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1. Introduction 
 

Applications of small-systems are growing with an 

astonishing speed in different aspects of technology and 

also in our daily life. Health-care sensors, motion sensors, 

motion controls (Du et al. 2023, Fu et al. 2023, Shi et al. 

2023), fluid transferring system are among the many of 

applications of these systems which are proven to be highly 

reliable (Guan et al. 2020, Ning et al. 2021, Sheng et al. 

2021). The application of small-systems in different 

thermal, chemical, electrical environments needs delicate 

mathematical and experimental investigations (Xiong et al. 

2020, Zhou et al. 2022, Zhu and Zhao 2022). In this regard, 

there are many research studies in examining and prediction 

of nan-structure behavior in such environments (Tong et al. 

2016, Zhang et al. 2016, Gong et al. 2022). 

Mechanical stability analysis of small-scale structures is 

of important since instable system could not perform their 

proposed tasks properly (Ji et al. 2017, Wang et al. 2018, 

Wu et al. 2021). Therefore, stability under various dynamic, 

static and thermal loadings have been investigated in 

structural element using mathematical approaches (Huang 

et al. 2022, Zhang et al. 2022b,c). Habibi et al. (2019d) 

presented vibrational stability analysis of cylindrical micro-

shells under applied voltage to its piezoelectric patches. 

They utilized Hamilton’s principle to derive equations of 

motion and boundary conditions of the structure (Dai et al. 

2023a, b, Peng et al. 2023, Sabzevari et al. 2023, Shariati et 

al. 2023, Xiang et al. 2023, Yang et al. 2023, Zhang et al.  
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2023, Zhao et al. 2023, Zheng et al. 2023). The derived 

differential equations were solved numerically using 

generalized differential quadrature method (GDQM). The 

results of the study indicated that state of boundary 

condition and lamina patterns had significant effect on the 

critical external voltage causing vibrational instability in the 

cylindrical shell structure. Safarpour et al. (2018a) 

considered thermal effects in wave propagation in nano-

scale composite cylindrical shells. To capture the small-

scale effects in the structure, nonlocal strain gradient had 

been engaged in the dynamic analysis of the structure 

(Zhang et al. 2016, 2022a, Sun et al. 2023). The composite 

structure was made from GNP-reinforces layers with 

different patterns. Effects of temperature differences and 

wave number on the phase velocity of the structure were 

scrutinized in detail. Moreover, distribution pattern of GPL-

reinforced layers’ effects on the vibrational behavior of the 

nanoscale cylindrical shell (Wei et al. 2022, Yang et al. 

2022c, Ren et al. 2023). Owing to small-scale effects, 

modified length-couple stress theory along with Hamilton’s 

principle was utilized to model the motion of the structure. 

Numerical solutions for differential equations developed via 

size-dependent theories are widespread in the field of 

structural mechanics. Mohammadi et al. (2019) utilized 

GDQM to solve differential equations of micro-scale 

cylindrical shell equations to delve into the dynamic 

responses of double wall cylindrical shell. The equations of 

motion in this case were established employing modified 

strain gradient theory and the displacement field 

components were obtained via first-order shear deformation 

theory. In their study, they consider functionally grading 

properties in the thickness of the cylinder. The outcome of 

the study indicated that natural frequency has been affected 
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by geometrical and material parameters. 

Nonlinear and large deformation behavior in structures 

occur in actual problem (Lu et al. 2021, Zhou et al. 2021, 

Zhao et al. 2022) and it is more beneficial and accurate 

taking into consideration the nonlinear terms of displacement 

and strain components into account. Hou et al. (Hou et al. 

2021b) examined static response and stability behavior of 

mechanical structures made from GPL-reinforced 

composite under static loadings. The composite material 

were graded in one direction. Large deflection equations 

were obtained by assuming von-Karman theory and 

modified couple stress theory. The nonlinear differential 

equations were solve using semi-analytical method of 

homotopy perturbation. Xu et al. (2021b) explored the 

nonlinear vibration of cylindrical shell with non-uniform 

cross section under harmonic forces. The modified couple 

stress theory and von-Karman large deflection theory for 

shell structures were engaged to obtain the relation between 

stress components and displacement. The nonlinear 

equation were further solved by homotopy perturbation 

method. The effects of boundary condition and nonlinearity 

in the shell structure were shown to be considerable. There 

exist other novel methodologies in solving differential 

equations of vibration in structural mechanics. For an 

account, Jiao et al. (2021) utilized particle swarm 

optimization and genetic algorithm to solve magneto-

electro-elastic equations of plates in nano-scale. State space 

modeling of nano-scale structure was performed by Zhao et 

al. (2021) in the problem modeling of rotating annular disk 

structure. Dong et al. (2022) utilized novel method of 

combining general differential quadrature and finite element 

methods to solve the equations of motion for conical shell 

structure. Controlling of vibration in small-scale structure 

was the focus of many research articles. Moradi et al. 

(2021) tried to design a system to control vibration of nano-

composite cylindrical structure using piezoelectric sensor 

and actuator. It was demonstrated that using PD controller 

in such system could widen the stability region and improve 

the vibration properties of the system. Chaotic motion of 

annular plate in nano-scale structure is the subject of an 

article by Ma et al. (2021). Nonlinear deformation equation 

of the plate were derived using von-Karman relations and 

GDQM method was the numerical solution strategy in their 

paper. It was shown that the weight fraction of the 

reinforcement in the composite material is highly important 

in determining chaotic response of the structure. Moreover, 

some geometrical aspect ratios of the structure has been 

proven to have insignificant effect on the nonlinear 

frequency of the annular structure. Dynamic instability of 

rotating beam structure is considered in a work by Yang et 

al. (2022b). In the solution procedure of the driven 

equations of motion Chebyshev–Ritz path had been utilized. 

The nonlinear equations were further solved using Newton-

Raphson method. 

Wave propagation is one of the other aspects of the 

nano-scale structures (Habibi et al. 2016, 2017, 2018a, b, 

2019a, b, c, d, Safarpour et al. 2018b, 2019a, b, 2020, 

Ebrahimi et al. 2019a, c, 2020a, Esmailpoor Hajilak et al. 

2019, Pourjabari et al. 2019, Alipour et al. 2020, 

Ghazanfari et al. 2020, Chen et al. 2022, Zhu et al. 2022). 

Al-Furjan et al. (2020g) exploited four different continuum 

elasticity theory to observe the wave propagation patterns in 

cylindrical nano-shells made from composite lamina. 

