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The finite element method for dynamics of FG porous truncated conical
panels reinforced with graphene platelets based on the 3-D elasticity
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Abstract.  In this study, free vibration analysis of functionally graded (FG) porous truncated conical shell panels reinforced by
graphene platelets (GPLs) has been investigated for the first time. Additionally, the effect of three different types of porosity
distribution and five different types of GPLs patterns on dynamic response of the shell are also studied. Halpin-Tsai
micromechanical model and Voigt’s rule are used to determine Young modulus, shear modulus and Poisson’s ratio with mass
densities of the shell, respectively. The main novelties of present study are: applying 3D elasticity theory and the finite element
method in conjunction with Rayleigh-Ritz method to give more accurate results unlike other simplified shell theories, and also
presenting a general 3D solution in cylindrical coordinate system that can be used for analyses of different structures such as
circular, annular and annular sector plates, cylindrical shells and panels, and conical shells and panels. A convergence study is
performed to justify the correctness of the obtained solution and numerical results. The impact of porosity and GPLs patterns,
the volume of voids, the weight fraction of graphene nanofillers, semi vertex and span angles of the cone, and various boundary
conditions on natural frequencies of the functionally graded panel have been comprehensively studied and discussed. The results
show that the most important parameter on dynamic response of FG porous truncated conical panel is the weight fraction of
nanofiller and adding 1% weight fraction of nanofiller could increase 57% approximately the amounts of natural frequencies of
the shell. Moreover, the porosity distribution has great effect on the value of natural frequency of structure rather than the

375

porosity coefficient.
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1. Introduction

Recently, there is a high demand for great structural
implementation and multifunctionality with excellent
mechanical properties. The porous structures reinforced by
graphene platelet (GPLs) having valuable properties, such
as heat resistance, lightweight, and excellent energy
absorption, have been considerably used in different
engineering implementations. However, the stiffness of
porous structures reduces significantly, due to the internal
cavities, by adding GPLs into porous medium so effective
mechanical properties of these structures considerably
compensate. Many investigations have been performed
about the behavior of FG porous structures reinforced by
GPLs. However, studies on dynamic responses of these
structures are limited, some of which are mentioned below.
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Kitipornchai et al. (2017) used Ritz method to perform
an investigation related to natural frequency and elastic
buckling analyses of FG porous beams reinforced by GPLs
based on Timoshenko beam theory. Yang et al. (2020)
studied thermo-mechanical vibration of FG curved
nanobeam contained porosities and reinforced with GPLs
based on a shear deformation beam theory associated with
the nonlocal strain gradient theory. Zhang et al. (2021)
employed the DSC regularized Dirac-delta method for
dynamic analysis of FG-GPL porous beams resting on the
elastic foundation and subjected to moving load. Priyanka
et al. (2021) studied the influence of graded porosity, GPLs,
and axially varying loads on stability and dynamic response
of beams. Binh et al. (2021) used the generalized
differential quadrature method (GDQM) to study free
vibration of rotating FG porous beams reinforced by GPLs
based on Timoshenko beam theory. Xu et al. (2021)
investigated free vibration of FG-GPL porous beams based
on Euler-Bernoulli beam theory with spinning movement
by applying the differential transformation method (DTM).
Dynamic characteristics of FG-GPL porous nanocomposite
curved beams modeled based on the trigonometric shear
deformation theory were presented by Ganapathi et al.
(2021). Yas and Rahimi (2020) used GDQM to study
thermal vibration of FG porous beam reinforced by GPLs
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based on Timoshenko beam theory. Safarpour et al. (2021b)
applied GDQM to perform a parametric 3D study for
bending and free vibration of FG-GPL porous circular and
annular plates with various boundary conditions. Nguyen et
al. (2020) presented a novel computational approach to
investigate free vibration and static bending analysis of FG-
GPL porous plates based on the first shear deformation
theory (FSDT) and polygonal mesh with serendipity type
shape functions. Gao et al. (2018) analyzed nonlinear free
vibration of porous nanocomposite plates resting on the
elastic foundation based on the classical plate theory (CPT)
with the consideration of nonlinear von Karman
assumptions. The governing equations were solved by
employing DQM. Based on FSDT, an analytical
investigation regarding vibration and stability analyses of
FG-GPL porous plates under aerodynamical loading was
performed by Saidi et al. (2019). Asemi et al. (2020)
comprehensively investigated static, free and forced
vibration of FG porous annular sector plate reinforced by
GPLs based on the FSDT. Rayleigh-Ritz energy
formulation was applied to achieve the governing equations
of motion, and FEM was employed to solve the derived
equations. Phan (2020) presented isogeometric analysis of
free and forced vibration analysis of FG-GPL porous plates
using a refined plate theory via employing the non-uniform
rational B-splines (NURBS). Gao et al. (2020) investigated
wave propagation in FG porous plates reinforced with
GPLs. The governing equations of wave propagation are
derived by Hamilton’s principle using assumptions of
different plate theories. Zhou et al. (2020) investigated free
vibration of FG-GPL porous plates applying 3D theory of
elasticity and generalized DQM to derive and solve the
governing motion equations. Teng and Wang (2021) studied
nonlinear forced vibration of simply supported FG porous
nanocomposite thin plates reinforced with GPLs based on
CPT. They applied Galerkin method to solve the formulated
boundary value problem. Based on the FSDT and
Chebyshev polynomials, a novel quadrilateral element for
analysis of FG porous plates/shells reinforced by GPLs was
presented by Ton-That et al. (2021). Ansari et al. (2021)
presented a novel solution according to variational
differential quadrature (VDQ) for free vibration analysis of
post-buckled arbitrary-shaped FG-GPL-reinforced porous
nanocomposite plates based upon the third-order shear
deformation theory (TSDT).

