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Abstract.

The main objective of this paper is to develop the finite element study on the nonlinear free vibration of functionally

graded nanocomposite spherical shells reinforced with graphene platelets under the first-order shear deformation shell theory
and von Karman nonlinear kinematic relations. The governing equations are presented by introducing the full asymmetric
nonlinear strain-displacement relations followed by the constitutive relations and energy functional. The extended Halpin-Tsai
model is utilized to specify the overall Young’s modulus of the nanocomposite. Then, the finite element formulation is derived
and the quadrilateral 8-node shell element is implemented for finite element discretization. The nonlinear sets of dynamic
equations are solved by the use of the harmonic balance technique and iterative method to find the nonlinear frequency response.
Several numerical examples are represented to highlight the impact of involved factors on the large-amplitude vibration
responses of nanocomposite spherical shells. One of the main findings is that for some geometrical and material parameters, the
fundamental vibrational mode shape is asymmetric and the axisymmetric formulation cannot be appropriately employed to
model the nonlinear dynamic behavior of nanocomposite spherical shells.
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1. Introduction

Due to the advancements in manufacturing technologies
and demands for lightweight structures in several
engineering fields such as aerospace, automobile, and
marine industries, nanocomposite structures have received
considerable attention among research communities.
Functionally graded nanocomposites (FGNC) reinforced
with carbon nanotubes or graphene platelets (GPLs) are
recently introduced as lightweight advanced polymer-based
nanocomposites with great potential in several industrial
applications following their mechanical characteristics such
as high strength-to-weight ratio.

The linear static and dynamic structural mechanics of
FGNC beam (Nejadi et al. 2021), plate (Shen et al. 20174,
Song et al. 2018, Yang et al. 2018, Ebrahimi and Habibi
2017, Kumar et al. 2021, Khadir et al. 2021), panel (Salami
et al. 2021), and shell (Hajmohammad et al. 2018, Liu et al.
2018, Kiarasi et al. 2021, Qin et al. 2020, Kiani 2019)
structures have been widely studied to highlight the novel
structural aspects of nanocomposites showing the
importance of these members in engineering technologies.
In this topical area, some investigations on the mechanics of
FGNC plates and shells were performed by Kitipornchai
and his colleagues (Song et al. 2018, Yang et al. 2018, Liu
et al. 2018) using the analytical solution method. The
Gram-Schmidt-based analytical solution for linear vibration
of FGNC shallow shells was also developed by Qin et al.
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(2020). In addition, Kiani (2019) outlined the thermo-
mechanical buckling analysis of nanocomposite conical
shells by developing the semi-analytical solution using the
generalized differential quadrature (GDQ) and Fourier
expansion. A detailed review article has been recently
published by Zhao et al. (2020) on the mechanics of FGNC
structures reinforced with GPLs which can provide
comprehensive details for interested readers.

On the other hand, the applications of numerical
simulation methods in the structural analysis have been
expanded in the past two decades. Tornabene et al. (2012)
conducted a study based on the GDQ method on linear free
vibration of doubly-curved shells and panels with a free-
form meridian. Fantuzzi et al. (2014) extended the
applications of the GDQ method for arbitrarily shaped
membranes. By applying the numerical solution strategy
based on the transformed differential quadrature method
and a multi-step time integration scheme under a NURBS
interpolation, Heydarpor et al. (2020) simulated the linear
thermoelastic behavior of rotating multilayer FGNC conical
shells. The meshfree radial point interpolation method has
been also employed by Noroozi et al. (2020) to investigate
the vibration and buckling of FGNC perforated plates
subjected to the in-plane loadings. Also, related to this
study, several numerical studies on vibrational analysis of
coupled circular nanocomposite shells have been performed
in the literature following different shell models using the
GDQ-based solution methods (Sobhani 2022, 2023a, b,
Sobhani and Avcar 2022a, b, Sobhani and Masoodi 2022,
Sobhani et al. 20223, b, ¢, 2023a). For instance, Sobhani et
al. (2022a) studied the free-damped vibration of FGNC
coupled conical-cylindrical shell structures. Also, the
dynaamics of joined sandwich nanocomposite spherical-
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conical shells subjected to spring boundary conditions was
investigated by Sobhani (2023a).

