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1. Introduction 
 

The vibrations of thin circular cylindrical shells were 

checked by Sharma (1974, 1979). In his work 

characteristics beam functions was used to evaluate axial 

deformation functions. After that he applied Rayleigh-Ritz 

method to observe shell vibration characteristics. In the 

applied method Lagrange functional was employed for the 

vibration amplitudes and axial deformation functions. A 

proper energy functional was minimized to calculate this 

method and it was minimized with respect to vibration 

amplitude coefficients. Selection of these presumed 

functions were made to satisfy geometric conditions for a 

cylindrical shell problem. Greif and Chung (1975) analyzed 

the vibrations of a cylindrical shell under various end 

conditions with several intermediate constraints between the 

ends. 

They used Rayleigh-Ritz procedure with the axial modal 

displacement in the form of Fourier series expression.  

Ludwig and Krieg (1981) utilized an adaptive approach 

to establish the frequencies and periods of thin cylindrical 

shells, using the shell theory of Flugge. To enhance the 

stability and strength of cylindrical shells, Loy and Lam 

(1997) studied influence of ring supports on cylindrical 

shell vibrations. Loy et al. (1999) studied vibrations of 

functionally graded cylindrical shells and influence of 

functionally graded material composition was examined.  
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Amabili (1999) examined free vibration characteristics of 

cylindrical shells and tubes containing thick fluid. Akbaş 

(2017a, b) investigated the free vibration analysis of edge 

cracked cantilever microscale beams composed of 

functionally graded material (FGM) based on the modified 

couple stress theory (MCST). The material properties of the 

beam are assumed to change in the height direction 

according to the exponential distribution. The FG nanobeam 

is excited by a transverse triangular force impulse 

modulated by a harmonic motion. Mechanical properties of 

FG beam depends on the position. The Kelvin–Voigt model 

is considered in the damping effect. In solution of the 

dynamic problem, finite element method is used within 

Timoshenko beam theory. Shahmohammadi et al. (2020) 

presented the free vibration analysis of shell panels made of 

functionally graded material (FGM) in the form of the 

ordinary and sandwich FGM and laminated shells using 

the isogeometric B3-spline finite strip method (IG-SFSM). 

B3-spline and Lagrangian interpolation are employed along 

the longitudinal and transverse directions respectively 

in this type of finite strip. 
Swaddiwudhpong et al. (1995) analyzed vibrations of 

cylindrical shells with intermediate supports. They applied a 
mechanized Raleigh-Ritz technique to find out the shell 
frequencies and the respective mode shapes of cylindrical 
shells with central supports. This is a particular type of ring-
stiffened cylinder wherein the rings were largely inflexible 
or when tight ring supports are extended in between the two 
supported edges. Ritz polynomial functions were 
considered for the axial modal dependence and were 
contained numerous end conditions with any number of 
intermediate supports. This was done to raise the powers of 
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the parameters so that any essential boundary condition can 
be met. This procedure was easy to code that needed a 
computer program to get numerical results for cylindrical 
shells with different boundary conditions. The pronounced 
effects of central supports on the shell frequencies were 
discussed and the results were demonstrated in graphical 
forms for comparing with those found by mechanical 
engineers. Arefi and Żur (2020) investigated the free 
vibration analysis of a functionally graded cylindrical 
nanoshell resting on Pasternak foundation is presented 
based on the nonlocal elasticity theory. A two-dimensional 
formulation along the axial and radial directions is 
presented based on the first-order shear deformation shell 
theory. Hamilton’s principle is employed for derivation of 
the governing equations of motion. Akbaş (2016a, b) 
studied the forced vibration analysis of a simple supported 
viscoelastic nanobeam based on modified couple stress 
theory (MCST). The nanobeam is excited by a transverse 
triangular force impulse modulated by a harmonic motion. 
The elastic medium is considered as Winkler-Pasternak 
elastic foundation. The damping effect is considered by 
using the Kelvin–Voigt viscoelastic model. The cracked 
beam is modelled using a proper modification of the 
classical cracked-beam theory consisting of two sub-beams 
connected through a massless elastic rotational spring. 
Koochi and Goharimanesh (2021) studied the nonlinear 
oscillation of carbon nanotube manufactured nano-
resonator. The governing equation of the nano-resonator is 
extracted in the context of the nonlocal elasticity. The 
impact of the Casimir force is also incorporated in the 
developed model. A closed-form solution based on the 
energy balance method is presented for investigating the 
oscillations of the nano-resonator. Civalek (2020) presented 
the free vibration characteristics of thick skew plates 
reinforced by functionally graded carbon nanotubes (CNTs) 
reinforced composite. Discrete singular convolution (DSC) 
method is used for the numerical solution of vibration 
problems via geometric mapping technique. Using the 
geometric transformation via a four‐node element, the 
straight‐sided quadrilateral physical domain is mapped into 
a square domain in the computational space. 

