈 = 0.3 are the 

plate's material characteristics. The plate is supported by an 

elastic base, which has two parameters: 

𝐾𝑤
∗ =

𝑘1𝑎
4

𝐷0
; 𝐾𝑠

∗ =
𝑘2𝑎

2

𝐷0
 (32) 

in which 𝐷0 =
𝐸0ℎ

3

12(1−𝜈2)
;  𝐸0=70 GPa. 

The following formula normalizes the plate's first non-

dimensional fundamental frequency: 

𝜛 = 𝜔ℎ√𝜌0/𝐸0;  𝜌0 = 2707 (kg/m3) (33) 

The comparative non-dimensional fundamental 

frequencies of the plate determined by this work and the 

analytical solution (Baferani et al. 2011) are provided in 

Table 1. It can be concluded that the comparative results 

illustrate the reliability of this study. 
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Table 1 The non-dimensional natural frequency 𝜛 of the 

plate resting on an elastic foundation 

𝐾𝑤
∗  𝐾𝑠

∗ Baferani et al. 2011 This work 

0 0 0.0292 0.0294 

0 100 0.0407 0.0408 

100 0 0.0299 0.0301 

100 100 0.0412 0.0413 

 

Table 2 The comparative natural frequency 𝜔̆  of the 

nanoplate taking into account the nonlocal parameter l 

a/b a/h l (nm) This work 
Aghababaei and 

Reddy (2009) 

1 

10 
0 0.0937 0.0935 

1 0.0856 0.0854 

20 
0 0.0239 0.0239 

1 0.0218 0.0218 

2 

10 
0 0.0579 0.0591 

1 0.0546 0.0557 

20 
0 0.0146 0.0150 

1 0.0138 0.0141 

 

Table 3 The comparative deflection 𝑤̆ of the nanoplate 

taking into account the nonlocal parameter l 

a/h l (nm) This work 
Aghababaei and 

Reddy (2009) 

50 

0 4.1700 4.0154 

0.5 4.3758 4.3779 

1 4.9931 4.7404 

100 

0 4.1629 4.0100 

0.5 4.3684 4.3721 

1 4.9847 4.7342 

 

 

Verification problem 2: In this problem, a fully simply 

supported nanoplate with geometrical and material 

characteristics: h=20 nm, a=b=50h, c11=102 GPa; c12=31 

GPa; c33=35.50 GPa; e31=-17.05 C/m2; k33=1.76.10-8 

C/(Vm); f14=10-7 C/m, and mass density 7600 kg/m3 is taken 

into calculation. When using Yang et al. 2015's analytical 

formulation, the first fundamental frequency is calculated to 

be 4.7638.108 rad/s. The proposed theory and mathematical 

model have been proven to be correct by the comparison of 

their results. 

Verification problem 3: This example illustrates the 

natural frequency of nanostructure under the effect of the 

nonlocal parameter l. Let us consider an SSSS square 

nanoplate with dimensions of a = b = 10 nm, thicknesses of 

h = a/10 and a/20, Young's modulus E = 30 MPa, Poisson's 

ratio 𝜈  = 0.3, and mass density 𝜌 = 1. The first natural 

frequency of the plate is calculated by the formula 𝜔̆ =

𝜔ℎ√𝜌/𝐺,  where 𝐺 = 𝐸/(2(1 + 𝜈)) . The results of 

calculating the natural frequency of the nanosheets are 

compared as shown in Table 2. Since then, one can see the 

reliability of this work has been verified. 

Verification problem 4: This instance examines the 

nanoplate's deflection while accounting for the effect of the 

nonlocal parameter l. Consider an SSSS nanoplate with the 

following geometric and material parameters: a = b = 10 

nm, h = a/50 and a/100, E = 30 MPa, Poisson's ratio 𝜈 = 

0.3, and Q0  = 1. Using the formula 𝑤̆ = 103ℎ3𝑤(12(1 −
𝜈2)𝑄0𝑎

4)𝑚𝑎𝑥 , the static deflection of the plate is 

determined. The Table 3 comparison results indicate the 

necessary dependability of the theory of computing in this 

work. 