Unlike the vast range of linear analyses, much fewer
studies focused on the nonlinear mechanical behavior of
FGNCs due to the more complex nature of governing
equations. For instance, using a perturbation-based
analytical method and under Reddy’s shell model, Shen et
al. (2017b, c) presented various studies on the nonlinear
dynamic and postbuckling of nanocomposite plates and
cylindrical shells reinforced with FG graphenes. In addition,
Gao et al. (2018) investigated the effects of the elastic
medium on the large-amplitude dynamics of porous FGNC
plates following the thin plate theory and geometric
nonlinearity using the differential quadrature (DQ)
technique. The nonlinear dynamic analysis of FGNC
conical shells reinforced with graphenes was also
demonstrated by Wang et al. (2019) under the shear
deformation model applying the Galerkin method and the
fourth-order Runge—Kutta technique. Besides, several
numerical methods such as the DQ method (Gholami and
Ansari 2018), element-free approach (Selim and Liu 2021),
singular convolution technique (Civalek 2020), and finite
element method have been recently applied to perform
numerical studies on the structural mechanics of FGNCs. To
get more details, one can consider the review study by Zhao
et al. (2020).

On the other hand, in comparison to the wide range of
studies on the mechanical analysis of FGNC structures,
limited works have been published on nanocomposite
spherical shells. The linear vibration of FGNC spherical
shells reinforced with CNTSs resting on the elastic medium
was investigated by Ansari et al. (2016, 2020) using the DQ
numerical solution method. The Rayleigh-Ritz analytical
solution based on the improved Fourier series admissible
functions was developed by Wang et al. (2018) to focus on
the vibration analysis of FGNC spherical panels and shells
reinforced with CNTs with general elastic restraints. Also,
the vibration analysis of CNT-FGNC spherical caps was
analyzed by Kiani (2017) under the shear deformation
formulation using the Ritz method and Gram-Schmidt
process. On the other hand, regarding the studies for GPL-
reinforced nanocomposite, the isogeometric analysis
method was employed to study the static and dynamic
analysis of FGNC cylindrical and spherical panels (Van Do
et al. 2020, Tao and Dai 2021). Following the 3D elasticity
model and analytical solution method, Liu et al (2021) also
dealt with the vibration and bending analysis of FGNC
spheres. Recently, Haboussi et al. (2021) highlighted the
nonlinear axisymmetric dynamic buckling of FGNC
spherical caps in which the one-dimensional finite element
analysis was performed under the axisymmetric formulation.
Newmark’s integration technique was employed to find the
dynamic response.

As the survey of the literature indicates, a wide range of
studies have been recently performed on the vibration
analysis of nanocomposite shells and panels, however, most
of the studies on complex geometries have been carried out
on linear vibration analysis, and geometric nonlinearity has
been less considered for nanocomposite shells and panels.
In addition, to the best of the author’s knowledge, the

nonlinear vibration of functionally graded nanocomposite
spherical shells reinforced with graphene platelets has not
been addressed yet in the literature. Therefore, the main
objective of this research is to develop an efficient finite
element model to study the nonlinear free vibration of
FGNC spherical shells reinforced with GPLs. Since the
fundamental vibrational mode shape is not axisymmetric for
some geometrical parameters, the full asymmetric
formulation under the shear deformation theory is presented
where von Karman’s geometrically nonlinear assumption is
regarded. The extended Halpin-Tsai model is followed to
give the effective elasticity modulus. The nonlinear strain-
displacement approach and constitutive relations are
presented to form the energy functional of the system and
the 8-node quadrilateral shell elements in the spherical
coordinate system are employed for finite element
discretization. The nonlinear sets of algebraic governing
equations are finally solved using the modified Newton-
Raphson iteration technique and the Harmonic method to
give the nonlinear vibration response. Several numerical
examples are represented to highlight the impacts of
geometrical parameters, nanocomposite materials, and
boundary conditions of the vibration characteristics of
functionally  graded GPL-reinforced nanocomposite
spherical shells.