Sharma et al. (1998) computed natural frequencies of 
fluid filled cylindrical shells. The axial modal deformation 
displacement functions were measured by trigonometric 
functions in the Fourier series expressions. Wang and Lai 
(2000) determined the natural frequencies for a finite length 
circular cylindrical shell with a number of boundary 
conditions. Civalek and Jalaei (2020) studied a geometric 
transformation method based on discrete singular 
convolution (DSC) to solve the buckling problem of a 
functionally graded carbon nanotube (FG-CNT)-reinforced 
composite skew plate. The straight-sided quadrilateral plate 
geometry is mapped into a square domain in the 
computational space using a four-node DSC transformation 
method. Ergin and Temarel (2002) scrutinized the vibration 
of horizontally and partially filled and submerged 
cylindrical shells. The fluid was regarded to be perfect and 
its forces were well-tied with the inertial forces termed as: 
“the pressure of the fluid on the damped surface of the shell 
in phase with the shell structural acceleration”. Standard 
finite element methods were employed to determine the 
response in vacuum motion character of cylindrical shells. 

It was also noted that the shell structure maintained its 
mode forms in vacuum when it was related with the 
adjacent fluid and that every mode form raised to pressure 
supply of interrelated surface of cylindrical shells. Akbaş 
(2020) investigated the axially damped forced vibration 
responses of viscoelastic nanorods within the frame of the 
modal analysis. The nonlocal elasticity theory is used in the 
constitutive relation of the nanorod with the Kelvin-Voigt 
viscoelastic model. In the forced vibration problem, a 
cantilever nanorod subjected to a harmonic load at the free 
end of the nanorod is considered in the numerical examples. 
Bing et al. (2005) determined natural frequencies of thin 
sheeted cylindrical shells for a various end conditions. 
Donnell shell theory was used for shell dynamical equations 
and the wave propagation approach was employed to solve 
these equations. All the mode forms were graphed to 
articulate the circumferential and axial wave numbers (n, 
m). They used numerical method to calculate the natural 
frequencies and the results were compared to those found 
by using (FEM). So that consistency of theoretical solutions 
was established. The consequence of associated factors on 
natural frequencies was observed in detail which exhibited 
validity, robustness and accuracy of the technique for long 
thin cylindrical shells. Akbaş (2019) presented axially 
forced vibration of a cracked nanorod under harmonic 
external dynamically load. In constitutive equation of 
problem, the nonlocal elasticity theory is used. The Crack is 
modelled as an axial spring in the crack section. In the axial 
spring model, the nonrod separates two sub-nanorods and 
the flexibility of the axial spring represents the effect of the 
crack. Boundary condition of the nanorod is selected as 
fixed-free and a harmonic load is subjected at the free end 
of the nanorod. Aboueregal and Sedighi (2021) presented 
contribution aims to address a problem of thermovisco-
elasticity for the analysis of the transition temperature and 
thermal stresses in an infinitely circular annular cylinder. 
The inner surface is traction-free and subjected to thermal 
shock heating, while the outer surface is thermally insulated 
and free of traction. Akbaş (2018a, b) investigated the 
forced vibration analysis of a cracked functionally graded 
microbeam using modified couple stress theory with 
damping effect. Mechanical properties of the functionally 
graded beam change vary along the thickness direction. The 
crack is modelled with a rotational spring. The Kelvin-Voigt 
model is considered in the damping effect. Static bending of 
an edge cracked cantilever nanobeam composed of 
functionally graded material (FGM) subjected to transversal 
point load at the free end of the beam is investigated based 
on modified couple stress theory. Material properties of 
the beam change in the height direction according to 
exponential distributions. Zhang et al. (2006) applied a 
procedure for a precise vibration study of cylindrical shells 
and used the differential quardrature method to solve shell 
dynamical equations. The process was engaged to restrict 
the interpolating base functions. All the shell dynamical 
equations were obtained by Goldenveizer-Novozhilov shell 
approximations. A suitable arrangement of the exterior 
points was made so as to unite the discretized edge situation 
with the recognized differential equations. By the 
application of efficiently supported interpolating basis 
functions wellformed and lined matrices were acquired 
which made easy wide calculations. Extraneous eigen-
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values were evaded by applying end condition with exterior 
mesh points. Wide-ranging formulation was made for 
handling different shell end conditions. A comparison of 
results was made with already measured results in literature 
to find the competence and consistency of the present 
technique. By using the small mesh points with exterior 
points to control edge conditions the exact natural 
frequencies can be obtained. Abouelregal et al. (2021) 
investigated the thermal and mechanical vibration properties 
of functionally graded microbeams. The governing system of 
equations is formulated on the basis of classical Euler–
Bernoulli beam model incorporating the generalized dual-
phase lag model of thermoelasticity rather than the 
conventional steady-state Fourier heat conduction. 

Lee and Chang (2009) gave a numerical study of 

coupled problems of fluid conveying dual walled carbon 

annotates and examined the effects of characteristic ratio 

and Van der Waals forces on basic frequencies. Akbaş 

(2018c) presented the forced vibration responses of a 

cantilever nanobeam with crack using modified couple 

stress theory with damping effect. The crack is modeled 

with a rotational spring. The Kelvin–Voigt model is 

considered in the damping effect. In solution of the dynamic 

problem, finite element method is used within Timoshenko 

beam theory in the time domain. Influences of the 

geometry, crack and material parameters on forced vibration 

responses of cracked nanobeams are examined and 

discussed. Jena et al. (2020) studied the vibration 

characteristics of functionally graded porous nanobeam 

embedded in an elastic substrate of Winkler–Pasternak type. 