The above literature review shows that the major portion
of investigations is related to beam and plate-type structures
and limited investigations have been performed about
dynamic response of FG porous shell-type structures
reinforced by GPLs. For instance, Safarpour et al. (2020)
investigated three-dimensional static and free vibration
analyses of FG-GPL truncated conical shells, cylindrical
shells and annular plates with various boundary conditions
within the framework of elasticity theory. Bahaadini et al.
(2019) presented an analytical solution for free vibration of
FG-GPL porous truncated conical shell based on the Love’s
first approximation theory. The effects of porosity
coefficient, geometry and weight fraction of GPLs on the
natural frequencies have been examined. A review paper on
FG porous structures reinforced by graphene platelet was

performed by Kiarasi et al. (2022). Ye and Wang (2021)
investigated the internal resonance of FG-GPL reinforced
metal foam cylindrical shells based on Donnell’s nonlinear
shell theory and by using Galerkin method. Wang et al.
(2019) employed Galerkin method to study the nonlinear
vibration of metal foam cylindrical shells reinforced with
GPLs based on improved Donnell’s nonlinear shell theory.
Moradi Dastjerdi and Behdinan (2021) studied stress waves
in thick porous graphene-reinforced cylinders under thermal
gradient environments by applying the moving least squares
(MLSs) interpolation functions. Salehi et al. (2021)
presented an analytical solution for nonlinear vibration of
shear deformable imperfect FG-GPL porous nanocomposite
cylindrical shells based on FSDT. Nejadi et al. (2021 a)
employed GDQM to investigate natural frequencies of
sandwich pipe by considering porosity and GPL effects on
conveying fluid flow. Zhou et al. (2021) studied vibration
and flutter characteristics of GPL-reinforced functionally
graded porous cylindrical panels subjected to supersonic
flow based on Reddy’s TSDT and by applying the standard
Lagrange procedure. Ebrahimi et al. (2019) performed
vibration analysis of FG porous shells reinforced by GPLs
based on the FSDT. Pourjabari et al. (2019) performed an
investigation related to effect of porosity on the free and
forced vibration characteristics of the GPL reinforcement
composite cylindrical microshell based on the modified
strain gradient theory (MSGT). Baghlani et al. (2021)
studied free vibration of functionally graded graphene-
reinforced porous nanocomposite shells of revolution based
on the HSDT and by using Fourier Differential Quadrature
(FDQ) technique. In another investigation (Khayat et al.
2021), based on the same solution, they studied nonlinear
dynamic responses of smart sandwich FG porous
cylindrical shells reinforced by GPLs under rectangular,
sine, and exponential loads. Kargar et al. (2022)
investigated dynamic bending analysis of laminated porous
concrete beam reinforced by nanoparticles based on
sinusoidal shear deformation theory and by employing
DQM. Cui et al. (2022) employed DQM to investigate the
nonlinear vibration behavior of nanocomposite sandwich
panel based on shell theories. The literature review shows
that: 1- Most of the studies are relevant to the behavior of
FG-GPL porous plate-type structures and beams. However,
less attention has been paid to investigating the behavior of
FG-GPL porous shells. 2- Among shell-type structures,
natural frequencies of FG porous truncated conical shell
panels have not been investigated, so far. 3- Analyses have
been mainly performed based on the ESL plate and shell
theories rather than elasticity theory. Due to the wide
application of conical panel-like shapes as a part of
complex structures in the aerospace industry (Khakimova et
al. 2016, Zhang and Cao 2022), it is necessary to know the
free vibration behavior of these structures made of
lightweight nanomaterial such as FG-GPL porous
materials. Hence, in this research, free vibration analysis of
truncated conical panels made of FG porous reinforced by
GPLs is investigated for the first time. The truncated
conical panels are considered with uniform and non-
uniform patterns of GPLs in a metallic matrix containing
open-cell internal pores as well as three various porosity
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distributions that are assumed across the thickness of the
shell. Porosity is assumed as uniformly and nonlinearly
distributed. In addition, five various patterns of GPL
dispersion pattern are assumed through the shell thickness.
3-D elasticity theory in conjunction with the finite element
method based on Rayleigh-Ritz procedure is applied to
obtain and solve the governing equations. The main
novelties of present study are: 1- Applying 3D elasticity
theory which considers thickness stretching effect and gives
more accurate results unlike other simplified shell theories.
Shell theories underpredict displacements and natural
frequencies of thick shells. 2- The displacement varies
along with the thickness, and it is appropriate for thick
structures, especially including material properties variation
across their whole thickness.3- A general 3D elasticity
solution in cylindrical coordinate is presented that can be
used for analyses of different structures such as circular,
annular and annular sector plates, cylindrical shells and
panels, and conical shells and panels. The influences of
different factors such as porosity coefficient, various
porosity distributions in conjunction with different GPL
patterns, weight fraction of GPLs, semi vertex angle and
span angle of the cone, and various boundary conditions on
natural frequencies and mode shapes of the truncated
conical panel have been comprehensively investigated.