2. Functionally graded nanocomposite

The effective material properties of the FGNC are
described in this section. It is assumed that the spherical
shell is made of an epoxy-based composite material
reinforced by GPLs. The extended Halpin-Tsai (EHT)
model is utilized to estimate the overall elastic modulus of
the FGNC in which the influences of GPL dimensions on
the material properties are accounted. Following the EHT
model, Young’s modulus of the FGNC reinforced by GPLs
is given by (Song et al. 2018)

3/1+ % 5/1+ %
E = _< gLT]L gpl>Em _( EWYIW gpl) Em (1)
8\ 1—-n.V,p 8\ 1—=nwVyp
with
_ (Egpl/Em ) -1 _ (Egpl/Em ) -1

mw=r 5 w= )
t (Egpl/Em ) - fL v (Egpl/Em ) - S;W

where &, = 2(1yp1/hgpi) and &y = 2(Wyp/hyy) are the

geometrical factors defined for the GPL. Additionally, the

mass density and Poisson’s ratio of FGNC are

P = VgpiPgpr + ViuPm

Vv =VopVgpr + ViV

©)

In the above equations E,V,p, and v stand for the
elastic modulus, volume fraction, mass density, and
Poisson’s ratio, respectively where the subscripts gpl and
m denote the corresponding properties for GPL and matrix
phase of the nanocomposite.

To improve the structural vibration performance of the
shell, the uniform distribution (UD) or functionally graded
patterns (like FG-A, FG-0, and FG-X shown in Fig. 1) of
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FG-A

FG-O

FG-X

Fig. 1 The dispersion patterns of GPLs through the
thickness of the FG-NC spherical shell

Fig. 2 Schematic view and geometrical parameters of the
spherical shell

GPs through the thickness direction are considered.
From the mathematical point of view, the GPLs’ volume
fraction for each case is expressed as follows

UD: pl = gpl
FG-A: V, ( Z) Vi
FG-0: Vg =21 —@) o )
FG-X: Wy =2 (22) Ve
in which h signifies the plate thickness and
. g1
gpl = W+ ngz (1-w) (®)

is GPLs total volume fraction.

3. Fundamental equations

The spherical shell which is shown in Fig. 2 with radius
R, meridional angles ¢; and ¢, and thickness h is
considered in this study. The governing equations including
the geometrically nonlinear kinematic relations, constitutive
relations, and the energy functional are presented in this
section under the first-order shear deformation shell theory
(FSDST) and von Kéarman assumptions following the

asymmetric formulation in the spherical coordinate system
of ¢,0,z. By taking v; (i = ¢,0,z) as the mid-surface
displacements and ,, Py as the rotations into
consideration under the FSDST, the displacement field is

ﬁ(p = v(p((pi 9) + le(p ((p' 6):
Vg = vo(@,0) + 2P (@, 0), (6)
v, = v,(9,0)
On the basis of the Donnell shell model and the von

Kéarman nonlinear kinematics, the strain vectors are defined
as (Tornabene and Viola 2007)
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where €, €,, €, are the linear membrane, bending, and
transverse shear strains while €,; signifies the impact of
the geometrically nonlinear assumptions. Note that comma
(“,”) symbolizes the derivative operator, for example, we

aL;' Based on the defined effective material

properties in section 2 and under the linear elastic material
assumption, the stress vectors can be given by

Op 0:11(2) 912(2) 0 €p
o= { O¢ } =(012(2) Q2(2) 0 [E9 } = Q€,
%) |0 ©

have wv,, =
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B E(z)v(z)
0@ = T (10)
__E@ —0 _
Qes(2) = m , Qss = Qus = Qes

