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1. Introduction 
 

The new generation of electronic devices development 

in addition to the industries demands that address 

mentioned devices to tolerate different electro-thermo-

mechanical conditions, generate a great engineering 

challenge regarding their design and their manufacturing 

(Esfandiari et al. 2023, Farhangi et al. 2023, Izadifar et al. 

2021, 2023, Khoei et al. 2022, Kianezhad et al. 2022, 2023, 

Torabipour et al. 2023, Ikbarieh et al. 2023, Mehrdad et al. 

2013). An inevitable member of the electronic devices’ 

family is piezoelectric structures which play an essential 

role in various applications of different devices. Therefore, 

scientists should understand the mechanical behavior of 

different piezoelectric structures deeply to increase the 

efficiency of different electrical and mechanical devices 

(Ghorbanpour Arani et al. 2021, Arshid et al. 2023b, 

Vosoughkhosravi et al. 2022). 

Based on the piezoelectricity effect some materials 

produce electrical potential under mechanical deformation. 

The electromechanical coupling in this kind of material can 

be hired to handle some important applications (Amir et al. 

2020a, Vosoughkhosravi and Jafari, 2022a, b, Arshid et al. 
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2022, Khoddami Maraghi et al. 2022). Also, advanced 

composites are Functionally Graded Materials (FGMs) 

based layers that undergoes continuous mechanical 

properties’ variation. The concept of FGMs, firstly, 

proposed in 1984 by materials scholars in the Sendai area. 

They used FGMs to fabricate barriers against thermal 

wastage (Koizumi, 1997). In 1998, Reddy and Chin (1998), 

studied the thermoelastic behavior of FG plates. They didn’t 

limit their work to plates and also, put FG cylinders under 

examination. Han et al. (2001) used Fourier transform 

techniques to study stress waves in FG plates. For this 

reason, they put their model under incident pressure wave. 

In another work, they had an evaluation on the FGMs’ wave 

propagating behavior by the means of another numerical 

method (Han et al. 2000). Najafizadeh and Eslami (2002), 

evaluated FG circular plates’ buckling behavior. Their 

model was loaded radially. After that, research conducted 

by Vel et al. (2004) to obtain three-dimensional (3D) 

deformation pattern of a simply supported rectangular FG 

plates. Their model was under various loads. Moreover, 

using classical plate theory (CPT), Javaheri and Eslami 

(2002) succeed to handle thermal equations of a FGM plate. 

They concluded critical buckling temperature has a 

directional relationship with dimension ratio b/a of FG 

plates. Beside this, 3D thermal buckling behavior of FGMs 

is evaluated by Na and Kim (2003). They examined the 

effects of the different geometric parameters and various 

volume fraction distributions on critical buckling 

temperature. Nonlinear static and dynamic stability of FG 
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Abstract.  The under-evaluation structure includes a functionally graded porous (FGP) core which is confined by two 
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Using quasi-3D hyperbolic shear deformation theory, governing equations of a sandwich plate are driven. Moreover, face sheets 

are subjected to the electric field and the whole model is under thermal loading. The properties of all layers alter continuously 

along with thickness direction due to the CNTs and pores distributions. By conducting the current study, the results emerged in 
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revealed that by porosity coefficient enhancement, critical buckling load and consequently, stiffness reduces dramatically. 
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plates and shells conducted by Duc (2014). In the passage 

of years, the applications of FGM become more broaden 

and this wide range of applications showed need to more 

accurate plate theories like higher-order shear deformation 

plate theory (HSDT) or first-order shear deformation plate 

theory (FSDT) (Alhaifi et al. 2021, Soleimani-Javid et al. 

2021a, Wang et al. 2021). One of the previous works backs 

to 2004, when Yang et al. (2004) conducted a study about 

dynamic stability behavior of rectangular FGM plates. Their 

study was based on uniform temperature variation 

condition. As another paper, Efraim and Eisenberger (2007) 

used FSDT in order to have deep research on thickness 

effect on vibrational behavior of FGM plates. Shen (2009) 

studied post-buckling in thermal environments for an FG 

plate reinforced by Piezoelectric Fiber composite. Their 

model was simply supported. Beside this, a quasi-3D 

hyperbolic shear deformation plate theory (QHSDT) is 

hired by Benahmed et al. (2017) to address the mechanical 

behavior of FG plates. Moreover, Shahsavari et al. (2018) 

assuming a porous FG plate as model and by the means of 

QHSDT provided a free vibration analysis for such models. 

Dynamic instability of sandwich beams made of isotropic 

core and FG graphene platelets-reinforced composite face 

sheets considered by Asgari et al. (2022). Cong et al. (2018) 

considered nonlinear thermo-mechanical buckling and post-

buckling response of porous FGM plates using Reddy’s 

theory. Free vibration analysis of FG porous joined 

truncated conical-cylindrical shell reinforced by graphene 

platelets provided by Kiarasi et al. (2021). Also, Duc et al. 

(2018) provided nonlinear dynamic response of FGM 

porous plates on elastic foundation subjected to thermal and 

mechanical loads using the FSDT. Moreover, analytical 

solutions for nonlinear vibration of porous FG sandwich 

plate subjected to blast loading provided by Quan et al. 

(2022). In another work (Babaei et al. 2022a) transient 

thermal stresses in FG porous rotating truncated cones was 

investigated. Dynamic analysis of FG carbon nanotube 

reinforced composite beam resting on viscoelastic 

foundation was investigated by Kiarasi et al. (2022). Other 

similar works can also be found in the available literature 

(Alhaifi et al. 2023, Arshid et al. 2023a, 2021a, Soleimani-

Javid et al. 2021b). There are also novel approaches based 

purely on deep neural network (DNN). They totally avoid a 

classical discretization, are extremely efficient, 

automatically account for uncertainties and are a natural 

framework for inverse analysis and optimization. In this 

field, an energy approach to the solution of partial 

differential equations in computational mechanics via 

machine learning was presented by Samaniego et al. (2020). 

Also, deep autoencoder based energy method for the 

bending, vibration, and buckling analysis of Kirchhoff 

plates with transfer learning was studied by Zhuang et al. 

(2021). A deep collocation method for the bending analysis 

of Kirchhoff plate was conducted by Guo et al. (2019). 

Recently, curved flexoelectric and piezoelectric micro-

beams for nonlinear vibration analysis of energy harvesting 

was studied by Thai et al. (2023). Rabczuk et al. (2023) 

investigated nonlocal strong forms of thin plate, gradient 

elasticity, magneto-electro-elasticity and phase field fracture 

by nonlocal operator method. 

 

Fig. 1 Schematic diagram of the under-consideration 

model under hygrothermal environment 

 

 

Motivated by previous attempts, this paper aims to 

improve the knowledge of sandwich plates and examine the 

mechanical buckling behavior in hygrothermal 

environment. In order to obtain results more touchable and 

closer to the fact and experimental studies, novel QHSDT is 

hired to represent different arbitrary points in structure. 

Mathematical solutions are gained for sandwich plate, and 

results’ reliability is verified by providing a comparison 

among the gained results from current study and those in 

previous researches. The governing equations are derived 

and solved by using virtual displacement principle and the 

results seem to be useful in aerospace, automotive, civil, 

and mechanical engineering. 
 

 

2. Sandwich plate modelling 
 

This section focuses on introducing current model which 

is under examination. Fig. 1 shows a rectangular sandwich 

plate including a FGP core compressed by piezoelectric 

composite faces with geometrical components as it is 

visible in figure. Whole structure assumed to be placed on 

the Pasternak elastic foundation. Also, hc, ht, and hb 

represent thickness of porous core, top face sheet and 

bottom face sheet, respectively, where the total thickness is 

h=ht+hc+hb. The coordinate system assumed to be cartesian 

(x, y, z) as it is visible in the Fig. 1. Moreover, the 

geometrical properties of the model include length a, width 

b and height h. Also, Face sheets assume to be subjected to 

electric fields. Also, it is assumed that all three layers are 

fully bonded to each other.  In order to make analyzation 

understanding simpler, in this paper, it is decided to present 

different relations and equations in two divided portions 

(FGP core and composite piezoelectric face sheets). At the 

end of each section, strain energy of each part is obtained 

using QHSDT. By adding the energy of different parts 

together, the total strain energy of aforementioned structure 

emerges mathematically.  

