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1. Introduction 
 

Piezoelectric materials, due to their properties, may be 

utilized in smart devices (Bai et al. 2021, Lu et al. 2021, 

Zhou et al. 2021, Li et al. 2022a, b, Shen et al. 2022). The 

use of piezoelectric materials in nanodevices such as 

nanosensors (Wan et al. 2004), nanogenerators (Wang and 

Song 2006), and so on has lately gained attention. The scale 

of gadgets at these sizes is one of the most significant 

aspects that should be studied (Peng et al. 2021, Gao et al. 

2022, Li et al. 2022c, Yu et al. 2022a, b, Zhang et al. 2022). 

Several academics have put forth a lot of time and effort to 

study the effects of size (Hamidi et al. 2015, Allahkarami et 

al. 2017, Ehyaei et al. 2017, Akbaş 2018a, b, Arefi and 

Zenkour 2018, Aydogdu et al. 2018, Bensaid et al. 2018, 

Navi et al. 2019, Ebrahimi et al. 2020b, Gafour et al. 2020, 

Matouk et al. 2020). To date, several theories, such as 

nonlocal elasticity (Eringen 1972, 1983, Eringen and 

Edelen 1972, Adhikari et al. 2015), have been proposed and 

used to account for the impact of size.  

Since the introduction of integral nonlocal elasticity 

(Kröner 1967, Krumhansl 1968, Kunin 1968), numerous 

researchers have utilized this theory to investigate size-

dependent devices. Following the development of 

differential form nonlocal elasticity of Eringen (1983), this 

theory became widely utilized due to the decrease in 

complexity and expense of calculation. Buckling, bending, 

and vibration of nanostructures, for example, were studied  
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using various beam theories and differential nonlocal elastic 

(Reddy 2007). Wave propagation is studied using Euler-

Bernoulli and nonlocal differential equations (Ebrahimi et 

al. 2018). Timoshenko beam theory and nonlocal 

differential theory were utilized to investigate the nonlinear 

vibration of piezoelectric nanobeams. However, the 

differential nonlocal theory has contradictions that make it 

untrustworthy for widespread use. For example, using 

differential, the initial natural frequency of a cantilever 

beam cannot be calculated correctly and precisely. As a 

result, academics attempted to eliminate paradoxes, one of 

which being Challamel and Wang (2008) study. According 

to Challamel et al. (2014), the initial vibration frequency of 

a cantilever nanobeam decreases as its nonlocality 

increases. Romano et al. (2017) studied bending features of 

cantilever nanobeams, and asserted that the incompatibility 

between the order of equations and the number of boundary 

conditions can be solved with two additional boundary 

conditions. Regarding this, hardening effect can be seen in 

aby type of boundary condition in a stress-driven model 

which was proposed by Romano and Barretta (2017). In 

addition, using this model and Euler Bernoulli beam theory, 

nanobeam vibration was probed by Apuzzo et al. (2017) 

which showed that the frequency of beams with this model 

in different boundary conditions can be increased.      

Moreover, one of the most recent theory utilized to 

eradicate these inconstancies is two-phase local/nonlocal 

theory. Two-phase elasticity is of interest since the order of 

boundary conditions is compatible with order of the 

governing equations and the results are validated by the 

results obtained from integral model as well as molecular 

dynamics. Up to now, by utilizing two-phase theory, 

buckling (Zhu et al. 2017) bending (Wang et al. 2016), and 
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vibration (Fernández-Sáez and Zaera 2017) of Euler-

Bernoulli nanobeams, and longitudinal vibration of 

nannorods (Zhu and Li 2017) have been investigated. In 

addition, on the basis of two-phase theory, the coupling 

between lateral and axial deflection caused by an attached 

mass on a nanosensor was studied by Naderi et al. (2020). 

Fakher and Hosseini-Hashemi (2020b) studied the exact 

solution for a beam modeled using two-phase elasticity as 

well as Timoshenko beam theory. Nonlinear vibration of 

nanobeam modeled using two-phase elasticity has been 

studied by Fakher and Hosseini-Hashemi (2020a). 

Additionally, Behdad et al. (2021) studied dynamic stability 

of beam modeled by Timoshenko beam theory and made of 

VFGP material by using two-phase elasticity. Fakher et al. 

(2020) investigated the effect of using size-dependent 

thermal load and elastic foundation on buckling and 

vibration of nanobeams.  

To investigate the size-dependent characteristic of 

piezoelectric structures, a model on the basis of differential 

nonlocal theory was developed (Zhou and Wang 2002, 

Zhou et al. 2006, 2007). Hence, a large number of 

researches has been done using differential nonlocal model 

for piezoelectric material. For example, thermoelectric-

mechanical nonlinear (Ke et al. 2012) and linear (Ke and 

Wang 2012) vibration of nanobeams modeled by 

Timoshenko beam theory was investigated. Buckling of the 

beams made of functionally graded piezoelectric material 

was studied through differential nonlocal and using higher-

order shear deformable theory (Ebrahimi and Barati 2017). 

In addition, using differential nonlocal theory for 

piezoelectric materials and Mindlin plate, mechanical, 

thermal, and also electrical vibration of plates, Ke et al. 

(2015) studied through using DQ method. Moreover, 

recently, by using two-phase local/nonlocal theory as 

paradox-free, vibration, buckling, and energy harvesting of 

a nanobeam made of piezoelectric material was studied by 

Naderi et al. (2021). In this work, also, they studied the 

effect of capturing the size-dependency of piezoelectric 

load.  

As previously stated, numerous researchers have 

published their findings on the vibration response, control, 

and energy harvesting of one, two, or more phases of 

composite beams, however, the investigation of vibration 

control and energy harvesting based on nonlocal elasticity 

on the substrate under blast loads requires additional 

research. Consequently, controlled vibration and energy 

harvesting are explored in the present study using two-

phase nonlocal elasticity on a three-layered beam comprised 

of a nonpiezoelectric core and two piezoelectric layers on 

an elastic foundation subjected to a blast load. The 

governing equations and boundary conditions are deduced 

using the Hamilton principle. After deriving the governing 

equation from to-phase elasticity, the governing equation is 

solved using GDQM and the Newmark beta method. A 

reference article is used to validate both the formulation and 

the technique of the solution. It has been shown that a size-

dependent elastic foundation may reduce the amplitude of 

vibrations. Additionally, a system that utilizes a nonpiezo-

electric layer that is softer than piezoelectric layers may 

improve the system,s capacity to gather energy. 

 

Fig. 1 Schematic of a three-layer beam including a core 

layer as well as two piezoelectric layers connected to a 

controller 
 
 
2. Methodology 

 
This part presents the equations of motion and associated 

boundary conditions of a two-phase Euler-Bernoulli 

nanobeam at the top and the bottom, where two piezo-

electric layers are placed, presented in Fig. 1. 

The Hamilton principle as a strong technique is used as 

follows in order to derive the governing equations and 

related boundary conditions of a bi-layered beam, involving 

a core layer and two piezoelectric layers resting on an 

elastic medium (Ma et al. 2022, Zhao et al. 2022, Hou et al. 

2021, Huang et al. 2021b, c, Jiao et al. 2021, Liu et al. 

2021c, Moradi et al. 2021, Xu et al. 2021, Dong et al. 2022, 

Luo et al. 2022, Michael et al. 2022, Wang et al. 2022b, 

Yang et al. 2022, Yu et al. 2022c). 

∫ 𝛿(𝛱 − 𝛤)
𝑡2

𝑡1

𝑑𝑡 = 0 (1) 

In the obtained equation, Π, is the kinetic energy, and, Γ, 

is the strain energy of the composite beam. Displacements 

fields in the longitudinal and transverse direction, Ux, Uy, 

and Uz according to Euler-Bernoulli beam theory are 

defined as follows (Habibi et al. 2016, 2018a, b, 2019b, d, 

e, Ebrahimi et al. 2019a, Esmailpoor Hajilak et al. 2019, 

Pourjabari et al. 2019, Safarpour et al. 2019a): 

𝑢𝑥(𝑥, 𝑧, 𝑡) = 𝑢(𝑥, 𝑡) − 𝑧
𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
 

𝑢𝑦(𝑥, 𝑧, 𝑡) = 0 

𝑢𝑧(𝑥, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡) 

(2) 

Also, related non-zero strain, 𝜀𝑥𝑥 , are as follow, 

respectively. 

𝜀𝑥𝑥 = −𝑧
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
 (3) 

where 𝑤(𝑥, 𝑡) is the lateral displacement of the neutral 

axis of the nanobeam. Based on the assumption of Wang 

(2002), the electrical potential of piezoelectric layers can be 

assumed as the following (Habibi et al. 2017, 2019a, c, 

Safarpour et al. 2018, 2019b, 2020, Alipour et al. 2020, 

Ebrahimi et al. 2020a, Ghazanfari et al. 2020, Chen et al. 

2022). 

𝛷𝑡(𝑥, 𝑧, 𝑡) 

= −𝑐𝑜𝑠 (𝛽𝑡 (𝑧 −
ℎ𝑐
2
))𝜙𝑡(𝑥, 𝑡) +

2 (𝑧 −
ℎ𝑐

2
)𝑉0

ℎ𝑡
𝑒𝑖𝛺𝑡 

(4a) 
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𝛷𝑏(𝑥, 𝑧, 𝑡) = − 𝑐𝑜𝑠 (𝛽𝑏 (𝑧 +
ℎ𝑐
2
))𝜙𝑏(𝑥, 𝑡) (4b) 

where 𝜙(𝑥, 𝑡) is the variation of the electrical potential for 

the top and bottom layer respectively, 𝑉0 is external voltage, 

βt=π/ht, and βb=π/hb. Now, using Eq. (4), the electrical field 

in transverse z-direction can be obtained as follows: 

𝐸𝑧
𝑡 = −

𝜕𝛷

𝜕𝑧
 

= −𝛽𝑡𝑠𝑖𝑛 (𝛽𝑡 (𝑧 −
ℎ𝑐

2
))𝜙𝑡(𝑥, 𝑡) −

2𝑉0

ℎ𝑡
𝑒𝑖𝛺𝑡 

(5a) 

𝐸𝑧
𝑏 = −

𝜕𝛷

𝜕𝑧
= −𝛽𝑏𝑠𝑖𝑛 (𝛽𝑏 (𝑧 +

ℎ𝑐

2
))𝜙𝑏(𝑥, 𝑡) (5b) 

Potential energy of a system including one core layer 

and two piezoelectric layers is written as follows (Ebrahimi 

et al. 2019b, c, Hashemi et al. 2019, Moayedi et al. 2019, 

2020a, b, Mohammadgholiha et al. 2019, Mohammadi et al. 

