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Abstract.

Development of thin carbon nanotubes (CNTs) nanoliquid film over the rough surface of a horizontal rotating disk

is investigated by considering symmetric roughness either along the azimuthal or radial directions. The disk surface is either
heated or cooled axisymmetrically from below. The effects of single-walled carbon nanotubes (SWCNTSs), multi-walled carbon
nanotubes (MWCNTS) are analyzed on the film thinning process with different types of base liquids. Closed form solutions for
velocity and temperature field are obtained for small values of Reynolds number whereas the numerical solution is derived for
moderate values of Reynolds number. It is found that fluid retention / depletion takes place when the roughness is symmetric
along the azimuthal / radial directions. It is also seen that the film thinning rate enhances for MWCNTs compare to SWCNTSs.
Further it is found that two different heat transfer regions exits within the flow domain depending on the fact that heat is

transferred from disk to liquid film and vice-versa.
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1. Introduction

In last two decades the study of nanofluid becomes
major area of research among the scientists and
technologists due to its enormous application in different
technological processes. Nanofluid consists colloidal
suspension of nanometer size metallic or non-metallic
particles (diameters 1-100 nm) in the conventional heat
transfer fluids like water, ethylene glycol, engine oil, etc.
and these fluids have poor thermal performance. The
suspension of tiny-sized particles in the conventional fluids
shows much higher thermal conductivity of these fluids. For
this reason, nanofluids have widespread industrial
applications such as solar technology, cooling of electronic
devices, cancer therapy, biomedicine, etc. Masuda et al.
(1993) observed increase of thermal conductivity of a base
fluid by dispersing ultra-fine particles of Al,Os, SiO, and
TiO,. The term nanofluid was first invented by Choi (1995)
and showed the anomalous increase of thermal conductivity
of the conventional fluids. Buongiorno (2006) modeled the
laminar flow of nanofluids by taking effects of thermo-
phoresis and Brownian motion in the convective heat
transport problem. Niled and Kuznetsov (2009) examined
the thermal instability of convective heat and mass transfer
in an porous horizontal medium saturated by nanofluid.
Later, Kumar et al. (2017) investigated unsteady MHD
boundary layer flow of Casson fluid between two parallel
disks with the effects of thermal radiation, thermophoresis
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and Brownian motion. Tlili et al. (2020, 2021) discussed the
effects of nanoparticle shape on MHD ferrofluid film flow
due to a stretching sheet in case of hybrid and mono
nanofluids respectively. Carbon nanotube (CNT) is a
graphene sheet rolled in to a cylinder with nanometer size
diameter. The CNTs are classified in two groups namely
single-walled carbon nanotubes (SWCNTs) and multi-
walled carbon nanotubes (MWCNTS). A SWCNTs has only
single graphene sheet while collection of nested tubes of
continuously increasing diameters is termed as MWCNTS.
Radushkevich and Lukyanovich (1952) and lijima (1991)
invented and described the structural properties of CNTSs.
lijima and Ichihashi (1993) showed the properties of the
new type of CNTs known as the single-walled carbon
nanotubes. Later, numerous researchers Akbar et al. (2014),
Wang et al. (2014), Akbar et al. (2015), Akbar and Butt
(2015), Sidik et al. (2017) discussed the effects of heat
transfer due to CNTs nanofluids.