In order to increase accuracy, in this research, QHSDT 

is used to express displacement field of sandwich model. 

According to this theory, the displacements of an arbitrary 

point neither in porous core nor in composite faces can be 

presented as (Arshid et al. 2020c): 
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𝑤̃(𝑥, 𝑦, 𝑧) = 𝜑(𝑥, 𝑦)𝑔(𝑧) + 𝑤𝑠(𝑥, 𝑦) + 𝑤𝑏(𝑥, 𝑦) 
𝑣̃(𝑥, 𝑦, 𝑧) = −𝑤𝑠,𝑦(𝑥, 𝑦)𝑓(𝑧) − 𝑤𝑏,𝑦(𝑥, 𝑦)𝑧 + 𝑣(𝑥, 𝑦) 

𝑢̃(𝑥, 𝑦, 𝑧) = −𝑤𝑠,𝑥(𝑥, 𝑦)𝑓(𝑧) − 𝑤𝑏,𝑥(𝑥, 𝑦)𝑧 + 𝑢(𝑥, 𝑦) 
(1) 

where u, v, wb and ws are the displacement representatives 

in the x direction, y direction, transverse displacement due 

to the bending effect along with z direction and transverse 

displacement due to the shear impact along with z direction, 

respectively. It is noteworthy mentioning that, subscript ,i   

(i=x,y,z) serves as derivative respect to i. Also, φ serves as 

normal stress effect parameter and basically it is an 

additional. g(z) and f(z) are representative of:  

𝑓(𝑧) = {
−𝑧 + (

ℎ

𝜋
) 𝑠𝑖𝑛ℎ(

𝜋𝑧

ℎ
)

−1 + 𝑐𝑜𝑠ℎ(
𝜋

2
)
}, (2) 

𝑔(𝑧) = {1 − 𝑓,𝑧(𝑧)} (3) 

Hiring von-Karman’s assumptions, using mentioned 

displacement field, and neglecting nonlinearity, strain field 

can be defined as (Berghouti et al. 2019, Khorasani et al. 

2021b): 

𝜀𝑥𝑥 =
𝜕𝑢̃

𝜕𝑥
, 𝜀𝑦𝑦 =

𝜕𝑣̃

𝜕𝑦
, 

(4) 𝜀𝑧𝑧 =
𝜕𝑤̃

𝜕𝑧
, 𝜀𝑥𝑦 =

1

2
(
𝜕𝑢̃

𝜕𝑦
+
𝜕𝑣̃

𝜕𝑥
), 

𝜀𝑥𝑧 =
1

2
𝑔(𝑧) (

𝜕𝜑

𝜕𝑥
+
𝜕𝑤𝑠
𝜕𝑥

), 𝜀𝑦𝑧 =
1

2
𝑔(𝑧) (

𝜕𝜑

𝜕𝑦
+
𝜕𝑤𝑠
𝜕𝑦

) 

 

2.1 FGP Core 
 

SUS304 used as material for core construction. As 

mentioned in previous section, a porous layer is used as 

core portion of abovementioned sandwich plate. In this 

section, the stress-strain relations of the core are derived as 

follows (Arshid et al. 2020b, Ebrahimi 2019, Singh and 

Azam 2021): 

[
 
 
 
 
 
 
𝜎𝑥𝑥

𝑐

𝜎𝑦𝑦
𝑐

𝜎𝑧𝑧
𝑐

𝜎𝑥𝑦
𝑐

𝜎𝑦𝑧
𝑐

𝜎𝑥𝑧
𝑐 ]
 
 
 
 
 
 

=

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 0 0
𝐶12
𝐶13

𝐶22
𝐶23

𝐶23
𝐶33

0
0

0
0

0 0 0 𝐶44 0
0 0 0 0 𝐶55
0 0 0 0 0

0
0
0
0
0
𝐶66]

 
 
 
 
 

[
 
 
 
 
 
 
𝜀𝑥𝑥 − 𝛼11𝛥𝑇 − 𝛽11𝛥𝐻
𝜀𝑦𝑦 − 𝛼22𝛥𝑇 − 𝛽22𝛥𝐻

𝜀𝑧𝑧 − 𝛼33𝛥𝑇 − 𝛽33𝛥𝐻
2𝜀𝑥𝑦
2𝜀𝑦𝑧
2𝜀𝑥𝑧 ]

 
 
 
 
 
 

 

(5) 

where, C, , T and superscript c represent elastic factor, 

thermal index, temperature variation and porous core, 

respectively. Moreover, β and ΔH are moisture constant and 

humidity difference. Elastic factors assumed as (Arshid et 

al. 2020a): 

𝐶11 = 𝐶22 = 𝐶33 = (1 − 𝑣)
𝐸𝑐(𝑧)

(1 − 2𝑣)(1 + 𝑣)
, 

(6) 𝐶44 = 𝐶55 = 𝐶66 = 𝐺(𝑧) =
𝐸𝑐(𝑧)

2(1 + 𝑣)
, 

𝐶12 = 𝐶13 = 𝐶23 =
𝑣𝐸𝑐(𝑧)

(1 − 2𝑣)(1 + 𝑣)
 

in which Ec(z), G(z) and v indicate elastic modulus, shear 

modulus and Poisson’s ratio, respectively.   

Porosity distribution type within core plate affects 

elastic constants by alternation in elastic modulus and core 

density. There are three well-known different type of 

porosity distribution, uniform, uneven and even. Porosity 

distribution named even addresses pores distribution 

symmetrically through porous layer and elastic modulus 

and density distribution assume to be (Arshid et al. 2019a): 

𝐸𝑐(𝑧) = 𝐸0 [1 − 𝑒1 𝑐𝑜𝑠(
𝜋𝑧

ℎ𝑐
)] (7) 

𝜌𝑐(𝑧) = 𝜌0 [1 − 𝑒𝑚 𝑐𝑜𝑠(
𝜋𝑧

ℎ𝑐
)], (8) 

𝑒𝑚 = 1 − √1 − 𝑒1, (9) 

where, e1 is the porosity coefficient. Also, em is mass 

density factor. On the other hand, if porosity distribution be 

uneven type so (Arshid and Amir 2021, Dat et al. 2022): 

𝐸𝑐(𝑧) = 𝐸0 [1 − 𝑒1 𝑐𝑜𝑠( {
𝜋

2ℎ𝑐
(𝑧 +

ℎ𝑐
2
)})] (10) 

𝜌𝑐(𝑧) = 𝜌0 [1 − 𝑒𝑚 𝑐𝑜𝑠( {
𝜋

2ℎ𝑐
(𝑧 +

ℎ𝑐
2
)})], (11) 

And finally, thickness parameter independency is visible 

at modulus and density equations in the case of uniform 

porosity distribution as (Babaei et al. 2020, 2022b): 

𝐸𝑐(𝑧) = 𝐸0[1 − 𝑒1𝜁], (12) 

𝜌𝑐(𝑧) = 𝜌0√1 − 𝑒1𝜁, (13) 

𝜁 =
1

𝑒1
−
1

𝑒1
(
2

𝜋
√1 − 𝑒1 −

2

𝜋
+ 1)2 (14) 

Finally, using abovementioned equations, the strain 

energy of FGP core is derived as (Khorasani, Soleimani-

Javid, et al. 2020, Mousavi et al. 2021): 

∪𝑐= ∫
𝑉

1

2
[
𝜎𝑥𝑥

𝑐𝜀𝑥𝑥 + 𝜎𝑦𝑦
𝑐𝜀𝑦𝑦 + 𝜎𝑧𝑧

𝑐𝜀𝑧𝑧
+2𝜎𝑥𝑦

𝑐𝜀𝑥𝑦 + 2𝜎𝑥𝑧
𝑐𝜀𝑥𝑧 + 2𝜎𝑦𝑧

𝑐𝜀𝑦𝑧
] 𝑑∀ (15) 

 

2.2 Piezoelectric nanocomposite face sheets 

 

Nanocomposite face sheets are made of polymer matrix 

and CNT fibers as reinforcing phase. To gain governing 

equations of sandwich model, the stress-strain relationship 

of piezoelectric composite face sheets should be presented. 