Classical beam theory or Euler–Bernoulli beam theory has 

been incorporated to address the displacement of the 

FG nanobeam. bi-Helmholtz type of nonlocal elasticity is 

being used to capture the small scale effect of the FG 

nanobeam. 

Sarkheil et al. (2016) investigated the oscillation of bi-

layered cylindrical shells composed of two distinct 

materials using Sander’s thin shell theory. Recently some 

researcher used different methods for nonlinear modeling 

(Eltaher et al. 2019, Ebrahimi et al. 2019, Safaei et al. 

2019, Shahsavari et al. 2019, Benmansour et al. 2019, Jena 

et al. 2020, Shariati et al. 2020, Lyashenko et al. 2020). 

Shell physical parameters are varied to enhance the 

strength and stability of a physical system. As dynamical 

parameters are changed, the shell problem is converted into 

other one. This amendment leads to explore either a new 

numerical method or extended to investigate new variations 

in dynamical characteristics of a shell problem. Analytical 

characteristics study of shell problems is performed to 

predict the experimental results. MATLAB codes are used 

to write programs to observe vibrations of constrained 

cylindrical shells containing fluid. 

 
 
2. Theoretical formulation 

 
2.1 Functionally graded materials and volume fraction 
 

Two or more types of materials are used to structure the 

functionally graded materials (FGMs) by some material 

allotment law and their physical properties vary from one 

surface to the other surface. In these surfaces one has highly 

heat resistance property while other may preserve great 

dynamical perseverance. So they are materials keeping 

dually physical appearance. Their material constituent 

differs in regular comportment from one surface to other 

surface. Examples of these types of materials are found in 

nature and contain plants, boons, teeth of our body, coconut 

shell, bamboos and bio-tissues of animals. All these 

materials having changeable outer and inner sides and have 

higher physical properties. These materials are organized by 

various techniques and their applications are seen in 

dynamical elements such as plates, beams, shells and more 

over they are observed space crafts, nuclear reactors and 

missiles technology etc.  Yamanouchi et al. (1990) and 

Koizumi (1993) sheared their ideas to frame these 

materials. Powder technology is utilized to structure 

functionally graded materials that can tolerate resistance 

properties in high temperature. 

Various types of volume fraction law is utilized to 

restrict the material distribution in a functionally graded 

material. Mathematically, their expressions are written as a 

polynomial, exponential and trigonometric functions. These 

functions include the shell thickness variable and some 

volume exponents that lie between 0 and∞, from these 

volume fraction laws only exponential volume fraction law 

is used for the present work.   

For a cylindrical shell, the volume fraction of a 

functionally graded material component depends on 

thickness variable of the shell and its formula is given as:  

𝑉𝑟 = (
𝑧 − 𝑅1
𝑅𝑜 − 𝑅1

)
𝑁

 (1) 

where N is the power law exponent and its value lie 

between zero and infinity. 𝑧 represent the shell thickness 

variable quantity and 𝑅1 ≤ 𝑧 ≤ 𝑅0 in the radial direction 

where 𝑅1 and 𝑅0 are the inner and outer radii of the shell. 

The volume fraction for a functionally graded ingredient 

material is expressed as: 

𝑉𝑟 = [
2z+h

2h
]
𝑁

 (2) 

where h stands for the shell uniform thickness. 

In practice a cylindrical shell is framed from a FGM 

which contains of two component materials these are 

denoted by M1 and M2. If 𝐸1 and 𝐸2 as Young’s moduli, 

𝜈1 and 𝜈2 as Poisson’s ratios, 𝜌1 and 𝜌2 mass densities 

respectively. Then effective material quantities: Young’s 

modulus, 𝐸𝐹𝐺𝑀 , Poisson’s ratio, 𝑣𝐹𝐺𝑀  and mass density,  

𝜌𝐹𝐺𝑀 of the FGM are given as:  

𝐸𝐹𝐺𝑀 = [𝐸1 − 𝐸2] [
2𝑧 + ℎ

2ℎ
]
𝑁

+ 𝐸2 (3) 

𝑣𝐹𝐺𝑀 = [𝑣1 − 𝑣2] [
2𝑧 + ℎ

2ℎ
]
𝑞

+ 𝑣2 (4) 

𝜌𝐹𝐺𝑀 = [𝜌1 − 𝜌2] [
2𝑧 + ℎ

2ℎ
]
𝑞

+ 𝜌2 (5) 

A material property of a functionally graded material 

depends on its fabric distribution prearranged by a volume  
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Fig. 1 Geometry of cylindrical shell 

 

 

fraction law. Arshad et al. (2007) devised volume fraction 

law maintenance the property that the sum of functionally 

material constituents is unity as: 

𝑉𝑟 = 1 − 𝑒−
(
𝑧

ℎ
+0.5)

𝑁

 (6) 

where e is the paramount irrational number used natural 

logarithm base and its value is 𝑒 = 2.718. 