Taking this point into account that the formulation is
given by the FSDST, the stress resultants are expressed by
integrating the stresses over the thickness direction
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where K, is the shear correction factor. Note that within
the first-order shear deformation theory, the shear correction
factor is determined following the exact stress distribution
through the thickness by comparing the strain energy due to
the 3D elasticity theory and first-order shear deformation
theory. However, because of the difficulties in 3D elasticity
analyses, the approximate value of the shear correction
factor factor k,=5/6 is commonly used for composite plates
and shells. Hence, in this research, the same value has been
considered for the shear correction factor. Also, P =

{P, Py P,e}" is the vector of force resultant, M =
{M, Mg M,}" is the vector of moment resultants, and

T = {Ty, Nq,z}T is the vector of shear force resultant and
h/2
(A3x3, Bixz D3x3) = 9(1,z,z%)dz,
—-h/2
h/2 (13)

A, = f Q°dz
—-h/2

Hamilton’s principle is used in this study to derive the
finite element formulation. In this regard, the energy
functional of the system needs to be presented first. By the
use of kinematic and constitutive relations, the variation of
strain energy of the FGNC spherical shell can be expressed
as

1 \T_ 1
5u=f 5(@+E@n1) D(€+E€nl)dﬂ (14)
Q

Also, by introducing the displacement field in the matrix
form like ~

Vo

v = ﬁ@ = Pov

2

01 0 0 =z

0 01 0O
V=[7-7¢ Vg Uy 1/)<p lpG]T

the first variation of the kinetic energy will be

100 2z 0 (15)
iy

§K = f svTpidv = f SVTMV dQ (16)
14 Q
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h
2
m = f PipPodz (17)
T2

In addition, the variation of the work of the external
loads is

SW = f SVTf dQ (18)
Q

where by considering the shell subjected to the uniformly
distributed radial load (f), we have f=1[0 0 0 0 f]T.

Finally, with the aid of strain energy (Eq. 14), kinematic
energy (Eq. 16), and work of external forces (Eq. 18),
Hamilton’s principle can be expressed as

ta 1. 3\"_ 1 .
f f6(€+—€nl) D(@+—@nl)+f61ﬂ2m12da
t Q 2 2 Q

1

(19)
- f SVdeQ} dt =0
Q

4. Finite element analysis

The finite element procedure for nonlinear vibration of
the FGNC spherical shell is formulated in this section. The
eight-node shell element defined in the local spherical
coordinate of x,4 (corresponds to the global coordinates

of ¢, 0) is considered here for the FE discretization with
the following shape functions

1
M= 30Dtz +y)
1
Ny =521~ )
1
M= 34 - -z +y)
No=3 (42— g2)
1 (20)
M= 34+ ) -z~ ),
Ny =521+ )
1
M= 31— 0 -9 +x— )

1
Ny =51 =01 -4

Accordingly, the displacement vector V defined in Eq.
15 can be approximated by

8
V:ZNiqiqu (21)
i=1
N =[N N2 .. N,
[ Ny 0 0 O 0]
N, 0O 0 O
Ni =| N, 0 0 (22)
l i
sym N;

where we have q= [q' q% .. q®]T in which q'=
[vi vg vi 9L h ]T is the vector of unknown nodal
values at each node within an element. Now, by substituting
the approximation of the displacement vector from Eq. (21)
into linear and nonlinear strains of Eq. (12), the strains can
be approximated by
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Next, by substituting Eq. (21) and Eqg. (23) into
Hamilton’s principle, it can be written

2{J, 64" (B™DB +;B™DB,, + BLDB +
1B], DB, ) q d0 + [, 5q"N"MN § dO - (27)
J,8a"™Nfdo}dt =0

This leads to the following nonlinear sets of FE
formulation for nonlinear vibration of FGNC spherical shell

Mg +K(q)q =F (28)
with the following stiffness matrices

K = Kijinear + Knonlinear

Kiinear = j BTDB dQ,
Q

(29)

1 om NSGI NN

Knonlinear = o (EB DBnl + BnlDB + EBnlDBnl) dq,

and the mass matrix as well as the force vector

M= f NTIMmMN dQ, (30)
Q
F= f NTfda (31)
Q

The Gauss quadrature integration scheme is used to
calculate the stiffness and mass matrices as well as the force

vector. The reduced integration approach is also applied to
avoid the shear locking phenomenon.