177



 

Yujie Zhang, Zhihang Guo, Yimin Gong, Jianzhong Shi, Mohamed Hechmi El Ouni and Farhan Alhosny 

 

Therefore, inspired of previous studies, stress field for 

piezoelectric composite layers can be determined as follows 

(Amir et al. 2018, Chan et al. 2020): 

[
 
 
 
 
 
 
𝜎𝑥𝑥

𝑓

𝜎𝑦𝑦
𝑓

𝜎𝑧𝑧
𝑓

𝜎𝑥𝑦
𝑓

𝜎𝑦𝑧
𝑓

𝜎𝑥𝑧
𝑓 ]
 
 
 
 
 
 

=

[
 
 
 
 
 
𝑄11 𝑄12 𝑄13 0 0
𝑄12
𝑄13

𝑄22
𝑄23

𝑄23
𝑄33

0
0

0
0

0 0 0 𝑄44 0
0 0 0 0 𝑄55
0 0 0 0 0

0
0
0
0
0
𝑄66]

 
 
 
 
 

[
 
 
 
 
 
 
𝜀𝑥𝑥 − 𝛼11𝛥𝑇 − 𝛽11𝛥𝐻
𝜀𝑦𝑦 − 𝛼22𝛥𝑇 − 𝛽22𝛥𝐻

𝜀𝑧𝑧 − 𝛼33𝛥𝑇 − 𝛽33𝛥𝐻
2𝜀𝑥𝑦
2𝜀𝑦𝑧
2𝜀𝑥𝑧 ]

 
 
 
 
 
 

 

−

[
 
 
 
 
 
0 0 𝑒31
0 0 𝑒32
0 0 𝑒33
0 0 0
0 𝑒24 0
𝑒15 0 0 ]

 
 
 
 
 

[

𝐸𝑥
𝐸𝑦
𝐸𝑧

], 

(16) 

where, E, f, Q  and e are electrical field, first syllable of the 

word “faces”, elastic and piezoelectric constants 

representatives. Moreover, the electrical potential and fields 

can be defined as (Kargar et al. 2021): 

𝜙(𝑥, 𝑦, 𝑧, 𝑡) = −𝜙(𝑥, 𝑦, 𝑡) 𝑐𝑜𝑠(
𝜋𝑧

ℎ𝑓
) +

2𝜙0
ℎ𝑓

𝑧 (17) 

𝐸𝑥 = −𝜙,𝑥, 𝐸𝑦 = −𝜙
,𝑦
, 𝐸𝑧 = −𝜙,𝑧 (18) 

where, 0 denotes external voltage which is applied on 

faces. Furthermore, elastic factors are defined as (Arshid 

and Khorshidvand 2018): 

𝑄11 =
𝐸11
𝛩
(1 − 𝑣32𝑣23), 𝑄22 =

𝐸22
𝛩
(1 − 𝑣31𝑣13), 

(19) 

𝑄32 = 𝑄23 =
𝐸22
𝛩
(𝑣32

+ 𝑣12𝑣31), 

𝑄12 = 𝑄21 =
𝐸11
𝛩
(𝑣21

+ 𝑣31𝑣23), 

𝑄33 =
𝐸33
𝛩
(1 − 𝑣12𝑣21), 

𝑄13 = 𝑄31 =
𝐸11
𝛩
(𝑣31

+ 𝑣21𝑣32), 

𝑄44 = 𝑄55 = 𝑄66 = 𝐺12 = 𝐺13 = 𝐺23, 

where, Eij and v indicate elastic moduli and Poisson’s ratio 

and: 

𝛩 = 1 − 𝑣21𝑣12 − 𝑣32𝑣23 − 𝑣13𝑣31 − 2𝑣13𝑣32𝑣12, 

(20) 𝐸33 = 𝐸22, 𝐸33 = 𝐸22, 

𝑣13 = 𝑣12, 𝑣13 = 𝑣12, 

As it is clear, knowing mechanical properties of 

composite layer is essential to derive and solve governing 

equations mathematically. For this aim, extended rule of 

mixture (ERM) is hired to mix mechanical properties of 

matrix and reinforcing phases and introduce mechanical 

properties of whole composite layer (Anh et al. 2021, Dat et 

al. 2021, Wu et al. 2020). 

Based on ERM, the material properties of composite 

faces are (Arshid et al. 2019b): 

𝜈12 = 𝑉𝑚𝑎𝑖𝑛
𝐶𝑁𝑇 𝜈12

𝐶𝑁𝑇 + 𝑉𝑃𝜈𝑃 , (21) 

𝜌𝑐 = 𝑉
𝐶𝑁𝑇𝜌𝐶𝑁𝑇 + 𝑉𝑃𝜌𝑃 , (22) 

𝐸11 = 𝜂1𝑉
𝐶𝑁𝑇𝐸11

𝐶𝑁𝑇 + 𝑉𝑃𝐸𝑃 , (23) 

𝛼11 = 𝑉𝐶𝑁𝑇𝛼11
𝐶𝑁𝑇 + 𝑉𝑃𝛼𝑃, (24) 

𝛼22 = 𝛼33 = (1 + 𝜈12
𝐶𝑁𝑇)𝑉𝐶𝑁𝑇𝛼22

𝐶𝑁𝑇  
+(1 + 𝜈𝑃)𝑉𝑃𝛼𝑃 − 𝜈12𝛼11 

(25) 

𝜂3
𝐺12

=
𝑉𝐶𝑁𝑇

𝐺12
𝐶𝑁𝑇 +

𝑉𝑃

𝐺𝑃
, 

𝜂2
𝐸22

=
𝑉𝐶𝑁𝑇

𝐸22
𝐶𝑁𝑇 +

𝑉𝑃

𝐸𝑃
 (26) 

where letter P reminds polymeric matrix and k (k = 1,2, 3) 

is the CNTs efficiency parameter which has dependency to 

total CNTs volume which is existed in composite, as 

mentioned in Table 1 (Arshid et al. 2021b, Mehar and 

Panda 2017). 

VP and VCNT are volume fraction for matrix and volume 

fraction for CNTs, and their summation should be equal to 1 

(Fattahi et al. 2019). It should be noted that VCNT is different 

from VCNT
main which addressed uniform dispersion pattern of 

CNTs through polymer matrix phase. As another 

expression, VCNT is CNTs dispersion pattern dependent. VCNT 

and VCNT
main can be presented as (Amir et al. 2019, Arshid et 

al. 2021c): 

𝑉𝑚𝑎𝑖𝑛
𝐶𝑁𝑇 =

𝑤𝐶𝑁𝑇

𝑤𝐶𝑁𝑇 + (
𝜌𝐶𝑁𝑇

𝜌𝑃
) − (

𝜌𝐶𝑁𝑇

𝜌𝑃
)𝑤𝐶𝑁𝑇

 (27) 

𝑉𝑖
𝐶𝑁𝑇 =

{
 
 
 
 

 
 
 
 

𝑉𝑚𝑎𝑖𝑛
𝐶𝑁𝑇 𝑈 − 𝑈

[1 −
2

ℎ𝑖
(𝑧 ±

ℎ𝑐 + ℎ𝑖

2
)] 𝑉𝑚𝑎𝑖𝑛

𝐶𝑁𝑇 𝐹𝐺𝐴 − 𝑉

[1 +
2

ℎ𝑖
(𝑧 ±

ℎ𝑐 + ℎ𝑖

2
)] 𝑉𝑚𝑎𝑖𝑛

𝐶𝑁𝑇 𝐹𝐺𝑉 − 𝐴

2 [1 −
2

ℎ𝑖
(𝑧 ±

ℎ𝑐 + ℎ𝑖

2
)]𝑉𝑚𝑎𝑖𝑛

𝐶𝑁𝑇 𝐹𝐺𝑂 − 𝑂

[
4

ℎ𝑖
(|𝑧 ±

ℎ𝑐 + ℎ𝑖
2

|)]𝑉𝑚𝑎𝑖𝑛
𝐶𝑁𝑇 𝐹𝐺𝑋 − 𝑋

𝑖

= 𝑡, 𝑏 

(28) 

In abovementioned equations, subscript c, t and b are 

abbreviation of words Core, Top and Bottom face sheets, 

one after another. Beside this, w is mass fraction, FG A-V, 

FG V-A, FG O-O and FG X-X denote CNTs dispersion 

pattern in matrix phase and U-U is representative of 

uniform dispersion pattern. 