2019, Ebrahimi et al. 2020c, Habibi et al. 2020, 

Oyarhossein et al. 2020, Shariati et al. 2020a, b, Shokrgozar 

et al. 2020): 

𝛤 =
1

2
∫ ∫ (𝜎𝑥𝑥𝜀𝑥𝑥)

𝐿

0

𝑑𝑥𝑑𝐴𝑐
𝐴𝑐

+
1

2
∫ ∫ (𝜎𝑥𝑥𝜀𝑥𝑥 − 𝐷𝑧𝐸𝑧)

𝐿

0

𝑑𝑥𝑑𝐴𝑝
𝐴𝑝

 
(6) 

The axial stress relation for core layer as well as 

piezoelectric layers presented respectively (Fan et al. 2022, 

Wang et al. 2022a, Xia et al. 2022). 

𝜎𝑥𝑥
𝑐 = 𝐶11𝜀𝑥𝑥 (7a) 

𝜎𝑥𝑥
𝑝
= 𝑄11𝜀𝑥𝑥 − 𝑒31𝐸𝑧 (7b) 

where 𝐶11  and 𝑄11  are the elastic modulus, and 𝑒31 

denote the piezoelectric constant. Also, the electrical 

displacement for piezoelectric layers can be obtained as 

following (Hashemi et al. 2019, Al-Furjan et al. 2020c, d, e, 

f, Bai et al. 2020, Cheshmeh et al. 2020, Li et al. 2020a, 

Lori et al. 2020, Najaafi et al. 2020, Shariati et al. 2020c, 

Xiong et al. 2020, Guo et al. 2021b, Liu et al. 2021a). 

𝐷𝑧 = 𝑒31𝜀𝑥𝑥 +∈33 𝐸𝑧 (8) 

In which ∈33 denotes dielectric constant. The potential 

energy of the system can be rewritten as follows: 

𝛤 =
1

2
∫ ∫ (−𝜎𝑥𝑥𝑧

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
)

𝐿

0

𝑑𝑥𝑑𝑧
ℎ𝑐/2

−ℎ𝑐/2

 

+∫ ∫ (−𝜎𝑥𝑥𝑧
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2

𝐿

0

ℎ𝑐/2+ℎ𝑡

ℎ𝑐/2

+ 𝐷𝑧 (𝛽
𝑡𝑠𝑖𝑛 (𝛽𝑡 (𝑧 −

ℎ𝑐
2
))𝜙𝑡

+
2𝑉0
ℎ𝑡

𝑒𝑖𝛺𝑡))𝑑𝑥𝑑𝑧 + 

(9) 

∫ ∫ (−𝜎𝑥𝑥𝑧
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2

𝐿

0

−ℎ𝑐/2

−ℎ𝑐/2−ℎ𝑏

+ 𝐷𝑧 (𝛽
𝑏𝑠𝑖𝑛 (𝛽𝑏 (𝑧

+
ℎ𝑐
2
))𝜙𝑏(𝑥, 𝑡)))𝑑𝑥𝑑𝑧 

 The bending moment,𝑀(𝑥, 𝑡) can be written as 

𝑀(𝑥, 𝑡) 

= ∫ 𝑧𝜎𝑥𝑥
𝑐 𝑑𝑧

ℎ/2

−ℎ/2

+∫ 𝑧𝜎𝑥𝑥
𝑝
𝑑𝑧

ℎ𝑐/2+ℎ𝑡

ℎ𝑐/2

+∫ 𝑧𝜎𝑥𝑥
𝑝
𝑑𝑧

−ℎ𝑐/2

−ℎ𝑐/2−ℎ𝑏

 
(10) 

 By using the Eq. (9), and Eq. (10), the strain energy of 

beam can be re-written as follows: 

𝛤 

= ∫

(

 
 
 
 
 
 
 
 
 
 
 
 
 

(

 
 −

1

2
𝑁(𝑥, 𝑡) (

𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
)

2

−𝑀(𝑥, 𝑡)
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2 )

 
 
+

∫

(

  
 

−𝜎𝑥𝑥𝑧
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2

+𝐷𝑧(𝛽
𝑏𝑠𝑖𝑛(𝛽𝑏 (𝑧 +

ℎ𝑐
2
))𝜙𝑏(𝑥, 𝑡))

)

  
 
𝑑𝑧 +

−ℎ𝑐/2

−ℎ𝑐/2−ℎ𝑏

∫

(

 
 

−𝜎𝑥𝑥𝑧
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2

+𝐷𝑧 (𝛽
𝑡𝑠𝑖𝑛(𝛽𝑡 (𝑧 −

ℎ𝑐
2
))𝜙𝑡 +

2𝑉0
ℎ𝑡
𝑒𝑖𝛺𝑡)

)

 
 
𝑑𝑧

ℎ𝑐/2+ℎ𝑡

ℎ𝑐/2

)

 
 
 
 
 
 
 
 
 
 
 
 
 

𝐿

0

𝑑𝑥 (11) 

 Having presented the potential energy, the kinetic 

energy of the system, 𝛱, should be expressed as follows.: 

𝛱 =
1

2
∫ 𝑚1 (

𝜕𝑤(𝑥, 𝑡)

𝜕𝑡
)

2𝐿

0

𝑑𝑥 (12) 

where 

𝑚1 = ∫ 𝜌𝑐𝑑𝑧

ℎ

2

−
ℎ

2

+∫ 𝜌𝑝𝑑𝑧
ℎ𝑡/2

−ℎ𝑡/2

+∫ 𝜌𝑝𝑑𝑧
−ℎ𝑏/2

−ℎ𝑏/2

 (13) 

where 𝜌𝑝  and 𝜌𝑐  denote the mass density for 

piezoelectric layers as well as core layer. Then, by 

substituting Eqs. (11) and (12) into Eq. (1), and setting the 

coefficients of 𝛿𝜙𝑡 , 𝛿𝜙𝑏 , and 𝛿𝑤  equal to zero and 

adding the transverse force of the elastic foundation𝑅(𝑥, 𝑡), 
the equations of motion are acquired 

𝜕2𝑀(𝑥, 𝑡)

𝜕𝑥2
−𝑚1

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑡2
+ 𝑅(𝑥, 𝑡) = 0 (14a) 

ℑ𝑡(𝑥, 𝑡) 

= ∫ 𝐷𝑧 (𝛽
𝑡𝑠𝑖𝑛 (𝛽𝑡 (𝑧 −

ℎ𝑐
2
))𝜙𝑡 +

2𝑉0
ℎ𝑡

𝑒𝑖𝛺𝑡)
ℎ𝑐/2+ℎ𝑡

ℎ𝑐/2

𝑑𝑧

= 0 

(14b) 

ℑ𝑏(𝑥, 𝑡) 

= ∫ 𝐷𝑧 (𝛽
𝑏𝑠𝑖𝑛 (𝛽𝑏 (𝑧 +

ℎ𝑐
2
))𝜙𝑏(𝑥, 𝑡))

−ℎ𝑐/2

−ℎ𝑐/2−ℎ𝑏

𝑑𝑧 = 0 
(14c) 
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 Additionally, the relations associated to various 

boundary conditions can be expressed as follows: 

Clamped: 

𝑤(𝑥, 𝑡) = 0 And 
𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
= 0 (15a) 

 Free: 

𝑀(𝑥, 𝑡) = 0 And 
𝜕𝑀(𝑥, 𝑡)

𝜕𝑥
= 0 (15b) 

 Simply supported: 

𝑤(𝑥, 𝑡) = 0 And 𝑀(𝑥, 𝑡) = 0 (15c) 

  
2.1 Two- phase elasticity 
 

Stress-strain relation Based on two-phase elasticity for a 

1-D isotropic structure is as follows: 

𝑡(𝑥) = 𝜁𝐶̄: 𝜀(𝑥) + (1 − 𝜁)∫𝛼(𝑥, 𝑥̄, 𝜅)𝐶̄: 𝜀(𝑥̄)𝑑𝑉̄
𝑉̄

 (16a) 

𝛼(𝑥, 𝑥̄, 𝑘) =
1

2𝜅
𝑒−

|𝑥−𝑥̄|

𝜅  (16b) 

where 𝑡(𝑥), 𝜀(𝑥), 𝛼(𝑥, 𝑥̄, 𝜅), 𝐶̄, 𝜁, 𝑉̄, and 𝜅 denote two-

phase stress, strain tensor, Kernel function, elasticity tensor, 

local phase fraction, volume of all domain, and nonlocal 

factor respectively. The differential form, Eq. (17b), of the 

integral equation, Eq. (17a), has been introduced by 

Polyanin and Manzhirov (2008), and it was shown that if 

the equal differential form is used, the constitutive 

boundary conditions (CBC), Eqs. (17c) and (17d), must be 

satisfied. 

𝑦(𝑥) + 𝐶 ∫ 𝑒𝜇|𝑥−𝑥̄|
𝑏

𝑎

𝑦(𝑥̄)𝑑𝑥̄ = 𝑔(𝑥) (17a) 

𝑦″(𝑥) + 𝜇(2𝐶 − 𝜇)𝑦(𝑥) = 𝑔″(𝑥) − 𝜇2𝑔(𝑥) (17b) 

𝑦′(𝑎) + 𝜇𝑦(𝑎) = 𝑔′(𝑎) + 𝜇𝑔(𝑎) (17c) 

𝑦′(𝑏) − 𝜇𝑦(𝑏) = 𝑔′(𝑏) − 𝜇𝑔(𝑏) (17d) 

where, C, and, μ, are constant coefficients.  