As one of the practical techniques for solving large-
amplitude dynamic problems, the harmonic balance method
(HBM) is employed in this study. The Fourier series is
utilized to propose a regular periodic response for an
ordinary differential equation system (Krack and Gross
2019). On the basis of the HBM and by considering the
periodic response q(t) = q(t +T) with T =2n/w, the
unknown vector q is introduced with the following ansatz
(Krack and Gross 2019)

qn(t) =Xo + Z X, p sin(pwt) + Z X p cos(pwt)
p=1 p=1

=R Z Xpe(ip“’t)
p=0

with i as the imaginary number and R for the real part
of the relation. Next, we have

an =R Xpe(ipa)t) . =R _(pw)zxpe(ipwt) (33)

By setting Eq. (33) into Eq. (28), it can be written

(32)

in{ ([-(pw)*M + KIX,, — F)e(ip“’t)} =R (34)
14

=0

where R denotes the residual of the Fourier approximation.
Finally, the weighted residual approach is applied and the
residual R can be minimized by

T
f R e(CP@dt = 0 (35)
0

Eq. (35) gives the sets of nonlinear algebraic equations
where iterative techniques like the Newton-Raphson
method can be implemented to solve it and find the
nonlinear vibration response.

5. Numerical examples

The FGNC is composed of the polymer matrix and
GPLs with these geometrical dimensions: l;,, = 2.5 um,
Wgpr = 1.5um and hgp,, = 1.5nm as the reinforcement
which is functionally graded along with the thickness of the
spherical shell. The material properties are (Song et al.
2018):

Polymer matrix: Ey, =3GPa, vy =034 and py =
1.2 g/cm?®
GPL reinforcement: Eg, = 1.01TPa, vy, =0.186 and
Ppt = 1.06#

Two types of boundary support including the fixed (F)
or clamped and hinged (H) or simply-supported are
regarded at the edges of the shell with the following
mathematical expressions:

Fixed (F): v, =vg =v, =9, =Py =0 (36)
Hinged (H): v, =vg = v, =0
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Table 1 Comparative study for the natural frequencies f = w,;/2m (Hz) of FG spherical shell

k mode number FF A
Present work Qu et al. (2013) Present work Qu et al. (2013)
1 873.54 873.65 767.78 767.93
2 888.03 888.18 815.03 815.16
06 3 893.59 893.72 885.39 885.52
4 908.41 908.59 887.68 887.89
1 862.49 862.63 749.66 749.86
2 866.70 866.84 796.65 796.84
> 3 869.91 870.03 863.08 863.22
4 896.48 896.77 864.16 864.39
1 852.01 852.12 746.47 746.63
20 2 855.55 855.73 790.52 790.75
3 858.57 858.70 850.34 850.56
4 885.62 885.80 852.39 852.64

Table 2 Comparison study for the natural frequencies (Hz)
of the fixed-fixed isotropic semi-spherical shell

Mode number - F-F
Sobhani (2023b) Present work
1 110.79 110.58
2 119.00 118.97
3 120.54 120.90
4 123.19 123.25
5 125.79 125.83

And to make the boundary supports’ notation more
clear, it should be pointed out that for instance, F-H denotes
that the upper edge of the shell is fixed while the bottom
edge is hinged.

To demonstrate the accuracy of the proposed FE
analysis, three comparative examples with the results
published in the open literature are represented first. For the
first example, the natural frequencies of the FG shell are
compared to the results given by Qu et al. (2013) in Table 1
for diverse FG power-law indexes and two boundary
supports. The geometrical parameters of the shell are: R =
1m, R/h = 20,9, =15", ¢, = 90".

