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Abstract.  The nanopores with small radii (𝑅) and long axial lengths (𝑙) were found to be on or off for the fluid 
flow, dependent on the external power loss. The value of 𝑅 may be no more than 1nm, and the ratio 𝑙/𝑅 can be on 
the scales 1.0E+3 or 1.0E+4. In the case of a small power loss, no wall slippage occurs and the flow resistance of the 
nanopore is huge so that the flow rate through the nanopore is as small as negligible. When the power loss on the 
nanopore is high enough, the wall slippage occurs and the flow resistance of the nanopore approaches to vanishing so 
that the flow rate through the nanopore is large. These functions are important for the liquid-liquid separation by 
using nanoporous filtration membranes. For the two mixed liquids, if the critical power losses on the nanopore for 
wall slippage is greatly different, one liquid can smoothly flow through the nanopore while the other liquid is 
impeded from flowing through it when the magnitude of the power loss exerted on the nanopore is between the two 
critical power losses for wall slippage. 
 

Keywords:  flow resistance; hydrophobic; nanopore; power loss; separation; wall slippage 

 
 
1. Introduction 
 

The liquid-liquid separation is challenging in the membrane filtration. It normally relies on the 

great difference in the physical properties (density, immiscibility or/and boiling point) of two 

liquids. The normal method for the liquid-liquid separation is the gravity separation [1], the 

centrifugal separation [2], the extraction [3] and the distillation [4] etc.  

Nanoporous filtration membranes have been developed fast for realizing fine filtration or ultra 

filtration [5-7]. The radii of the nanopores of these membranes can be on the scales of 1-100nm. 

These membranes are normally used to separate the very small impurities from the liquid, like 

used in the water purification [8, 9] and the hemofiltration [10]. Their functions are dependent on 

the size of the nanopore. Over small nanopores such as with the radius on the 1nm scale can 

realize the ultra refinement but normally have much smaller fluxes because of the over large flow 

resistances. 

However, peculiar phenomena were observed inside the very small nanopores. Experiments 

and molecular dynamics simulations showed that the water flow rates through the carbon 

nanopores with the diameters below 7nm were several orders higher than the classical hydrodynamic 

flow theory calculation [11-15]. Moreover, smaller the nanopore diameter, more pronounced the 

flow enhancement [16]. These phenomena are unexplainable from the classical fluid mechanics, 

which calculates the large flow resistance of the small nanochannels and far lower flow rates. They 

 
Corresponding author, Professor, E-mail: engmech1@sina.com 

http://www.techno-press.org/mwt/5
mailto:engmech1@sina.com


 

 

 

 

 

 

Yongbin Zhang 

  
(a) Local section view (b) Local front view 

Figure 1. The nanopore with a large value of 𝑙/𝑅 

 

 

have been ascribed to the great wall slippage resulting from the hydrophobic nanopore wall. Wang 

and Zhang [17] suggest that there are three mechanisms governing the fluid flow through the very 

small nanopore i.e. the wall slippage, the fluid non-continuum property and the fluid viscosity 

enhancement. The combined effects of these three factors are determined by the power loss (POW) 

on the whole nanopore. A suffciently high value of POW makes the wall slippage effect dominant 

and thus results in the unexpectedly high flow rate through the nanopore. While a small value of 

POW can not generate the wall slippage and the other two factors severely impede the fluid flow 

through the nanopore.  

The present paper proposes the specific nanoporous filtration membrane which can be used for 

the liquid-liquid separation. The radius of the nanopore of this membrane is on the 1nm scale and 

the ratio of the axial length to the radius of the nanopore is on the scales of 1.0E+3 or 1.0E+4. The 

critical power losses on the nanopore for starting the wall slippage for the two liquids are quite 

different. When the exerted power loss on the nanopore ranges between these critical power losses 

of the two liquids, one liquid can not flow through the nanopore because of the absence of the wall 

slippage and the huge flow resistance, while the other liquid can fluently flow through the 

nanopore because of the occurrence of the wall slippage and the far lower flow resistance. Thus, 

the two liquids can be separated from one another by using this membrane. 