2. Theoretical formulations
2.1 Description of the geometry:

The truncated conical panel has inner radius R; = a, an
outer radius R, = b of the small base, span angle 6,, semi
vertex angle a and length L. The geometry of the shell
defined in the cylindrical coordinates (r,0,z) is presented
in Fig. 1.

2.2 Estimating mechanical properties of the shell:

Many researchers studied the effect of different porosity
distribution on behavior of a structure. Their results show
that porosity distribution plays an important role to achieve
the best static and dynamic performance and also to obtain
the greatest energy absorption capability at low- and high-
velocity impacts, respectively (Wu et al. 2020). Hence, in
this study, three different popular porosity distributions are
assumed through the truncated conical panel thickness (Fig.
2). Two types of non-uniform symmetric distributions of
porosity and a uniform porosity distribution are considered.
In distribution 1, the porosity is symmetric, nonlinear, and
its distribution around the mid-surface is higher than around
the inner and outer surfaces of the shell. In distribution 2,
the porosity is also symmetric and nonlinear, but the
porosity near the inner and outer surfaces is higher than
around the mid-surface. The distribution of material
properties including the effect of porosity with distributions
1, 2 and 3 are given in Fig. 2 (A, B, C), respectively.
Besides, five GPL distribution patterns along the shell
thickness are indicated in Fig. 2 (a-e) according with
Salmani et al. (2021) and Mirjavadi et al. (2019). It should

Fig. 1 Geometrical scheme of the FG porous truncated
conical panel reinforced by GPLs

be noted that the material gradation is along the x axis
(thickness direction). The mechanical properties including
Young’s modulus E(¢), shear modulus G(¢) and mass
density p(¢) of porous nanocomposite shell are described
as follows (Asemi et al. 2020, Babaei et al. 2020, 2021,
Berghouti et al. 2019, Bouhadra et al. 2021, Huang et al.
2022, Cuong-Le et al. 2022, Behdinan 2022, Fenjan et al.
2020a, Al-Osta 2022): Porosity distribution 1 (Non-uniform
symmetric I):
E(g) = E*[1 — e cos(m¢)]
G(¢) = G*[1 — e cos(mg)] (D)
p(¢) = p*[1 — ep cos(m¢)]
where ¢ =x/h,—h/2<x < h/2,
Porosity distribution 2 (Non-uniform symmetric 11):
E(¢) = E*[e;(1 — cos(m))]
G(¢) = G*[eg(1 — cos(ms))] 2)
p(§) = p*lem (1 — cos(me))]
Uniform porosity distribution:

E(Q) =EYy
G =Gy (3)
p(¢) =p*Y

where E*, G*and p* are the Young’s modulus, shear
modulus and mass density of truncated conical panel
reinforced by GPLs and without interior cavities,
respectively. Also, e, and e; (0 < ey(e;) < 1) are the
coefficients of porosity for distributions 1 and 2,
respectively. e,, and e;, indicate the mass density
coefficient for distributions 1 and 2, respectively. y and y’
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Fig. 2 Patterns of porosity and GPLs distributions along thickness of the shell

are the parameters of uniform porosity distribution. As the
size and density of interior cavities increase, the porosity
increases, and consequently, causes a reduction in the

material properties.

The relation between Young’s modulus and density for
open-cell metal foams is presented as (Babaei et al. 2022,
Arefi et al. 2021, Song et al. 2021, Amiri et al. 2021,
Babaei et al. 2019, Fenjan et al. 2020b, Allah et al. 2022,

Sokhandani et al.2022)

HONNTION
E* - p*

Eq. (4) is utilized to derive the relation between the
porosity coefficients and mass density coefficients for

various porosity patterns as follows:
1—epcos(m) =4/1—eycos(m)
1—e;,(1 —cos(mg)) = \/1 — ey (1 — cos(rms))

v =Jr

Here, it is assumed that the mass of various plates with
various porosity patterns and GPL dispersions are identical

foh/z,/ 1 — ey cos(mg) dg =
h/2 - h/2
J / J1—e;(1 = cos(n¢)) ds = [ 2 7 de

According to Eq (6), the values of e; and y can be
estimated with a known value ofe,, as given in Table 1. It is
seen that eg increases as e, increases. When e, is 0.6,
eg is calculated to be 0.9612 which is near to the upper
bound. Thus, e, € [0,0.6 ] is used in this work.