 

2.2 Two-phase bending moment 
 

With the aid of two-phase elasticity, the local/nonlocal 

normal stress of a system including a core layer and two 

piezoelectric layers is attained, using Eq. (7) and Eq. (16) 

𝜎 = 𝜁(𝐶11𝜀𝑥𝑥 + 𝑄11𝜀𝑥𝑥 − 𝑒31𝐸𝑧) 

+
(1 − 𝜁)

2𝜅
∫𝑒−

|𝑥−𝑥̄|

𝜅 (𝐶11𝜀𝑥̄𝑥̄ + 𝑄11𝜀𝑥̄𝑥̄ − 𝑒31𝐸𝑧)𝑑𝑥̄
𝐿

 
(18) 

Now, by using Eq. (18) and Eq. (10), the two-phase 

bending moment for the given system can be written in the 

basic integral form 

𝑀(𝑥, 𝑡) 

= 𝜁 (−𝐷11
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
+ 𝐹𝑡𝜙𝑡(𝑥, 𝑡) + 𝐹𝑏𝜙𝑏(𝑥, 𝑡)) 

(19) 

+
(1 − 𝜁)

2𝜅
∫ 𝑒−

|𝑥−𝑥̄|

𝜅 (−𝐷11
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
+ 𝐹𝑡𝜙𝑡(𝑥, 𝑡)

𝐿

0

+ 𝐹𝑏𝜙𝑏(𝑥, 𝑡)) 𝑑𝑥̄ 

where 

𝐷11 = ∫ 𝐶11𝑧
2𝑑𝐴

𝐴𝑐

+∫ 𝑄11𝑧
2𝑑𝐴

𝐴𝑝

 (20a) 

𝐹𝑏 = 𝑏∫ 𝑒31𝛽
𝑏𝑠𝑖𝑛 (𝛽𝑏 (𝑧 +

ℎ𝑐
2
)) 𝑧𝑑𝑧

−ℎ𝑐/2

−ℎ𝑐/2−ℎ𝑏

 (20b) 

𝐹𝑡 = 𝑏∫ 𝑒31𝛽
𝑡𝑠𝑖𝑛 (𝛽𝑡 (𝑧 −

ℎ𝑐
2
)) 𝑧𝑑𝑧

ℎ𝑐/2+ℎ𝑡

ℎ𝑐/2

 (20c) 

With considering Eq. (17a) and Eq. (17b), and also 

using Eq. (18) as well as the first part of Eq. (14), the 

differential form of two-phase bending moment is obtained. 

𝑀(𝑥, 𝑡) = 𝑚1𝜅
2
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑡2
+ 𝐹𝑡𝜙𝑡(𝑥, 𝑡) + 𝐹𝑏𝜙𝑏(𝑥, 𝑡) 

+(−𝐷11)
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
− 𝐹𝑡𝜅2𝜁

𝜕2𝜙𝑡(𝑥, 𝑡)

𝜕𝑥2
 

−𝐹𝑏𝜅2𝜁
𝜕2𝜙𝑏(𝑥, 𝑡)

𝜕𝑥2
+ 𝐷11𝜅

2𝜁
𝜕4𝑤(𝑥, 𝑡)

𝜕𝑥4
− 𝜅2𝑅(𝑥, 𝑡) 

(21) 

 Also, by employing the first part of Eq. (14) and Eq. 

(21), the differential governing equation of the piezoelectric 

nanobeam can be derived in the frame work of two-phase 

elasticity as follows: 

𝐷11𝜅
2𝜁
𝜕6𝑤(𝑥, 𝑡)

𝜕𝑥6
+ (−𝐷11)

𝜕4𝑤(𝑥, 𝑡)

𝜕𝑥4
 

+(𝑚1𝜅
2
𝜕2

𝜕𝑡2
)
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
− 𝐹𝑡𝜅2𝜁

𝜕4𝜙𝑡(𝑥, 𝑡)

𝜕𝑥4
 

−𝐹𝑏𝜅2𝜁
𝜕4𝜙𝑏(𝑥, 𝑡)

𝜕𝑥4
+ 𝐹𝑡

𝜕2𝜙𝑡(𝑥, 𝑡)

𝜕𝑥2
+ 𝐹𝑏

𝜕2𝜙𝑏(𝑥, 𝑡)

𝜕𝑥2
 

−𝑚1

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑡2
− 𝜅2

𝜕2𝑅(𝑥, 𝑡)

𝜕𝑥2
+ 𝑅(𝑥, 𝑡) = 0 

(22) 

 Lastly, by utilizing Eqs. (17) and Eq. (19), the two 

CBCs related to the bending boundary moment at left side 

of beam (x=0) is obtained as follows: 

𝑀(0, 𝑡) =
𝐹𝑡(1 − 𝜁)

𝜅𝜁
𝜙𝑡(𝑥, 𝑡) +

𝐹𝑡(𝜁 − 1)

𝜁

𝜕𝜙𝑡(𝑥, 𝑡)

𝜕𝑥
 

−𝐹𝑡𝜅
𝜕2𝜙𝑡(𝑥, 𝑡)

𝜕𝑥2
+ 𝐹𝑡𝜅2

𝜕3𝜙𝑡(𝑥, 𝑡)

𝜕𝑥3
 

𝐹𝑏(1 − 𝜁)

𝜅𝜁
𝜙𝑏(𝑥, 𝑡) +

𝐹𝑏(𝜁 − 1)

𝜁

𝜕𝜙𝑏(𝑥, 𝑡)

𝜕𝑥
 

−𝐹𝑏𝜅
𝜕2𝜙𝑏(𝑥, 𝑡)

𝜕𝑥2
+ 𝐹𝑏𝜅2

𝜕3𝜙𝑏(𝑥, 𝑡)

𝜕𝑥3
 

+
𝑚1𝜅

𝜁

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑡2
−
𝑚1𝜅

2

𝜁

𝜕3𝑤(𝑥, 𝑡)

𝜕𝑡2𝜕𝑥
 

+
(−𝐷11 + 𝐷11𝜁)

𝜅𝜁

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
 

+
(𝐷11 − 𝐷11𝜁)

𝜁

𝜕3𝑤(𝑥, 𝑡)

𝜕𝑥3
+ 𝐷11𝜅

𝜕4𝑤(𝑥, 𝑡)

𝜕𝑥4
 

(23a) 
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−𝐷11𝜅
2
𝜕5𝑤(𝑥, 𝑡)

𝜕𝑥5
+
𝜅2

𝜁

𝜕𝑅(𝑥, 𝑡)

𝜕𝑥
−
𝜅

𝜁
𝑅(𝑥, 𝑡) = 0 

and the bending boundary moment at dight side of beam 

(x=L) is obtained as follows: 

𝑀(𝐿, 𝑡) =
𝐹𝑡(𝜁 − 1)

𝜅𝜁
𝜙𝑡(𝑥, 𝑡) +

𝐹𝑡(𝜁 − 1)

𝜁

𝜕𝜙𝑡(𝑥, 𝑡)

𝜕𝑥
 

+𝐹𝑡𝜅
𝜕2𝜙𝑡(𝑥, 𝑡)

𝜕𝑥2
+ 𝐹𝑡𝜅2

𝜕3𝜙𝑡(𝑥, 𝑡)

𝜕𝑥3
 

𝐹𝑏(𝜁 − 1)

𝜅𝜁
𝜙𝑏(𝑥, 𝑡) +

𝐹𝑏(𝜁 − 1)

𝜁

𝜕𝜙𝑏(𝑥, 𝑡)

𝜕𝑥
 

+𝐹𝑏𝜅
𝜕2𝜙𝑏(𝑥, 𝑡)

𝜕𝑥2
+ 𝐹𝑏𝜅2

𝜕3𝜙𝑏(𝑥, 𝑡)

𝜕𝑥3
 

−
𝑚1𝜅

𝜁

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑡2
−
𝑚1𝜅

2

𝜁

𝜕3𝑤(𝑥, 𝑡)

𝜕𝑡2𝜕𝑥
 

+
(𝐷11 − 𝐷11𝜁)

𝜅𝜁

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
+
𝜅2

𝜁

𝜕𝑅(𝑥, 𝑡)

𝜕𝑥
 

+
(𝐷11 − 𝐴11𝜁)

𝜁

𝜕3𝑤(𝑥, 𝑡)

𝜕𝑥3
− 𝐷11𝜅

𝜕4𝑤(𝑥, 𝑡)

𝜕𝑥4
 

−𝐷11𝜅
2
𝜕5𝑤(𝑥, 𝑡)

𝜕𝑥5
+
𝜅

𝜁
𝑅(𝑥, 𝑡) = 0 

(23b) 

  

2.3 Two-phase electric displacement 
 

To apply the nonlocality of the electric displacement, 

which has been ever considered by the differential nonlocal 

of Zhou and Wang (2002), using Eq. (8) and Eq. (16), the 

relation corresponding to the two-phase electric 

displacement is expressed as follows: 

𝐷𝑧 = 𝜁(𝑒31𝜀𝑥𝑥 +∈33 𝐸𝑧) 

+
(1 − 𝜁)

2𝜅
∫𝑒−

|𝑥−𝑥̄|

𝜅 (𝑒31𝜀𝑥𝑥 +∈33 𝐸𝑧)𝑑𝑥̄
𝐿

 
(24) 

 Then, by integration of 𝐷𝑧𝛽𝑠𝑖𝑛(𝛽𝑧) over the surface of 

each layer, A, gives 

ℑ𝑡(𝑥, 𝑡) = ∫ 𝐷𝑧𝛽
𝑡𝑠𝑖𝑛 (𝛽𝑡 (𝑧 −

ℎ𝑐
2
))𝑑𝐴

𝐴

 

= 𝜁 (𝐹𝑡
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
+ 𝑋𝑡𝜙𝑡(𝑥, 𝑡)) 