As the second comparative study, the first five natural
frequencies (Hz) of the isotropic semi-spherical shell are
compared in Table 2 for fixed-fixed (F-F) boundary
conditions. The geometrical parameters are R/h = 66.7,
o = 14.63°, ¢, = 90°. Next, the comparison of the non-
dimensional frequencies (®; = w;R%{/I,,/D,,) of FGNC
spherical shells reinforced with CNTSs are reported in Table
3 with the results given in Ansari et al. (2016). The
dimensions of the shell are: R/h =50,¢, = 15°,¢; =
90°. Note that V.,,is the volume fraction of CNTs within
the FGNC. The excellent agreements (less than 0.5%
difference) between the results indicate the accuracy of the
model.

The numerical efficiency of the FE analysis is further
discussed in Fig. 3 for two radius to thickness ratios (RTRS)

where the convergence of the frequency parameters of the
FGNC spherical shell with Fixed-Fixed boundary supports.
Note that in this study, the frequency parameter is defined
as:

_ w,R?
B =— In/Dm (37)
3
where I, = pp,h, Dy =D, = 12?;"_}1%) and w; is the

dimensional natural frequency. The rapid convergence rate
of the frequency parameter can be observed in Fig. 3 which
verifies the numerical effectiveness of the proposed FE
analysis. It can be also seen that the thin (R/h = 50) and
moderately thick (R/h = 20) shells have completely
different convergence patterns. This is due to the fact that
the shells have different fundamental mode shapes where
the thin shell has the axisymmetric deformation state while
the moderately thick shell has the asymmetric one. After
proving the accuracy and efficiency of the study, the
parametric study is provided next.

In this study, the nonlinear vibration response is reported
as the variation of the nonlinear frequency ratio which is the
nonlinear to linear frequency ratio versus the non-
dimensional deflection which is the maximum non-
dimensional radial deflection (9]*** = v]"%* /h).

As the first example, given results in Table 4 are the
linear frequency parameters and nonlinear frequency ratios
versus the non-dimensional deflection for a fully hinged
FGNC spherical shell with various RTRs (R /h) and weight
fractions (Wg,,;) and different distribution patterns of GPLs.

The meridional angles are ¢, = 30",¢, = 120°. It is
found that the shell with a higher weight fraction of GPLs
and RTR has a higher frequency parameter while the FG-O
type nanocomposite shell has the lowest frequency
parameter.

Moreover, the large-amplitude vibration responses of the
FGNC spherical shell for different RTRs and boundary
supports are depicted in Fig. 4. The meridional angles are
¢o = 30°,¢p; = 90° while the U-D nanocomposite shell
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CNTs
mode 1 mode 2 mode 3
ent Ansari et al. Ansari et al. Ansari et al.
(2016) Present work (2016) Present work (2016) Present work
U-D 179.9 179.8 183.5 183.4 193.0 192.8
0.12 FG-A 174.9 174.8 1755 175.4 188.4 188.2
' FG-O 166.0 166.0 169.2 169.2 178.8 178.7
FG-X 192.3 192.1 196.3 196.0 197.2 197.0
U-D 227.6 227.4 232.1 232.0 244.2 244.0
0.17 FG-A 222.7 222.5 223.4 223.2 240.0 238.8
' FG-O 211.9 211.8 216.1 216.0 228.4 228.1
FG-X 243.1 242.8 248.2 248.0 255.9 255.6
U-D 252.3 252.1 257.3 257.1 266.2 266.0
0.28 FG-A 247.0 246.8 248.4 248.2 265.5 265.3
' FG-O 234.1 234.0 238.4 238.3 252.0 251.8
FG-X 273.5 273.2 275.2 274.9 281.2 279.9
R/h=50 R/h=20
15.9 -
5 33 g I
g g 15.8
g g
& S 157 ¢
& z
£ 325 156
= =
o o
& S 155t
S 154 |
5 %2 5
15.3
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Fig. 3 Convergence study for the frequency parameters of FGNC spherical shell with Fixed-Fixed boundary supports
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Fig. 4 Nonlinear vibration responses of the FGNC spherical shell for different radius to thickness ratios and boundary
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Table 4 Linear frequency parameters and nonlinear frequency ratios for fully hinged FGNC spherical shell for