Therefore, from these expressions, the actual fabric 

properties: mass density 𝜌
,
 Poisson ratio 𝑣, and Young’s 

modulus 𝐸, for a functionally graded cylindrical hell are 

written as: 

𝐸𝐹𝐺𝑀 = (𝐸1 − 𝐸2) (1 − 𝑒
−(

𝑧

ℎ
+0.5)

𝑁

) + 𝐸2 (7) 

𝑣𝐹𝐺𝑀 = (𝑣1 − 𝑣2) (1 − 𝑒
−(

𝑧

ℎ
+0.5)

𝑁

) + 𝑣2 (8) 

𝜌𝐹𝐺𝑀 = (𝜌1 − 𝜌2) (1 − 𝑒
−(

𝑧

ℎ
+0.5)

𝑁

) + 𝜌2 (9) 

When 𝑧 = −
ℎ

2
,  𝑣𝐹𝐺𝑀 = 𝑣2,  and 𝜌𝐹𝐺𝑀 =

𝜌2, when 𝑧 =
ℎ

2
,  𝑣𝐹𝐺𝑀 =

(𝑣1 − 𝑣2)(1 − 𝑒
−1) + 𝑣2 and 𝜌𝐹𝐺𝑀 = (𝜌1 − 𝜌2)(1 −

𝑒−1) + 𝜌2.
 These expressions represent that the fabric properties of 

the constituent material dominate at the shell internal 

surface while these possessions are the arrangement of the 

two constituent materials M1 and M2 at the shell external 

surface.  

When these expressions are used to evaluate the 

coupling, membrane, and flexural stiffness, the integrals 

related to them become burdensome and complex. So, to 

solve them a numerical integration technique is applied. 

This technique may take a minute time and effort. To shun 

this anomalous situation, an approximation regarding the 

Poisson’s ratios for M1 and M2 is demoralized. These ratios 

are taking approximate equal to each other that is,  

𝑣1 ≃ 𝜈2 
(10) 

This supposition simplifies the procedure of evaluation 

of integrals denoting material stiffness moduli. A 

functionally graded cylindrical shell consisting of two 

ingredient materials can be divided into two types. In these 

categories nickel and stainless steel are used as the interior 

surfaces and the exterior surface but their arrangement has 

paramount influence on the formation of cylindrical shell in 

the presence of functionally graded materials. The order of 

the functionally graded constituent materials is reversed 

with regard to category I and category II. This 

categorization is given below and material characteristics of 

functionally graded materials: nickel and stainless steel are 

expressed in Table 1.  

The 𝑥 , 𝜃  co-ordinate are assumed to be along 

longitudinal and circumferential direction, respectively and 

𝑧  - co-ordinates are taken in its radial directions. The 

reference surface is setup as an orthogonal system (𝑥 ,𝜃, 𝑡) 
as shown in Fig. 1. 

According to Love shell theory, the governing equations 

of cylindrical shell are 

𝜍11𝑢 + 𝜍12𝑣 + 𝜍13𝑤 = 𝜌ℎ
𝜕2𝑢

𝜕𝑡2  
(11) 

𝜍21𝑢 + 𝜍22𝑣 + 𝜍23𝑤 = 𝜌ℎ
𝜕2𝑣

𝜕𝑡2
 (12) 

𝜍31𝑢 + 𝜍32𝑣 + 𝜍33𝑤 = 𝜌ℎ
𝜕2𝑤

𝜕𝑡2
 

(13) 

where the operators 𝜍𝑖𝑗 ’𝑠(𝑖, 𝑗 = 1,2,3) are the differential 

operators involving the variable x and 𝜃. Furthermore, full 

form of these equations are 

𝐴11
𝜕2𝑢

𝜕𝑥2
+
𝐴66

𝑅2
𝜕2𝑢

𝜕𝜃2
+ (

𝐴12 + 𝐴66

𝑅
+
𝐵12 + 2𝐵66

𝑅2
)
𝜕2𝑣

𝜕𝑥𝜕𝜃
 

+
𝐴12

𝑅

𝜕𝑤

𝜕𝑥
 − 𝐵11

𝜕3𝑤

𝜕𝑥3
−
𝐵12 + 2𝐵66

𝑅2
𝜕3𝑤

𝜕𝑥𝜕𝜃2
= 𝜌ℎ

𝜕2𝑢

𝜕𝑡2  

(14) 

(
𝐴12 + 𝐴66

𝑅
+
𝐵12 + 𝐵66

𝑅2
)
𝜕2𝑢

𝜕𝑥𝜕𝜃
 

+(𝐴66 +
3𝐵66

𝑅
+
3𝐷66

𝑅2
)
𝜕2𝑣

𝜕𝑥2
+ 

(
𝐴22

𝑅2
+
2𝐵22

𝑅3
+
𝐷22

𝑅4
)
𝜕2𝑣

𝜕𝜃2
 

−(
𝐵12 + 2𝐵66

𝑅
+
𝐷12 + 2𝐷66

𝑅2
)
𝜕3𝑤

𝜕𝑥2𝜕𝜃
 

+(
𝐴22

𝑅2
+
𝐵22

𝑅3
)
𝜕𝑤

𝜕𝜃
− (

𝐵22

𝑅3
+
𝐷22

𝑅4
)
𝜕3𝑤

𝜕𝜃3
= 𝜌ℎ

𝜕2𝑣

𝜕𝑡2
 

(15) 