+
(1 − 𝜁)

2𝜅
∫ 𝑒−

|𝑥−𝑥̄|

𝜅 (𝐹𝑡
𝜕2𝑤(𝑥̄, 𝑡)

𝜕𝑥̄2
+ 𝑋𝑡𝜙𝑏(𝑥̄, 𝑡)) 𝑑𝑥̄

𝐿

0

 

(25a) 

ℑ𝑏(𝑥, 𝑡) = ∫ 𝐷𝑧𝛽
𝑏𝑠𝑖𝑛 (𝛽𝑏 (𝑧 +

ℎ𝑐
2
))𝑑𝐴

𝐴

 

= 𝜁 (𝐹𝑏
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
+ 𝑋𝑏𝜙𝑏(𝑥, 𝑡)) 

+
(1 − 𝜁)

2𝜅
∫ 𝑒−

|𝑥−𝑥̄|

𝜅 (𝐹𝑏
𝜕2𝑤(𝑥̄, 𝑡)

𝜕𝑥̄2
+ 𝑋𝑏𝜙𝑏(𝑥̄, 𝑡))𝑑𝑥̄

𝐿

0

 

(25b) 

In which 

𝑋𝑡 = 𝑏∫ 𝜂 (𝛽𝑡𝑠𝑖𝑛 (𝛽𝑡 (𝑧 −
ℎ𝑐
2
)))

2

𝑑𝑧
ℎ𝑐/2+ℎ𝑡

ℎ𝑐/2

 (26a) 

𝑋𝑏 = 𝑏∫ 𝜂 (𝛽𝑏𝑠𝑖𝑛 (𝛽𝑏 (𝑧 +
ℎ𝑐
2
)))

2

𝑑𝑧
−ℎ𝑐/2

−ℎ𝑐/2−ℎ𝑏

 (26b) 

Thus, the two-phase differential equation governed on 

the electric displacement can be produced using Eq. (25) 

and the second part Eq. (14) as follows: 

−𝐹𝑡𝜅2𝜁
𝜕4𝑤(𝑥, 𝑡)

𝜕𝑥4
+ 𝐹𝑡

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
− 𝜅2𝑋𝑡𝜁

𝜕2𝜙𝑡(𝑥, 𝑡)

𝜕𝑥2

+ 𝑋𝑡𝜙𝑡(𝑥, 𝑡) 

= −𝜅2
𝜕2ℑ𝑡(𝑥, 𝑡)

𝜕𝑥2
+ ℑ𝑡(𝑥, 𝑡)ℑ𝑡(𝑥, 𝑡) 

=
𝜕ℑ𝑡(𝑥, 𝑡)

𝜕𝑥
=
𝜕2ℑ𝑡(𝑥, 𝑡)

𝜕𝑥2
 

(27a) 

−𝐹𝑏𝜅2𝜁
𝜕4𝑤(𝑥, 𝑡)

𝜕𝑥4
+ 𝐹𝑏

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
 

−𝜅2𝑋𝑏𝜁
𝜕2𝜙𝑏(𝑥, 𝑡)

𝜕𝑥2
+ 𝑋𝑏𝜙𝑏(𝑥, 𝑡) 

= −𝜅2
𝜕2ℑ𝑡(𝑥, 𝑡)

𝜕𝑥2
+ ℑ𝑡(𝑥, 𝑡)ℑ𝑏(𝑥, 𝑡) 

=
𝜕ℑ𝑏(𝑥, 𝑡)

𝜕𝑥
=
𝜕2ℑ𝑏(𝑥, 𝑡)

𝜕𝑥2
 

(27b) 

Similarly, the CBCs for electric displacement are 

obtained by utilizing Eq. (25) and Eqs. (17), that the 

boundary conditions are obtain as follows: 

−
𝑋𝑡

𝜅
𝜙𝑡(𝑥, 𝑡) + 𝑋𝑡

𝜕𝜙𝑡(𝑥, 𝑡)

𝜕𝑥
−
𝐹𝑡

𝜅

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2

+ 𝐹𝑡
𝜕3𝑤(𝑥, 𝑡)

𝜕𝑥3
= 0 

at 

x=0 
(28a) 

−
𝑋𝑏

𝜅
𝜙𝑏(𝑥, 𝑡) + 𝑋𝑛

𝜕𝜙𝑛(𝑥, 𝑡)

𝜕𝑥
−
𝐹𝑛

𝜅

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2

+ 𝐹𝑛
𝜕3𝑤(𝑥, 𝑡)

𝜕𝑥3
= 0 

at 

x=0 
(28b) 

𝑋𝑡

𝜅
𝜙𝑡(𝑥, 𝑡) + 𝑋𝑡

𝜕𝜙𝑡(𝑥, 𝑡)

𝜕𝑥
+
𝐹𝑡

𝜅

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2

+ 𝐹𝑡
𝜕3𝑤(𝑥, 𝑡)

𝜕𝑥3
= 0 

at 

x=0 
(28c) 

𝑋𝑏

𝜅
𝜙𝑏(𝑥, 𝑡) + 𝑋𝑏

𝜕𝜙𝑏(𝑥, 𝑡)

𝜕𝑥
+
𝐹𝑏

𝜅

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2

+ 𝐹𝑏
𝜕3𝑤(𝑥, 𝑡)

𝜕𝑥3
= 0 

at 

x=0 
(28d) 

  
2.4 Two-phase elastic medium 
 
In this section, the two-phase local nonlocal force for 

elastic force is obtained. Accordingly, since the classic force 

for the elastic medium can be obtained from “Rclassic=-

kfw(x,t)”, two-phase form of this force can be written as 

follows: 

𝑅(𝑥, 𝑡) = −𝜁𝑘𝑓𝑤(𝑥, 𝑡) −
(1 − 𝜁)

2𝜅
∫𝑒−

|𝑥−𝑥̄|

𝜅 𝑘𝑓𝑤(𝑥̄, 𝑡)𝑑𝑥̄
𝐿

 (29) 

 Thus, two-phase differential equation for elastic 
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medium force can be produced using Eq. (29) and the 

second part Eq. (14) according to following equation: 

𝜅2
𝜕2𝑅(𝑥, 𝑡)

𝜕𝑥2
− 𝑅(𝑥, 𝑡) + 𝜁𝜅2𝑘𝑓

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑥2
− 𝑘𝑓𝑤(𝑥, 𝑡) = 0 (30) 

 Similarly, the CBCs for elastic medium force are 

obtained by utilizing Eq. (29) and Eqs. (17) as follows: 

𝜅
𝜕𝑅(𝑥, 𝑡)

𝜕𝑥
− 𝑅(𝑥, 𝑡) + 𝜁𝜅𝑘𝑓

𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
− 𝜁𝑘𝑓𝑤(𝑥, 𝑡) = 0  

𝑎𝑡 𝑥 = 𝐿 
(31a) 

𝜅
𝜕𝑅(𝑥, 𝑡)

𝜕𝑥
+ 𝑅(𝑥, 𝑡) + 𝜁𝜅𝑘𝑓

𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
+ 𝜁𝑘𝑓𝑤(𝑥, 𝑡) = 0  

𝑎𝑡 𝑥 = 0 

(31b) 

 In the following, the nondimensional parameters are 

defined as follows: 

𝑥̄ =
𝑥

𝐿
, 𝑤̄ =

𝑤

ℎ𝑡𝑜𝑡
, 𝜙̄𝑡 =

𝜙𝑡

𝜙0
𝑡 , 𝜙̄

𝑏 =
𝜙𝑏

𝜙0
𝑏 , 

𝜙0
𝑏 = √

𝐴11

𝑋𝑏
, 𝜙0

𝑡 = √
𝐴11

𝑋𝑡
, 𝜅̄ =

𝜅

𝐿
, 𝑅̄ =

𝑅𝐷11

𝐴11𝐿
2

 

𝐹̄𝑡 =
𝐹𝑡𝜙0

𝑡

𝐴11ℎ𝑡𝑜𝑡
, 𝐹̄𝑏 =

𝐹𝑏𝜙0
𝑏

𝐴11ℎ𝑡𝑜𝑡
, 𝐷̄11 =

𝐷11

𝐿2𝐴11
, 

𝑋𝑡 =
𝑋𝑡(𝜙0

𝑡)2𝐿2

ℎ𝑡𝑜𝑡
2𝐴11

, 𝑋𝑏 =
𝑋𝑏(𝜙0

𝑏)2𝐿2

ℎ𝑡𝑜𝑡
2𝐴11

 

(32) 

 The nondimensional form of Eqs. (22), (27), and (28) 

are reform to following: 

𝐷̄11𝜅̄
2𝜁
𝜕6𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄6
+ (−𝐷̄11)

𝜕4𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄4
 

+(𝜅̄2
𝜕2

𝜕𝜏2
)
𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2
− 𝐹̄𝑡𝜅̄2𝜁

𝜕4𝜙̄𝑡(𝑥̄, 𝜏)

𝜕𝑥̄4
 

−𝐹̄𝑏𝜅̄2𝜁
𝜕4𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄4
+ 𝐹̄𝑡

𝜕2𝜙̄𝑡(𝑥̄, 𝜏)

𝜕𝑥̄2
+ 𝐹̄𝑏

𝜕2𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄2
 

−
𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝜏2
− 𝜅̄2

𝜕2𝑅̄(𝑥̄, 𝜏)

𝜕𝑥̄2
+ 𝑅̄(𝑥̄, 𝜏) = 0 

(33a) 

−𝐹̄𝑡𝜅̄2𝜁
𝜕4𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄4
+ 𝐹̄𝑡

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2
 

−𝜅̄2𝑋̄𝑡𝜁
𝜕2𝜙̄𝑡(𝑥̄, 𝜏)

𝜕𝑥̄2
+ 𝑋̄𝑡𝜙̄𝑡(𝑥̄, 𝜏) = 0 

(33b) 