At the end, using abovementioned relations, the strain 

energy of piezoelectric composite face sheets is presented 

as (Arshid et al. 2019c): 

∪𝑓=
1

2
∫ (

𝜎𝑥𝑥𝜀𝑥𝑥 + 𝜎𝑦𝑦𝜀𝑦𝑦 + 𝜎𝑧𝑧𝜀𝑧𝑧
+2𝜎𝑥𝑦𝜀𝑥𝑦 + 2𝜎𝑥𝑧𝜀𝑥𝑧 + 2𝜎𝑦𝑧𝜀𝑦𝑧
−𝐷𝑥𝐸𝑥 − 𝐷𝑦𝐸𝑦 − 𝐷𝑧𝐸𝑧

)
𝑉

𝑑∀ (29) 

where, Di stands for the electrical displacement and it is 

defined as (Mohammadimehr et al. 2019, Safari et al. 

2021): 
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Table 1 Efficiency parameters of CNTs (Arshid et al. 

2021b, Mehar and Panda 2017) 

𝑉𝑚𝑎𝑖𝑛
𝐶𝑁𝑇  η1 η2 η3 

0.12 0.137 1.022 0.715 

0.17 0.142 1.626 1.138 

0.28 0.141 1.585 1.109 

 

 

[

𝐷𝑥
𝐷𝑦
𝐷𝑧

] = [

0 0 0 0 0 𝑒15
0 0 0 0 𝑒24 0
𝑒31 𝑒32 𝑒33 0 0 0

]

[
 
 
 
 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑧𝑧
2𝜀𝑥𝑦
2𝜀𝑦𝑧
2𝜀𝑥𝑧]

 
 
 
 
 

+ [

𝑑11 0 0
0 𝑑22 0
0 0 𝑑33

] [

𝐸𝑥
𝐸𝑦
𝐸𝑧

] 

(30) 

where, d is dielectric constant. 

 

 

3. Governing equations 
 

The virtual displacement principle is used to obtain 

governing equations making use of strain, energies and 

external works. Mentioned principle can be presented as 

(Amir et al. 2020d, Dinh Dat et al. 2022): 

𝛿𝛱 = 𝛿(𝑈𝑐 + 𝑈𝑓 − 𝛤 − 𝛬 − 𝛴) = 0 (31) 

in which, U, ,  and Ʃ are strain energy, external work due 

to the Pasternak foundation, electrical field and thermal 

environment, respectively. It is worthwhile mentioning that 

superscripts c and f are first syllables of words core and face 

sheets. In this paper Pasternak foundation assumed to carry 

sandwich model weight. This foundation has capability to 

simulate transverse load in addition to normal load (Bi et al. 

2021). The force applied on sandwich model resulted by 

foundation can be presented as (Amir et al. 2020b): 

𝐹𝑃𝑎𝑠𝑡𝑒𝑟𝑛𝑎𝑘𝑓𝑜𝑢𝑛𝑑𝑎𝑡𝑖𝑜𝑛 = 𝐾𝑤[𝑤𝑏 +𝑤𝑠] 

−𝐾𝑔
𝜕2[𝑤𝑏 +𝑤𝑠]

𝜕𝑥2
− 𝐾𝑔

𝜕2[𝑤𝑏 +𝑤𝑠]

𝜕𝑦2
 

(32) 

where Winkler constant is presented by sign Kw and shear 

layer parameter is shown by Kg. So, the external work due 

to the Pasternak substrate is (Babaei et al. 2019, Arshid et 

al. 2023c): 
 

𝛤 =
1

2
∫−𝐹𝑃𝑎𝑠𝑡𝑒𝑟𝑛𝑎𝑘𝑓𝑜𝑢𝑛𝑑𝑎𝑡𝑖𝑜𝑛(𝑤𝑏 +𝑤𝑠)𝑑𝐴
𝐴

 (33) 

External load due to the electrical field is simulated as 

(Quan et al. 2021, 2022a): 

𝑁𝑥
𝐸 = −2𝑒31𝜙0, 𝑁𝑦

𝐸 = −2𝑒32𝜙0 (34) 

𝛬𝐸𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑎𝑙 =
1

2
∫𝑁𝑥

𝐸⟨𝑤𝑏,𝑥 +𝑤𝑠,𝑥⟩
2

𝐴

𝑑𝐴

+
1

2
∫𝑁𝑦

𝐸⟨𝑤𝑏,𝑦 +𝑤𝑠,𝑦⟩
2

𝐴

𝑑𝐴 
(35) 

The hygrothermal external work due to the 

hygrothermal loads in x and y directions can be determined 

as follows (Dat et al. 2020, Quang et al. 2021): 

𝛴 =
1

2
∫𝑁𝑥

𝐻𝑇⟨𝑤𝑏,𝑥 + 𝑤𝑠,𝑥⟩
2

𝐴

𝑑𝐴

+
1

2
∫𝑁𝑦

𝐻𝑇⟨𝑤𝑏,𝑦 + 𝑤𝑠,𝑦⟩
2

𝐴

𝑑𝐴 
(36) 

where hygrothermal loads due to the temperature and 

moisture differences in x and y direction is depicted by Nx 

and Ny as (Chan et al. 2020, Khorasani et al. 2020a): 

𝑁𝑥
𝐻𝑇 = ∫ [𝑄11

𝑐,𝑓
𝛼11
𝑐,𝑓
+ 𝑄12

𝑐,𝑓
𝛼22
𝑐,𝑓
+ 𝑄13

𝑐,𝑓
𝛼33
𝑐,𝑓
]𝛥𝑇𝑑𝑧

+ℎ/2

−ℎ/2

+ 

∫ [𝑄11
𝑐,𝑓
𝛽11
𝑐,𝑓
+ 𝑄12

𝑐,𝑓
𝛽22
𝑐,𝑓
+ 𝑄13

𝑐,𝑓
𝛽33
𝑐,𝑓
]𝛥𝐻𝑑𝑧

+ℎ/2

−ℎ/2

, 

(37) 

𝑁𝑦
𝐻𝑇 = ∫ [𝑄12

𝑐,𝑓
𝛼11
𝑐,𝑓
+ 𝑄22

𝑐,𝑓
𝛼22
𝑐,𝑓
+ 𝑄23

𝑐,𝑓
𝛼33
𝑐,𝑓
]𝛥𝑇𝑑𝑧

+ℎ/2

−ℎ/2

+ 

∫ [𝑄12
𝑐,𝑓
𝛽11
𝑐,𝑓
+ 𝑄22

𝑐,𝑓
𝛽22
𝑐,𝑓
+ 𝑄23

𝑐,𝑓
𝛽33
𝑐,𝑓
]𝛥𝐻𝑑𝑧

+ℎ/2

−ℎ/2

, 

(38) 

It should be noted that the changes in plate’s dimensions 

with temperature variations are neglected in this work due 

to its small amount in comparison to plate’s dimensions. 