The Halpin—Tsai model is commonly used to predict the
effective stiffness (modulus of elasticity) for fiber
reinforced composites with perfect fiber alignment and is
more accurate way rather than the rule of mixture, because
the effect of length and thickness of graphene nanoplatelets
are successfully taken into account in the modified Halpin-
Tsai equations. Hence, according to Halpin-Tsai micro-
mechanical model (Gibson et al. 1982, Teng et al. 2021,

(6)

(4)

Q)
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Ebrahimi and Hosseini 2020), the Young’s modulus of the
nanocomposites without interior cavities is expressed as:
B 3 (1 + SLGPLTIfPLVGPL) . 5 <1 + glsl;/PLm(/;VPLVGPL> )

8 1- an,PLVGPL 8 1- Urﬁ/PLVGPL
where
£0PL — zj— (8)
et = ek ©
R (10)
ygp = ok~ Jm_ (11)

The indices m and GPL denote the properties of
metallic matrix and GPLs, respectively. V;p, is the volume
content of GPLs and l;p,, wgp, and tgp, are length,
width and thickness of nanofiller platelets, respectively.

In contrast to the Halpin-Tsai model, the rule of mixture
is used to predict the mass density, Poisson’s ratio. Hence,
the effect of dimensions of nanoparticles is not considered
in this method, it is not accurate for estimation of modulus
of elasticity of fiber reinforced nanocomposites. Employing
the rule of mixture, the mass density and Poisson’s ratio of
the nanocomposite material are estimated as follows
(Khatounabadi et al. 2022, Nejadi et al. 2021 b, Oskouie et
al. 2021, Safarpour et al. 2021a, Ebrahimi and Dabbagh
2021, Zhou et al. 2022):

p" = pepLVepr + Pm(1 — VgpL) (12)

v* = VepVap + V(1 — Vgpr) (13)
The G = shear modulus is expressed as:
E*

¢ =aT v

(14)
The volume content of GPLS, Vgp,, is assumed to

change across the truncated conical panel thickness (x

direction) with five dispersion patterns (see also Fig. (2)):

(tull = cos(mg)] GPL—X
tiz[cos(m¢)] GPL—0
© J tis GPL—UD
Vepr (%) = T 15
GpL tia [1 — cos(z - Eg)] GPL— A (15)

ltis [cos(% — %q)] GPL -V

where t;;,tiy, tis, tis and t;s denote the upper limit of
the Vgp, , and subscript i =1,2,3 denotes various
porosity distributions 1, 2 and 3 within each pattern. V1,
is the total volume content of GPLs and is estimated by
applying the nanofiller weight fraction A4.p, into Eq.(16),
then it is used to derive t;q,t;5, ti3, tix and t;s by Eq. (17)
(Kiarasi et al. 2021)

Table 1 Porosity coefficients for different distributions

€ ey 14
0.1 0.1738 0.9361
0.2 0.3442 0.8716
0.3 0.5103 0.8064
0.4 0.6708 0.7404
0.5 0.8231 0.6733
0.6 0.9612 0.6047
Agpr Pm
Vi, = 16
PL ™ Dgpr, pm + Papr — DcpL PepL (16)
h/2
Vi = P[EC) dz
—hs2 ¢
h/2 ©
J4SY
tin f [1 — cos(mg)] ’ dg
—h/2 ¢
" ©
J4SY
o [ leostnsn 2 dg
—h/2 ¢
h/2 (17)
_ p()
=tz P dg
“hp2 €
h/2 ©
m o 1p(s
tig f [1 — cos(z — Eg)] ?dg
—h/2
/2 ©
m m 1p(s
tis f [COS(Z - E@‘)] p—dC
—h/2 ¢

2.3 Constitutive relations

The stress-strain relationships according to Hooke’s law
in cylindrical coordinates are as follows:

[O_]r,e,z = D[E]r,e,z (18)

In the above equations [o] is the stress matrix, D is
the matrix of elastic constants, and [g] is the strain matrix.
Matrix [D] is defined as:

_ E(A-v)
T4+ v)(1-2v)
v v

1-v 1-v 0 0 0
1 v 0 0 0
1—v 1—-v
v v 1 0 0 0
1-v 1—-v (19)
0 0 L 0 0
2(1—-v)
0 0 0 0 1-2v 0
2(1—-v)
0 0 0 0 0 1-2v
2(1—-v)
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Fig. 3 Schematic of 8 node brick element and local coordinates system

The strain-displacement relationships in the cylindrical
coordinates are

_ Ju _ ov 4 10w
T or V2T 5,7 7 50

_1( +6v) _6u+6w
=7 \""%0) 2T 9 or
ow _ 10u + v v
oz T 700 T or r

The relation between local and global coordinates is
presented in the following way:

&= (Zr —a® _ b(e))/(b(e) — a(e))‘
n=20/B®, {=2z/L©

In the above relations —1<¢, n and (<1 and
a®,p@,L©, B are the inner radius, outer radius, length
(z direction) and span angle of each element in the solution
domain, respectively (Fig. 3).