Effects of angular velocity and lamina pattern had important 

influence on the wave propagation in the cylindrical shell. 

Scale influence on the wave dispersion in carbon nano tube 

structures was explored by Wang et al. (2006) using 

nonlocal elasticity theory. The effect of the tubes diameter 

on the vibration of carbon nanotube was shown using 

analytical solution. In addition, different modeling 

approaches were discussed and compared. 

In this sense, the current study is devoted to analyzing 

state of buckling and stability of nano-scale cylindrical shell 

structure integrated with piezoelectric layer under various 

thermal and electrical external loading. In this regard, a 

multi-layer composite shell reinforced with graphene nano-

platelets (GNP) having different patterns of layer 

configurations is considered. An outer layer of piezoelectric 

material receiving external voltage is also attached to the 

cylindrical shell for the aim of observing effects of voltage 

of the thermal buckling condition. The cylindrical shell is 

mathematically modeled with first-order shear deformation 

theory (FSDT). Linear elasticity relationship with constant 

thermal expansion coefficient is used to extract the 

relationship between stress and strain components. 

Moreover, minimum virtual work, including the work of the 

piezoelectric layer, is engaged to derive equations of 

motion. The derived equations are solved using numerical 

method to find out the effects of temperature and external 

voltage on the buckling stability of the shell structure. 

 

 
2. Mathematical formulation of multilayer GNP 
reinforced composite 

 
The geometry of cylindrical multilayer composite shell 

is illustrated in Fig. 1. The composite layers could be 

designed to have different configuration. In addition, a 

piezoelectric layer is attached to the outer layer of the 

cylinder for the purpose of applying electrical voltage. The 

length of the cylinder is denoted by L and its radius by R. 

The thickness of the composite is sum of thicknesses of 

multilayer GNP-RC and thickness of the piezoelectric layer, 

ℎ𝑒𝑓𝑓 = ℎ + ℎ𝑝 . The piezoelectric layer exposed to an 

electrical voltage of V. In addition, the whole structure is 

exposed to a thermal environment which applies 

temperature change to the structure. It is expected, thermal 

and electrical loadings along with different boundary 

condition change the critical condition of buckling in 

cylindrical shell. In addition to the layers patterns shown in 

this figure, a uniform pattern is also considered having same 

weight fraction of GNP in all layers. 

 
2.1 GNPRC composite core 
 

For different layer patterns in composite lamina, the 

effective volume fraction of GNP is calculated differently. 

In each layer 𝑘  the GNP volume fraction 𝑉𝐺(𝑘)  is 

designed to be a function of the total volume fraction 𝑉𝐺
∗ as 

al. 2019, Moayedi et al. 2019, 2020a, b, Mohammadgholiha 
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et al. 2019, Mohammadi et al. 2019, Habibi et al. 2020, 

Oyarhossein et al. 2020, Shariati et al. 2020a, b, Shokrgozar 

et al. 2020): 

𝑈 − 𝐺𝑁𝑃𝑅𝐶: 𝑉𝐺(𝑘) = 𝑉𝐺
∗ (1) 

𝑋 − 𝐺𝑁𝑃𝑅𝐶: 𝑉𝐺(𝑘) = 2𝑉𝐺
∗
|2𝑘 − 𝑁𝐿 − 1|

𝑁𝐿
 (2) 

𝑂 − 𝐺𝑁𝑃𝑅𝐶: 𝑉𝐺(𝑘) = 2𝑉𝐺
∗ (1 −

|2𝑘 − 𝑁𝐿 − 1|

𝑁𝐿
) (3) 

𝐴 − 𝐺𝑁𝑃𝑅𝐶: 𝑉𝐺(𝑘) = 2𝑉𝐺
∗
2𝑘 − 1

𝑁𝐿
 (4) 

In the above formula, 𝑁𝐿 is the total number of layers. 

In addition, the total volume fraction can be calculated from 

the mass density and weight fraction of GNP 𝑔𝐺𝑃𝑁  

(Hashemi et al. 2019, Al-Furjan et al. 2020c, d, e, f, Bai et 

al. 2020, Cheshmeh et al. 2020, Li et al. 2020a, Lori et al. 

2020, Najaafi et al. 2020, Shariati et al. 2020c, Xiong et al. 

2020, Guo et al. 2021b, Liu et al. 2021a): 

𝑉𝐺
∗ =

𝑔𝐺𝑁𝑃

𝑔𝐺𝑁𝑃 (1 −
𝜌𝐺𝑁𝑃

𝜌𝑚
) +

𝜌𝐺𝑁𝑃

𝜌𝑚

 
(5) 

where  𝜌𝑚 and 𝜌𝐺𝑁𝑃 are the densities of mass for matrix 

and GNP, respectively. For randomly distributed GNP filler 

in the polymer matric, Halpin-Tsai model suggested the 

following approximate relations (Song et al. 2017): 

𝐸 =
5

8
𝐸𝑇 +

3

8
𝐸𝐿 , 

𝐸𝑇 =
1 + 𝜉𝑇𝑛𝑇𝑉𝐺

1 − 𝑛𝑇𝑉𝐺
𝐸𝑚, 𝐸𝐿 =

1 + 𝜉𝐿𝑛𝐿𝑉𝐺

1 − 𝑛𝐿𝑉𝐺
𝐸𝑚 

(6) 

where E, 𝐸𝑇  and 𝐸𝐿  are the effective, transversal and 

longitudinal moduli of elasticity in composite layer made 

given below (Ebrahimi et al. 2019b, c, 2020b, Hashemi et 

 

 

from polymer matric and GNP reinforcements. There are 

other parameters in Eq. (6) which are defined as (Adamian 

et al. 2020, Al-Furjan et al. 2020a, b, Li et al. 2020b, Liu et 

al. 2020b, 2021b, Zare et al. 2020, Dai et al. 2021b, Habibi 

et al. 2021, He et al. 2021, Huang et al. 2021a, Zhang et al. 