On the foundation of variational approach, the 

governing equations are gained in terms of displacements. 

Therefore, the factors of δv, δwb, δu, δws, δϕ and δφ should 

be distinct and equal to zero. So, six differential governing 

equations are extracted as: 

𝛿𝑢: 

−𝑄110 (
𝜕2

𝜕𝑥2
𝑢) + 𝑄111 (

𝜕3

𝜕𝑥3
𝑤𝑏) + 𝑄113 (

𝜕3

𝜕𝑥3
𝑤𝑠) 

−𝑄120 (
𝜕2

𝜕𝑥𝜕𝑦
𝑣) + 𝑄121 (

𝜕3

𝜕𝑥𝜕𝑦2
𝑤𝑏) − 𝑄136 (

𝜕

𝜕𝑥
𝜑) 

−𝑄660 (
𝜕2

𝜕𝑦2
𝑢) + 2𝑄661 (

𝜕3

𝜕𝑥𝜕𝑦2
𝑤𝑏) + 2𝑄663 (

𝜕3

𝜕𝑥𝜕𝑦2
𝑤𝑠) 

−𝑄660(
𝜕2

𝜕𝑥𝜕𝑦
𝑣) − 𝐸310(

𝜕

𝜕𝑥
𝜙) + 𝑄123(

𝜕3

𝜕𝑥𝜕𝑦2
𝑤𝑠) = 0 

(39) 

𝛿𝑣: 

−𝑄120 (
𝜕2

𝜕𝑥𝜕𝑦
𝑢) + 𝑄121 (

𝜕3

𝜕𝑥2𝜕𝑦
𝑤𝑏) + 𝑄123 (

𝜕3

𝜕𝑥2𝜕𝑦
𝑤𝑠) 

−𝑄220 (
𝜕2

𝜕𝑦2
𝑣) − 𝐸320 (

𝜕

𝜕𝑦
𝜙) + 𝑄221 (

𝜕3

𝜕𝑦3
𝑤𝑏) 

+𝑄223 (
𝜕3

𝜕𝑦3
𝑤𝑠) − 𝑄236 (

𝜕

𝜕𝑦
𝜑) + 2𝑄663 (

𝜕3

𝜕𝑥2𝜕𝑦
𝑤𝑠) 

−𝑄660(
𝜕2

𝜕𝑥2
𝑣) − 𝑄660(

𝜕2

𝜕𝑦𝜕𝑥
𝑢) + 2𝑄661(

𝜕3

𝜕𝑥2𝜕𝑦
𝑤𝑏) = 0 

(40) 

𝛿𝑤𝑏: 

−𝑄121 (
𝜕3

𝜕𝑥𝜕𝑦2
𝑢) + 2𝑄122 (

𝜕4

𝜕𝑥2𝜕𝑦2
𝑤𝑏) 

+2𝑄124 (
𝜕4

𝜕𝑥2𝜕𝑦2
𝑤𝑠) − 𝑄221 (

𝜕3

𝜕𝑦3
𝑣) + 𝑄222 (

𝜕4

𝜕𝑦4
𝑤𝑏) 

+𝑄224 (
𝜕4

𝜕𝑦4
𝑤𝑠) − 𝑄237 (

𝜕2

𝜕𝑦2
𝜑) − 𝐸321 (

𝜕2

𝜕𝑦2
𝜙) 

(41) 
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−2𝑄661 (
𝜕3

𝜕𝑥2𝜕𝑦
𝑣) − 𝑄137 (

𝜕4

𝜕𝑥2
𝜑) + 4𝑄662 (

𝜕4

𝜕𝑥2𝜕𝑦2
𝑤𝑏) 

+4𝑄664 (
𝜕4

𝜕𝑥2𝜕𝑦2
𝑤𝑠) − 2𝑄661 (

𝜕3

𝜕𝑦2𝜕𝑥
𝑢) − 𝑄111 (

𝜕3

𝜕𝑥3
𝑢) 

+𝑄112 (
𝜕4

𝜕𝑥4
𝑤𝑏) + 𝑄114 (

𝜕4

𝜕𝑥4
𝑤𝑠) − 𝑄121 (

𝜕3

𝜕𝑥2𝜕𝑦
𝑣) 

−𝐸311(
𝜕4

𝜕𝑥2
𝜙) = 0 

𝛿𝑤𝑠: 

𝑄114 (
𝜕4

𝜕𝑥4
𝑤𝑏) + 2𝑄125 (

𝜕4

𝜕𝑥2𝜕𝑦2
𝑤𝑠) + 𝐸1510 (

𝜕2

𝜕𝑥2
𝜙) 

−𝑄113 (
𝜕3

𝜕𝑥3
𝑢) − 2𝑄663 (

𝜕3

𝜕𝑥2𝜕𝑦
𝑣) − 𝑄123 (

𝜕3

𝜕𝑥2𝜕𝑦
𝑣) 

−𝐸132 (
𝜕2

𝜕𝑥2
𝜑) − 𝑄138 (

𝜕2

𝜕𝑥2
𝜑) − 𝑄123 (

𝜕3

𝜕𝑦2𝜕𝑥
𝑢) 

+𝑄115 (
𝜕4

𝜕𝑥4
𝑤𝑠) + 𝐸2410 (

𝜕2

𝜕𝑦2
𝜙)− 𝐸323 (

𝜕2

𝜕𝑦2
𝜙) 

−𝑄223 (
𝜕3

𝜕𝑦3
𝑣) + 𝑄224 (

𝜕4

𝜕𝑦4
𝑤𝑏) + 𝑄225 (

𝜕4

𝜕𝑦4
𝑤𝑠) 

−𝐸232 (
𝜕2

𝜕𝑦2
𝜑) − 2𝑄663 (

𝜕3

𝜕𝑥𝜕𝑦2
𝑢) − 𝑄4410 (

𝜕2

𝜕𝑦2
𝑤𝑠) 

−𝑄238 (
𝜕2

𝜕𝑦2
𝜑) − 𝑄4410 (

𝜕2

𝜕𝑦2
𝜙) + 4𝑄664 (

𝜕4

𝜕𝑥2𝜕𝑦2
𝑤𝑏) 

−𝑄5510 (
𝜕2

𝜕𝑥2
𝑤𝑠) − 𝑄5510 (

𝜕2

𝜕𝑥2
𝜙)+ 4𝑄665 (

𝜕4

𝜕𝑥2𝜕𝑦2
𝑤𝑠) 

+2𝑄124(
𝜕4

𝜕𝑥2𝜕𝑦2
𝑤𝑏) − 𝐸313(

𝜕2

𝜕𝑥2
𝜙) = 0 

(42) 

𝛿𝜑: 

−𝑄5510 (
𝜕2

𝜕𝑥2
𝑤𝑠) − 𝑄5510 (

𝜕2

𝜕𝑥2
𝜙)+ 𝐸1510 (

𝜕2

𝜕𝑥2
𝜙) 

−𝑄4410 (
𝜕2

𝜕𝑦2
𝜙) + 𝐸2410 (

𝜕2

𝜕𝑦2
𝜙)+

1

2
𝐾0 (

𝜕4

𝜕𝑦2𝜕𝑥2
𝜑) 

+𝑄339(𝜑) + 𝐸334(𝜙) + 𝑄236 (
𝜕

𝜕𝑦
𝑣) + 𝑄136 (

𝜕

𝜕𝑥
𝑢) 

−𝑄137 (
𝜕2

𝜕𝑥2
𝑤𝑏) − 𝑄4410 (

𝜕2

𝜕𝑦2
𝑤𝑠) − 𝑄237 (

𝜕2

𝜕𝑦2
𝑤𝑏) 

−𝑄238(
𝜕2

𝜕𝑦2
𝑤𝑠) − 𝑄138(

𝜕2

𝜕𝑥2
𝑤𝑠) = 0 

(43) 

𝛿𝜙: 

𝐸1510 (
𝜕2

𝜕𝑥2
𝜙)+ 𝐸5510 (

𝜕2

𝜕𝑥2
𝑤𝑠) + 𝐷111 (

𝜕2

𝜕𝑥2
𝜙) 

+𝐸2410 (
𝜕2

𝜕𝑦2
𝜙)+ 𝐸2410 (

𝜕2

𝜕𝑦2
𝑤𝑠) + 𝐷222 (

𝜕2

𝜕𝑦2
𝜙) 

+𝐸320 (
𝜕

𝜕𝑦
𝑣) + 𝐸310 (

𝜕

𝜕𝑥
𝑢) − 𝐸311 (

𝜕2

𝜕𝑥2
𝑤𝑏) 

−𝐸321(
𝜕2

𝜕𝑦2
𝑤𝑏) − 𝐸323(

𝜕2

𝜕𝑦2
𝑤𝑠) − 𝐸313(

𝜕2

𝜕𝑥2
𝑤𝑠) 

+𝐸334𝜑 − 2𝐷331𝜙0 − 𝐷333𝜙 = 0 

(44) 

where its coefficients are defined in the Appendix 1. 