−𝐹̄𝑏𝜅̄2𝜁
𝜕4𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄4
+ 𝐹̄𝑏

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2
 

−𝜅̄2𝑋̄𝑏𝜁
𝜕2𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄2
+ 𝑋̄𝑏𝜙̄𝑏(𝑥̄, 𝜏) = 0 

(33c) 

𝜅̄2
𝜕2𝑅̄(𝑥̄, 𝜏)

𝜕𝑥̄2
− 𝑅̄(𝑥̄, 𝜏) + 𝜁𝜅̄2𝑘𝑓

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2
 

−𝑘𝑓𝑤̄(𝑥̄, 𝜏) = 0 

(33d) 

 And the boundary conditions are reformed as follows: 

𝐹̄𝜏(1 − 𝜁)

𝜅̄𝜁
𝜙̄𝜏(𝑥̄, 𝜏) +

𝐹̄𝜏(𝜁 − 1)

𝜁

𝜕𝜙̄𝜏(𝑥̄, 𝜏)

𝜕𝑥̄
 

−𝐹̄𝜏𝜅̄
𝜕2𝜙̄𝜏(𝑥̄, 𝜏)

𝜕𝑥̄2
+ 𝐹̄𝜏𝜅̄2

𝜕3𝜙̄𝜏(𝑥̄, 𝜏)

𝜕𝑥̄3
 

at  

𝑥̅=0 
(34a) 

𝐹̄𝑏(1 − 𝜁)

𝜅̄𝜁
𝜙̄𝑏(𝑥̄, 𝜏) +

𝐹̄𝑏(𝜁 − 1)

𝜁

𝜕𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄
 

−𝐹̄𝑏𝜅̄
𝜕2𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄2
+ 𝐹̄𝑏𝜅̄2

𝜕3𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄3
 

+
𝜅̄

𝜁

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝜏2
−
𝜅̄2

𝜁

𝜕3𝑤̄(𝑥̄, 𝜏)

𝜕𝜏2𝜕𝑥̄
 

+
(−𝐷̄11 + 𝐷̄11𝜁)

𝜅̄𝜁

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2
+
𝜅̄2

𝜁

𝜕𝑅̄(𝑥̄, 𝜏)

𝜕𝑥̄
 

+
(𝐷̄11 − 𝐷̄11𝜁)

𝜁

𝜕3𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄3
+ 𝐷̄11𝜅̄

𝜕4𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄4
 

−𝐷̄11𝜅̄
2
𝜕5𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄5
−
𝜅̄

𝜁
𝑅̄(𝑥̄, 𝜏) = 0 

−
𝑋̄𝑡

𝜅̄
𝜙̄𝑡(𝑥̄, 𝜏) + 𝑋̄𝑡

𝜕𝜙̄𝑡(𝑥̄, 𝜏)

𝜕𝑥̄
−
𝐹̄𝑡

𝜅̄

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2

+ 𝐹̄𝑡
𝜕3𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄3
= 0 

at  

𝑥̅=0 
(34b) 

−
𝑋̄𝑏

𝜅̄
𝜙̄𝑏(𝑥̄, 𝜏) + 𝑋̄𝑏

𝜕𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄
−
𝐹̄𝑏

𝜅̄

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2

+ 𝐹̄𝑏
𝜕3𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄3
= 0 

at  
𝑥̅=0 

(34c) 

𝜅̄
𝜕𝑅̄(𝑥̄, 𝜏)

𝜕𝑥
− 𝑅̄(𝑥̄, 𝜏) + 𝜁𝜅̄𝑘𝑓

𝜕𝑤̄(𝑥̄, 𝜏)

𝜕𝑥
− 𝜁𝑘𝑓𝑤̄(𝑥̄, 𝜏)

= 0 𝑎𝑡 𝑥̄ = 0 

at 

𝑥̅=0 
(34d) 

𝐹̄𝑡(𝜁 − 1)

𝜅̄𝜁
𝜙̄𝜏(𝑥̄, 𝜏) +

𝐹̄𝑡(𝜁 − 1)

𝜁

𝜕𝜙̄𝑡(𝑥̄, 𝜏)

𝜕𝑥̄
 

+𝐹̄𝑡𝜅̄
𝜕2𝜙̄𝑡(𝑥̄, 𝜏)

𝜕𝑥̄2
+ 𝐹̄𝑡𝜅̄2

𝜕3𝜙̄𝑡(𝑥̄, 𝜏)

𝜕𝑥̄3
 

𝐹̄𝑏(𝜁 − 1)

𝜅̄𝜁
𝜙̄𝑏(𝑥̄, 𝜏) +

𝐹̄𝑏(𝜁 − 1)

𝜁

𝜕𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄
 

+𝐹̄𝑏𝜅̄
𝜕2𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄2
+ 𝐹̄𝑏𝜅̄2

𝜕3𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄3
 

−
𝜅̄

𝜁

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝜏2
−
𝜅̄2

𝜁

𝜕3𝑤̄(𝑥̄, 𝜏)

𝜕𝜏2𝜕𝑥̄
 

+
(𝐷̄11 − 𝐷̄11𝜁)

𝜅̄𝜁

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2
+
𝜅̄2

𝜁

𝜕𝑅̄(𝑥̄, 𝜏)

𝜕𝑥̄
 

+ +
(𝐷̄11 − 𝐴11𝜁)

𝜁

𝜕3𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄3
− 𝐷̄11𝜅̄

𝜕4𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄4
 

−𝐷̄11𝜅̄
2
𝜕5𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄5
+
𝜅̄

𝜁
𝑅̄(𝑥̄, 𝜏) = 0 

at 

𝑥̅=L 
(34e) 

𝑋̄𝑡

𝜅̄
𝜙̄𝑡(𝑥̄, 𝜏) + 𝑋̄𝑡

𝜕𝜙̄𝑡(𝑥̄, 𝜏)

𝜕𝑥̄
+
𝐹̄𝑡

𝜅̄

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2

+ 𝐹̄𝑡
𝜕3𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄3
= 0 

at 

𝑥̅=L 
(34f) 

𝑋̄𝑏

𝜅̄
𝜙̄𝑏(𝑥̄, 𝜏) + 𝑋̄𝑏

𝜕𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄
+
𝐹̄𝑏

𝜅̄

𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2

+ 𝐹̄𝑏
𝜕3𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄3
= 0 

at 

𝑥̅=L 
(34g) 

𝜅̄
𝜕𝑅̄(𝑥̄, 𝜏)

𝜕𝑥
+ 𝑅̄(𝑥̄, 𝜏) + 𝜁𝜅̄𝑘𝑓

𝜕𝑤̄(𝑥̄, 𝜏)

𝜕𝑥
+ 𝜁𝑘𝑓𝑤̄(𝑥̄, 𝜏)

= 0 

at 

𝑥̅=L 
(34h) 
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And nondimensional bending moment is represented as 

follows: 

𝑀̄(𝑥̄, 𝜏) = 𝜅̄2
𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝜏2
+ 𝐹̄𝑡𝜙̄𝑡(𝑥̄, 𝜏) + 𝐹̄𝑏𝜙̄𝑏(𝑥̄, 𝜏) 

−(𝐷̄11)
𝜕2𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄2
− 𝐹̄𝑡𝜅̄2𝜁

𝜕2𝜙̄𝑡(𝑥̄, 𝜏)

𝜕𝑥̄2
 

−𝐹̄𝑏𝜅̄2𝜁
𝜕2𝜙̄𝑏(𝑥̄, 𝜏)

𝜕𝑥̄2
+ 𝐷̄11𝜅̄

2𝜁
𝜕4𝑤̄(𝑥̄, 𝜏)

𝜕𝑥̄4
− 𝜅̄2𝑅̄(𝑥̄, 𝜏) 

(35) 

  
 
3. Energy harvesting 

 
In the present section, the electric potential generated by 

the system is equal to the total potential produced (Zhang et 

al. 2016, Wang et al. 2018, Jiang et al. 2021, Wu et al. 

2022, Yan et al. 2022, Zhou et al. 2022) by the upper and 

lower piezoelectric layers, since the layers are linked 

together as shown in Fig. 2 to get the result for energy 

harvesting analysis. 

 
3.1 Shockwave force 

 

The force utilized in this research is a shockwave 

generated by a blast load, as described by Nguyen et al. 

(2017), and is given as follows: 

𝐹 = 𝑃𝑆0 [1 −
𝑡

𝑡0
] 𝑒𝑥𝑝 (

−𝑎𝑡

𝑡0
) (36) 

where and denote maximum static pressure as well as 

positive phase time which can be expressed as 

𝑃𝑆0 = 𝑃0
808(1 + (

𝑍

4.5
)
2
)

1 + (
𝑍

0.048
)
2
√1 + (

𝑍

1.35
)
2
 (37a) 

 

(37b) 

In which, P0, is atmosphere pressure and following 

constants are defined as follows: 

𝑍 =
𝑅̃

𝑊̃0.33
 (38a) 

 

 

𝑎 = 1.5𝑍−0.38 (38b) 

where, 𝑅̃ and 𝑊̃ are distance to of blast to the center of 

the beam and explosive material mass. 
 

3.2 MHCD material formulation 
 

The effective properties of MHCD which is based on 

Halpin-Tsai model is proposed as follow (Adamian et al. 

2020, Al-Furjan et al. 2020a, b, Li et al. 2020b, Liu et al. 

2020b, 2021b, Zare et al. 2020, Dai et al. 2021b, Habibi et 

al. 2021, He et al. 2021, Huang et al. 2021a, Zhang et al. 

2021). 

𝐸 = 𝑉𝑁𝐶𝑀𝐸
𝑁𝐶𝑀 + 𝑉𝐹𝐸11

𝐹  (39a) 

𝜌 = 𝑉𝑁𝐶𝑀𝜌
𝑁𝐶𝑀 + 𝑉𝐹𝜌

𝐹  (39b) 

𝜈 = 𝑉𝑁𝐶𝑀𝜈
𝑁𝐶𝑀 + 𝑉𝐹𝜈

𝐹  (39c) 

The index F and NCM denotes to fiber and 

nanocomposite matrix. Also, the proportion of fiber and 

nanocomposites are 

𝑉𝑁𝐶𝑀 + 𝑉𝐹 = 1 (40) 

The Young’s Modulus of nanocomposites can be 

obtained using the following formulations. 