According to the above relations, the strain relation can
be rewritten in the following form:

(20)

&, =

(1)

displacement vector of any desired point of the element can
be extracted in the finite element using the following
equation:

q=N§® (24)

In the above relation, 8 is the node displacement
vector and N is the matrix of the shape functions

§© = (U, V, W, ...Ug Ve We}T (25)
Ny, 0 0 N, 0 0 .. Ng 0 0

N=|0 N, O O N, O .. O Ng O (26)
0 0 N O 0O N, .. O 0 Ngly,,

The shape function based on the local coordinates is
defined as:

1
N;(¢,n,9) =§(1+fif)(1+ﬂiﬂ)(1+(i§) (27)

d
i d 2
RO — @ 0 0
2 4 0
E(b© — q@) + ql© + p@ E(b©@ — a@) + qle) + ple) plelgy 0
0 0 20
e
= 4 a0 2 2 Ko (222)
Eb©® —a®) +q@ +p@ BE@ay EDE +a©  E(b® —a®) + gl + p© 0
20 4 d
0 1®@a7 E(b© —a®) + q@ + p gy
20 a 2
@ag 0 %O —a®
u
q= {v} (22b)
w

where g is the displacement vector.

3. The 3-D finite element modeling

Three-dimensional eight node brick element is employed
for the finite element analysis (Fig 3). Assuming the

According to the above relation, the strain-displacement

relation may be rewritten as follows:

£© =dN§© = B§® (28)

The matrix B in the above relation is as the following

form:
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B
&1+ 4+ 0 0
4(b(@ — qle)
A+&HA+nmA+4D N (1+ &8+ 40 0
4(E(b@ — a@) + a© + p@) 2@ (E(b© — a@) + ql@ + p©)
0 0 LA+ EHA +nm)
_ 41(e (29)
N (1+ & +40) 51(1"'7]17])(1"'(10_ A+&EOA+nmA+40) 0
2B@(E(b® — a@) + al@ + pe) 4(b© — q(@) 4(E(b© — q@) + g(©) + p)
0 GA+&EHA +mm) (1 +&EHA+ 4D
4L 2B (E(b©® — a®) + gl + pe)
(1 +&89A+mm) 0 &M +nmA+40)
410 4(b@ — a(@) 24
The governing equations of the FE model will be
estimated based on the principle of minimum potential Table 2 Convergence study of fundamental natural

energy and Rayleigh—Ritz method, in which case the model
potential energy by substituting Eqgs. (24) and (28) in Eqg.
(30) will be expressed as follows:

1
ne = Ef &)TodV + f pqTgdv
v v
1
h E ve©

. (30)
(B5©) D B5© dv + f p(N6@)" (N 6) av
v

In the above relations, A and V' are the volume and
area of the element, respectively, so, based on the principle
of minimum energy, we will have

on®
— =0
a(8eNT (31)
> | BTDB&®@ av +f pNT(N §©)dv =0
v(e v(e
Eqg. (31) can be rewritten in the following form:
M@§@ L gege =g (32)
K®© = f BTDB dV (33)
v(e
M®© = f pN"N dv (34)
v(e)

The mass and stiffness matrices are calculated using
Gauss’s 8-point numerical integration rules. By assembling
the mass and stiffness matrices of each matrix element, the
mass and stiffness geometry of the problem will be
obtained. Final characteristic equation has the form:

M&+KS=0 (35)

Vibration analysis of the FG-GPL porous conical panel
will be performed by using the following equation:

(K — Mw?)§ = 0 (36)

where the w is the circular natural frequency and § is the
mode shapes.

In this research, two different boundary conditions have
been considered as the following:

Case 1: Upper and lower base of cone are clamped:

w,v,w(r,0,z=0,L) =0 37

frequency for porous FG-GPL truncated conical panel (a =
0.25m,b =03 m,L =0.5m,a =45°,6, =90°,PD1, e0 = 04,
vy =0.0Wt% GPLX,BCs: Case 1)

Number of elements
1, ©, 1, n,©)
Q 602.8

3*38*24 5*38*24 7*38*24 8*38*24

594.3 580.1 579.56

Case 2: Two straight surfaces of cone are clamped:

w,v,w(r,0 =0,0p,2z) =0 (38)

4. Numerical results

In this section, the results of free vibration analysis of
FG-GPL porous truncated conical panel with two types of
boundary conditions. Effects of diverse volume weight
fraction of GPLs, GPL distribution patterns, porosity
distribution, and porosity coefficient as well as various span
angles and semi-vertex angles on eigenfrequencies and
eigenmodes of the conical panel are investigated.

4.1 Convergence study

In this section, first of all, the convergence study of
present results will be performed. After that, for verification
of obtained results, two examples will be presented. In the
first example, by simplifying our numerical code, the
porous FG-GPL truncated conical panel will be changed to
an isotropic homogeneous truncated conical panel. To
ensure the validity of obtained results for the functionally
graded structure, example 2 will be presented.