 

 

4. Analytical solution procedure 

 

Navier’s technique is selected to solve the governing 

equations. History of Navier’s solution dates back to 1820, 

when Navier proposed the solution for rectangular simply 

supported boundary plates as (Khorasani et al. 2022, 

2021a): 

𝑢(𝑥, 𝑦) = ∑ ∑𝑈𝑠𝑖𝑛{𝛽𝑦} 𝑐𝑜𝑠{𝛼𝑥}

𝑁

𝑛=1

𝑀

𝑚=1

, 

(45) 

𝑣(𝑥, 𝑦) = ∑ ∑𝑉𝑠𝑖𝑛{𝛼𝑥} 𝑐𝑜𝑠{𝛽𝑦} ,

𝑁

𝑛=1

𝑀

𝑚=1

 

𝑤𝑏(𝑥, 𝑦) = ∑ ∑𝑊𝑏 𝑠𝑖𝑛{𝛽𝑦} 𝑠𝑖𝑛{𝛼𝑥} ,

𝑁

𝑛=1

𝑀

𝑚=1

 

𝑤𝑠(𝑥, 𝑦) = ∑ ∑𝑊𝑠 𝑠𝑖𝑛{𝛽𝑦} 𝑠𝑖𝑛{𝛼𝑥} ,

𝑁

𝑛=1

𝑀

𝑚=1

 

𝜑(𝑥, 𝑦) = ∑ ∑𝜑𝑠𝑖𝑛{𝛽𝑦} 𝑠𝑖𝑛{𝛼𝑥}

𝑁

𝑛=1

𝑀

𝑚=1

, 

𝜙(𝑥, 𝑦) = ∑ ∑𝜙𝑠𝑖𝑛{𝛽𝑦} 𝑠𝑖𝑛{𝛼𝑥}

𝑁

𝑛=1

𝑀

𝑚=1

 

in which =n/b and =m/a. U, V, Wb, Ws,  and ϕ denote 

the coefficients which are unknown. (m,n) are mode 

numbers along (x, y) directions. Finally, the governing 

equations are introduced as matrix form as: 

[𝐾]6×6

[
 
 
 
 
 
𝑈
𝑉
𝑊𝑏

𝑊𝑠
𝜑
𝜙 ]
 
 
 
 
 

= [0]6×1 (46) 

The matrix [K] arrays are obtained by mixing Eq. (46) 

with the governing equations and are presented in Appendix 

2. 

 

 

5. Obtained results explanation 
 

This section addresses the results to provide a clear 

understanding about the buckling behavior of under-

evaluation model. The porous core is made of SUS304 and 

its properties are visible in Table 2 (Amir et al. 2020c). 

Furthermore, the matrix’s properties (Epoxy) and 

reinforcement’s properties (CNTs) as faces’ constituents are 

presented in Table 3 (Han and Elliott 2007). 

Moreover, some properties are considered as basic 

properties which can be presented as:  

ℎ = 0.01𝑚, ℎ𝑡,𝑏,𝑓 = 0.1ℎ, ℎ𝑐 = 0.8ℎ, 

𝑎, 𝑏 = 10ℎ, 𝑒1 = 0.3, 𝑉𝐶𝑁𝑇 = 0.17, 

To verify the presented code and make it reliable, results 

related to geometrical impacts on dimensionless critical 

load of buckling is gained by current code and then 

compared with those of Zhong and Gu (2006), Timoshenko 

and Gere (1961), and Adhikari et al. (2020) in Table 4. The  
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Table 2 Material properties of the porous core (Amir et al. 

2020c) 

Material Properties Value 

SUS304 

Ec (Pa) 201.04×109 

αc (/K) 12.33×10-6 

ρc (kg/m3) 8166 

νc 0.3262 

βc (/K) 0.01 

 

Table 3 Material properties of the CNTRCs face sheets 

(Han and Elliott 2007) 

Properties SWCNTs PVDF 

Ν 0.175 0.34 

ρ (kg/m3)  1400 1780 

e31 (C/m2)  0 -0.13 

e32 0 -0.145 

e24 0 -0.276 

e15 0 -0.135 

d11=d22=d33 (Ns/CV)  0 -46 

α11 (/K) 3.4584×10-6 
45×10-6 

α22=α33 5.1682×10-6 

β11 (/K) 3×10-4 
20×10-4 

β22=β33 5×10-4 

E11 (TPa) 5.6466 Em (GPa)= 2.2 

E22=E33 7.0800  

G12=G23=G13 1.9445  

 

Table 4 Comparing the obtained dimensionless critical 

buckling load for the simply supported isotropic rectangular 

plate with those of literature for b/h=100 

 a/b 

Ref. 
0.5 1 1.5 2 

Uniaxial loading 

Zhong and Gu (2006) 6.2380 3.9970 4.3370 - 

Timoshenko and Gere 

(1961) 
6.2500 4.0000 - - 

Adhikari et al. (2020) 6.2418 3.9978 4.3374 3.9981 

Present Work 6.2473 4.0001 4.3402 4.0012 

 Biaxial loading 

Zhong and Gu (2006) - - - - 

Timoshenko and Gere 

(1961) 
- - - - 

Adhikari et al. (2020) 4.9935 1.9990 1.4439 1.2496 

Present Work 4.9985 2.0009 1.4493 1.2516 

 

 

nondimensional critical load of buckling in Table 4 is 

𝑁𝑐𝑟
∗ = 𝑁𝑐𝑟

𝑏2

𝜋2𝐷
, (𝐷 =

𝐸ℎ3

12(1−𝜈2)
) . Have a look on Table 4, the 

results of mentioned papers, include a little bit difference 

which can be due to the different assumptions or various 

displacement field using, are the same. So, the current 

paper’s code reliability is guaranteed and its results can  

 

Fig. 2 Effect of porosity coefficient and pores’ placement 

pattern on the dimensionless critical buckling load 

 

 

Fig. 3 Effect of CNTs’ volume fraction variations in both 

uniaxial and biaxial loading cases on the results 
 

 

provide reliable information about buckling behavior of 

such light weight structures. 

Now it turns to consider the current work’s results. Fig. 

2 is presented to study porosity factor effect on the 

dimensionless critical load of buckling with different types 

of porosity distribution. As it is evident, symmetric porosity 

distribution provide higher critical buckling in each porosity 

coefficient and its effect become more considerable in 

higher values of porosity coefficients. In order to provide 

more physical vision toward this figure results, it should be 

noted that the higher magnitudes of critical buckling mean 

the higher values of load which is needed to deform under 

examination sandwich model. 

Curvatures plotted in Fig. 3 is responsible to examine 

the impacts of temperature variations (in Kelvin) and CNTs 

volume fraction on buckling behavior of model. Relying on 

the recent figure, CNTs volume fraction and temperature 

increasing have a vice versa impact on the critical load of 

buckling and cause more and less load be required to 

deform model which means higher stiffness and lower 

stiffness, respectively. Furthermore, by using uniaxial 

loading more stiff structure can be obtained in comparison 

with the case of biaxial loading. 