𝐸𝑁𝐶𝑀 

= 𝐸𝑀((
3 + 6(

𝑙𝐶𝑁𝑇

𝑑𝐶𝑁𝑇
)𝛽𝑑𝑙𝑉𝐶𝑁𝑇

8 − 8𝛽𝑑𝑙𝑉𝐶𝑁𝑇
) + (

5 + 10𝛽𝑑𝑑𝑉𝐶𝑁𝑇
8 − 8𝛽𝑑𝑑𝑉𝐶𝑁𝑇

)) 
(41) 

 In which 

𝛽𝑑𝑑 =
(
𝐸11
𝐶𝑁𝑇

𝐸𝑀
)

(
𝐸11
𝐶𝑁𝑇

𝐸𝑀
) + (

𝑑𝐶𝑁𝑇

2𝑡𝐶𝑁𝑇
)
−

(
𝑑𝐶𝑁𝑇

4𝑡𝐶𝑁𝑇
)

(
𝐸11
𝐶𝑁𝑇

𝐸𝑀
) + (

𝑑𝐶𝑁𝑇

2𝑡𝐶𝑁𝑇
)
 (42a) 

𝛽𝑑𝑙 =
(
𝐸11
𝐶𝑁𝑇

𝐸𝑀
)

(
𝐸11
𝐶𝑁𝑇

𝐸𝑀
) + (

𝑙𝐶𝑁𝑇

2𝑡𝐶𝑁𝑇
)
−

(
𝑑𝐶𝑁𝑇

4𝑡𝐶𝑁𝑇
)

(
𝐸11
𝐶𝑁𝑇

𝐸𝑀
) + (

𝑙𝐶𝑁𝑇

2𝑡𝐶𝑁𝑇
)
 (42b) 

𝑉𝐶𝑁𝑇
∗ =

𝑊𝐶𝑁𝑇

𝑊𝐶𝑁𝑇 + (
𝜌𝐶𝑁𝑇

𝜌𝑀
) (1 −𝑊𝐶𝑁𝑇)

 (42c) 

10
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Fig. 2 Schematic of a three-layer beam including a core layer as well as two piezoelectric layers used as energy 

harvester 
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𝑉𝐶𝑁𝑇 = 4𝑉𝐶𝑁𝑇
∗

|𝜉𝑗|

ℎ𝑐
𝐹𝐺 − 𝑋 (42d) 

𝑉𝐶𝑁𝑇 = 𝑉𝐶𝑁𝑇
∗ (1 +

2𝜉𝑗

ℎ𝑐
)𝐹𝐺 − 𝑉 (42e) 

𝑉𝐶𝑁𝑇 = 𝑉𝐶𝑁𝑇
∗ (1 −

2𝜉𝑗

ℎ𝑐
)𝐹𝐺 − 𝐴 (42f) 

𝑉𝐶𝑁𝑇 = 𝑉𝐶𝑁𝑇
∗ 𝐹𝐺 − 𝑈 (42g) 

 Also, For 𝑗 = 1,2, . . . . , 𝑁𝑡 , 𝜉𝑗 = (
1

2
+

1

2𝑁𝑡
−

𝑗

𝑁𝑡
) ℎ𝑐 . The 

total volume fraction can be defined as follows: 

𝑉𝐶𝑁𝑇 + 𝑉𝑀 = 1 (43) 

 The effective density as well as Poisson ratio of the 

nanocomposite matrix can be written as 

𝜌𝑁𝐶𝑀 = 𝑉𝑀𝜌
𝑀 + 𝑉𝐶𝑁𝑇𝜌

𝐶𝑁𝑇 (44a) 

𝜈𝑁𝐶𝑀 = 𝜈𝑀 (44b) 

 

 

4. Solution procedure 

 

In this research, the governing equation and boundary 

conditions are solved using the generalized differential 

quadrature method (GDQM) (Liu et al. 2020a, Wang et al. 

2020, Zhou et al. 2020, Dai et al. 2021a, Guo et al. 2021a, 

Shao et al. 2021, Wu and Habibi 2021), which is a 

numerical solution method for higher-order equations. The 

r-th order derivative of Ψ(xi), is expressed as follows using 

the sixth order GDQM technique (Wu and Liu 2000). 

𝛹(𝑟)(𝑥𝑖) = ∑ℎ1𝑘
(𝑟)(𝑥𝑖)𝛹1

(𝑘)

2

𝑘=0

+ ∑ ℎ𝑗0
(𝑟)(𝑥𝑖)𝛹𝑗

𝑛𝑠−1

𝑗=2

 

+∑ℎ𝑛𝑠𝑘
(𝑟) (𝑥𝑖)𝛹𝑛𝑠

(𝑘)

2

𝑘=0

= ∑ 𝛽𝑖𝑗
(𝑟)𝑈𝑗

𝑤

𝑛𝑠+4

𝑗=1

(𝑖 = 1,2, . . . , 𝑛𝑠) 

(45) 

where xi, 𝛽𝑖𝑗𝑙
(𝑟)

, ns, and ℎ𝑗𝑙
(𝑟)(𝑥𝑖) denote the sampling point 

positions, the r-th order derivative at each xi, sampling point 

number, and shape functions of hermit interpolation. Also, 

the discrete type of deformation, Vj, should be considered 

as 

{𝑈𝑤}𝑇

= {𝛹1
(0), 𝛹1

(1), 𝛹1
(2), 𝛹2, 𝛹3, . . . , 𝛹𝑛𝑠−1, 𝛹𝑛𝑠

(0), 𝛹𝑛𝑠
(1), 𝛹𝑛𝑠

(2)}

= {𝑈1
𝑤 , 𝑈2

𝑤 , . . . , 𝑈𝑛𝑠+4
𝑤 } 

(46) 

Sampling points, according to Chebyshev Gauss 

Lobatto, can be assumed as 

𝑥𝑖 =
𝐿

2
[1 − 𝑐𝑜𝑠 (

(𝑖 − 1)

(𝑛𝑠 − 1)
𝜋)] (𝑖 = 1,2, . . . , 𝑛𝑠) (47) 

in addition, shape functions related to Hermite interpolation 

are  

𝛽𝑖𝑗𝑙
(𝑟) = ℎ𝑗𝑙

(𝑟)(𝑥𝑖) =
𝑑𝑟ℎ𝑗𝑙(𝑥𝑖)

𝑑𝑥𝑟
 (48) 

 In which 

ℎ𝑗𝑙
(𝑟)(𝑥𝑖) = {

1 if 𝑖 = 𝑗 𝑙 = 𝑟
0 otherwise 

 (49a) 

ℎ𝑝𝑖(𝑥) =
(𝑥 − 𝑥(𝑛𝑠+1)−𝑝)

(𝑥1 − 𝑥𝑛𝑠)
(𝑎𝑝𝑖𝑥

2 + 𝑏𝑝𝑖𝑥 + 𝑐𝑝𝑖)𝑙𝑝(𝑥) 

(p=1, ns and 𝑖 = 0,1,2) 
(49b) 

ℎ𝑗0(𝑥) =
(𝑥 − 𝑥1)

2(𝑥 − 𝑥𝑛𝑠)
2

(𝑥𝑗 − 𝑥1)
2
(𝑥𝑗 − 𝑥𝑛𝑠)

2 𝑙𝑗(𝑥) 

(𝑗 = 2,3, . . . , 𝑛𝑠 − 1) 

(49c) 

where api, bpi and cpi are the constant coefficients which are 

expressed in appendix-I. Additionally, the test functions 

associated with Lagrangian interpolation, lj(xi), are equal to 

Dirac delta (δij). Also, the first derivative of weighting 

coefficient can be expressed as the following equation 

(Hamidian et al. 2011, Shariati 2008, Shariati et al. 2011, 

2018, 2019, 2020d, Shah et al. 2015, 2016a, b, Khanouki et 

al. 2016, Toghroli et al. 2017, 2018, 2020, Chen et al. 2019, 

Li et al. 2019, Naghipour et al. 2020, Razavian et al. 2020, 

Hosseini and Toghroli 2021, Mehrabi et al. 2021). 

𝑙𝑗
(1)(𝑥𝑖) =

{
  
 

  
 

𝑅(1)(𝑥𝑖)

(𝑥𝑖 − 𝑥𝑗)𝑅
(1)(𝑥𝑗)

(for  𝑖, 𝑗 = 1,2, . . . , 𝑛𝑠, 𝑖 ≠ 𝑗)

− ∑ 𝑙𝑗
(1)(𝑥𝑖)

𝑛𝑠

𝑗=1,𝑖≠𝑗

(for  𝑖, 𝑗 = 1,2, . . . , 𝑛𝑠)

 (50) 

where 

𝑅(1)(𝑥𝑖) = ∏ (𝑥𝑖 − 𝑥𝑚)

𝑛𝑠

𝑚=1,𝑚≠𝑖

 (51) 

Additionally, higher order derivatives related to the 

Lagrangian interpolation test functions are defined as 

(Wang et al. 2021, Shi et al. 2022, Xie and Chen 2022). 

𝑙𝑗
(𝑟)(𝑥𝑖) =

{
 
 
 

 
 
 𝑟 (𝑙𝑖

(𝑟−1)(𝑥𝑖)𝑙𝑗
(1)(𝑥𝑖) −

𝑙𝑗
(𝑟−1)(𝑥𝑖)

(𝑥𝑖 − 𝑥𝑗)
)

(for  𝑖, 𝑗 = 1,2, . . . , 𝑛𝑠)

− ∑ 𝑙𝑗
(𝑟)(𝑥𝑖)

𝑛𝑠

𝑗=1,𝑖≠𝑗

(for  𝑖, 𝑗 = 1,2, . . . , 𝑛𝑠)

 (52) 

 Also, separation of variables for electric potential as 

well as is expressed as follows. 