𝐵11
𝜕3𝑢

𝜕𝑥3
−
𝐴12

𝑅

𝜕𝑢

𝜕𝑥
+
𝐵12 + 2𝐵66

𝑅2
𝜕3𝑢

𝜕𝑥𝜕𝜃2
+ 

(
𝐵12 + 2𝐵66

𝑅
+
𝐷12 + 4𝐷66

𝑅2
)
𝜕3𝑣

𝜕𝑥2𝜕𝜃
+ 

(
𝐵22

𝑅3
+
𝐷22

𝑅4
)
𝜕3𝑣

𝜕𝜃3
− (

𝐴22

𝑅2
+
𝐵22

𝑅3
)
𝜕𝑣

𝜕𝜃
 

−𝐷11
𝜕4𝑤

𝜕𝑥4
−
2(𝐷12 + 2𝐷66)

𝑅2
𝜕4𝑤

𝜕𝑥2𝜕𝜃2
 

−
𝐷22

𝑅4
𝜕4𝑤

𝜕𝜃4
+
2𝐵12

𝑅

𝜕2𝑤

𝜕𝑥2
+ 

2𝐵22

𝑅3
𝜕2𝑤

𝜕𝜃2
−
𝐴22

𝑅2
𝑤 = 𝜌ℎ

𝜕2𝑤

𝜕𝑡2
 

(16) 

Here, 𝜌 denotes density and expressed as where 

𝐴𝑖𝑗 ,  𝐵𝑖𝑗 and 𝐷𝑖𝑗(𝑖, 𝑗 = 1,2, 6)  denote the extensional, 

coupling and bending stiffness respectively and are defined 

as: 

 

2 ,FGME E=

( )( )1

1 2 21 ,FGME E E e E−= − − +
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𝐴𝑖𝑗 = ∫ 𝑄𝑖𝑗

ℎ

2

−ℎ

2

𝑑𝑧 (17) 

𝐵𝑖𝑗 = ∫ 𝑄𝑖𝑗𝑧𝑑

ℎ

2

−ℎ

2

𝑧 (18) 

𝐷𝑖𝑗 = ∫ 𝑄𝑖𝑗

ℎ

2

−ℎ

2

𝑧2𝑑𝑧 (19) 

and the membrane (𝐴𝑖𝑗), coupling (𝐵𝑖𝑗) and flexural (𝐷𝑖𝑗) 

respectively for exponential volume fraction law are 

expressed as: 

{
 
 
 
 

 
 
 
 𝐴11 =

1

1 − 𝜐1
2
∫ [(𝐸1 − 𝐸2) (1 − 𝑒

−(
𝑧

ℎ
+0.5)𝑞) + 𝐸2]

ℎ

2

−
ℎ

2

𝑑𝑧,

𝐴12 =
𝜐1

1 − 𝜐1
2
∫ [(𝐸1 − 𝐸2) (1 − 𝑒

−(
𝑧

ℎ
+0.5)𝑞) + 𝐸2]

ℎ

2

−
ℎ

2

𝑑𝑧

𝐴11 = 𝐴22,

𝐴66 =
0.5

1 + 𝜐1
∫ [(𝐸1 − 𝐸2) (1 − 𝑒

−(
𝑧

ℎ
+0.5)𝑞) + 𝐸2]

ℎ

2

−
ℎ

2

𝑑𝑧
}
 
 
 
 

 
 
 
 

 (20) 

{
 
 
 
 

 
 
 
 𝐵11 =

1

1 − 𝜐1
2
∫ [(𝐸1 − 𝐸2) (1 − 𝑒

−(
𝑧

ℎ
+0.5)𝑞) + 𝐸2]

ℎ

2

−
ℎ

2

𝑧𝑑𝑧,

𝐵12 =
𝜐1

1 − 𝜐1
2
∫ [(𝐸1 − 𝐸2) (1 − 𝑒

−(
𝑧

ℎ
+0.5)𝑞) + 𝐸2]

ℎ

2

−
ℎ

2

𝑧𝑑𝑧

𝐵11 = 𝐵22,

𝐵66 =
0.5

1 + 𝜐1
∫ [(𝐸1 − 𝐸2) (1 − 𝑒

−(
𝑧

ℎ
+0.5)𝑞) + 𝐸2]

ℎ

2

−
ℎ

2

𝑧𝑑𝑧
}
 
 
 
 

 
 
 
 

 (21) 

{
 
 
 
 

 
 
 
 𝐷11 =

1

1 − 𝜐1
2
∫ [(𝐸1 − 𝐸2) (1 − 𝑒

−(
𝑧

ℎ
+0.5)𝑞) + 𝐸2]

ℎ

2

−
ℎ

2

𝑧2𝑑𝑧,

𝐷12 =
𝜐1

1 − 𝜐1
2
∫ [(𝐸1 − 𝐸2) (1 − 𝑒

−(
𝑧

ℎ
+0.5)𝑞) + 𝐸2]

ℎ

2

−
ℎ

2

𝑧2𝑑𝑧

𝐷11 = 𝐷22,

𝐷66 =
0.5

1 + 𝜐1
∫ [(𝐸1 − 𝐸2) (1 − 𝑒

−(
𝑧

ℎ
+0.5)𝑞) + 𝐸2]

ℎ

2

−
ℎ

2

𝑧2𝑑𝑧
}
 
 
 