Results plotted in Fig. 4 can provide a useful physical 

vision toward geometrical parameter influences on buckling  
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Fig. 4 Effect of porosity and aspect ratio on the 

dimensionless critical buckling load 

 

 

Fig. 5 Different buckling mode numbers 

 

 

behavior of such light weight models. As it is visible, 

sandwich structure length to height ratio enhancement 

results in critical load of buckling enhancement. It should 

be noted that from aspect ratio equal to twelve on, the 

response of critical bulking to this ratio variation become 

more hide. Furthermore, it is revealed that by porosity 

coefficient enhancement, critical buckling loads and 

consequently, stiffness reduces dramatically. 

Buckling behavior response to mode number variations 

is plotted in Fig 5. Figure curvatures state that mode 

number (1,1) provide lowest critical buckling load among 

other mode numbers. Furthermore, it is proved that mode 

number (1,2) causes stiffer sandwich structure providing. 

Fig. 6 shows dimensionless critical buckling load of 

sandwich structure versus length to thickness ratio for 

different types of CNTs dispersion pattern. What is 

interesting in presented figure is that highest and lowest 

critical buckling load and consequently stiffness, is due to 

the V-A and A-V CNTs dispersion type, respectively. 

However, using U-U, O-O and X-X dispersion pattern of 

CNT model shows similar stiffness and buckling behavior, 

meaningful difference between two other CNTs dispersion 

pattern in critical buckling load can display the importance 

of dispersing pattern of reinforcing phase in mechanical 

behavior of current model. Fig. 7 is presented to show the 

effect of hygrothermal environment on buckling response of  

 

Fig. 6 Influence of CNTs distribution patterns on the 

critical buckling load of the plate 

 

 

Fig. 7 Temperature and moisture variations effect on the 

dimensionless critical buckling load 

 

such abovementioned structures. As results are plotted in 

this figure, critical buckling load has a linear dependency to 

the temperature difference. Increasing temperature 

difference causes critical buckling load reduction which 

means less magnitudes of load is needed to deform under-

evaluation model. Physical point of view is accessible when 

have a little bit mindset about material science. As 

temperature difference increases, molecular bond become 

softer and less magnitudes of load in needed to change their 

position which leads to deform structure in simpler way. 

Furthermore, humidity existence can cause less stiff 

sandwich structure. 

Temperature and porosity changes impact on the critical 

load of buckling in both uniaxial and biaxial loading cases 

is investigated in Fig. 8. According to presented figure, it is 

proved that, porosity coefficient enhancement causes whole 

structure stiffness reduction. In fact, porosity coefficient is a 

measure of pores’ existence in structure, As mentioned 

coefficient increases, more porous layer is provided. From 

physical and practical point of view the range of this 

coefficient should be between 0 (perfect layer) and 0.99. 

Porosity coefficient equal to 1 means whole layer is pores 

and as another expression there is nothing. Fig. 9 is 

provided to study effect of externally applied voltage on the 

critical buckling load for different values of length-to-width 

ratio. As it is clear in mentioned figure, variation of  
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Fig. 8 Porosity and temperature changes effect on the 

results in both uniaxial and biaxial loading cases 

 

 

Fig. 9 Effect of externally applied voltage on the critical 

buckling load 

 

 

Fig. 10 Comparing effect of different kinds of foundation 

on the results 

 

 

electrical voltage in a wide range from -300 to +300 results 

in critical buckling load reduction linearly. So, it can be 

concluded that by applying higher magnitudes of negative 

voltage it is possible to have mechanical behavior 

improvement which causes stiffness enhancement. 

Moreover, aspect ratio enhancement results in critical 

buckling load enhancement. 

Finally, Fig. 10 is responsible to compare the effect of 

different kinds of foundation on the nondimensional critical 

buckling loads. It is proved that using foundation improve 

mechanical properties of sandwich structure in each aspect 

ratio. Also, it is revealed thar Pasternak foundation provide 

stiffer model in comparison with Winkler and free 

foundations. 

 
6. Conclusions 

 

A novel QHSDT, and ERM in cooperation with virtual 

displacement principle are organized to derive governing 

equations of sandwich model containing FG porous core 

(SUS304) and FG-CNTRC face sheets to investigate 

mechanical buckling behavior of mentioned model. It is 

revealed that increasing the externally applied voltage in 

negative and positive range cause mechanical behavior 

enhancement and reduction, respectively. Beside this, as 

mentioned broadly in previous section, hygrothermal 

environment existence results in dimensionless critical 

buckling loads reduction and this behavior are in a good 

relationship with porosity coefficient enhancement. As 

another conclusion it is noteworthy mentioning that uniaxial 

loading in comparison with biaxial loading provide higher 

values of critical buckling load. To put all in a nut shell, 

current model analyzation and its results can help to 

originate more clear and simpler understanding about such 

light weight structure and presented results hope to be 

useful for industrial consumption. 
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Appendix 
 

The used coefficients in Eqs. (39)-(44) are introduced as 

below: 

𝑄110, 𝑄111, 𝑄112 = ∫ ⟨1, 𝑧, 𝑧2⟩𝑄11(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑧2⟩𝐶11(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄120, 𝑄121, 𝑄122 = ∫ ⟨1, 𝑧, 𝑧2⟩𝑄12(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑧2⟩𝐶12(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄130, 𝑄131, 𝑄132 = ∫ ⟨1, 𝑧, 𝑧2⟩𝑄13(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑧2⟩𝐶13(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄230, 𝑄231, 𝑄232 = ∫ ⟨1, 𝑧, 𝑧2⟩𝑄23(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑧2⟩𝐶23(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄𝑖𝑖0, 𝑄𝑖𝑖1, 𝑄𝑖𝑖2 = ∫ ⟨1, 𝑧, 𝑧2⟩𝑄𝑖𝑖(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑧2⟩𝐶𝑖𝑖(𝑧)𝑑𝑧
ℎ𝑐

, (𝑖

= 2, . . . ,6) 

𝑄113, 𝑄114, 𝑄115 = ∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑓(𝑧)𝑄11(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑓(𝑧)𝐶11(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄123, 𝑄124, 𝑄125 = ∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑓(𝑧)𝑄12(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑓(𝑧)𝐶12(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄133, 𝑄134, 𝑄135 = ∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑓(𝑧)𝑄13(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑓(𝑧)𝐶13(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄233, 𝑄234, 𝑄235 = ∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑓(𝑧)𝑄23(𝑧)𝑑𝑧
ℎ𝑓

 

+∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑓(𝑧)𝐶23(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄𝑖𝑖3, 𝑄𝑖𝑖4, 𝑄𝑖𝑖5 = ∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑓(𝑧)𝑄𝑖𝑖(𝑧)𝑑𝑧
ℎ𝑓

 

+∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑓(𝑧)𝐶𝑖𝑖(𝑧)𝑑𝑧
ℎ𝑐

, (𝑖 = 2,3,4,5,6) 

𝑄116, 𝑄117, 𝑄118 = ∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑔′(𝑧)𝑄11(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑔′(𝑧)𝐶11(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄126, 𝑄127, 𝑄128 = ∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑔′(𝑧)𝑄12(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑔′(𝑧)𝐶12(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄136, 𝑄137, 𝑄138 = ∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑔′(𝑧)𝑄13(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑔′(𝑧)𝐶13(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄236, 𝑄237, 𝑄238 = ∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑔′(𝑧)𝑄23(𝑧)𝑑𝑧
ℎ𝑓

 

+∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑔′(𝑧)𝐶23(𝑧)𝑑𝑧
ℎ𝑐

, 
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𝑄𝑖𝑖6, 𝑄𝑖𝑖7, 𝑄𝑖𝑖8 = ∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑔′(𝑧)𝑄𝑖𝑖(𝑧)𝑑𝑧
ℎ𝑓

 