𝜙𝑡(𝑥, 𝑡) = 𝛷𝑡(𝑥)𝑒𝑖𝜆𝑡 (53a) 

𝜙𝑏(𝑥, 𝑡) = 𝛷𝑏(𝑥)𝑒𝑖𝜆𝑡 (53b) 

𝑅(𝑥, 𝑡) = 𝑅̄(𝑥)𝑒𝑖𝜆𝑡 (53c) 

 Because the electric potential equation order is two, 

DQM is used as follow 
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𝑈(𝑟)(𝑥𝑖) =∑𝑙𝑖𝑗
(𝑟)𝑈𝑗

𝑛𝑠

𝑗=1

(𝑖 = 1,2, . . . , 𝑛𝑠) (54) 

 The discrete form of displacement, elastic foundation 

force, as well as electric potential are defined as follows: 

{𝑈𝑤}𝑇 = {𝑈1
𝑤 , 𝑈2

𝑤 , . . . , 𝑈𝑛𝑠+4
𝑤 }𝑇 (55a) 

{𝑈𝑡}𝑇 = {𝜙𝑡
1
, . . . , 𝜙𝑡

𝑛𝑠
}
𝑇
 (55a) 

{𝑈𝑏}𝑇 = {𝜙𝑏
1
, . . . , 𝜙𝑏

𝑛𝑠
}
𝑇

 (55c) 

{𝑈𝑅̄}
𝑇
= {𝑅̄ 1, . . . , 𝑅̄ 𝑛𝑠}

𝑇
 (55d) 

 Now, using Eqs. (22), (27), (28), (45), (54), and (55), all 

formulation can be summarized as below 

[

𝑀𝑤𝑤 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

] {𝑋̈}

+

[
 
 
 
 
𝐾𝑤𝑤 𝐾𝑤𝜙𝑡 𝐾𝑤𝜙𝑏 𝐾𝑤𝑅

𝐾𝜙𝑡𝑤 𝐾𝜙𝑡𝜙𝑡 0 0

𝐾𝜙𝑏𝑤 0 𝐾𝜙𝑏𝜙𝑏 0

𝐾𝑅𝑤 0 0 𝐾𝑅𝑅 ]
 
 
 
 

{𝑋} = {𝐹} 

(56) 

where 

{𝑋} = {𝑈𝑤 𝑈𝑡 𝑈𝑏 𝑈𝑅} (57) 

 According to the third row of Eq. (56) 

𝑈𝑏 = −𝐾𝜙𝑏𝜙𝑏
−1𝐾𝜙𝑏𝑤𝑈

𝑤 (58) 

 And using a PD controller as 

𝑈𝑡 = 𝐺𝑐𝑈
𝑏 + 𝐺𝑣𝑈̇

𝑏 (59) 

Therefore, the equivalent stiffness, damping, and mass 

matrix for a controlled system can be defined as follow 

[𝑀] = 𝑀𝑤𝑤 (60a) 

[𝐾] = 𝐾𝑤𝑤 + 𝐾𝑤𝜙𝑏(−𝐾𝜙𝑏𝜙𝑏
−1𝐾𝜙𝑏𝑤) 

+𝐺𝑐𝐾𝑤𝜙𝑡(−𝐾𝜙𝑏𝜙𝑏
−1𝐾𝜙𝑏𝑤) + 𝐾𝑤𝑅(−𝐾𝑅𝑅

−1𝐾𝑅𝑤) 
(60b) 

[𝐶] = 𝐶𝑤𝑤 + 𝐺𝑣𝐾𝑤𝜙𝑡(−𝐾𝜙𝑏𝜙𝑏
−1𝐾𝜙𝑏𝑤) (60c) 

where 

𝐶𝑤𝑤 = 𝛽[𝐾] + 𝛼[𝑀] (61) 

where 

𝛼 = 2𝜉𝑖 (
𝜔𝑖𝜔𝑗

𝜔𝑖 +𝜔𝑗
) (62a) 

𝛽 = 2𝜉𝑖 (
1

𝜔𝑖 + 𝜔𝑗
) (62b) 

In which 𝜉𝑖 is damping ratio and 𝜔𝑖  is the natural 

frequency. Also, for an uncontrolled system, the stiffness, 

damping, and mass matrix may be represented as follows: 

[𝑀] = 𝑀𝑤𝑤 (63a) 

[𝐾] = 𝐾𝑤𝑤 + 𝐾𝑤𝜙𝑏(−𝐾𝜙𝑏𝜙𝑏
−1𝐾𝜙𝑏𝑤) 

+𝐾𝑤𝜙𝑡(−𝐾𝜙𝑡𝜙𝑡
−1𝐾𝜙𝑡𝑤) + 𝐾𝑤𝑅(−𝐾𝑅𝑅

−1𝐾𝑅𝑤) 
(63b) 

[𝐶] = 𝐶𝑤𝑤  (63c) 

The forced vibration findings are obtained using the 

Newmark beta technique. Based on this method, the 

differential equation as below can be solved. 

[𝑀]{𝑈̈𝑤} + [𝐶]{𝑈̇𝑤} + [𝐾]{𝑈𝑤} = {𝐹} (64) 

where denote [𝐾], [𝐶], and [𝑀] stiffness matrix, damping 

matrix, and mass matrix obtained in previous sections. By 

introducing the effective stiffness matrix [𝐾̄] and effective 

force vector {𝐹̄𝑡+𝛥𝑡}  as the following matrix, the 

displacement vector at each time {𝑈𝑤𝑡+𝛥𝑡}can be obtained. 

[𝐾̄] = [𝐾] + 𝑎0[𝑀] + 𝑎1[𝐶] (65a) 

{𝐹̄𝑡+𝛥𝑡} 

= {𝐹𝑡+𝛥𝑡} + [𝑀](𝑎0{𝑈𝑡
𝑤} + 𝑎2{𝑈̇

𝑤
𝑡} + 𝑎3{𝑈̈

𝑤
𝑡}) 

+[𝐶](𝑎1{𝑈𝑡
𝑤} + 𝑎4{𝑈̇

𝑤
𝑡} + 𝑎5{𝑈̈

𝑤
𝑡}) 

(65b) 

{𝑈𝑤𝑡+𝛥𝑡} = [𝐾̄]
−1{𝐹̄𝑡+𝛥𝑡} (65c) 

 Also, the velocity vector can be attained as 

{𝑈̇𝑤𝑡+𝛥𝑡} = 𝑎1({𝑈
𝑤
𝑡+𝛥𝑡} − {𝑈

𝑤
𝑡}) − 𝑎4{𝑈̇

𝑤
𝑡}

− 𝑎5{𝑈̈
𝑤
𝑡} 

(66) 

and also, the acceleration vector at each time can be 

expressed as follow 

{𝑈̇𝑤𝑡+𝛥𝑡} = 𝑎0({𝑈
𝑤
𝑡+𝛥𝑡} − {𝑈

𝑤
𝑡}) − 𝑎2{𝑈̇

𝑤
𝑡}

− 𝑎3{𝑈̈
𝑤
𝑡} 

(67) 

where the time intervals and constants are defined as 

regards: 

𝑎0 =
1

𝛽(𝛥𝑡)2
 (68a) 

𝑎1 =
𝛼

𝛽𝛥𝑡
 (68b) 

𝑎2 =
1

𝛽𝛥𝑡
 (68c) 

𝑎3 =
1

2𝛽
− 1 (68d) 

𝑎4 =
𝛼

𝛽
− 1 (68e) 

𝑎4 =
𝛥𝑡

2
(
𝛼

𝛽
− 2) (68f) 

where, α=1/2 and β=1/4. 
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5. Numerical results 

 

In the following, the numerically calculated results are 

validated and discussed in detail in order to investigate the 

various impacts on the energy harvesting of the dynamic 

behavior of piezoelectric bi-layered composite nanoscale 

beam on the basis of the classical beam theory in two 

phases of the elastic medium under the shockwave force 

 

 

 

using a couple of generalized differential quadrature 

method and Newmark-beta approach. Accordingly, the 

system containing one core layer made of Aluminum 𝜌 =

2700 (
𝐾𝑔

𝑚3
) , 𝐸 = 69(𝐺𝑃𝑎), ℎ𝑐 = 0.05𝐿, and two piezoelectric 

layers with 𝜌 = 7500 (
𝐾𝑔

𝑚3
) , 𝐸 = 132(𝐺𝑃𝑎), 𝐿 = 200(𝑛𝑚),

ℎ𝑏 = ℎ𝑡 = 0.0125𝐿, 𝑒 = −4.1 (
𝐶

𝑚2
), and 𝜂 = 7.124 (

𝑁

𝑚2𝐾
). Also, 

the damping ratio is 𝜉𝑖 = 0.05, and the explosion details 

Table 1 The first two non-dimensional vibration frequencies of system including three layers with neglecting the 

piezoelectric effect for various values of 𝜁 and 
𝑘

𝐿
= 0.05 

 
Modes 

1st 2nd 

B.Cs 𝜁 
Fernández-Sáez  

and Zaera (2017) 

Exact Fernández-Sáez 

and Zaera (2017) 

Present-

GDQM 

Fernández-Sáez 

and Zaera (2017) 

Exact Fernández-Sáez  

and Zaera (2017) 

Present-

GDQM 

CF 

1.00 3.5160 3.5160 3.4701 22.0344 22.0345 22.0269 

0.50 3.4105 3.4173 3.3945 21.2628 21.2626 21.2589 

0.10 3.2874 3.2908 3.2867 20.2713 20.3538 20.3531 

0.05 - 3.2617 3.2611 - 20.1592 20.1572 

SS 

1.00 9.8696 9.8696 9.8696 39.4784 39.4784 39.4784 

0.50 9.8192 9.8148 9.8149 38.6493 38.6502 38.6501 

0.10 9.7610 9.7671 9.7672 37.8993 37.9218 37.9218 

0.05 - 9.7601 9.7601 - 37.8150 37.8150 

0.01 - 9.7533 9.7534 - 37.7125 37.7126 

*Notice that the values related to  Ref. Fernández-Sáez and Zaera (2017) are obtained approximately from its figures. 