The spin coating is a technique by which a very thin
uniform layer of film (layers of paint, polymer, lacquer etc.)
developed over the surface of a horizontal rotating
substrate/ disk with the help of centrifugal force. In general,
a small amount of liquid solution is deposited at the center
of the disk with the help of a pipette or syringe. After that
the disk starts to rotate, resulting liquid solution spreads
uniformly on the entire surface of the disk by the action of
centrifugal force. This technique is used in many industrial
processes for manufacturing of integrated circuits, solar
cells, insulators, nanomaterials, magnetic disk coatings,
compact disks for data storage etc. The development of thin
Newtonian liquid film over a spinning disk was first
theoretically studied by Emslie et al. (1958). Washo (1977)
examined the use of the spin coating technique in micro-
electronics industry by his experimental as well as theoretical
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study. Myerhofer (1978) considered the effect of solvent
evaporation in spin coating process. Mouhamad et al.
(2014) investigated formation of polymer film through the
spin coating process by assuming the viscosity as the
function of concentration. Jenekhe and Schuldt (1984)
studied the development of non-Newtonian power-law and
Carreau liquid films on a rotating disk. Higgins (1986) first
took the full set of Navier-Stoke Egs. to investigate
unsteady film flow on a rotating disk by the match
asymptotic analysis. Dandapat and Roy (1990, 1994)
considered the unsteady film flow over a hot / cold rotating
disk with the thermocapillary effect. Later, Dandapat (2001)
analyzed the crucial role of viscosity on film flow over a
rotating disk. Wu (2001) investigated numerically the
axisymmetrically thin film flow over a heated rotating disk
with the lubrication approximation. Cregan and O’Brien
(2013) derived the improved asymptotic solution for the
spin-coating with a small evaporation. Karpitschka et al.
(2015) discussed the vertical composition profile of
evaporating polymer film in spin coating. Recently, Maity
(2017) studied the nanoliquid film flow over a spinning disk
with the thermocapillary effect. The thin double-layer
viscous liquid film flow over a spinning disk with the
different physical effects was investigated by Mclntyre and
Brush (2010), Sahoo et al. (2016), Dandapat and Singh
(2015). Matsumoto et al. (1989) modelled the unsteady thin
film development on a spinning disk with deformable free
surface and studied the problem numerically. Later,
Kitamura (2001), Dandapat et al. (2005), Usha et al. (2005),
Dandapat and Maity (2009) studied the thin film
development on a spinning disk under the assumption of
deformable free surface with effects of surface tension
variation, viscosity variation, flow instability, evaporation,
external air flow, etc.

In all the above investigations it is assumed that the disk
surface or topographical structure over the disk is wet so
no-slip condition is applicable at every point on the solid
surface. But during the coating of the substrates, one need
to place the substrates over the disk either arranged in
concentric rings or may be radially symmetric or mixed of
these two. This placement of substrates over the disk leads
to the roughness over the surface. Ma and Hwang (1990)
analyzed the effects of surface roughness and air-shear on
film development over a rotating disk. Through numerical
solution they showed that: (i) the surface roughness
increases significantly the retention of liquid on a rotating
disk, (ii) the different topographic structure of the surface
roughness asperities lead to the different asymptotic limits
of the lubricant retention. But adequate attention has not
been paid to this orderly roughness problem although many
researchers Peurrung and Graves (1991), Usha and Gotz
(2001) considered the flow of thin liquid film over a rough
rotating disk. Miklav¢ié and Wang (2004) examined the
Von Karmén (1921) problem of infinite viscous fluid over a
rough rotating disk. Turkyilmazoglu (2010) considered the
above problem for electrically conducting infinite fluid over
a rough rotating disk. Recently, Dandapat et al. (2017)
investigated the effects of surface roughness and air flow
due to the thin film flow of two-fluids on a rotating disk.

In this paper, the flow of thin CNTs nanoliquid film over
a spinning disk is investigated with the assumption that the
disk surface is rough. The directions of roughness on the

CNTs-nanoliquid
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Fig. 1 Geometrical representation of the flow problem

disk surface are either arranged radial symmetric or
azimuthal, i.e., on a concentrically grooved disk such as a
phonograph record or a laser-etched disk (See, Fig. 1). The
initial film thickness is assumed to be uniform and it
remains uniform throughout the spinning of the disk.