2021): 

𝜉𝐿 = 2(𝑙𝐺/ℎ𝐺), 𝜉𝑡 = 2(𝑏𝐺/ℎ𝐺), 

𝑛𝐿 =
(𝐸𝐺/𝐸𝑚) − 1

(𝐸𝐺/𝐸𝑚) + 𝜉𝐿
, 𝑛𝑇 =

(𝐸𝐺/𝐸𝑚) − 1

(𝐸𝐺/𝐸𝑚) + 𝜉𝑇
 

(7) 

Two parameters 𝜉𝑇 and 𝜉𝐿 are the GNPs geometrical 

parameters and where 𝑙𝐺, 𝑏𝐺, ℎ𝐺 are the average length, 

width and thickness of the GNPs. Modulus of elasticity of 

GNPs is denoted by 𝐸𝐺 . Using rule of mixture, the 

following relations could be utilized in calculation of 

equivalent elastic constants, thermal expansion coefficient 

and mass density of the composite lamina (Liu et al. 2020a, 

Wang et al. 2020, Zhou et al. 2020, Dai et al. 2021a, Guo et 

al. 2021a, Shao et al. 2021, Wu and Habibi 2021, Kong et 

al. 2022): 

𝐸 = 𝐸𝐺𝑉𝐺 + 𝐸𝑀𝑉𝑀, 
𝜌 = 𝜌𝐺𝑉𝐺 + 𝜌𝑀𝑉𝑀 , 
𝜈 = 𝜈𝐺𝑉𝐺 + 𝜈𝑀𝑉𝑀, 
𝛼 = 𝛼𝐺𝑉𝐺 + 𝛼𝑀𝑉𝑀. 

(8) 

In the above equations 𝑉𝑀 = 1 − 𝑉𝐺 (Ma et al. 2022, 

Zhao et al. 2022, Hou et al. 2021a, Huang et al. 2021b, c, 

Jiao et al. 2021, Liu et al. 2021c, Moradi et al. 2021, Xu et 

al. 2021a, Dong et al. 2022, Luo et al. 2022a, Michael et al. 

2022, Wang et al. 2022c, Yang et al. 2022b, Yu et al. 

2022). 

 
2.2 Mathematical modeling of the core 
 

Using first-order shear deformation theory, the 

following relations could be given for the displacement 

components in the multilayer composite core (Gu et al. , Xu 

 

Fig. 1 Multilayer composite cylindrical shell structure with different layers patterns 
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et al. 2022, Yang et al. 2022d). It is noteworthy that the 

bonding between layers is assumed to be perfect in both 

normal and tangential directions: 

𝑢𝑐(𝜃, 𝑥, 𝑧, 𝑡) = 𝑢0
𝑐(𝜃, 𝑥, 𝑡) + 𝑧𝜒𝑥

𝑐(𝜃, 𝑥, 𝑡) 
𝑣𝑐(𝜃, 𝑥, 𝑧, 𝑡) = 𝑣0

𝑐(𝜃, 𝑥, 𝑡) + 𝑧𝜒𝜃
𝑐(𝜃, 𝑥, 𝑡) 

𝑤𝑐(𝜃, 𝑥, 𝑧, 𝑡) = 𝑤0
𝑐(𝜃, 𝑥, 𝑡) 

(9) 

where, 𝑢0
𝑐 , 𝑣0

𝑐  and 𝑤0
𝑐  represent the displacements in 

axial circumferential and radial-directions on the central 

surface of the composite core, respectively. Two functions 

𝜒𝑥
𝑐and 𝜒𝜃

𝑐  are the rotation angles of the initial normal to the 

middle plane with the current normal about the axial and 

circumferential directions (Fan et al. 2022, Luo et al. 

2022b, Michael et al. 2022, Wang et al. 2022b, c, Yang et 

al. 2022a, Zheng et al. 2022, Zhu et al. 2022). 
 
2.3 Constitutive equations for composite core 
 

The linear elastic behavior is considered to model the 

relationship between stress and strain components. 

Considering uniform temperature change throughout the 

inner multilayer composite, following relation could be 

readily written: 

 
(10) 

It should be noticed that in the shell structure, the total 

thickness is much smaller than the radius and length of the 

cylinder so that the stress in the normal direction could be 

considered constant. The constants 𝛼𝑖  are the thermal 

expansion in the first and second principal direction of the 

cylinder. Moreover, variable Δ𝑇  is the uniform 

temperature change in the composite layers. The values of 

constants 𝐸̃𝑖𝑗  are presented in detail in Ref. (Ghadiri and 

Safarpour 2016) and further explanation of these constants 

are omitted here. 

 

2.4 Mathematical modeling of the piezoelectric layer 
 

Similar to the multilayer composite of the inner layer in 

the cylindrical shell, for the piezoelectric layer the 

following displacement field is given based on the FSDT: 

𝑢𝑝(𝜃, 𝑥, 𝑧, 𝑡) = 𝑢0
𝑝
(𝜃, 𝑥, 𝑡) + 𝑧𝜒𝑥

𝑝
(𝜃, 𝑥, 𝑡) 

𝑣𝑝(𝜃, 𝑥, 𝑧, 𝑡) = 𝑣0
𝑝
(𝜃, 𝑥, 𝑡) + 𝑧𝜒𝜃

𝑝
(𝜃, 𝑥, 𝑡) 

𝑤𝑝(𝜃, 𝑥, 𝑧, 𝑡) = 𝑤0
𝑝
(𝜃, 𝑥, 𝑡) 

(11) 

in which 𝑢0
𝑝
, 𝑣0

𝑝
 and 𝑤0

𝑝
 denote the displacements of the 

middle surface in x, 𝜃 and z directions of the piezoelectric 

layer, respectively Two functions 𝜒𝑥
𝑝

and 𝜒𝜃
𝑝

 are the 

rotation angles of the initial normal to the middle plane of 

the piezoelectric layer with the current normal about the 

axial and circumferential directions. Having the 

displacement field, we could now calculate the strain tensor 

components assuming small deformation and rotation in the 

structure using the following relation in the cylindrical 

coordinate system: 

𝑒𝑥𝑥
𝑝
= 𝑧

𝜕𝜒𝑥
𝑝

𝜕𝑥
+
𝜕𝑢0

𝑝

𝜕𝑥
 

𝑒𝜃𝜃
𝑝
=
1

𝑅𝑝

𝜕𝑣0
𝑝

𝜕𝜃
+
𝑤0
𝑝

𝑅𝑝
+
𝑧

𝑅𝑝

𝜕𝜒𝜃
𝑝

𝜕𝜃
 

𝑒𝑥𝑧
𝑝
=
1

2
(
𝜕𝑤0

𝑝

𝜕𝑥
+ 𝜒𝑥

𝑝
) 

𝑒𝑥𝜃
𝑝
=
1

2
(
𝜕𝑣0

𝑝

𝜕𝑥
+
1

𝑅𝑝

𝜕𝑢0
𝑝

𝜕𝜃
) +

𝑧

2
(
𝜕𝜒𝜃

𝑝

𝜕𝑥
+
1

𝑅𝑝

𝜕𝜒𝑥
𝑝

𝜕𝜃
) 