**The exact values are attained by using the procedure which is presented by Fernández-Sáez and Zaera (2017). 

Table 2 The first and second non-dimensional natural frequency of two-phase nanobeam including two 

piezoelectric layers and a nonpiezoelectric layer beam with ℎ𝑐 = 0  and for different boundary conditions, 𝜁, 

and 
𝜅

𝐿
 

  1st mode 2nd mode 

B.Cs 𝜁 

𝜅

𝐿
 

0.05 0.075 0.05 0.075 

Present 
Naderi et al. 

(2021) 
Present 

Naderi et al. 

(2021) 
Present 

Naderi et al. 

(2021) 
Present 

Naderi et al. 

(2021) 

C-F 

0.50 3.4246 3.4473 3.3486 3.4011 21.4450 21.4490 21.0042 21.0131 

0.10 3.3156 3.3197 3.2068 3.2170 20.5313 20.5323 19.6286 19.6305 

0.05 20.3336 3.2903 3.1703 3.1751 3.2897 20.3360 19.3447 19.3459 

0.01  3.2516  3.1203  20.0865  18.9922 

C-C 

0.50 21.2000 21.1999 20.544 20.5443 57.6208 57.6209 55.2802 55.2802 

0.10 19.5940 19.5936 18.265 18.2650 52.6100 52.6100 47.9872 47.9872 

0.05 19.2490 19.2485 17.795 17.7948 51.6100 51.6100 46.6133 46.6133 

0.01 18.808 18.8082 17.206 17.2064 50.3825 50.3830 44.9871 44.9871 

C-S 

0.50 15.0220 15.0223 14.7290 14.7288 47.9672 47.9672 46.4480 46.4487 

0.10 14.3910 14.3906 13.7810 13.7808 45.3566 45.3566 42.3247 42.3247 

0.05 14.253 14.2535 13.5820 13.5817 44.8469 44.8469 41.5568 41.5568 

0.01 14.0780 14.0779 13.3310 13.3307 44.2301 44.2310 40.6592 40.6592 

S-S 

0.50 9.9009 9.9009 9.8401 9.8403 38.9891 38.9891 38.1665 38.1664 

0.10 9.8528 9.8528 9.7342 9.7342 38.2544 38.2544 36.6337 36.6337 

0.05 9.8457 9.8457 9.7175 9.7175 38.1466 38.1466 36.3945 36.3945 

0.01 9.8389 9.8389 9.7004 9.7004 38.0433 38.0433 36.1534 36.1534 
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are 𝑅̃ = 0.1(𝑚) ,𝑊̃ = 1(𝐾𝑔), and 𝑃0 = 10
4(𝑃𝑎). In addition, 

the values related to nanocomposite materials are 𝐸𝑀 =

3.51(𝐺𝑃𝑎), 𝜌𝑀 = 1200(
𝐾𝑔

𝑚3
) , 𝜈𝑀 = 0.34, 𝐸11

𝐹 =

233.05 (𝐺𝑃𝑎), 𝜈𝐹 = 0.2, 𝜌𝐹 = 1750(
𝐾𝑔

𝑚3
) , 𝐸11

𝐶𝑁𝑇 = 640(𝐺𝑃𝑎),

𝜈𝐶𝑁𝑇 = 0.175, 𝜌𝐶𝑁𝑇 = 1350(
𝐾𝑔

𝑚3
) , 𝑑𝐶𝑁𝑇 = 1.4 × 10−3(𝑛𝑀),

𝑙𝐶𝑁𝑇 = 0.25(𝑛𝑀), and 𝑡𝐶𝑁𝑇 = 0.34 × 10−3(𝑛𝑀). 

 
5.1 Comparison study 
 
Before looking into the results, it is essential to compare 

them to earlier researchs. The first and second 

nondimensional vibration frequencies of clamped-free (CF) 

and fully simply supported (SS) beams are compared in 

Table 1, in order to the findings obtained by Fernández-

Sáez and Zaera (2017) to verify the formulation and 

solution methodology for a system that contains a core 

beam layer and two piezoelectric layers at the top and 

bottom of the core. A comparison of the reported results 

confirms that the proposed governing equations and 

solution technique are well validated. 

Then, to validate the results for modeling the 

piezoelectric layers, with setting the thickness of the core 

layer to zero (ℎ𝑐 = 0), the first two non-dimensional (𝛤 =

𝜔𝐿2√
𝑚1

𝐷11
) vibration frequency for various boundary 

conditions involving clamped-free (C-F), fully clamped (C-

C), fully simply supported (S-S), and clamped-simply 

supported, are attained and compared with the results 

of  Naderi et al. (2021) in Table 2, which an excellent 

agreement between the results can be detected. 

Ultimately, to examine the validity of the elastic 

foundation, by eliminating the piezoelectricity, the first two 

dimensionless frequencies (𝛤 = 𝜔𝐿2√
𝑚1

𝐷11
) of a beam rested 

on an elastic foundation for two types of boundary 

conditions (S-S and C-F), various values of ,ξ, and ,κ/L,, 

and constant value of ,kf=100,, is obtained and compared 

with results of Fakher et al. (2020) in Table 3, and the 

excellent validation is done by examining the manifested 

results. Based on the comparisons in Table 1, Table 2, and 

Table 3, it is obvious that the formulation and solution 

approach are acceptable for investigating a three-layer  

 

 

 

 

Fig. 3 The nondimensional displacement of the middle of 

a nanobeam subjected to a shockwave and rested on 

elastic foundation versus time 
 

Table 3 The first two nondimensional frequency for a beam constitutes of three layers whose piezoelectricity is 

neglected and is rested on an elastic foundation for various 𝜁 and 
𝜅

𝐿
 

BCs. 𝜁 

𝜅

𝐿
 

0.05 0.075 0.1 

Present 
Fakher et al. 

(2020) 
Present 

Fakher et al. 

(2020) 
Present 

Fakher et al. 

(2020) 

SS 

0.5 13.9730 13.9730 13.8890 8885.13  13.7850 7846.13  

0.1 13.9080 13.9083 13.7490 7493.13  13.5490 5494.13  

0.01 13.8920 13.8916 13.7110 7112.13  13.4810 4811.13  

CF 

0.5 10.3280 10.3359 10.1920 10.2098 10.0570 10.0891 

0.1 10.1070 10.1084 9.8707 9.8742 9.6425 9.6489 

0.01 10.2540 10.0472 9.7986 9.7863 9.5372 9.5362 
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Fig. 4 The nondimensional voltage of a nanobeam 

containing a core layer as well as two piezoelectric layers 

subjected to a shockwave versus time 
 

 

system with one core and two piezoelectric layers resting on 

an elastic foundation. 

 

5.2 Results and discussion 
 

The findings of forced vibration, dynamic stability, and 

energy harvesting are now achieved using the Newmark 

beta technique. To begin, the impact of foundation on 

energy harvesting and deflection of a nanobeam with 

constant values of 𝜁 = 0.1 and 
𝜅

𝐿
= 0.05 is evaluated by 

plotting the nondimensional deflection of the beams mid- 

 

 

 

Fig. 5 The controlled time response of a three layers 

beam with different boundry conditions as well as 

various controller gain values 𝐺𝑐 
 

 

point exposed to a shock wave against time for various 

values of 𝐾𝑓 and varied boundary conditions in Fig. 3. As 

shown in Fig. 3, the stiffer the foundation, the less the 

displacement of the nanobeam. It should also be noted that 

the effect of foundation is greater when the border condition 

is softer, i.e., SS. Furthermore, overall deflection is smaller 

under stiffer boundary circumstances than in softer 

boundary conditions. 

Next, the effect of foundation on nondimensional 

voltage response of the system including a core layer and 

two piezoelectric layers subjected to a blast load is 
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investigated. To do so, the voltage harvested from a 

nanobeam with constant values of 𝜁 = 0.1 and 
𝜅

𝐿
= 0.05 

which is subjected to a shockwave for different values of 

𝐾𝑓  and various boundary conditions is plotted in Fig. 4. 

According to Fig. 4, the stronger foundation causes the 

beam to have less deflection, which lowers the voltage that 

can be collected from the system. It is also worth noting that 

the potential of collecting more voltage increases under 

softer boundary conditions. 

The temporal response of the midpoint of the beam 

exposed to a blast load for various boundary conditions 

with varied controller values 𝐺𝑐  and constant 𝐺𝑣 = 0 , 

𝐾𝑓 = 0, 𝜁 = 0.1 and 
𝜅

𝐿
= 0.05 value of is shown in Fig. 5 

in order to examine the impact of controller on the vibration 

displacement of the beam. It can be seen from Fig. 5 that, 

Gc, can cause the beam to have less amplitude, and also, it 

shifts the responsibility to dampen the initial deflection 

faster. Also, it can be observed that the effect is more when 

the boundary condition is stiffer. 

 

 
6. Conclusions 

 
Using paradox-free local/nonlocal theory, the feasibility 

of energy harvesting as well as controlled vibration of a 

three-layered beam consisting of two piezoelectric layers 

and one core layer comprised of nonpiezoelectric material 

was examined. A blast load has been applied to the three-

layered nanobeam, which is sitting on an elastic basis. In 

addition, the core layer was constructed of Nanocomposites 

that were reinforced with carbon nanotubes and carbon 

fibers (MHCD). Hamilton,s concept has been used to find 

governing equations and boundary conditions. The 

equations were discretized using the Generalized 

Differential Quadrature Technique (GDQM), and the 

Newmark beta method was used to solve them. In addition, 

the forced vibration was controlled by two differential and 

integral gains. Two-phase elasticity has been used to model 

the elastic foundation,s size dependence. The influence of 

elastic foundations, control gains, nonlocal factors, and core 

material properties on forced vibration and energy 

harvesting was examined. Some compassion studies have 

been used to verify the equations and solution technique. 
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