 

 
5. Numerical results 

 

On the basis of the theoretical calculation presented 

previously, this section will present the results of numerical 

calculations to show the influence of foundation parameters, 

materials, and the geometrical characteristics of the nano-

plate on the free vibration and static bending responses of 

the nanostructure. The nano-plate has one side length a = 10 

nm, and the other side b, the thickness h = a/20, and 

material properties are c11 = 102 GPa, e31=-17.05 C/m2; 

k33=1.76.10-8
 C/(Vm), mass density𝜌 = 7600 kg/m3, f14=10-

7 C/m is valid in each specific calculation. The following 

formulas are used to normalize the non-dimensional 

frequency as well as the other parameters: 

𝜔∗ = 10𝜔ℎ0√
𝜌

𝑐11
;  𝑤 ∗=

100𝑐11ℎ0

𝑄2𝑚𝑎𝑥(𝑥=
𝑎

2
,𝑦=

𝑏

2
)

; 𝑘1
∗ =

12𝑘1𝑎
4

𝑐11ℎ0
3 ; 

𝑘2
∗ =

12𝑘2𝑎
2

𝜋2𝑐11ℎ0
3 ; 𝑁𝑥

∗ =
12𝑁0𝑥𝑎

2

𝜋2𝑐11ℎ0
3 ; 𝑁𝑦

∗ =
12𝑁0𝑦𝑎

2

𝜋2𝑐11ℎ0
3 ; 𝑐𝑣

∗ =
103𝑘𝑣

√𝑐11𝜌
;  

h0 = 1 nm, Qmax = 0.05 MPa 

 
5.1 Free vibration problem 
 
Due to the viscoelastic medium, its inherent frequency is 

composed of both real and imaginary components. This 

section presents the findings of computing the real and 

imaginary components of the nanoplates’s natural frequency 

for various material and load parameters. The results of 

computing the natural frequency response of the plate based 

on the parameter f14 and the nonlocal parameter l are shown 

in Table 4 (with and without the flexoelectricity effect). It 

was discovered that the flexoelectricity effect increased 

both the real and imaginary frequency components. The 

results indicate that the natural frequency of the plate 

increases as the value of f14 rises. This indicates that the 

flexoelectricity effect enhances the nanoplate’s rigidity. In 

addition, as the value of f14 is increased, the imaginary part 

of the plate's natural frequency decreases. At the same time, 

when increasing the value of nonlocal parameter l, the real 

part of the natural frequency of the plate decreases. These 

computation findings also reveal that when the plate is 

evaluated using the nonlocal theory and the flexoelectricity 

effect is considered, the natural frequency of the nanosheets 

differs from the case computed using the classical theory 

(i.e., the parameter l is ignored). In other words, when 

computing nanosheets that include the flexoelecity effect, it 

is required to use the nonlocal theory, which yields more 

realistic results than neglecting the nonlocal parameter l. 
Table 5 presents the findings of the calculation when 

both parameters f14 and 𝑘𝑣
∗ change. As the value of the 
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viscous drag coefficient 𝑘𝑣
∗  of the foundation steadily 

increases, the real portion of the plate's oscillation 

frequency lowers while the imaginary portion grows. 

Table 6 presents the data of computing the natural 

frequency of the plate based on the ratio 𝑁𝑦
∗/𝑁𝑥

∗ and the 

viscoelastic parameter 𝑐𝑣
∗. Table 6 demonstrates that as the 

ratio 𝑁𝑦
∗/𝑁𝑥

∗  increases, the real component of the 

nanoplate’s natural frequency falls, whereas the imaginary 

component of the plate's natural frequency increases. 