𝑒𝜃𝑧
𝑝
=
1

2
(𝜒𝜃

𝑝
−
𝑣𝑝

𝑅𝑝
+
1

𝑅𝑝

𝜕𝑤𝑝

𝜕𝜃
) 

(12) 

 

2.5 Constitutive equations for piezoelectric layer 
 

The stress tensor components in the piezoelectric layer 

are not only dependent on the state of deformation owing to 

mechanical forces but also are relied on the deformation 

induced by external applied electrical voltage. In this layer, 

the effect of temperature change is neglected: 

 
(13) 

 

(14) 

In these equations, constants 𝑐𝑖𝑗  are elasticity constants 

of the piezoelectric material and 𝑞𝑖𝑗  are the component 
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piezoelectric tensor and 𝑟𝑖𝑗  are the components of 

permittivity of the material. In addition two vector 𝐷𝑖  and 

𝐸𝑖  are the electric flux density and the electric field 

strength, respectively. The electric field strength 

components is calculated using a potential function 𝚼̃, as 

follows: 

𝐸𝑥 = −ϒ̃,𝑥  

𝐸𝜃 =
−ϒ̃,𝜃
𝑅 + 𝑧

 

𝐸𝑧 = −ϒ̃,𝑧.  

(15) 

In the present article, the following form foe the electric 

potential field is adopted from Wang (2002): 

ϒ̃(𝜃, 𝑥, 𝑧, 𝑡) = − 𝑐𝑜𝑠( 𝛽𝑧)ϒ(𝜃, 𝑥, 𝑡) +
2𝑧ϒ0
ℎ

 (16) 

In which β=π/h, ϒ0  is the initial external electric 

potential.  

 

2.6 Compatibility equations between core and 
piezoelectric layer 

 

As mentioned above, the displacement in the interface 

of composite layers and between piezoelectric layer and 

composite layer is assumed to be perfect which concludes 

the following compatibility relations: 

𝑢𝑐(𝑧𝑐 = ℎ/2) = 𝑢𝑝(𝑧𝑝 = −ℎ𝑝/2), 

𝑣𝑐(𝑧𝑐 = ℎ/2) = 𝑣𝑝(𝑧𝑝 = −ℎ𝑝/2), 

𝑤𝑐(𝑧𝑐 = ℎ/2) = 𝑤𝑝(𝑧𝑝 = −ℎ𝑝/2) 
(17) 

If the above relation used in the FSDT displacement 

components, the following relation between displacement 

component in the interface of the piezoelectric layer and 

composite layers are derived (Khalili and Mohammadi 

2012, Nasihatgozar and Khalili 2017, Pourmoayed et al. 

2017): 

𝑢0
𝑝
=
ℎ

2
𝜒𝑥
𝑝
+ 𝑢0

𝑐 +
ℎ

2
𝜒𝑥
𝑐 

𝑣0
𝑝
=
ℎ

2
𝜒𝜃
𝑝
+ 𝑣0

𝑐 +
ℎ

2
𝜒𝜃
𝑐  

𝑤0
𝑝
= 𝑤0

𝑐 

(18) 

 

2.7 Motion and boundary equations for GNPRC 
cylindrical shell coupled with PIAC 

 

The principle of minimum virtual work (Shariati et al. 

2012, 2016a, b, 2019, 2020d, e, f, g, h, i, j, 2021a, b, Fan et 

al. 2022, Luo et al. 2022b, Wang et al. 2022a, Xia et al. 

2022) also known as Hamilton’s principle is engaged in this 

section to obtain the equations of motion based on stress 

and displacement components. The fundamental relation of 

this principle is: 

∫ 𝛿𝑈 − 𝛿𝑊1 − 𝛿𝑊2 = 0
𝑡2

𝑡1

 (19) 

Each component of the above equation could be 

calculated using their definitions as follows: 

 (20) 

Here, tensors 𝑒𝑖𝑗 and 𝑠𝑖𝑗  indicate the components of 

strain and stress tensors, respectively as calculated in the 

previous sections The first external work from applied 

electrical voltage could be written as: 

𝛿𝑊1 =∬[(𝐻1
𝑃)𝑤,𝑥𝛿𝑤,𝑥 + (𝐻2

𝑃)𝑣,𝑥𝛿𝑣,𝑥]
𝐴

𝑅𝑝𝑑𝜃𝑑𝑥 (21) 

where Ni
P is external electric loads. The electric loads could 

be obtained as follows (Ke et al. 2014): 

𝐻1
𝑃 = 𝐻2

𝑃 = −2(𝑞31 −
𝑐13𝑞33
𝑐33

)ϒ0 (22) 

 In addition, the second part of external work comes 

from change in the environment temperature which 

inducing the following work term in the cylindrical 

structure: 

𝑊2 =
1

2
∬ [(𝐻1

𝑇)(
𝜕𝑤0

𝑐

𝜕𝑥
)2 + (𝐻2

𝑇)(
𝜕𝑣0

𝑐

𝜕𝑥
)2]

𝐴

𝑅𝑐𝑑𝜃𝑑𝑥 (23) 

where 𝑁1
𝑇 and 𝑁2

𝑇 are the thermal resultants which can be 

obtained as follows: 

𝐻1
𝑇 = ∫ (𝐸̃11 + 𝐸̃12)𝛼(𝑇 − 𝑇0)𝑑𝑧𝑐 ,

ℎ𝑐/2

−ℎ𝑐/2

 

𝐻2
𝑇 = ∫ (𝐸̃21 + 𝐸̃22)𝛼(𝑇 − 𝑇0)𝑑𝑧𝑐 .

ℎ𝑐/2

−ℎ𝑐/2

 

(24) 

Thermal expansion coefficients are combined in a vector 

form as given below: 

𝛼 = [𝛼1𝛼2000]
𝑇 (25) 

It is assumed that the temperature varies linearly along 

the thickness from 𝑇𝑚 at the outer surface to 𝑇𝑐  at the 

inner surface. Substituting Eqs. (20), (21) and (23) into Eq. 