The convergence of the present FE results is
investigated by comparing results of successive refinement
of the size of the element. In this regard, results are
compared for meshes with adequate fixed number of 0-z
plane elements but with various numbers of elements in
the r direction. Results for fundamental natural frequency
of FG porous truncated conical panel (a=025m,b=
0.3m,L=05m,a =456y, =90°,PD1,e; = 0.4, y=0.0wt %
,GPLX ) are reported in Table 2. As may be noted from the
results listed in Table 1, it may be deduced that convergent
results correspond to 8 elements in the r direction.
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Table 3 The comparison between present results (Hz) and ANSYS WORKBENCH results for various semi
vertex angles of isotropic homogeneous truncated conical panel

(a) Boundary / Conditions N w5 w3 Wy ws wg
CASE 1 (Ansys Workbench) 633.64  694.88 951.26 1441. 1530.2 1548.2
30° CASE 1 (Present) 631.2 691.8 959.6 14355 1526.1 1544.1
CASE 2 (Ansys Workbench) 725.46 759.6 1244.6 13794 1382.4 1641.4
CASE 2 (Present) 724.3 757.05 1241.7 1375.08 13835 1644.2
CASE 1 (Ansys Workbench) 37359 41555 586.37 815.39 912.15 929.56
450 CASE 1 (Present) 373.04 414.1 583.02 817.2 911.1 923.9
CASE 2 (Ansys Workbench) 357.88  421.14 679.23 764.7 817.76 994.78
CASE 2 (Present) 358.02 420.2 677.2 762.08 812.5 990.07
CASE 1 (Ansys Workbench) 919.94 1147.3 1260.1 1742.2 1858.9 1930.
60° CASE 1 (Present) 918.2 1144.3 1262.2 1737.04 1852.1 1924.7
CASE 2 (Ansys Workbench) 753.47 1140.9 1243.3 1383.3 1577.2 1716.6
CASE 2 (Present) 752.02 11428 1247.2 1386.5 1578.2 1720.8

Fig. 4 The geometry and mesh model of the panel from
ANSYS WORKBENCH

4.2 Validation of the present study

Example 1:

Due to the lack of published results about FG-GPL
porous truncated conical panels, the results obtained in this
study are verified with those of calculated from ANSYS
WORKBENCH commercial FEM software. The meshed
model is shown in Fig. 4. The material property and
geometry of the truncated conical panel is assumed as
follows:

Material property: E = E,,, = 130 GPa ,
8960 kg/m3, v=1u,, 0.34

Geometry: a = 0.25m,b =03 m,L = 0.5m,a = 30°,
45° and 60°,0, = 90°

A comparison between the present and ANSYSY
WORKBENCH results for various semi vertex angles of
conical panel and different boundary conditions is shown in
Table 3. This comparison shows an excellent agreement
between them.

Example 2:

The free vibration of FG porous conical shells has been
surveyed (Coung-Le et al. 2021). Hence, in this example,
our results for FG porous truncated conical shell are

P =Pm=

obtained and compared with Coung-Le et al. (2021). For
this target, the volume weight fraction of GPL will be zero (
v =0wt%). By this way, the porous FG-GPL structure will

be changed to FG ones without nano-reinforcement.
Besides, for verification our results with Coung-Le et al.
(2021), the geometry and mechanical properties must be
considered as follows:
Geometry:
Ry =05R, =05+ Ltana,h=01m,L=2m,a =
40,0, = 360°
Mechanical properties:
pr = 2126% ,G* =7.608GPa,v=0.15E =2G(1+v)
The mechanical properties are varied through the
thickness as the following:
E =E*(1 —n(cos(mx/2h + 1 /4))
p=p*(1—n'(cos(nx/2h + m/4))
n'=y1-n

The dimensionless natural frequency is defined as @ =

wh\/g.
The comparison between obtained results and Coung-Le
et al. (2021) shows excellent agreement.

4.3 Natural frequencies of FG-GPL porous truncated
conical panel

In this section, the effect of semi vertex and span angles,
two different types of boundary conditions, porosity
coefficient and porosity distribution, GPL patterns and
weight fraction of GPL nanofillers on natural frequencies of
a truncated conical panel have been reported. Hence, the
following material properties and geometrical parameters
are considered:

Geometry: a=025mb=03m, L=05m, a =
30°,45°,60° , 6,=90° 180°, 360°.

Material properties: Ey, = 130 GPa, py, = 89605, vy, =
0.34 or copper (Nejadi et al. 2021a), and E;p, = 1.01 TPa,
PopL = 1062.5%, Vep, = 0.186, Wep, = 1.5 um, lgp, =
2.5 um, tgp, = 1.5 nm.



The finite element method for dynamics of FG porous truncated conical panels reinforced ... 383

Table 4 Comparison of natural frequency Q for C-F porous FG conical panel with various ratio of the radius to

thickness and the porosity coefficient

Ri/h 2 5 10
n Coung-Le etal. (2021)  Present Coung-Le etal. (2021)  Present  Coung-Leetal. (2021)  Present
0 0.7157 0.7255 0.4967 0.5063 0.3873 0.3938
0.1 0.7041 0.7172 0.4888 0.4969 0.3813 0.3870
0.3 0.6782 0.6918 0.4717 0.4781 0.3683 0.3758
0.5 0.6474 0.6579 0.4527 0.4574 0.3533 0.3606
0.7 0.6084 0.6147 0.4314 0.4407 0.3355 0.3386

Table 5 Natural frequencies (Hz) of FG-GPL porous shell for various boundary conditions and GPL patterns («

45°, 0, = 90°, PD1, e,=0.4, Ycp =0.01w1%)