 
5.2 Static bending problem 
 

In this part of the study, numerical findings for the 

deflection of the nanoplate while it is resting on the 

viscoelastic foundation are presented. This work provides 

two dimensionless parameters for the purposes of 

computation and study, as follows: 

𝑅𝑒(𝑤NL/L
∗ ) =

Real(𝑤NL(𝑙 ≠ 0))

Real(𝑤𝐿(𝑙 = 0))
;  

𝐼𝑚(𝑤NL/L
∗ ) =

Im(𝑤NL(𝑙 ≠ 0))

Im(𝑤𝐿(𝑙 = 0))
 

where wNL represents the deflection𝑤 (𝑥 =
𝑎

2
, 𝑦 =

𝑏

2
) for 

the situation in which the non-zero parameter l is taken into 

 

 

 

account, and wL denotes the deflection for the case in which 

the parameter l is ignored (l = 0). In this part of the 

calculation, the results will be adjusted so that the angular 

frequency 𝛺 =0.5-0.1i. 

Fig. 2 presents the data of computing the real and 

imaginary components of the nanoplate's defletion. This 

conclusion illustrates that the nonlocal parameter l is less 

the smaller the value of the coefficient f14, the difference 

between the real and imaginary components of the defletion 

of the plate when the nonlocal parameter l is considered vs 

when it is ignored. The disparity increases as the value of 

the coefficient f14 increases. This demonstrates that when 

the coefficient f14 is greater, the flexoelectricity effect has a 

considerable impact on the displacement response of the 

plate. In addition, for each parameter l value, 𝑅𝑒(𝑤NL/L
∗ ) 

and 𝐼𝑚(𝑤NL/L
∗ )  vary nonlinearly and extensively as f14 

takes on values between 0 and 10-7 C/m, but do not change 

much when f14 is more than 10-7 C/m. Furthermore, the 

calculation results demonstrate that as the nonlocal 

parameter l is larger, the difference between the theory of 

nonlocal computing and the conventional theory (ignoring 

parameter l) becomes more apparent. This implies that it is 

crucial to account for the effects of the nonlocal parameter 

on the nanoscale, particularly when considering the flexo-

electrification effect. 

Table 4 The real part Real(𝜔) and the imaginary part Imag(𝜔) of the natural frequency of the nanoplate with 

the flexoelectricity effect (𝑓14 ≠0) and without the flexoelectricity effect (𝑓14=0), a/h =20, 𝑁𝑥
∗=𝑁𝑦

∗=0.5, 𝑐𝑣
∗= 10, 

𝑘1
∗ = 10, 𝑘2

∗ = 4 

 l (nm) 

Without the 

flexoelectricity 

effect 

With the flexoelectricity effect 

f14 (10-7 C/m) 

0.4 1.0 1.4 2.0 3.0 4.0 

Real(𝜔) 

0 1.11170 1.78091 2.35833 2.47340 2.54444 2.58575 2.60082 

0.4 1.11043 1.76345 2.32951 2.44244 2.51217 2.55273 2.56753 

0.8 1.10701 1.71609 2.25093 2.35799 2.42413 2.46261 2.47666 

1 1.10480 1.68478 2.19867 2.30177 2.36550 2.40259 2.41613 

Imag(𝜔) 

0 0.10000 0.100683 0.100447 0.100277 0.100152 0.100071 0.100041 

0.4 0.10000 0.100681 0.100445 0.100276 0.100151 0.100071 0.100041 

0.8 0.10000 0.100676 0.100442 0.100274 0.100150 0.100071 0.100040 

1 0.10000 0.100671 0.100439 0.100272 0.100149 0.100070 0.100040 

Table 5 The real part Real(𝜔) and the imaginary part Imag(𝜔) of the natural frequency of the nanoplate 

depending on  f14  and the viscoelastic drag coefficient 𝑐𝑣
∗, a/h =20, 𝑁𝑥

∗=𝑁𝑦
∗= 0.5, 𝑘1

∗ = 10, 𝑘2
∗ = 4, l = 0.4 nm 

 
𝑐𝑣
∗ 

f14 (10-7 C/m) 

 0.4 1.0 1.4 2.0 3.0 4.0 

Real(𝜔) 

0 1.76631 2.33166 2.44449 2.51416 2.55469 2.56948 

10 1.76345 2.32951 2.44244 2.51217 2.55273 2.56753 

20 1.75484 2.32302 2.43627 2.50618 2.54684 2.56168 

40 1.71994 2.29692 2.41145 2.48209 2.52315 2.53814 

Imag(𝜔) 