2. Materials and methods

Unsteady, incompressible flow of CNTs nanoliquid film
is considered over a rough horizontal rotating disk. The film
thickness is assumed to be uniform h, and the radius is
large compared with the film thickness. The CNTs
nanoliquid consists of ethanol, methanol and ethylene-
glycol as the base liquids and single-walled nanotubes
(SWCNTSs) and multi-walled carbon nanotubes (MWCNTS)
as the nanoparticles. Choosing cylindrical-polar coordinate
system (r,8,z) with origin at center of the disk and z-axis
is vertically upwards. Initially, disk is at rest and it starts to
rotate with angular velocity Q about the z-axis. Let
(u,v,w) and Tare respectively the velocity components
and temperature of CNTs-nanoliquid. The axisymmetric Eq.
of continuity, momentum and energy Eqgs for nanoliquid
flow over a rotating disk are as follows (see, Avramenko
and Shevchuk (2022), Dandapat (2001), Maity (2017),
Ellahi et al. (2018), Turkyilmazoglu (2014)):
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Table 1 Thermo-physical properties of different nano-
particles and base liquid (see, Khan et al. (2020), Ellahi et
al. (2018), Krishanan et al. (2020))

p (kg/m3) Cp(JIrkgK) k(W/mK) Pr
Methanol 790 2534 0.200 7.24

IBaS_ed Ethanol 789 2500  0.0235 153
iqui )
Ethylene- 1101 2400 0256 2040
Glycol
Nano- SWCNT 2600 425 6600 -
particles MWCNT 1600 796 3000 -

where p is the pressure, p,, is the density, p,, is the
dynamic viscosity, (pCp)ys is thermal conductivity and
k,r is the heat capacity of the nanoliquid. The above
thermo-physical properties of the nanoliquid are defined as
follows (see, Akbar et al. (2014), Khan et al. (2020), Haq et
al. (2017)):

Pnr = (1 — ®)pp + Gpenr (6)
W = Ui @)
nf —~ 5
(1-¢)2
(pCp)nf = (1 - ¢)(pcp)bl + q)(pcp)CNT (8)
_ 2pkent kCNT+kf
g = g [ D ety oo (5 ©
n 2¢k kenT+k
(1= )+ - log ( - f)

where suffixes bl and CNT corresponding to the base
liquid and carbon nanotubes respectively, ¢ is the volume
fraction of carbon nanotubes. Table 1 shows the physical
properties of the base liquids and solid nanoparticles.
Surface of the disk (at z = 0) is assumed to be rough
and the scale of roughness is much smaller than the liquid
thickness. So, the no-slip boundary condition is no longer
valid on the disk surface. However, the Navier’s partial slip
condition may be applied to the envelop of the
protuberances (see, Miklav¢i¢ and Wang (2004)) and we

have boundary conditionat z = 0 as;

ou v
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2 (10)
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T = To - TTI
where N;, N, are the slip coefficients along the radial and

azimuthal directions. T, and T; are the positive constants.
Here, y > 0 or y < 0 represent the case of heating and
cooling respectively.

At the free surface z = h(t);
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here o is the surface tension defined as o = g,[1 —
x(T —Ty)], x is positive constant and o, is the initial
surface tension.

The initial condition att =0 are:

u=l7=W=0,h=ho,T=To (16)

Introducing the following similarity transformations
(see, Dandapat and Roy (1994), Maity (2017)) as

u(r,z,t) =rU(z t),v(r, z,t) =rV(zt),
2

w(r,z,t) =W(z,t),p = — 7%pﬁ(z, t) + B(z,t), (17)

2

T(r,z,t) =T, — <y %) 0(z,t) — Y¥(z,t)

in the system of Eqgs. (1)-(5), we found the set of Eq.s given
below after comparing terms with different powers of I
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The term appeared on the right side of the Eq. (23) is
due to the transformation of axial thermal conductivity term
in z — direction of the energy Eq. (5). The first and second
terms on the right side of the Eq. (24) appeared as a result
of the transformation of radial thermal conductivity term in
r —direction and axial thermal conductivity term in z-
direction respectively of the energy Eq. (5) (see, Shevchuk
(2022, 2023)). Due to omission of the radial thermal
conductive term from the energy Eg. (5), the Eq. (23)
remains unchanged whereas the Eq. (24) reduces to the Eq.
(25).