GPL pattern BCs w1 W, w3 Wy ws [
CASE 1 579.56 640.8 882.12 1278.9 1410.8 1428.4
GPL-X CASE 2 561.82 615.31 1051.2 1117.8 1257.8 1554.9
GPL-A CASE 1 433.08 482.31 678.85 940.39 1055 1075.7
CASE 2 414.48 490 788.37 884.68 943.31 1154.2
GPL-V CASE 1 390.07 434.42 612.17 846.06 950.16 968.94
CASE 2 372.39 442.27 710.94 798.38 849.21 1034.9
GPL-O CASE 1 395.87 440.97 636.88 847.41 960.04 982.79
CASE 2 375.21 465.7 725.79 844.22 863.31 1040.5
CASE 1 432.71 481.92 678.66 939.22 1054.1 1074.8
GPL-UD CASE 2 414.09 490.15 787.95 884.9 942.59 1153.2

0

2
x10

2 2
x10 x10

Fig. 5 The first six mode shapes of FG porous truncated conical panel reinforced by GPLs (a=30°, 8,=45° Case 1, GPL-

X, PD1, 6020.4, YGPLZO.OJ.Wt%)

Table 5 shows the effect of two types of boundary
conditions and various GPL patterns on the natural
frequencies of FG porous truncated conical panel reinforced
by GPLs (a=45°, 6, = 90°, PD1,e,=0.4, YgpL.=0.01wt%).
This table shows that for all the BCs, the maximum and
minimum natural frequencies are related to GPLX and
GPL-V, respectively. It means that when the GPL nano-
fillers are more concentrated around the inner and outer

surface of shell, the stiffness of shell is higher than for other
types of GPL dispersion patterns. Also, when the GPL
nanofillers are more dispersed around the outer surface of
shell, the stiffness of shell has its minimum value. It is
mentioned that the amount of natural frequencies for GPL-
O and GPL-V are approximately the same. Moreover, this
behavior can be seen for GPL-A and UD as well. This result
can be very useful for the designers to apply these two
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Table 6 Natural frequencies (Hz) of FG-GPL porous shell for various boundary condition and porosity distribution
(a=45", 6, =90°, GPLX, e,=0.2, YcpL=0.01wt%)

Porosity distribution BCs w1 W, w3 Wy wWs We
PDL CASE 1 500.16 554.8 767.68 1099.2 1218 1236.2
CASE 2 484 542.28 907.72 982.05 1087.5 1344
PD2 CASE 1 400.28 446.12 644.39 858.55 970.96 994.12
CASE 2 379.98 471.77 735.91 856.12 875.53 1054.3
PD3 CASE 1 484.72 536.82 740.85 1067.2 1181.3 11974
CASE 2 468.68 520.19 879.95 943.14 1053 1299.9

2
x10

2
x10

-2
v 10

Fig. 6 The first six mode shapes of FG porous truncated conical panel reinforced by GPLs (a=30°, 8,=45°, Case 2, GPL-

X, PD1, e,=0.4, Ycp=0.01wt%)

Table 7 Natural frequencies (Hz) of FG-GPL porous shell for various boundary condition and weight fraction of
GPL nano-fillers (¢ =45°, 6, = 90°, PD1, e,=0.4, GPLX)

Weight fraction of

nano-fillers (%wt) BCs @1 @2 @3 @4 s Ws
» CASE 1 368.12 408.34 565.39 807.65 897.49 9109
CASE 2 354.84 399.77 668.26 72321 799.59 984.79
o506 CASE 1 47101 520.14 714.86 10403 1145 11585
CASE 2 457.35 496.25 853.24 902.76 10207 12625
s CASE 1 579.56 640.8 882.12 1278.9 14108 1428.4
CASE 2 561.82 615.31 1051.2 1117.8 1257.8 1554.9

patterns instead of each other in particular conditions. In all stiffness to mass of shell

and consequently natural

cases, the panel with clamped edges at its two end bases
(Case 1 boundary condition) has higher natural frequencies
than the panel with clamped edges at its straight surfaces
(Case 2 boundary condition).

The effect of two different boundary conditions and
various porosity distributions are depicted in Table 6 (a =
45°, 6, = 90°, GPLX, e, =0.2, Yep= 0.01 wt%). Table 6
illustrates that the maximum and minimum natural frequencies
belong to PD1 and PD2, respectively. It means that for more
porosities around the mid-thickness of shell, the ratio of

frequency is significantly higher than the other porosity
distributions. It can be seen that the difference between
maximum and minimum fundamental natural frequency for
different porosity distributions is approximately 25%. On
the other hand, PD1 provides more rigidity, while PD2
considerably reduces the stiffness of truncated conical
panel.