0 0 0 0 0 0 0 

10 0.100681 0.100445 0.100276 0.100151 0.100071 0.100041 

20 0.201370 0.200894 0.200555 0.200304 0.200144 0.200082 

40 0.402789 0.401817 0.401127 0.400618 0.400292 0.400168 
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Fig. 3 depicts the ratio of the real and imaginary 

components of displacement in the presence and absence of 

 

 

 

 

the flexoelectricity effect. The results of the calculations 

indicate that the flexoelectricity effect has made the plate 

Table 6 The real part Real(𝜔) and the imaginary part Imag(𝜔) of the natural frequency of the nanoplate 

depending on  𝑁𝑦
∗/𝑁𝑥

∗ and the viscoelastic drag coefficient 𝑐𝑣
∗,  f14 = 0.1x10-7 C/m,  a/h =20, 𝑁𝑥

∗= 0.5, 𝑘1
∗ = 

10, 𝑘2
∗ = 4, l = 0.4 nm 

 
𝑐𝑣
∗ 

𝑁𝑦
∗/𝑁𝑥

∗ 

 0 0.5 1.0 2.0 5.0 10 

Real(𝜔) 

0 1.22291 1.20626 1.18930 1.15463 1.04374 0.82648 

10 1.21889 1.20210 1.18508 1.15029 1.03893 0.82040 

20 1.20649 1.18954 1.17233 1.13715 1.02436 0.80187 

40 1.15559 1.13788 1.11988 1.08299 0.96388 0.72300 

Imag(𝜔) 

0 0 0 0 0 0 0 

10 0.100105 0.100105 0.100106 0.100106 0.100109 0.100113 

20 0.200211 0.200212 0.200213 0.200214 0.200219 0.200227 

40 0.400431 0.400433 0.400435 0.400438 0.400447 0.400464 

  
(a) 𝑅𝑒(𝑤NL/L

∗ ) (b) 𝐼𝑚(𝑤NL/L
∗ ) 

Fig. 2 The variation of the real and imaginary components of the deflection depending on f14 and the nonlocal 

parameter l, a/h =50, 𝑁𝑥
∗=𝑁𝑦

∗= 0.5, 𝑘1
∗ = 10, 𝑘2

∗ = 4, 𝑐𝑣
∗ = 1, 𝛺 =0.5 -0.1i 

  
(a) 𝑅𝑒(𝑤NL/L

∗ ) (b) 𝐼𝑚(𝑤NL/L
∗ ) 

Fig. 3 The variation of the real and imaginary components of the deflection with the flexoelectricity effect 

(𝑓14 ≠0) and without the flexoelectricity effect (𝑓14=0), a/h =50, 𝑁𝑥
∗=𝑁𝑦

∗= 0.5, 𝑘1
∗ = 10, 𝑘2

∗ = 4, 𝑐𝑣
∗ = 1, 𝛺 

=0.5 -0.1i 
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(a) 𝑅𝑒(𝑤NL/L

∗ ) (b) 𝐼𝑚(𝑤NL/L
∗ ) 

Fig. 4 The variation of the real and imaginary components of the deflection depending on f14 and the nonlocal 

parameter l, a/h =50, 𝑐𝑣
∗= 1, 𝑘1

∗= 20,𝑁𝑥
∗=𝑁𝑦

∗= 0.5, f14 =0.5x10-7 C/m,𝛺 =0.5-0.1i 

  
(a) 𝑅𝑒(𝑤NL/L

∗ ) (b) 𝐼𝑚(𝑤NL/L
∗ ) 

Fig. 5 The variation of the real and imaginary components of the deflection depending on a/h and the nonlocal 

parameter l, 𝑘1
∗ = 10, 𝑘2

∗ = 4, 𝑐𝑣
∗= 1, 𝑁𝑥

∗=𝑁𝑦
∗= 0.5, f14 =0.5x10-7 C/m, 𝛺 =0.5-0.1i 

  
(a) 𝑅𝑒(𝑤NL/L

∗ ) (b) 𝐼𝑚(𝑤NL/L
∗ ) 

Fig. 6 The variation of the real and imaginary components of the deflection depending on 𝑁𝑦
∗/𝑁𝑥

∗ and the 

nonlocal parameter l, k1 = 10, k2 = 4, 𝑐𝑣
∗= 1, 𝑘1

∗= 10, 𝑘2
∗= 4,𝑁𝑥

∗=2, f14 =0.5x10-7 C/m, 𝛺 =0.5-0.1i 
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firmer, thereby increasing its load capacity. 