(19) and integrating part by part, the motion equations can 

be extract as follows: 

𝛿𝑢𝑐: 𝐻𝑥𝑥,𝑥
𝑐 +

𝐻𝑥𝜃,𝜃
𝑐

𝑅𝑐
= 0, (26) 

𝛿𝑣𝑐: 𝐻𝑥𝜃,𝑥
𝑐 +

𝐻𝜃𝜃,𝜃
𝑐

𝑅𝑐
+
𝑄𝑧𝜃
𝑐

𝑅𝑐
− (𝐻1

𝑇)𝑣0,𝑥𝑥 = 0 (27) 

𝛿𝑤𝑐: 𝑄𝑥𝑧,𝑥
𝑐 +

𝑄𝑧𝜃,𝜃
𝑐

𝑅𝑐
−
𝐻𝜃𝜃
𝑐

𝑅𝑐
− (𝐻1

𝑇)𝑤0𝑐,𝑥𝑥 = 0, (28) 

𝛿𝜒𝑥
𝑐: 𝐹𝑥𝑥,𝑥

𝑐 +
𝐹𝜃𝜃,𝜃
𝑐

𝑅𝑐
− 𝑄𝑐

𝑥𝑧
= 0, (29) 

𝛿𝜒𝜃
𝑐 :
𝐹𝜃𝜃,𝜃
𝑐

𝑅𝑐
+ 𝐹𝑥𝜃,𝑥

𝑐 − 𝑄𝑧𝜃
𝑐 = 0. (30) 

𝛿𝑢0
𝑝
:
𝜕𝐻𝑥𝑥

𝑝

𝜕𝑥
+
1

𝑅𝑝

𝜕𝐻𝑥𝜃
𝑝

𝜕𝜃
+ 𝑇31𝜒,𝑥 = 0 (31) 

1
( )

2

( )

c

p

pq pq coreV

x x z z pV

U s e dV

D E D E D E dV 



  





=

− + +
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𝛿𝑣0
𝑝
:
𝜕𝐻𝑥𝜃

𝑝

𝜕𝑥
+
1

𝑅𝑝

𝜕𝐻𝜃𝜃
𝑝

𝜕𝜃
+
𝑄𝑧𝜃
𝑝

𝑅𝑝
+
𝑇61
𝑝

𝑅𝑝
𝜒,𝜃  

−
𝑘𝑠𝑇24

𝑝

𝑅𝑝
𝜙,𝜃 − (𝐻1

𝑃)𝑣0𝑝,𝑥𝑥 = 0 

(32) 

𝛿𝑤0
𝑝
: −𝑘𝑠𝑇15𝜒,𝑥𝑥 − (𝐻1

𝑃)𝑤0𝑝,𝑥𝑥 +
𝜕𝐻𝑥𝑧

𝑝

𝜕𝑥
 

+
1

𝑅𝑝

𝜕𝐻𝑧𝜃
𝑝

𝜕𝜃
−
𝐻𝜃𝜃
𝑝

𝑅𝑝
−
𝑘𝑠𝑋24

𝑝

𝑅𝑝
𝜒,𝜃𝜃 = 0, 

(33) 

𝛿𝑢1
𝑝
: −𝑄𝑝

𝑥𝑧
+ 𝑇32𝜒,𝑥 + 𝑘𝑠𝑇12𝜒,𝑥 

+
𝜕𝐹𝑥𝑥

𝑝

𝜕𝑥
+
1

𝑅𝑝

𝜕𝐹𝜃𝜃
𝑝

𝜕𝜃
= 0, 

(34) 

𝛿𝑣1
𝑝
: −𝑄𝑝

𝑧𝜃
+
𝑇62

𝑅𝑝
𝜒,𝜃 + 𝑘𝑠𝑇13𝜒,𝜃 

+
1

𝑅𝑝

𝜕𝐹𝜃𝜃
𝑝

𝜕𝜃
+
𝜕𝐹𝑥𝜃

𝑝

𝜕𝑥
= 0 

(35) 

The motion equation related to the piezoelectric layer 

can be written as follows: 

𝛿ϒ:∫

{
 
 

 
 
𝐷𝑥,𝑥 𝑐𝑜𝑠(

𝜋

ℎ
𝑧) + 𝐷𝜃,𝜃

𝑐𝑜𝑠(
𝜋

ℎ
𝑧)

𝑅𝑝 + 𝑧

+𝐷𝑧𝛽 𝑠𝑖𝑛(
𝜋

ℎ
𝑧)

}
 
 

 
 

𝑑𝑧
ℎ𝑝/2

−ℎ𝑝/2

= 0 (36) 

In Eqs. (26)-(36), it is assumed that: 

(𝐻𝑥𝑥
𝑚 , 𝐻𝜃𝜃

𝑚 , 𝐻𝑥𝜃
𝑚 ) = ∫ (𝑠𝑥𝑥

𝑚 , 𝑠𝜃𝜃
𝑚 , 𝑠𝑥𝜃

𝑚 )𝑑𝑧,
ℎ𝑖/2

−ℎ𝑖/2

𝑚 = 𝑝, 𝑐 

(𝐹𝑥𝑥
𝑚, 𝐹𝜃𝜃

𝑚 , 𝐹𝑥𝜃
𝑚) = ∫ (𝑠𝑥𝑥

𝑚 , 𝑠𝜃𝜃
𝑚 , 𝑠𝑥𝜃

𝑚 )𝑧𝑑𝑧
ℎ𝑖/2

−ℎ𝑖/2

, 𝑚 = 𝑝, 𝑐 

(𝑄𝑚𝑥𝑧 , 𝑄
𝑚
𝑧𝜃) = ∫ 𝑘𝑠(𝑠𝑥𝑧

𝑚 , 𝑠𝑧𝜃
𝑚 )𝑑𝑧

ℎ𝑖/2

−ℎ𝑖/2

, 𝑚 = 𝑝, 𝑐 

(37) 

Also, the parameters that used in Eq. (37) are expressed 

as: 

 (38) 

where: 

 (39) 

The state of boundary condition should be carefully 

defined for different boundary conditions in terms of 

displacement and its derivatives. The clamped boundary 

conditions at 𝑥 = 0, 𝐿: 

𝑢0
𝑐 = 𝑣0

𝑐 = 𝑤0
𝑐 = 𝜒𝑥

𝑐 = 𝜒𝜃
𝑐 = 0, 

ϒ = 𝑢0
𝑝
= 𝑣0

𝑝
= 𝑤0

𝑝
= 𝜒𝑥

𝑝
= 𝜒𝜃

𝑝
= 0 

(40) 

The simply supported boundary conditions at 𝜃= 𝜋/2, 

3 𝜋/2: 

𝑢0
𝑐 = 𝑤0

𝑐 = 𝜒𝑥
𝑐 = 0, 𝑣0

𝑐 ≠ 0, 𝜒𝜃
𝑐 ≠ 0, 

ϒ = 𝑢0
𝑝
= 𝑤0

𝑝
= 𝜒𝑥

𝑝
= 0, 𝑣0

𝑝
≠ 0, 𝜒𝜃

𝑝
≠ 0 

(41) 