The influences of various boundary conditions and weight
fraction of nano-fillers on natural frequencies of truncated
conical panel (a=45°, 6, = 90°, PD1, e,=0.4, GPLX) are
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Fig. 7 The first six mode shapes of FG porous truncated conical panel reinforced by GPLs (a=30°, 8,=180°, Case 1, GPL-
X, PD1, ey=0.4, Ycp . =0.01wt%)

x10 x 10
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2
x10" x10 x10”

Fig. 8 The first six mode shapes of FG porous truncated conical panel reinforced by GPLs («=30° 6,=180°, Case 2, GPL-
X, PD1, e;=0.4, Yep.=0.01wt%)

Table 8 Natural frequencies of FG-GPL porous shell for various boundary condition and porosity coefficient (« =
45°, 8, = 90°, PD1, YepL=0.01wt%,GPLX)

e BCs w1 W, w3 Wy ws We
CASE 1 500.16 554.8 767.68 1099.2 1218 1236.2
02 CASE 2 484 542.28 907.72 982.05 1087.5 1344
0.4 CASE 1 579.56 640.8 882.12 1278.9 1410.8 1428.4
CASE 2 561.82 615.31 1051.2 1117.8 1257.8 1554.9
05 CASE 1 590.17 682.13 933.14 1379.4 1594.12 1620.74

CASE 2 578.22 641.83 1104.15 1227.16 1384.63 1700.45
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Table 9 Natural frequencies of the structure for various boundary condition and semi-vertex angle (6, = 90°,

PD3, Yep=0.01wt%, GPL-UD, e;=0.4)
Semi vertex angle (@) CASE 1 734.1 806.11 1101.2 1661.2 1771.2 1792
. CASE 2 839.5 883.96 1438.6 1595.7 1601.4 1900.6
30 CASE 1 432.71 481.92 678.66 939.22 1054.1 1074.8
45° CASE 2 414.09 490.15 787.95 884.9 942.59 1153.2
CASE 1 1078.5 1346.7 1478. 2017.8 2177.8 2213.7
60° CASE 2 883.92 1331.5 1424.3 1621.7 1834.3 1989.3
CASE 1 734.1 806.11 1101.2 1661.2 1771.2 1792
Table 10 Natural frequencies of FG-GPL porous shell for various boundary condition and span angle (a=30°,
PD3, YepL=0.01Wt%,GPL-UD, e,=0.4)
Span angle (8,) BCs w; W, w3 Wy ws wg
9 CASE 1 734.1 806.11 1101.2 1661.2 1771.2 1792
CASE 2 839.5 883.96 1438.6 1595.7 1601.4 1900.6
180 CASE 1 762.21 769.99 1070.4 1162.1 1279.8 1444.5
CASE 2 216.35 332.1 614.76 628.63 852.11 883.27
360 CASE 1 2251.6 2265.9 2456.5 2464.7 2611.7 2621.2
CASE 1 734.1 806.11 1101.2 1661.2 1771.2 1792

given in Table 7. This table shows that by increasing the
weight fraction of GPLs, the natural frequencies of structure
considerably increase (approximately 57%), while the mass
of structure changes a bit and this issue can be helpful for
aerospace structures where the high stiffness and low
density are so important.

Table 8 shows the effect of porosity coefficient on the
natural frequencies of FG porous truncated conical panel
reinforced by GPLs (a=45, 6, = 90, PD1, Ygp =0.01wt%,
PLX). Results show that when the porosity of structure
increases, the natural frequency of FG porous truncated
cone reinforced by GPLs increases as well. This is due to
the fact that by increasing the porosity, both the stiffness
and mass of structure decrease, but the rate of reduction of
mass is more than stiffness of structure. The effect of
porosity coefficient on natural frequencies is lower than the
effects of GPL pattern and weight fraction of nano-filler (its
impact is approximately 18%). On the other hand, the effect
of GPL pattern, porosity distribution, weight fraction of
Nano-filler on the natural frequencies of FG porous
truncated conical panel reinforced by GPL is more
significant than porosity coefficient.

Table 9 shows the natural frequencies of shell for
various boundary conditions and semi-vertex angle ( 6, =
90°, PD3, Yep =0.01wt%, GPL-UD, e,=0.4). This table
denotes that the minimum and maximum natural frequencies
are obtained respectively for a=45° and 60°. Also, the
effect of various boundary condition and span angle are
shown in Table 10 (a=30°, PD3, Yep=0.01 wt%, GPL-
UD, e,=0.4). As it can be seen from this table, by increasing
the span angle of truncated conical panel, the natural
frequencies enhance. Additionally, the first six mode shapes
of FG porous truncated conical panels reinforced by GPLs
are shown in Figs. 5-8 making completeness of this
investigation.

4. Conclusions

Natural frequency analysis of FG porous truncated
conical panel reinforced by graphene platelets has been
investigated for the first time. Three different porosity
distributions and five GPL patterns are considered along the
shell thickness. Based on 3-D elasticity theory by
employing FE and Rayleigh-Ritz methods, the governing
equations of structure are obtained and numerically solved.
The influences of GPL patterns, weight fraction of
nanofillers, porosity coefficient, porosity distributions, semi
vertex angle and span angle of the cone on the natural
frequencies of panel have been studied and the main
conclusions are below:

1. Maximum and minimum natural frequencies are
related to GPL-X and GPL-V distributions, respectively.

2. The natural frequencies for GPL-X and FPL-V, and
also for GPL-A and UD are almost the same.

3. The maximum and minimum natural frequencies
belong to PD1 and PD2, respectively. Besides, the
difference between maximum and minimum fundamental
natural frequency for different porosity distributions is
approximately 25%.

4. By increasing the weight fraction of GPLs, the natural
frequencies of shell considerably increase (approximately
57%).

5. By increasing the porosity of shell, the natural
frequencies increase about 18%.
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