_ _ .
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So, omission of the radial thermal conductivity along
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r —direction in the energy Eq. (5) does not affect the liquid
velocity and film thinning process. But this term plays an
important role in film temperature distribution.

By using (17) to the boundary and initial conditions we
obtain:
at z =0;

_ U — av
U:Nlunfa— V=Q+N2I-lnf57 (26)
W=00=T,¥=0

at the surface z = h(t);

Z: O,EZ lenfa—z (27)
v _ (yxoo>6 28)
Z Unr

—_=0—=0—_=0 (29)

@_w (30)
at t =0;
U=0V=0W=0h=hy, 0=0,¥=0 (31)

Now introducing the following dimensionless variables
given in (32) into the above system of Egs. (18)-(20) and
(23)-(24).

" : z u h U Uh,
T= ) =—, =—, = -,
o ho ho” Vo' (32
V_V W_W _ h3e v
T Uy T AT’ T AT

where t, and U, = hy/t. are the characteristic time and
characteristic velocity respectively, AT = |yh¢?T1|. The non-
dimensional form of the Egs. (18)-(20) and (23)-(24) are
given below.
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number, Prandtl number, thermal diffusivity and kinematic
viscosity of the base liquid respectively and ¢, =

a-oifa-9+02] . e=|a-oroley e

dimensionless constants.
The non-dimensional form of the Eq. (25) is given by
Eq. (38).
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The dimensionless boundary conditions are given by the
Egs. (39) and (40).

RePrd, (6Lp +Ww (38)

AtE=0,
_s5 -5
w=0 ©=1  ¥=0

where A= i roughness

parameter along the radial and azimuthal directions
respectively.

N.
and 6=Z—”f are the
0

AtE=H(7)
= ya(1— )6, V=0,
dH (40)

where a = xo,AT /Qhgu, is the thermocapillary parameter.
Now dimensionless initial conditions are given in the
Eq. (41).

U=V=W=00=%=0,H(0) =1 (41)

It is to be pointed out here that, the above non-
dimensional governing Egs. (33)-(37) and associated
conditions (39)-(41) matches with that of the non-
dimensional equations and conditions obtained by Dandapat
and Roy (1994) in case of pure liquid and no roughness
(i.e., =0, 21 =0and § =0).

3. Analytical solution

The analytical solutions for coupled non-linear system
of Egs. (33)-(41) are computed under assumption that the
Reynolds number Re(« 1) is small. All the dependent
variables are expanded by the asymptotic procedure (42).

o, v,w,e,¥) = (Uo, Vo, Wo, @o,lpo)
+ Re(U;, V1, Wy, 0,, W) + 0(Re?)

The Eq. (42) is substituted in (33)-(41) and comparing
the coefficients of like power of Re from both sides, one can
obtain the set of equations involving dependent variables U,
V, W, © and W¥. These equations are solved up to O(Re) and
the following expressions are obtained.

(42)
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The evolution equations for transient film thickness H(t)
is derived upon substitution of expression for W in (40).
The film evolution equations accurate up to O(Re) is given

in (48).

‘Z—f = —§¢1H3 — ay(1 - ¢)*/*H?

—2Ad, (1 — $)"3/2H? — 2AayH
+Re [S GIHH + 22431 — §) /2 HH? +47
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SAdFayH® +2N2p3(1 - ¢) SHS +2 ¢, A2a?y?H? +
2 OIN2ay(1 — §)5/2H* + 2 by SA(H)H? — B(H)H? —

zc(H)H]

3311
1 30

S M- O)HS + (48)

To solve the evolution Eq. (48), the film thickness H(t )

is expanded in power of Re as per Eq. (49).