 

 
3. Solution procedure: 

 

In this section, a detailed description of the solution 

procedure is given. The differential equations obtained for 

the complicated structure and material models in the 

previous section need to be solved numerically. In this 

sense, the method of differential quadrature is selected for 

solving these equations and obtaining critical values for 

critical temperature causing buckling instability in the 

cylindrical structure. The essence of the differential 

quadrature method is grounded in assuming the derivatives 

of a function to be a linear combination of function’s value 

in optimally specified points (Rajasekaran 2009): 

𝜕𝑟𝑔(𝑥)

𝜕𝑦𝑟
|
𝑥=𝑥𝑝

=∑𝜂𝑖𝑗
(𝑟)
𝑔(𝑦𝑖)

𝑛

𝑗=1

 (42) 

In the above equation, n is the number of specified 

points in which the function should be calculated. The 

coefficients 𝜂𝑖𝑗  are weight coefficient that should be 

calculated based on the optimization procedure. Using 

DQM have a merit over finite difference method of 

reducing calculation steps and increased accuracy. 

Following the Lagrange polynomial optimization procedure 

the weight coefficient could be calculated for the first 

derivative approximation as follows: 
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𝜂𝑖𝑗
(1)
=

𝜁(𝑦𝑖)

(𝑦𝑖 − 𝑦𝑗)𝜁(𝑦𝑗)
 

𝑖, 𝑗 = 1,2, . . . , 𝑛 and 𝑖 ≠ 𝑗 

𝜂𝑖𝑗
(1)
= − ∑ 𝜂𝑖𝑗

(1)

𝑛

𝑗=1,𝑖≠𝑗

𝑖 = 𝑗 

(43) 

where 

𝜁(𝑦𝑖) = ∏ (𝑦𝑖 − 𝑦𝑗)

𝑛

𝑗=1,𝑗≠𝑖

 (44) 

In the case of higher order derivatives 𝑟, the following 

recurrence relations are presented for weight coefficients: 

𝜂𝑖𝑗
(𝑟)
= 𝑟𝜂𝑖𝑗

(𝑟−1)
[𝜂𝑖𝑗
(1)
−

1

(𝑦𝑖 − 𝑦𝑗)
] 

𝑖, 𝑗 = 1,2, . . . , 𝑛, 𝑖 ≠ 𝑗 and 2 ≤ 𝑟 ≤𝑛−1 

𝜂𝑖𝑖
(𝑟)
= − ∑ 𝜂𝑖𝑗

(𝑟)

𝑛

𝑗=1,𝑖≠𝑗

 

𝑖, 𝑗 = 1,2, . . . , 𝑛 and 1 ≤ 𝑟 ≤𝑛−1 

(45) 

Selection of number of points or seeds is also dependent 

on the optimizing approach. The following seeds are 

selected to approximate of derivatives of functions: 

𝑦𝑖 =
𝐿

2
(1 − 𝑐𝑜𝑠 (

(𝑖 − 1)

(𝑁𝑖 − 1)
𝜋)) 𝑖 = 1,2,3, . . . , 𝑁𝑖 (46) 

Since we are dealing with a symmetric structure, the 

following assumption for displacement function could be 

made: 

𝑢𝑖(𝑥, 𝜃, 𝑡) = 𝑈𝑖(𝑥) 𝑐𝑜𝑠( 𝑛𝜃), 𝑖 = 𝑐, 𝑝 
𝑣𝑖(𝑥, 𝜃, 𝑡) = 𝑉𝑖(𝑥) 𝑠𝑖𝑛( 𝑛𝜃), 𝑖 = 𝑐, 𝑝 
𝑤𝑖(𝑥, 𝜃, 𝑡) = 𝑊𝑖(𝑥) 𝑐𝑜𝑠( 𝑛𝜃), 𝑖 = 𝑐, 𝑝 
𝜒𝑥
𝑖 (𝑥, 𝜃, 𝑡) = ϒ𝑥

𝑖 (𝑥) 𝑐𝑜𝑠( 𝑛𝜃), 𝑖 = 𝑐 

𝜒𝜃
𝑖 (𝑥, 𝜃, 𝑡) = ϒ𝜃

𝑖 (𝑥) 𝑠𝑖𝑛( 𝑛𝜃). 𝑖 = 𝑐 

(47) 

With some manipulation of the obtained equations in 

insertion of the boundary conditions, the following set of 

linear equation is obtained: 

{[
[𝑓𝑑𝑑] [𝑓𝑑𝑏]

[𝑓𝑏𝑑] [𝑓𝑏𝑏]
] 𝑁𝑐𝑟 + [

[𝑘𝑑𝑑] [𝑘𝑑𝑏]

[𝑘𝑏𝑑] [𝑘𝑏𝑏]
]} {
𝛿𝑑
𝛿𝑏
} = 0 (48) 

In the above equation the subscript 𝑑  indicated the 

domain grid point and 𝑏 represents boundary grid point. 

At the end, dimensionless parameter is defined following 

Ref. (Ke et al. 2014): 

 

 

 

ϒ̄0𝑐𝑟 =
10 × ϒ0𝑐𝑟

√𝐴11/𝑇33
 (49) 

  
 
4. Results and discussion: 

 

In this section, the results of numerical solutions are 

presented for a wide range of external applied voltage, 

boundary conditions and weight fraction of GNP to observe 

critical conditions leading to buckling of the structure.  

 

4.1 Convergence 
 

Since the DQM results are highly dependent on the seed 

numbers, a convergency study is performed for different 

boundary conditions to observe the rate of convergency for 

critical temperature and also to determine the minimum 

number of seeds required for further analyses in the 

following sections. The convergency results are provided in 

Table 1. As seen, for all cases of the different boundary 

condition at least 9 grid points is required in each direction 

to achieve reliable results. Therefore, in all the following 

analyses, at least 9 seeds will be used except otherwise 

stated. 

 

4.2 Model validation: 
 

The type of solution and problem geometry could be 

found in literature. Therefore, we select Ref. (Ghadiri and 

Safarpour 2016) for comparison of our result and, hence, 

validation of the procedure. The values for natural 

frequency of the structure given by the selected reference 

and as calculated using the approach in the current study are 

given in Table 2 for different applied voltages. As could be 

noted, the difference between calculated values are very 

small and therefore, the current approach could be 

confidently engaged for parametric analyzing. 