 
 
2. Nanopores with large values of 𝒍/𝑹 
 

Fig. 1 shows the studied long nanopore with the large ratio (𝑙/𝑅) of the axial length to the 

radius, which may be over 1000. For the water flow, the value of the nanopore radius 𝑅 may be no 

more than 1nm, however the axial length 𝑙 of the nanopore may be more than 1μm. The filtration 

membrane with such geometrical configurations of the nanopore not only possesses the ultra 

filtration but also has the much improved mechanical strength. The classical Hagen-Poiseuille 

equation gives that the flow resistance of this nanopore is very large and the flow rate through the 

nanopore is normally as small as negligible. However, the experiment [14] showed that the water 

flow rate through the carbon nanopore with the geometrical configuration shown by Fig. 1 was 

actually 2 to 3 orders higher than the classical flow theory calculation. The ultra fast water flow 

was ascribed to the wall slippage [12-14, 16]. It appears that the flow resistances of the nanopore 

in Fig. 1 are largely different when the wall slippage occurs or not. 
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3. Flow resistance of and mass flow rate through the nanopore 
 

3.1 For no wall slippage 
 
The flow resistance of the nanopore is defined as: 

𝑖𝑓 =
|𝛥𝑝|

𝑞𝑚

 (1) 

Define the dimensionless flow resistance of the nanopore as 𝐼𝑓 = 𝑖𝑓/𝑖𝑓0 , where 𝑖𝑓0 =

4𝜂/(𝜋𝜌𝑅0
3). If no wall slippage occurs, the mass flow rate through the nanopore in Fig. 1 is [18]: 

𝑞𝑚 =
𝜋𝜌𝑏𝑓

𝑒𝑓𝑓
𝑆𝑅4

4𝜂𝑏𝑓
𝑒𝑓𝑓

𝜕𝑝

𝜕𝑥
 (2) 

If no wall slippage occurs, the dimensionless flow resistance of the nanopore in Fig. 1 is thus 

finally expressed as: 

3max,

Rq

y
f

SC

LC
I


−=  (3) 

If no wall slippage occurs, the mass flow rate through the nanopore in Fig. 1 is: 

0max, ff

q
m iI

POWC
q


=  (4) 

 
3.2 For the case of wall slippage 
 
If the wall slippage occurs, the mass flow rate through the nanopore in Fig.1 is [18]: 

𝑞𝑚 = 𝜋𝜌𝑏𝑓
𝑒𝑓𝑓

𝑢𝑠𝑅2 +
𝜋𝜌𝑏𝑓

𝑒𝑓𝑓
𝑆𝑅4

4𝜂𝑏𝑓
𝑒𝑓𝑓

𝜕𝑝

𝜕𝑥
 (5) 

where the wall slipping velocity is expressed as [19]: 

𝑢𝑠 =
(𝑃𝑂𝑊 − 𝑃𝑂𝑊𝑐𝑟)𝜃𝜏

𝜋𝜏𝑠𝑙𝑅
 (6) 

By substituting Eq. (6) into Eq. (5), if the wall slippage occurs, the dimensionless flow 

resistance of the nanopore in Fig. 1 is finally expressed as: 

1 for   ,max, = pow

pow

f
f x

x

I
I  (7) 

where 𝑥𝑝𝑜𝑤 = 𝑃𝑂𝑊/𝑃𝑂𝑊𝑐𝑟  

If the wall slippage occurs, the mass flow rate through the nanopore in Fig. 1 is: 

1 for   ,
0max,

= pow

crff

q
m x

POWiI

C
POWq

  (8) 
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Figure 2. Values of 𝑃𝑂𝑊𝑐𝑟  as function of the intrinsic parameter 𝐼 for a weak fluid-pore wall interaction 
 

 

3.3 General expressions for the dimensionless flow resistance of and the mass flow 
rate through the nanopore 

 
According to Eqs. (3, 7), the dimensionless flow resistance of the nanopore in Fig. 1 is 

generally expressed as: 













=
1 for ,

1

1 for ,1

max, pow
pow

pow

f

f

x
x

x

I

I  (9) 

According to Eqs. (4, 8), the mass flow rate through the nanopore in Fig. 1 is generally 

expressed as: 

𝑞𝑚

𝑞𝑚,𝑐𝑟
= {

√𝑥𝑝𝑜𝑤 , for 𝑥𝑝𝑜𝑤 ≤ 1

𝑥𝑝𝑜𝑤 , for 𝑥𝑝𝑜𝑤 ≥ 1
 (10) 

where  
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Figure 3. Values of 𝐼𝑓/𝐼𝑓,𝑚𝑎𝑥  

 
 

4. Results 
 

For achieving a specific performance of the flow resistance of the long nanopore shown in Fig. 