+∫ ⟨1, 𝑧, 𝑓(𝑧)⟩𝑔′(𝑧)𝐶𝑖𝑖(𝑧)𝑑𝑧
ℎ𝑐

, (𝑖 = 2,3,4,5,6) 

𝑄119, 𝑄1110 = ∫ ⟨𝑔′2(𝑧), 𝑔2(𝑧))⟩𝑄11(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨𝑔′2(𝑧), 𝑔2(𝑧))⟩𝐶11(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄129, 𝑄1210 = ∫ ⟨𝑔′2(𝑧), 𝑔2(𝑧))⟩𝑄12(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨𝑔′2(𝑧), 𝑔2(𝑧))⟩𝐶12(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄139, 𝑄1310 = ∫ ⟨𝑔′2(𝑧), 𝑔2(𝑧))⟩𝑄13(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨𝑔′2(𝑧), 𝑔2(𝑧))⟩𝐶13(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄239, 𝑄2310 = ∫ ⟨𝑔′2(𝑧), 𝑔2(𝑧))⟩𝑄23(𝑧)𝑑𝑧
ℎ𝑓

+∫ ⟨𝑔′2(𝑧), 𝑔2(𝑧))⟩𝐶23(𝑧)𝑑𝑧
ℎ𝑐

, 

𝑄𝑖𝑖9, 𝑄𝑖𝑖10 = ∫ ⟨𝑔′2(𝑧), 𝑔2(𝑧))⟩𝑄𝑖𝑖(𝑧)𝑑𝑧
ℎ𝑓

 

+∫ ⟨𝑔′2(𝑧), 𝑔2(𝑧))⟩𝐶𝑖𝑖(𝑧)𝑑𝑧
ℎ𝑐

, (𝑖 = 2, . . . ,6) 

𝐸310, 𝐸311, 𝐸313, 𝐸314 = ∫ ⟨1, 𝑧, 𝑓(𝑧), 𝑔′(𝑧)⟩
𝜋

ℎ𝑓
𝑠𝑖𝑛(

𝜋𝑧

ℎ𝑓
)𝑒31𝑑𝑧

ℎ𝑓

 

𝐸320, 𝐸321, 𝐸323, 𝐸324 = ∫ ⟨1, 𝑧, 𝑓(𝑧), 𝑔′(𝑧)⟩
𝜋

ℎ𝑓
𝑠𝑖𝑛(

𝜋𝑧

ℎ𝑓
)𝑒32𝑑𝑧

ℎ𝑓

, 

𝐸330, 𝐸331, 𝐸333, 𝐸334 = ∫ ⟨1, 𝑧, 𝑓(𝑧), 𝑔′(𝑧)⟩
𝜋

ℎ𝑓
𝑠𝑖𝑛(

𝜋𝑧

ℎ𝑓
)𝑒33𝑑𝑧

ℎ𝑓

, 

𝐸150, 𝐸151, 𝐸153 , 𝐸154 = ∫ ⟨1, 𝑧, 𝑓(𝑧), 𝑔′(𝑧)⟩
𝜋

ℎ𝑓
𝑠𝑖𝑛(

𝜋𝑧

ℎ𝑓
)𝑒15𝑑𝑧

ℎ𝑓

, 

𝐸240, 𝐸241, 𝐸243, 𝐸244 = ∫ ⟨1, 𝑧, 𝑓(𝑧), 𝑔′(𝑧)⟩
𝜋

ℎ𝑓
𝑠𝑖𝑛(

𝜋𝑧

ℎ𝑓
)𝑒24𝑑𝑧

ℎ𝑓

, 

𝐸1510 , 𝐸2410 = ∫ ⟨𝑒15, 𝑒24⟩ 𝑠𝑖𝑛(
𝜋𝑧

ℎ𝑓
)𝑔(𝑧)𝑑𝑧

ℎ𝑓

, 

𝐷111, 𝐷222 = ∫ ⟨𝑑11, 𝑑22⟩ [𝑠𝑖𝑛(
𝜋𝑧

ℎ𝑓
)]

2

𝑑𝑧
ℎ𝑓

, 

𝐷333, 𝐷331 = ∫ 𝑑33 ⟨[
𝜋

ℎ𝑓
𝑠𝑖𝑛(

𝜋𝑧

ℎ𝑓
)]

2

,
𝜋

ℎ2𝑓
𝑠𝑖𝑛(

𝜋𝑧

ℎ𝑓
)⟩ 𝑑𝑧

ℎ𝑓

 

 

Appendix 2 

 
The arrays of matrix [K] can be presented as: 

K11 𝑄110𝛼
2 + 𝑄660𝛽

2 

K12 𝑄120𝛽𝛼 + 𝑄660𝛽𝛼 

K13 −𝑄111𝛼
3 − 𝑄121𝛽

2𝛼 − 2𝑄661𝛽
2𝛼 

K14 −𝑄113𝛼
3 − 𝑄123𝛽

2𝛼 − 2𝑄663𝛽
2𝛼 

K15 −𝑄136𝛼 

K16 0 

K21 𝑄120𝛽𝛼 + 𝑄660𝛽𝛼 

K22 𝑄220𝛽
2 + 𝑄660𝛼

2 

K23 −𝑄121𝛽𝛼
2 − 2𝑄661𝛽𝛼

2 − 𝑄221𝛽
3 

K24 −𝑄123𝛽𝛼
2 − 2𝑄663𝛽𝛼

2 − 𝑄223𝛽
3 

K25 −𝑄236𝛽 

K26 0 

K31 −𝑄111𝛼
3 − 𝑄121𝛽

2𝛼 − 2𝑄661𝛽
2𝛼 

K32 −𝑄121𝛽𝛼
2 − 2𝑄661𝛽𝛼

2 − 𝑄221𝛽
3 

K33 𝑄112𝛼
4 + 2𝑄122𝛼

2𝛽2 + 4𝑄662𝛼
2𝛽2 + 𝑄222𝛽

4 

K34 𝑄224𝛽
4 + 𝑄114𝛼

4 + 4𝑄664𝛼
2𝛽2 + 2𝑄124𝛼

2𝛽2 

K35 𝑄237𝛽
2 + 𝑄137𝛼

2 

K36 0 

K41 −𝑄113𝛼
3 − 𝑄123𝛽

2𝛼 − 2𝑄663𝛽
2𝛼 

K42 −𝑄123𝛽𝛼
2 − 2𝑄663𝛽𝛼

2 − 𝑄223𝛽
3 

K43 𝑄224𝛽
4 + 𝑄114𝛼

4 + 4𝑄664𝛼
2𝛽2 + 2𝑄124𝛼

2𝛽2 

K44 
2𝑄125𝛼

2𝛽2 + 4𝑄665𝛼
2𝛽2 + 𝑄225𝛽

4 + 𝑄115𝛼
4 

+𝑄4410𝛽
2 + 𝑄5510𝛼

2 

K45 𝑄138𝛼
2 + 𝑄238𝛽

2 

K46 −𝐸1510𝛼
2 − 𝐸2410𝛽

2 + 𝑄5510𝛼
2 + 𝑄4410𝛽

2 

K51 −𝑄136𝛼 

K52 −𝑄236𝛽 

K53 𝑄237𝛽
2 + 𝑄137𝛼

2 
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K54 𝑄138𝛼
2 + 𝑄238𝛽

2 + 𝑄5510𝛼
2 + 𝑄4410𝛽

2 

K55 𝑄339 

K56 −𝐸1510𝛼
2 − 𝐸2410𝛽

2 + 𝑄5510𝛼
2 + 𝑄4410𝛽

2 

K61 −𝐸310𝛼 

K62 −𝐸320𝛽 

K63 𝐸311𝛼
2 + 𝐸321𝛽

2 

K64 −𝐸1510𝛼
2 − 𝐸2410𝛽

2 + 𝐸313𝛼
2 + 𝐸323𝛽

2 

K65 0 

K66 −𝐸1510𝛼
2 − 𝐸2410𝛽

2 − 𝐷111𝛼
2 − 𝐷222𝛽

2 
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