 

4.3 Parametric results 

 

It is discussed above that several parameter could affect 

the critical conditions for linear buckling occurrence. In this 

section, we aim to present the effect of each parameter and 

their importance in electro-thermal buckling (Wu et al. 

2017). 

Table 1 Comparison of the effects of seed number on the critical temperature for different boundary condition and 

material combination. L/R=15, and h/R=0.1 

B. Cs Material N=5 N=7 N=9 N=11 N=13 N=15 

Simply-

Simply 

Pure epoxy 1258.659 1256.622 1256.856 1256.856 1256.856 1256.856 

Pattern 4 1785.632 1783.652 1783.652 1783.652 1783.652 1783.652 

Clamped- 

Simply 

Pure epoxy 1453.659 1452.365 1452.958 1452.958 1452.958 1452.958 

Pattern 4 2150.639 2148.326 2149.635 2149.635 2149.635 2149.635 

Clamped- 

Clamped 

Pure epoxy 1658.639 1654.236 1654.636 1654.636 1654.636 1654.636 

Pattern 4 2356.652 2355.659 2357.863 2357.863 2357.863 2357.863 
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4.4 Effects of applied voltage and piezoelectric 
thickness on critical temperature 

 

Tables. 3, 4 and 5, variation of applied voltage and its 

effect on the critical voltage of cylindrical shell structure 

are provided for different values of piezoelectric layer  

 

 

 

thickness. It is observed that in all thicknesses of the 

piezoelectric layer, increase in the applied voltage causes 

decrease in the critical temperature required for 

destabilizing the structure. Hence, increase in the applied 

voltage deteriorate the stability condition of the cylindrical 

structure. On the other hand, increase in the thickness of the 

piezoelectric layer improve the stability through increasing 

critical temperature. These observations are hold for all 

boundary conditions. 

However, there are some differences in the stability for 

different boundary conditions. From the value of the critical 

temperature in the same thickness and applied voltage, it 

could be concluded that the clamped-clamped boundary 

condition has superior stability over other two supposed 

BCs. 

 

4.5 Effects of GNP weight fraction and applied 
voltage on critical temperature 

 

Tables 6-8 in Tables 9- 11, variation of external applied 

voltage and its effect on the critical temperature of 

cylindrical shell structure are provided for different values 

of weight fraction of GNP. It is observed that in all weight 

fractions of GNP of the piezoelectric layer, increase in the  

Table 2 Comparison of the natural frequency calculated 

using the current method with the values obtained in Ref. 

(Ghadiri and Safarpour 2016) 

Applied Voltage [mV] 
Natural Frequency [THz] 

Present Ref 

-0.02 0.029878 0.02977 

-0.015 0.029731 0.029619 

-0.01 0.029577 0.029472 

-0.005 0.029428 0.029323 

0.000 0.029279 0.029174 

0.005 0.029127 0.029025 

0.01 0.028975 0.028874 

0.015 0.02882 0.02872 

0.02 0.028664 0.028572 

Table 3 Comparison of critical temperature values in 

different values of 1/ℎ𝑝 and applied voltage for simply 

supported cylindrical shell structure 

1/ℎ𝑝 
Applied voltage Φ 

0.1mV 0.5mV 1mV 2mV 

10 1374.17 1315.743 1205.282 1008.576 

20 1024.472 948.9688 859.5573 662.852 

30 899.2957 823.7927 728.4205 539.6629 

40 839.6881 762.1981 666.0754 476.0814 

50 799.9496 724.4466 632.816 440.3168 

60 776.1066 701.5521 605.2313 412.4999 

70 756.2374 686.031 585.3621 396.6045 

80 744.3158 668.8128 573.4406 384.683 

90 732.3943 656.8913 564.0798 372.7615 

Table 4 Comparison of critical temperature values in 

different values of 1/ℎ𝑝 and applied voltage for clamped-

simply cylindrical shell structure 

1/ℎ𝑝 
Applied voltage Φ 

0.1mV 0.5mV 1mV 2mV 

10 2323.026 2248.726 2142.537 1954.084 

20 1717.855 1643.536 1548.91 1354.221 

30 1513.477 1433.849 1342.073 1149.843 

40 1412.615 1334.141 1240.088 1048.981 

50 1348.913 1271.939 1176.386 985.2789 

60 1306.445 1232.125 1136.572 948.1193 

70 1279.902 1202.928 1107.312 916.2682 

80 1258.668 1179.04 1085.852 895.0341 

90 1237.434 1161.636 1067.561 879.1085 

Table 5 Comparison of critical temperature values in 

different values of 1/ℎ𝑝  and applied voltage for fully 

clamed cylindrical shell structure 

1/ℎ𝑝 
Applied voltage Φ 

0.1mV 0.5mV 1mV 2mV 

10 3615.75 3519.492 3431.221 3242.398 

20 2674.129 2595.406 2500.949 2309.515 

30 2363.378 2292.941 2197.343 1998.764 

40 2206.831 2127.208 2036.054 1841.317 

50 2113.607 2039.026 1936.614 1750.163 

60 2048.484 1969.76 1874.464 1690.985 

70 2002.907 1931.299 1836.812 1642.436 

80 1969.76 1895.781 1803.605 1609.289 

90 1940.757 1870.921 1770.88 1584.429 

Table 6 Comparison of critical temperature in different 

values of 𝑔𝐺𝑃𝐿  and applied voltage for simply supported 

cylindrical shell structure 

𝑔𝐺𝑁𝑃 
Applied voltage Φ 

0.1mV 0.5mV 1mV 2mV 

0.1 603.7622 344.3696 24.06133 -300.748 

0.5 637.3407 511.4114 354.1804 194.9591 

1 652.7203 575.0999 483.6308 384.0343 

1.5 662.6716 606.9442 539.2751 471.6061 

2 672.4596 628.8371 575.0999 519.3725 

2.5 678.5938 645.0691 598.9831 555.1972 

3 686.5548 656.7008 616.8955 579.0804 

3.5 692.5256 669.2391 633.1521 598.9831 

4 698.4964 672.623 646.3666 614.7909 
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external applied voltage leads to reduction in the critical 

temperature required for destabilizing the structure. Hence, 

increase in applied voltage has a negative influence of the 

stability condition of the structure. On the other hand, 

increase in the weight fraction of GNP improve the stability 

through increasing critical temperature change. These  

 

 

 

observations are true for all boundary conditions. 

However, there are some differences in the stability for 

different boundary conditions. From the value of the critical 

temperature in the same weight fraction and applied 

voltage, it could be concluded that the clamped-clamped 

boundary condition has superior stability over other two 

supposed BCs. 
 