 

 
 
 
 

 (22) 

Space variables 𝑥, 𝜃 and time variable t, are separated 

from the equations of displacements deformation functions 

that are also used in kinetic and strain energy relations. In 

shell equations these functions are substituted and then by 

applying Galerkin approach a system of differential 

equations is obtained that contain three unknown dependent 

variables. These equations are expressed as: 

𝑢(𝑥, 𝜃, 𝑡) = 𝐴
𝑑𝜑

𝑑𝑥
𝑠𝑖𝑛 𝑛 𝜃 𝑠𝑖𝑛 𝜔 𝑡 (23) 

𝑣(𝑥, 𝜃, 𝑡) = 𝐵𝜑(𝑥) 𝑐𝑜𝑠 𝑛 𝜃 𝑠𝑖𝑛 𝜔 𝑡 (24) 

𝑤(𝑥, 𝜃, 𝑡) = 𝐶𝜑∑(𝑥 − 𝑎𝑖)
𝑘

𝑘

𝑖=1

𝑠𝑖𝑛 𝑛 𝜃 𝑠𝑖𝑛 𝜔 𝑡 (25) 

A, B and C are the constants that represents the 

amplitudes of vibrations and n is the circumferential wave 

number, and m is the axial wave number and natural 

circular frequency for a cylindrical shell is denoted by 

𝜔(𝑟𝑎𝑑−1). Axial modal deformation functions 𝑈(𝑥), 𝑉(𝑥) 
and 𝑊(𝑥) are defined in the longitudinal, tangential and 

transverse directions and they also meet boundary 

conditions. The Galerkin technique is used to solve the shell 

governing equations. For this purpose, the modal 

displacement forms for u, v and w given in the relation Eqs. 

(23)-(25) in the Eqs. (14)-(16) respectively and their 

corresponding partial derivatives are substituted into the 

equations (4.8a) – (4.8c) and the outcomes of equations are 

multiplied by 𝑈(𝑥) , 𝑉(𝑥) and 𝑊(𝑥)  respectively. The 

resulting equations are integrated with respect to x from 0 to 

L, the following equations are obtained. 

The arranged term to form the homogeneous algebraic 

linear equations in A, B and C as 

𝝇𝟏𝟏𝑨 + 𝝇𝟏𝟐𝑩+ 𝝇𝟏𝟑𝑪 = −𝝎
𝟐𝝆𝒉𝑨𝑰𝟐 

𝝇𝟐𝟏𝑨 + 𝝇𝟐𝟐𝑩+ 𝝇𝟐𝟑𝑪 = −𝝎
𝟐𝝆𝒉𝑩𝑰𝟐 

𝝇𝟑𝟏𝑨 + 𝝇𝟑𝟐𝑩+ 𝝇𝟑𝟑𝑪 = −𝝎
𝟐𝝆𝒉𝑪𝑰𝟐 

(26) 

where 𝜍𝑖𝑗(𝑖, 𝑗 = 1,2,3) are the quantities implicating the 

shell parameters. This is an eigen-value problem involving 

the shell frequency. There are various computer software to 

solve such problems. The software MATLAB is preferred to 

others because of convenient computing coding. Evaluation 

of physical problems in engineering and science is widely 

done by MATLAB. Just single command ‘eig’ furnishes 

shell frequencies and mode shapes by calculating 

eigenvalues and eigenvectors respectively.  

 
 

3. Equilibrium equations for Nanobeams 
 

A few comparisons of analytical frequencies for 

isotropic cylindrical shells are exhibited to validate the 

present Galerkin procedure. Table 1 shows dimensionless 

frequency parameters 𝛺 = 𝜔𝑅√(1 − 𝜈2)𝜌/𝐸 for a simply 

supported cylindrical shell . They are varied with 

circumferential wave mode, n for the axial wave number, m 

= 1. They are compared with those ones by Loy et al. 

(1997). Loy et al. (1997) used the generalized differential 

quadrature method to find the frequency parameters. A good 

agreement is seen between two sets of the frequency 

parameters. Table 2 displays a comparison of dimensionless 

frequency parameters for a simply supported cylindrical 

shell on both ends. They are compared with ones found by 

Naeem and Sharma (2000). The half-longitudinal wave 

mode, m is equal to unity. Here the trigonometric functions 

are used for the axial deformation functions and the 

Galerkin procedure is applied to derive shell frequency 

while Naeem and Sharma (2000) employed the Rayleigh-

Ritz formulation with the Ritz polynomial function for the 

axial modal displacements. There has been found a good 

agreement between two sets of frequencies. In Table 3 

comparison of variations of natural frequencies (Hz) for 

cylindrical shells is presented with the circumferential wave 

mode (n). An observation is made that the frequencies 

related to a cylindrical shell are highly lessened when they 

are compared with those determined for an empty 

cylindrical shell with same shell quantities. The lowest 

frequency corresponds to n = 3. In Table 4 natural  
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Table 1 Comparison of frequency parameter 𝛺 =

𝜔𝑅√(1 − 𝑣2)𝜌/𝐸 for a simply supported cylindrical shell 

(𝑚 = 1, 𝐿/𝑅 = 20, ℎ/𝑅 = 0.01, 𝜈 = 0.3) 

n Loy et al.(1997) Present 

1 0.016101 0.016102 

2 0.009382 0.009383 

3 0.022105 0.022106 

4 0.042095 0.042097 

5 0.068008 0.068009 

 