Next, this work explores the effect of the substrate's 

elastic properties on the nanosheet's displacement response. 

The first foundation parameter 𝑘1
∗ is fixed at 20 whereas 

the second parameter 𝑘2
∗ changes between 0 and 10. Fig. 4 

depicts the outcomes of calculations for 𝑅𝑒(𝑤NL/L
∗ ) and 

𝐼𝑚(𝑤NL/L
∗ ). According to these results, the proportions of 

both the real and imaginary sections drop as the 𝑘2
∗ value 

of the foundation increases for each value of the parameter 

l. 

Fig. 5 shows the results of the estimates for 𝑅𝑒(𝑤NL/L
∗ ) 

and 𝐼𝑚(𝑤NL/L
∗ ) as the thickness h of the nanoplate varies. 

These are nonlinear curves; as the thickness of the plate 

decreases, 𝑅𝑒(𝑤NL/L
∗ )  and 𝐼𝑚(𝑤NL/L

∗ )  values decrease. 

This demonstrates that for each value of the nonlocal 

parameter l, the ratio of the real and imaginary components 

of the deflection is less when parameter l is considered 

compared to when parameter l is neglected. 

The dependence of 𝑅𝑒(𝑤NL/L
∗ ) and 𝐼𝑚(𝑤NL/L

∗ ) on the 

ratio of compressive forces C/D acting on the plate is shown 

in Fig. 6. By seeing this figure, it is easy to see that, as the 

ratio of the compressive forces 𝑁𝑦
∗ / 𝑁𝑥

∗  increases, 

both𝑅𝑒(𝑤NL/L
∗ )and 𝐼𝑚(𝑤NL/L

∗ )increase. This shows that for 

each value of the nonlocal parameter l, as the compression 

ratio increases, both the real and imaginary parts of the 

defelction when calculated in nonlocal theory are larger 

than the real and imaginary parts of the plate when the 

nonlocal parameter l is omitted. 
 

 

6. Conclusions 
 

This work presents for the first time the study of the free 

vibration and the static bending of the nanoplate resting on 

a viscoelastic foundation and taking into account the effect 

of the flexoelectricity effect. The plate is subjected to a 

simultaneous compressive load in the plate plane and a 

uniformly distributed load perpendicular to the surface of 

the plate. The work was accomplished by utilizing 

Mindlin's first-order shear deformation theory and 

analytical method. Both the natural frequency of the 

nanoplate and the bending deflection of this plate seem to 

have both real and imaginary components due to the 

viscoelastic features of the nanoplate. The computed 

findings also reveal that the flexoelecity effect raises the 

stiffness of the plate (through the coefficient f14), which in 

turn raises the natural frequency of the plate. Concerning 

the bending issue of nanoplates, the flexoelectricity effect 

causes an increase in the difference between the real and 

imaginary portions in the scenario where nonlocal theory is 

used (with parameter l), in comparison to the scenario 

where nonlocal theory is not applied (ignore parameter l). 

When the nonlocal parameter l is given a large value, this 

disparity becomes more pronounced. One thing that this 

demonstrates is that when dealing with nanosheets that have 

the flexoelectricity effect, it is essential to take into account 

the effects of nonlocal parameters. The study presents 

intriguing findings, making it a useful scientific work for 

reference in the calculation, design, and application of 

nanoplates based on viscoelastic foundations and impacted 

by of the flexoelectricity effect. When it comes to this issue, 

the component that causes energy loss of the plate is the 

selection of the resistance parameter of the foundation. It is 

hoped that this work will serve as a foundation for future 

research into more intricate issues, such as the behavior of 

plates with fractures on viscous substrates and plates 

exposed to random loads in viscoelastic environments. 
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