H(t) = Hy(1) + ReH, (1) + O(Re?) (49)

Substituting the Eq. (49) in (48) and equating the
coefficients of like order Re from both the sides, one may
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Table 2 Comparison of present solutions with the analytical
solutions of Dandapat and Roy (1994) for Re = 0.01, Pr =
0.5,a=05andy=1,9=0,A=0and 6=0

Film thickness h(t )

Time (1) -
Dandapat and Roy (1994) Present Solution
0.0 1.00000 1.00000
0.2 0.82023 0.82024
0.4 0.70435 0.70432
0.6 0.62207 0.62201
0.8 0.55995 0.55986
1.0 0.51100 0.51090
15 0.42352 0.42340
2.0 0.36474 0.36463
25 0.32201 0.32190
3.0 0.28927 0.28917
35 0.26325 0.26315
4.0 0.24198 0.24189
4.5 0.22421 0.22413
5.0 0.20911 0.20904
obtain Eq. (50) at the leading order of Re
% = _§¢1H3 —ay(l- (I))S/ZH(% (50)

—2Ad1 (1 — ¢)75/2HE — 2AayH,
whereas, at the first order of Re one can get the Eqg. (51).
dH,
dt
5
—4Ap. (1 — ¢)_5/2H0H1 — 4\ayHoH; + Eq)%H(’)Hg

= —2¢; HZH,; — 2ay(1 — $)%/2HoH,

1 311
+§7\¢%(1 — ¢)2H{H + ¢3 @HJ

+2 QRay(1 — §)VEHS + 5o i1~ ) SHS  (5)
+ %MﬁwH& + §v¢m — $)°H3

2OV H + 5 bIPay(L - )5 H]

+2 u8AH S — B(Ho)HE — 2C(Ho)Hy

The Egs. (50) and (51) are solved numerically by using
Runge-Kutta method with the initial conditions Ho(0) = 1
and H1(0) = 0.

4. Numerical solution

The numerical solution of non-linear system of PDE’s
(33)-(37) are obtained by the implicit finite difference
technique. In our model H(t) is continuously reduced with
1, as a result the physical domain [0, H(t)] always changes
with time. To apply the finite difference technique, one need
to transfer the time varying physical domain to a fixed
computational domain. The transformation (52) is
considered to transfer the physical domain to a constant

domain (see, Robert (1971)) in which film thickness
H(r) € [0,1].

no=1-wln (aZH(T) _ §>

BLH(T) +§

where oy = [In(ay/B)]™t, ay =B+1 and B; =B —1.
B(1 < B < o0) is grid spacing parameter (small g gives the
cluster grid distribution near disk but large £ build uniform
grid distribution throughout the nanoliquid film). By using
transformation (52) the Egs. (33)-(37) are transformed then
solved by the Crank-Nicholson scheme and the nonlinear
terms are linearized by Newton’s linearization technique.
Finally, the numerical computations are carried out with the
tridiagonal system of algebraic Egs. given by the Eqgs. (53)-
(56).
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B - 1 [al(az + BH[(By — ax)H(T) + ZE]] (64)
' Redy (axH(T) — §*(BH(T) + 8)?
C = 1 [ a (a2 + Bl)H(T) (65)
Red, |(aH(t) — &) (B H(T) + )

_ 1 knf ay (az+B1)H(D[(B1—az)H(1)+2E]

" RePr, (?) X [ (azH(T)-8)%(B1H(1)+8)? (66)
1 (kaf a(e+B)HED ]

— _n 67
E RePré, ( kg ) [(azH(T) =B HM® +9) ©7)

At a fixed time, level U, V, ® and ¥ are computed from
the above tridiagonal system of Egs. (53)-(56). Hence, W
and H are computed from the Eq. of continuity and
kinematic condition respectively.

The computation of the variables U, V, W, ©, ¥ and H
are continued until satisfying the following convergence
criterion:

¥t -y
]| kel

where [] = (U, V, W, O, ¥, H), ¢ is the convergence
criterium which is taken as e = 10°°.

The numerical simulations are done with 51 grid points
along vertical direction with g = 10* and this provides the
uniform grid distribution in computational domain. The
time step for numerical computation is taken as

8T < 0.25 X 812 (69)

which comes from the Courant-Friedrichs-Lewy (CFL)
condition of numerical stability. As we have obtained the
analytical solution of the flow problem for small Reynolds
number (Re), in Fig. 2 a comparison between analytical
and numerical solutions are made for small Re with
methanol based SWCNTSs nanoliquid. The figure shows that
both the solutions match satisfactorily at large time. Also,
we have compared the present solution with analytical
solution obtained by Dandapat and Roy (1994) in Table 2
and found a very good agreement between them.