Table 2 Comparison of dimensionless frequency parameter 

𝛺 for a simply supported cylindrical shell (𝑚 = 1, 𝐿/𝑅 =
6, ℎ/𝑅 = 0.002, 𝑅 = 1, 𝜈 = 0.3) 

𝑛 Naeem and Sharma (2000) Present 

6 0.021303 0.021304 

7 0.028089 0.028087 

8 0.036469 0.036467 

9 0.046174 0.046170 

10 0.057088 0.057087 

 

Table 3 Comparison of frequencies (Hz) for simply 

supported cylindrical shell(𝑚 = 1, L/R = 20, 
ℎ

𝑅
= 0.002) 

F
req

u
en

cies 

(H
Z

) 

N Method 
n 

1 2 3 4 5 

0.3 

Iqbal et al. 

(2009) 
13.038 4.4159 4.094 6.939 11.0868 

Present 13.038 4.4174 4.0942 6.9358 11.0798 

 

Table 4 Variations of natural frequencies (Hz) against 

circumferential wave number n for FGM cylindrical shells 

with ring support. Category-II (m = 1, L = 8m, h = 0.004m, 

R = 1m, N = 0.5) 
 

n 

a = 0.1L 

Frequency without  

ring support 

Frequency with  

ring support 

1 243.246 161.09 

2 305.194 198.733 

3 322.211 210.06 

4 328.6 214.393 

5 331.619 216.462 

6 333.261 217.647 

7 334.241 218.301 

8 334.861 218.749 

9 335.269 219.001 

10 335.543 219.209 

 

 

frequencies (Hz) for FGM cylindrical shells: Type-II 

without and with ring supports are listed with the 

circumferential wave number, n. The ring supports are 

maintained at the location a = 0.1L, 0.5L, L. Like Type-I 

cylindrical shells, frequencies increase indefinitely with n  

Table 5 Variation of natural frequencies (Hz) versus the 

position of ring supports for FGM cylindrical shell with 

ring supports. (n = 1, m = 1, L = 8m, h = 0.004m, R = 1m)  

a Frequency (Hz) 

0 204.048 

0.1L 243.246 

0.2L 301.997 

0.3L 390.677 

0.4L 487.212 

0.5L 513.823 

0.6L 487.212 

0.7L 390.677 

0.8L 301.997 

0.9L 243.246 

L 204.048 

 

 

for every location of the ring support. Minimum frequency 

is found to be related with n = 1 the cylindrical shells with 

and without rings. Again there are substantial decrements in 

the shell frequencies due to inclusion of fluid loaded terms. 

Table 5 display the variations of natural frequencies (Hz) 

for FGM cylindrical shells. They are varied against the 

locations of the ring supports. The frequencies first rise, 

attain their maximum at the mid position and then fall down 

to original values at the other shell end. Fig. 2 show the 

frequency variations of Type-I clamped simply supported 

FG cylindrical shell with different positions of ring supports 

a = 0.0, 0.2, 0.4 against the circumferential wave number, n 

= 1 ~ 10. The value of exponent of exponential law N is 

fixed to 0.5. The frequencies for ring supports a = 0.1, 0.2, 

0.4 at n = 1 having minute difference and the gap between 

the frequency curves is small. As progressing the 

circumferential wave number, the frequencies increases and 

gap between the frequency curves is also in increasing 

mode. The ring supports a = 0.0 having low frequencies 

then other ring supports a = 0.2, 0.4. The behavior of gap 

between curves increases suddenly after circumferential 

wave number. 

The values of frequencies of ring support a = 0.2 is 

sandwiched between two remaining ring supports. Figs 3 

depict the natural frequencies of Type-II cylindrical shells 

versus circumferential wave mode, n for the half - axial 

wave mode, m = 1 and exponent of exponential law N is 

fixed to 0.5. The shells are supported by the ring supports at 

various positions. Distribution of the functionally graded 

material in the transverse direction is managed by the 

exponential fraction law. It is witnessed that the effects of 

the ring supports on the shell vibration frequency is very 

pronounced again the circumferential wave numbers n. As n 

is enhanced, the frequency increases with n. The frequencies 

of ring support a = 0.4 is higher than that of a = 0.0, 0.2. It 

can be seen that the frequencies of Type-II is less than that 

of Type-I. The distribution of the material can be seen in the 

Table 1. In Figs. 4 and 5, variations of natural frequencies 

(Hz) for Type-I and Type-II functionally graded cylindrical 

shells are plotted for exponential volume fraction law. The  
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behavior of exponent of volume fraction law N is seen for 

three different values as 0.5, 1, 2. In these figures, 

frequencies (Hz) of Type-I and II clamped simply supported 

cylindrical shells are given against, n for the axial wave 

number, m = 1 with ring support respectively. The ring 

support is attached at a = 0.5. The results are evaluated by  

 

 

applying the polynomial volume fraction law. It is noticed 

that as n is increased, the frequency increases and the 

minimum frequency is associated with the circumferential 

wave number, n = 1. But the frequency variations with 

volume fraction exponents N have similar behavior as with 

the circumferential wave number frequency increases as N  

 