different radius to thickness ratios (R/h) and weight fractions (W,,,) for different distribution patterns of GPLs
max
R/k Wow (%) o 0.2 0.4 vzo.s/h 0.8 1.0
u-bD 36.43 1.0026 1.0074 1.0153 1.0263 1.0402
05 FG-A 35.91 1.0022 1.0058 1.0118 1.0201 1.0307
FG-O 36.29 1.0032 1.0096 1.0202 1.0349 1.0534
FG-X 36.55 1.0023 1.0062 1.0127 1.0216 1.0329
100 u-D 49.91 1.0025 1.0071 1.0147 1.0252 1.0385
12 FG-A 48.63 1.0021 1.0056 1.0116 1.0202 1.0312
FG-O 49.66 1.0035 1.0111 1.0234 1.0405 1.0620
FG-X 50.13 1.0022 1.0055 1.0120 1.0217 1.0331
u-D 10.87 1.0044 1.0146 1.0312 1.0539 1.0821
FG-A 10.49 1.0037 1.0117 1.0249 1.0429 1.0656
05 FG-O 10.77 1.0052 1.0175 1.0377 1.0651 1.0991
FG-X 10.96 1.0039 1.0125 1.0266 1.0458 1.0699
» u-D 14.90 1.0044 1.0146 1.0311 1.0537 1.0819
FG-A 14.17 1.0035 1.0111 1.0234 1.0402 1.0615
1.2 FG-O 14.72 1.0057 1.0195 1.0419 1.0723 1.1099
FG-X 15.05 1.0037 1.0119 1.0252 1.0434 1.0663
mode 1 mode 2 Mode 3
w; = 3299 w; = 34.01 w; = 35.28
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Fig. 5 The first three vibrational mode shapes of the fixed-fixed FGNC spherical shell for different radius to thickness

ratios (¢, = 30° @1 = 90°, Wy, = 1%, FG-X)

with Wy, = 1% is considered. The results reveal that the
thicker the FGNC shell is, the lower the frequency ratio is.
The same trend is concluded for all boundary supports.
To highlight more insights into the impact of RTR on the
vibrational behavior of FGNC spherical shells, Fig. 5
illustrates the first three modes shapes for two different
thickness ratios and the most important observation here is
that for some geometrical factors (here for R/h = 20) the
fundamental mode shape is asymmetric so that the
axisymmetric formulation can no longer be employed and
the full asymmetric formulation should be utilized.
Nonlinear vibration responses of the fixed-fixed FGNC
spherical shell are demonstrated in Fig. 6 for distinct
meridional angles (¢,) and distribution patterns of GPLs.
The geometrical factors are: ¢, = 120°,h/R = 0.02 where
the GPLs’ weight fraction is 1.2%. The linear frequency

parameters are also reported in Table 5 for various
geometrical and material parameters as well as boundary
supports where the specified factors are h/R = 0.02, ¢, =
120°.

In addition, to give more details, the effects of large
meridional angle (¢,) on the first three mode shapes are
shown in Fig. 7 for the U-D pattern and ¢, = 30, R/h =
50, Wy, = 1%. It is noticed that the shell with the larger
meridional length ( with more differences between ¢, and
¢,) has a smaller linear frequency parameter and larger
nonlinear frequency ratio. This is due that by having a
larger meridional length, the shell is more flexible with
larger deformation and smaller frequency. Once again, it
can be seen that in some cases the shell experiences the
asymmetric fundamental mode shape that is ¢; = 60° in
Fig. 7. As expected, The fixed-fixed (F-F) edge supports
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Fig. 6 Nonlinear vibration responses of the fixed-fixed FGNC spherical shell for different meridional angles (¢,) and
distribution patterns of GPLs (¢, = 120°,h/R = 0.02, wg, = 1.2%)

Table 5 Linear frequency parameters of the FGNC spherical shell for different boundary supports