1 with varying power loss 𝑃𝑂𝑊, the fluid-pore wall interaction must be weak so that the value of 

𝑃𝑂𝑊𝑐𝑟 is low. For example, the nanopores made of carbon or graphene are hydrophobic, and the 

water-tube wall interaction is weak. For these cases, 𝐶𝑞 ≈ 1, 𝐶𝑦 ≈ 1, 𝜃𝜏 ≈ 1, and 𝑆 ≈ −1. Fig. 2 

shows the calculated values of 𝑃𝑂𝑊𝑐𝑟 for a weak fluid-pore wall interaction. For the water flow in 

a carbon nanopore, 𝜏𝑠 on the scale of 10 kPa, 𝜂 = 0.001Pa ⋅ 𝑠, and the values of 𝐼 are on the scales 

from 1.0E-7 Watt1/2 to 1.0E-5 Watt1/2 when 𝑅 = 1nm and 𝑙 = 1μm − 1000μm. It can be seen 

from Fig. 2 that the corresponding values of 𝑃𝑂𝑊𝑐𝑟 are on the scales from 1.0E-15 Watt to 1.0E-

11Watt. 

Fig. 3 shows the values of 𝐼𝑓/𝐼𝑓,𝑚𝑎𝑥  as function of 𝑥𝑝𝑜𝑤 . For 𝑥𝑝𝑜𝑤 ≤ 1, no wall slippage 

occurs and the dimensionless flow resistance 𝐼𝑓 of the nanopore is equal to 𝐼𝑓,𝑚𝑎𝑥, which is very 

large and on the scales from 1.0E+6 to 1.0E+9 when 𝑙 = 1μm − 1000μm , 𝑅 = 1nm  and 

𝑅0=10nm. 
1 ≤ 𝑥𝑝𝑜𝑤 ≤ 100 is the transition zone where the value of 𝐼𝑓/𝐼𝑓,𝑚𝑎𝑥 is very rapidly reduced 

with the increase of 𝑥𝑝𝑜𝑤.  𝑥𝑝𝑜𝑤 ≥ 100 is the zone where the values of 𝐼𝑓/𝐼𝑓,𝑚𝑎𝑥 approach to 

vanishing. Fig. 3 shows the two important working zones of the nanopore where the flow 

resistances of the nanopore are respectively very large and very low. In which zone the nanopore  
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(a) R = 0.5nm (b) 𝑅 = 0.8nm 

 
(c) 𝑅 = 1.1𝑛𝑚 

Figure 4. Values of 𝑞𝑚,𝑐𝑟 for a weak fluid-pore wall interaction 

 

 

works entirely depends on the value of 𝑥𝑝𝑜𝑤 i.e., the power loss exerted on the whole nanopore. 

This flow resistance performance of the nanopore indicates the gated transport in the nanopore 

controlled by the applied power. It is a very important function for the liquid-liquid separation. 

Figs. 4(a-c) show the dimensional values of the mass flow rate 𝑞𝑚,𝑐𝑟 through the nanopore for 
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Figure 5. Values of 𝑞𝑚/𝑞𝑚,𝑐𝑟  

 

 

different I, L and R when the power loss on the nanopore is equal to the critical value for initiating 

the wall slippage i.e. 𝑃𝑂𝑊 = 𝑃𝑂𝑊𝑐𝑟. The value of 𝑞𝑚,𝑐𝑟 is the highest mass flow rate through the 

nanopore when the nanopore has the largest dimensionless flow resistance 𝐼𝑓,𝑚𝑎𝑥 in working. For 

R=0.5nm-1.1nm and L=5000-40000, the values of 𝑞𝑚,𝑐𝑟  are no more than 1.4E-16kg/s when 

I=1.0E-7 Watt1/2 to 1.0E-5 Watt1/2. For the total number of the nanopores N=1.0E+11, the total 

values of 𝑞𝑚,𝑐𝑟  through these nanopores are no more than 0.014 g/s, which is so small to be 

negligible as occurring in a nanoporous filtration membrane. Thus, when no wall slippage occurs, 

the flow resistance of the nanopore is very large so that the liquid like water can not flow through 

the nanopore. 

Fig. 5 shows that when 𝑥𝑝𝑜𝑤 ≤ 1 i.e., no wall slippage occurs, 𝑞𝑚/𝑞𝑚,𝑐𝑟 ≤ 1; However, when 

𝑥𝑝𝑜𝑤 > 1 i.e., the wall slippage occurs, the value of 𝑞𝑚/𝑞𝑚,𝑐𝑟 is on the same scale with 𝑥𝑝𝑜𝑤. It 

means that if 𝑃𝑂𝑊𝑐𝑟 is very low, even for a very modest value of 𝑃𝑂𝑊, the value of 𝑥𝑝𝑜𝑤 is on 

several orders and thus 𝑞𝑚 is several orders higher than 𝑞𝑚,𝑐𝑟. This indicates that the nanopore can 

be opened so that the liquid can fast flow through it just by applying sufficiently high power loss 

on the nanopore. These suggest that the nanopore is on or off in transport by the exerted power 

loss on it. 
 