Fig. 2 Variations of frequencies of Type-I clamped simply supported cylindrical shell against n(𝑚 = 1, 𝐿 = 20, 𝑅 =
1, ℎ = 0.002) 

 

Fig. 3 Variations of frequencies of Type-II clamped simply supported cylindrical shell against n(𝑚 = 1, 𝐿 = 20, 𝑅 =
1, ℎ = 0.002) 
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is increased. But in the two cases, the frequency values lie 

between those values of the cylindrical shells consisting of 

only nickel or stainless steel materials. Similarly the 

frequencies are determined. Type 1 cylindrical shells,  

 

 

frequency values are the highest exponent of volume 

fraction law N. In case of Type-I cylindrical shells, natural 

frequencies for the exponent of volume fraction law N are 

the lowest. 

 

Fig. 4 Variations of frequencies of Type-I clamped simply supported cylindrical shell with ring support, against n. 

(𝑚 = 1, 𝐿 = 20, 𝑅 = 1, 𝑎 = 0.5, ℎ = 0.002) 

 

Fig. 5 Variations of frequencies of Type-II clamped simply supported cylindrical shell with ring support, against 

n.(𝑚 = 1, 𝐿 = 20, 𝑅 = 1, 𝑎 = 0.5, ℎ = 0.002) 

310



 

Simply supported boundary condition for bifurcation analysis of … 

4. Conclusions 

 

In this study, frequency analysis for functionally graded 

cylindrical is performed by attaching some ring supports. 

These rings are located at some distance from one end of a 

cylindrical shell. Before applying this technique, the 

classical method of separation of variables for PDEs is 

engaged to split spacial and temporal variables is applied. 

This process gives birth a set of three ODEs. The functions 

of space variable and their ordinary derivatives are involved 

with shell physical quantities. These functions depend on 

the axial variable and are assumed by some appropriate 

mathematical ones which ensure to meet the edge 

conditions. These functions may the characteristic beam 

functions or polynomials or circular functions or 

exponential functions. This assumption is called the axial 

modal dependence. The characteristic beam functions are 

the eigen – functions evaluated from solutions of the 

differential equation representing vibration of a beam. The 

ring support is attached at a = 0.5. The results are evaluated 

by applying the polynomial volume fraction law. Type 1 

cylindrical shells, frequency values are the highest exponent 

of volume fraction law N. In case of Type-II cylindrical 

shells, natural frequencies for the exponent of volume 

fraction law N are the lowest. This model can be extended 

for the vibration of nano-shells 
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𝜍11 = 𝐴11𝐼1 − 𝑛
2
𝐴66
𝑅2

𝐼2 

𝜍12 = −(
𝐴12 + 𝐴66

𝑅
+
𝐵12 + 2𝐵66

𝑅2
) 𝐼3 

𝜍13 = (
𝐴12
𝑅
+ 𝑛2

𝐵12 + 2𝐵66
𝑅2

) 𝐼3 − 𝐵11𝐼4 

𝜍21 = 𝑛 (
𝐴12 + 𝐴66

𝑅
+
𝐵12 + 𝐵66

𝑅2
) 𝐼5 

𝜍22 = (𝐴66 +
3𝐵66
𝑅

+
3𝐷66
𝑅2

) 𝐼1 − 𝑛
2 (
𝐴66
𝑅2

+
2𝐵22
𝑅3

+
𝐷22
𝑅4
) 𝐼2 

𝜍23 = −(
𝐵12 + 2𝐵66

𝑅
+
𝐷12 + 2𝐷66

𝑅2
) 𝑛𝐼1 

+𝐼2 {(
𝐴22
𝑅2

−
𝐵22
𝑅3
)𝑛 + (

𝐵22
𝑅3

+
𝐷22
𝑅4
) 𝑛3} 

𝜍31 = −
𝐴12
𝑅
𝐼5 + 𝐵11𝐼6 − 𝑛

2
𝐵12 + 2𝐵66

𝑅2
𝐼5 

𝜍32 = 𝑛 (
𝐴22
𝑅2

+
𝐵22
𝑅3
) 𝐼2 + 𝑛

3 (
𝐵22
𝑅3

+
𝐷22
𝑅4
) 𝐼2 

−𝑛 (
𝐵12 + 2𝐵66

𝑅
+
𝐷12 + 4𝐷66

𝑅2
) 𝐼1 

𝜍33 = 𝐼1 {
2(𝐷12 + 2𝐷66)

𝑅2
𝑛2 +

𝐵12
𝑅
} 

−(
𝐷22𝑛

4

𝑅4
+
2𝐵22𝑛

2

𝑅3
+
𝐴22
𝑅
) 𝐼2 − 𝐷11𝐼7 

 

 
Appendix II 
 

𝐼1 = −𝑚2𝜋2/2𝐿 
𝐼2 = 𝐿/2 
𝐼3 = 𝑚𝜋/2 
𝐼4 = −𝑚

3𝜋3/2𝐿2 
𝐼5 = −𝑚𝜋/2 
𝐼6 = 𝑚

3𝜋3/2𝐿2 
𝐼7 = 𝑚

4𝜋4/2𝐿3 
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