4.6 Effects of different thickness of piezoelectric layer 
on critical voltage 

 

In Tables 9-11, variation of weight fraction GNP 

reinforcement and its effect on the critical voltage of 

cylindrical shell structure are provided for different values 

of piezoelectric layer thickness. It is observed that in all 

thicknesses of the piezoelectric layer, increase in the weight 

fraction of GNP lead to increase in the critical voltage 

required for destabilizing the structure. Hence, increase in 

the weight fraction of GNP has a positive influence of the 

stability condition of the structure. On the other hand, 

increase in the thickness of the piezoelectric layer improve 

the stability through increasing critical voltage. These 

observations are the case for all boundary conditions. 

However, there are some differences in the stability for 

Table 7 Comparison of critical temperature in different 

values of 𝑔𝐺𝑃𝐿  and applied voltage for clamped-simply 

cylindrical shell structure 

𝑔𝐺𝑁𝑃 
Applied voltage Φ 

0.1mV 0.5mV 1mV 2mV 

0.1 1055.91 796.9981 470.5441 155.3471 

0.5 1094.184 959.6292 808.6525 651.7161 

1 1110.606 1035.118 941.7504 846.3966 

1.5 1126.498 1071.67 1001.346 933.8042 

2 1138.417 1096.435 1041.077 985.4541 

2.5 1150.337 1114.579 1066.902 1027.171 

3 1160.269 1130.471 1096.435 1051.01 

3.5 1170.202 1148.218 1114.447 1076.835 

4 1182.121 1158.283 1127.955 1098.687 

Table 8 Comparison of critical temperature in different 

values of 𝑔𝐺𝑃𝐿  and applied voltage for fully clamped 

cylindrical shell structure 

𝑔𝐺𝑁𝑃 
Applied voltage Φ 

0.1mV 0.5mV 1mV 2mV 

0.1 1677.124 1417.771 1092.244 774.6608 

0.5 1719.164 1592.144 1429.928 1276.982 

1 1742.772 1668.507 1568.97 1473.958 

1.5 1761.311 1705.695 1636.174 1571.287 

2 1779.85 1735.82 1682.521 1626.904 

2.5 1796.072 1763.629 1717.656 1673.252 

3 1812.293 1779.85 1743.743 1705.695 

3.5 1828.515 1803.024 1769.834 1738.138 

4 1844.737 1821.563 1793.266 1763.629 

Table 9 Comparison of critical voltage in different values of 

𝑔𝐺𝑃𝐿  and 1/ℎ𝑝  for simply-supported cylindrical shell 

structure 

1/ℎ𝑝 
𝑔𝐺𝑁𝑃 

1% 0.5mV 1% 2mV 

10 0.768493 0.799063 0.827902 0.855588 

20 0.671016 0.70447 0.737347 0.767339 

30 0.631795 0.668132 0.701586 0.736193 

40 0.613338 0.650252 0.686451 0.718889 

50 0.600648 0.638716 0.674477 0.708507 

60 0.59315 0.631218 0.667556 0.702739 

70 0.586806 0.626027 0.662431 0.696972 

80 0.582768 0.621413 0.659046 0.693511 

90 0.579307 0.617952 0.654866 0.69005 

Table 10 Comparison of critical voltage in different values 

of 𝑔𝐺𝑃𝐿  and 1/ℎ𝑝  for clamped-simply cylindrical shell 

structure 

1/ℎ𝑝 
𝑔𝐺𝑁𝑃 

1% 1.2% 1.4% 1.6% 

10 1.278682 1.329525 1.380354 1.42523 

20 1.118177 1.175002 1.23083 1.283667 

30 1.05537 1.118177 1.175002 1.231113 

40 1.023469 1.088269 1.146091 1.204196 

50 1.006452 1.070038 1.129143 1.187676 

60 0.991567 1.058075 1.119023 1.175002 

70 0.981598 1.049432 1.109204 1.168023 

80 0.975616 1.041697 1.102226 1.162042 

90 0.970588 1.035432 1.097241 1.157057 

Table 11 Comparison of critical voltage in different values 

of 𝑔𝐺𝑃𝐿  and 1/ℎ𝑝  for fully clamped cylindrical shell 

structure 

1/ℎ𝑝 
𝑔𝐺𝑁𝑃 

1% 1.2% 1.4% 1.6% 

10 1.978749 2.057258 2.13465 2.208326 

20 1.729147 1.821319 1.909773 1.991502 

30 1.639498 1.738112 1.829343 1.9124 

40 1.592037 1.692641 1.784519 1.872849 

50 1.563033 1.665281 1.75947 1.8478 

60 1.544576 1.64547 1.740564 1.830662 

70 1.530074 1.631695 1.729147 1.820115 

80 1.520511 1.622452 1.7186 1.812204 

90 1.5107 1.614449 1.712073 1.802976 
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different boundary conditions. From the value of the critical 

voltage in the same thickness and weight fraction of the 

GNP, it could be concluded that the clamped-clamped 

boundary condition has superior stability over other two 

supposed BCs. 

 
 
5. Conclusions 

 

Many of small-scale devices should be designed to 

tolerate high temperature changes. In the present study, the 

state of buckling and stability of nano-scale cylindrical shell 

structure integrated with piezoelectric layer under various 

thermal and electrical external loadings is scrutinized. In 

this regard, a multi-layer composite shell reinforced with 

graphene nano-platelets (GNP) having different patterns of 

layer configurations is considered. An outer layer of 

piezoelectric material receiving external voltage is also 

attached to the cylindrical shell for the aim of observing 

effects of voltage of the thermal buckling condition. The 

cylindrical shell is mathematically modeled with first-order 

shear deformation theory (FSDT). Linear elasticity 

relationship with constant thermal expansion coefficient is 

used to extract the relationship between stress and strain 

components. Moreover, minimum virtual work, including 

the work of the piezoelectric layer, is engaged to derive 

equations of motion. The derived equations are solved using 

numerical method to find out the effects of temperature and 

external voltage on the buckling stability of the shell 

structure. It is revealed that: 

• The buckling stability condition of cylindrical 

nanocomposite shell structure is highly dependent on the 

geometry of piezoelectric layer, applied external voltage, 

temperature change and weight fraction of GNP. 

• Increase in the weight fraction of GNP has a positive 

influence of the stability condition of the structure. 

• Increase in the thickness of the piezoelectric layer 

improve the stability through increasing critical 

temperature. 

• Increase in the weight fraction of GNP improve the 

stability through increasing critical temperature change. 
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