<e (68)

5. Results and discussions

In this article, we have investigated the effects of partial
slip between liquid and disk on the flow of thin CNTs
nanoliquid over a horizontal rough rotating disk. During the
coating of the substrates, one has to place the substrates
over the disk either arranged in concentric rings or may be
placed radially symmetric or mixed of these two (see, Fig.
1). This placement of substrates over the disk leads to the
roughness over the surface. The characteristics scale of the
roughness is assumed to be small in compare to the film
thickness. The effects of CNTs volume fraction ¢ on the
film thickness has been shown in Fig. 3 for the base liquid
methanol, ethanol and ethylene-glycol. It is evident from
the figure that film thinning rate diminishes with the higher
values of ¢. From Eq. (7) it is clearly visible that the
effective viscosity uns increases with the increase in values

of ¢ . Therefore, the rising viscosity produces more
resistance on the liquid motion along radial direction. As a
result, film thinning process slows down for higher values
of ¢. From Fig. 3 it is also observed that the film height
reduces for the MWCNTS in comparison to SWCNTSs. This
is due to fact that the density of SWCNTSs is higher than that
of MWCNTs. The above observation may be confirmed
through the velocity plot in Fig. 4. The Fig. 4 depicts the
influence of volume fraction ¢ on the variation of U and
V' for methanol based CNTs nanoliquid. It is seen that both
U and V diminishes for higher values of ¢. The influence
of radial roughness parameter A with methanol, ethanol and
ethylene-glycol based SWCNTs nanoliquids has been
plotted in Fig. 5. It is found that the film thins faster for
increasing values of A for CNTs nanoliquids. In other
words, roughness aligned symmetrically along the radial
direction enhances film thinning. Due to the rotation of the
disk, the nanoliquid which was deposited over the surface
of the disk starts flowing out along the radial outward
direction due to the action of the centrifugal force. This
radial outward flow enhances for partial slip velocity along
the radial direction. These phenomenon results in increase
in the film thinning for roughness that are aligned
symmetrically along the radial direction. The influence of
azimuthal roughness parameter § on the film thickness H
has been explored in Fig. 6 for methanol, ethanol and
ethylene-glycol based SWCNTs nanoliquids. It is seen that
the symmetrical roughness aligned along the azimuthal
direction resists film thinning. As a result, film thickens
when the value of & increases. The above film thinning
behaviour can be clearly understood from the velocity plots
in Fig. 7 for different roughness parameters. Fig. 7 shows
the change of U and V with time for different values of
A and & in methanol based CNTs nanoliquid. It is obvious
from the figure that when the radial roughness parameter A
increases, the velocity components U and V also
increases but opposite results are seen for increasing values
of &. Fig. 8 represents the change of film thickness H for
different values of thermocapillary parameter « for
methanol, ethanol and ethylene-glycol based SWCNTs
nanoliquids in case of cooling (i.e. y = 1). It is seen from
the figure that, the film thinning rate increases with the
increase in values of a. Here, a represents the change of
surface tension with the temperature. The surface of the
disk is cooling along the radial direction so the temperature
at the center of the disk is maximum. The temperature
gradually decreases along the radial direction. Therefore,
the surface tension is minimum at the center of the disk and
increases along the radial direction. As a result, a
thermocapillary flow is generated from lower to higher
surface tension zone at the film surface. This
thermocapillary flow acts along the radial outward
direction. For this reason, the film thinning rate increases
with increase in values of a. One may expect the opposite
result in case heating of the disk.