 

5. Indication of the function of the nanoporous filtration membrane for the liquid-
liquid separation 

 
The above results indicate that if the values of the radius R and the ratio l/R of the nanopore in a 

nanoporous filtration membrane hold the above mentioned characteristics, the inside wall of the 
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nanopore is so designed that the critical power losses on the nanopore for starting the wall slippage 

respectively for the two liquids are quite different, and in operation the power loss exerted on the 

nanopore ranges between these two critical power losses, one liquid will not flow through the 

nanopore because of the exerted power loss smaller than its critical power loss for the wall 

slippage, while the other liquid will flow through the nanopore smoothly because of the exerted 

power loss greater than its critical power loss for the wall slippage. The two liquids can thus be 

separated from one another. It forms the principle of the liquid-liquid separation of the present 

addressed specific nanoporous filtration membrane.  
 
 

6. Conclusions 
 

The paper proposes the long hydrophobic nanopore with the small radius no more than 1nm as 

the gated nanopore. The ratio of the axial length of this nanopore to its radius can be on the scales 

1.0E+3~1.0E+4 or even more. In the absence of the wall slippage, the flow resistance of this 

nanopore is very large and the liquid can not flow through it, as described by the classical 

hydrodynamic flow theory. However, if the nanopore wall is highly hydrophobic so that the fluid-

nanopore wall interfacial shear strength is low, the critical power loss on the whole nanopore for 

initiating the wall slippage is low, and only a modest power loss on the whole nanopore can open 

the nanopore with a high flux by generating the great wall slippage. Whether this nanopore is 

closed or opened is entirely determined by the exerted power loss on the nanopore, which also 

determines the flux through the opened nanopore. These functions are indeed critically important 

for realizing the liquid-liquid separation by using the nanoporous filtration membrane. That is: if 

we exert the power loss on the nanopore which ranges between the critical power losses on the 

nanopore for starting the wall slippage respectively for the two liquids, the liquid with the higher 

critical power loss for the wall slippage can not flow through the nanopore because of the absence 

of the wall slippage, while the other liquid with the smaller critical power loss for the wall slippage 

can smoothly flow through the nanopore because of the wall slippage occurrence. This forms the 

principle of the liquid-liquid separation of the present addressed specific nanoporous filtration 

membrane. 
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Nomenclature 
 

𝐶𝑞 =
𝜌𝑏𝑓

𝑒𝑓𝑓

𝜌
  

𝐶𝑦 =
𝜂𝑏𝑓

𝑒𝑓𝑓

𝜂
 

𝐼 = 𝜏𝑠𝑅√𝑙/𝜂 

𝐿 = 𝑙/𝑅 

𝑝 pressure, Pa 

𝑃𝑂𝑊 power loss on the whole nanopore, Watt 

𝑃𝑂𝑊𝑐𝑟  critical power loss on the whole nanopore for initiating the wall slippage, −𝜋𝑆𝐼2/(4𝐶𝑦𝜃𝜏
2)  [19], 
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Yongbin Zhang 

Watt 

𝑞𝑚 mass flow rate through the nanopore, kg/s 

𝑞𝑚,𝑐𝑟 mass flow rate through the nanopore when 𝑃𝑂𝑊 = 𝑃𝑂𝑊𝑐𝑟 , kg/s 

𝑅0 reference radius, m 

𝑆 parameter accounting for the non-continuum effect across the pore radius (−1 ≤ 𝑆 < 0) 

𝑢𝑠 wall slipping velocity, m/s 

𝑥 coordinate in the pore axial direction, m 

𝑥𝑝𝑜𝑤 = 𝑃𝑂𝑊/𝑃𝑂𝑊𝑐𝑟   

𝜆𝑅 = 𝑅/𝑅0  

𝜂  fluid bulk dynamic viscosity, Pa s 

𝜌 fluid bulk density, kg/m3 

𝜌𝑏𝑓
𝑒𝑓𝑓

, 𝜂𝑏𝑓
𝑒𝑓𝑓

 average density and effective viscosity across the pore radius respectively, kg/m3, Pa s  

𝜃𝜏 correction factor for the wall shear stress due to the non-continuum effect across the pore radius 

𝜏𝑠 fluid-pore wall interfacial shear strength, Pa 

𝛥𝑝 pressure drop on the whole nanopore, Pa 
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