%o W1 (%) F-F F-H H-F H-H
u-D 19.679 19.092 19.138 18.574
FG-A 19.560 18.772 18.849 18.082
0% FG-O 19.456 18.928 18.970 18.462
FG-X 19.863 19.230 19.278 18.670
%0 u-D 25.089 24.345 24.403 23.685
. FG-A 24.869 23.802 23.915 22.868
FG-O 24.730 24.082 24.135 23.507
FG-X 25.379 24.560 24.622 23.836
u-D 25.290 24.494 24.494 23.800
FG-A 25.037 24.147 24.147 23.334
0% FG-O 24.832 24.179 24.179 23.590
FG-X 25.726 24.792 24.792 23.997
% u-D 32.244 31.229 31.229 30.345
. FG-A 31.778 30.631 30.631 29.565
FG-O 31.521 30.732 30.732 30.015
FG-X 32.928 31.698 31.698 30.657

give the highest frequency parameter, however, the point is
that the maximum effect of constraints at boundaries is less
than 7%.

The impacts of GPL’s weight fraction on the large-
amplitude vibration response of the fully fixed FGNC
spherical shell are investigated in Fig. 8 for two RTRs. The
FG-A pattern of nanocomposite spherical shell with ¢, =
45°, ¢, = 120" is considered. Although the increase in
GPL’s weight fraction showed a significant increase in the
linear frequency parameter in Tables 4 and 5, the results in
Fig. 8 indicate that increasing the W, has no remarkable

influence on the nonlinear vibration response.

Demonstrated in Fig. 9 are the nonlinear vibration
responses of the FGNC spherical shell for different GPL’s
dispersion patterns and meridional angles (¢,). The
geometrical and material-related factors are: ¢, =
120°,R/h = 100,W,,, = 1%. Although quite close results
are given for the small deflections (let us say v)***/h < 1)
for distinct GPL patterns, considerable differences in
nonlinear responses are found for larger deflections, while
the results in Table 5 revealed that the GPLs dispersion
patterns do not have a substantial impact on the linear
frequency parameter.

The effects of boundary support on the nonlinear
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Fig. 10 Nonlinear vibration responses of the FGNC spherical shell for different boundary supports and radius to

thickness ratios

vibration response of the FGNC spherical shells are
demonstrated in Figure 10 for three thickness ratios (i.e.,
R/h =100,35,20 ). The meridional angles are ¢, =
30°, ¢ = 90" where the U-D pattern with Wy, = 1% is
regarded. It is apparent that the hinged-hinged (H-H) shell
has the highest frequency ratio while the fixed-hinged (F-H)
and hinged-fixed (H-F) shells have quite close responses
(almost the same) and the fully fixed supports (F-F) leads to
the lowest nonlinear frequency ratio. The results also
express that the impact of boundary support is more
important for a thicker shell than a thinner one.

6. Conclusions

The nonlinear finite element analysis was implemented
to study the effects of geometrically nonlinear assumptions
on the vibration of nanocomposite spherical shells
reinforced with functionally graded GPLs. The shear
deformation shell theory along with the von Karman
nonlinear kinematic relations with asymmetric deformation
state was applied to derive the fundamental mathematical
formulations and energy functional using Hamilton’s
principle. The extended Halpin-Tsai model is utilized to
specify the overall Young’s modulus of the nanocomposite.
Then, the eight-node shell element in spherical coordinate
was implemented for FE discretization and the Harmonic
balance method with the Newton-Raphson iterative
technique was employed to find the nonlinear dynamic
response. The correctness and performance of the proposed
numerical model were first verified through various
comparative and convergence studies and then the impacts
of involved factors on the nonlinear dynamics of FGNC
spherical shells were analyzed. The main conclusion is that
in some cases with specific geometrical parameters
(moderately thick shells or shells with short meridional

length), the spherical shell had the asymmetric fundamental
vibrational mode so that the axisymmetric formulation
could not be appropriately used to model the problem and
the implementation of the asymmetric formulation was
inevitable. It was also figured out that the FGNC shells with
FG-X and FG-O dispersion patterns have the lowest and
highest nonlinear frequency ratios while no significant
effect on the linear frequency parameter was observed.
Increasing the GPLs weight fraction remarkably enhanced

the linear frequency parameters, however, had an
insignificant effect on the nonlinear frequency ratio.
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