The dimensionless temperature profile within the nano-
liquid film due to heating or cooling of the disk is dereived
as

T=-y (R;@ + \p) (70)
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where, R = r/ho. It is obvious from the Eq. (70) that the non-
dimensional temperature T depends on both ® and ¥. @
is computed from the Eq. (36). Computations of ¥ were
performed using Eq. (37) when considering the radial
thermal conductivity term and from Eq. (38) for disregarding
the radial thermal conductivity term. In Fig. 9, we have
plotted the non-dimensional temperature distribution T for
different values of 7 and ¢. Solid lines represents
allowance of the radial heat conduction and dashed lines for
disregarding of the radial heat conduction. It is observed
from the figure that the temperature of liquid film increases

significantly in presence of the radial heat conduction. It is
also seen from the figure that in presence of nanoparticles
the contribution of radial heat conduction term is more. As
time increases the temperature of the liquid film also
increases and it tends to disk temperature at large time. So,
the contribution of the radial thermal conductive term is not
negligible in this problem. In rest of the figures the radial
thermal conductive term is utilized.

Fig. 10 exhibits the effects of volume fraction ¢ on the
temperature profile T for methanol and ethylene-glycol
based SWCNTs and MWCNTSs nanoliquids when the disk is
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heating (i.e., y = —1). It is clear from the figure that ® and
Y increases with the higher values of ¢ at a particular
height of the film. This happens as the thermal conductivity
of both the nanoliquids increases with rising values of ¢. It
is also noted that both ® and W have higher values for
SWCNTs in comparison with MWCTNSs. Physically, the
above phenomena occur, as the thermal conductivity of the
SWCNTs is much more than that of the MWCNTSs. Here, ©
has the decreasing nature along the thickness of CNTs
nanoliquid film for a fixed value of ¢. But opposite trends
is observed for W. Differentiating Eqg. (70) one can

obtained the temperature gradient Ty = — (§®§ + ‘Pz)- Fig.

11 depicts the effects of ¢ on ©; and W for methanol
and ethylene-glycol based SWCNTs and MWCNTSs nano-
liquid with y = —1. It is observed from the figure that O
is negative whereas W is positive for all & except & # H.
But the magnitudes of ©; and W diminishes across the
film thickness. A close scrutiny of the above expression of
T; shows that it may vanish at some height of film
depending on the values of R. It can be inferred that T; =
0 at R =R, in other word T; changes its sign at R =
R, . Therefore, heat is transferred from the disk to
nanoliquid film or nanoliquid film to rotating disk
according as T; >0 or T; <0. Fig. 12 explores the
change of T; with R for different values of ¢, 1 and §
in methanol based SWCNTs nanoliquid for the case of
heating (i.e., y = —1). It is observed from the figure that
Ty is positive for 0 < R <R and negative for R > R..
Also, the values of R = R, increases for higher values of
¢ but decreases as A increases. That is the region T for
6 first increases then decreases. In Fig. 13 we have
sketched the variation of Rc with & for different values of
¢, A and § at time 7 =2 in methanol based SWCNTs
nanoliquid. The figure demonstrates that R, enhances with
increasing values of ¢ but it diminishes for 4 and §
respectively.

6. Conclusions

CNTs nanoliquid film development over a horizontal
rough rotating disk is examined. The surface of the disk is
heated or cooled axisymmetrically from below. Analytical
solutions for the governing set of Eqs. are obtained for
small values of the Reynolds number. But these Egs. are
solved numerically for moderate values of the Reynolds
number. Following conclusions may be drawn from this
study.

» The nanoliquid film thickness increases with higher
values of CNTs volume fraction ¢ for both SWCNTs and
MWCNTs but the thickness is more for SWCNTs compare
to MWCNTSs.

* CNTs-nanoliquid film thinning rate enhances for
higher values of radial roughness parameter A whereas
thinning rate decline for the azimuthal roughness parameter
d.

» CNTs-nanoliquid film thickness diminishes with the
rising values of thermocapillary parameter a when the

disk is cooling from below for the base liquids methanol,
ethanol and ethylene-glycol.

» There exists a curve R = R, within the nanoliquid
film which divides the region of heat transfer into two parts.
In one part of the region heat flows from disk to the
nanoliquid film while in other part heat flows from
nanoliquid to disk.
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