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Abstract. Porosity in functionally graded materials (FGMs) arises during fabrication due to several factors,
depending on the technique employed. The type of reinforcement used significantly influences the overall porosity
percentage. The presence of porosity negatively affects the performance of FG structures. Consequently, this study
focuses on conducting a thermal buckling analysis of FG porous plates using a refined shear deformation plate
theory. This theory accounts for a quadratic variation of the transverse shear strains through the thickness and satisfies
zero traction boundary conditions on the plate’s top and bottom surfaces without relying on shear correction factors.
Thermal loads were applied by varying the temperature uniformly, linearly, and non-linearly through the thickness.
The problem was addressed assuming the plate to be simply supported at its ends. The rule of mixtures was used to
estimate the material properties, and a porosity parameter was introduced to represent the equal distribution of
porosity in the metal and ceramic mixture. The effects of volume fraction index, porosity fraction index, aspect ratio,
and side-to-thickness ratio were investigated.

Keywords: FG plate; functionally graded materials; porosity; refined shear deformation plate theory; thermal
buckling

1. Introduction

A functionally graded (FG) structure ultimately possesses a high strength-to-weight ratio along
with excellent wear resistance, which makes it highly attractive for various industrial applications
[1]. The fabrication of FGMs can be classified into solid-phase, liquid-phase, and gas-phase
processes. In some processes, a layer-wise graded material is produced, while in others, a
continuous gradation is achieved. It has been observed that the addition of reinforcement increases
porosity in FGMs, particularly when the particles have irregular shapes [2, 3]. The effect of
graphene platelets (GPLs) was examined by conducting a thermo-elastic analysis of cylindrical
panels for various distributions, revealing that a slight increase in GPL content leads to reduced
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displacement [4]. Copper-alumina-graded FGMs were fabricated using spark plasma sintering; the
study examined the impact of reinforcement and its size, and findings show an increase in
reinforcement size leads to higher porosity in the FGM [5]. A nickel-alumina-reinforced FGM was
produced using the microwave sintering technique, and a porosity analysis showed higher porosity
percentages as the metal composition increased [6]. An aluminum-based carbon nanotube (CNT)
reinforced FGM was developed using the powder metallurgy method, where an increase in CNT
composition resulted in a decrease in overall density [7].

A metal-rich FG structure exhibits lower stress magnitudes and helps prevent ceramic cracking
[8]. For a 2D FG plate, a differential transform method combined with shear deformation theory
was utilized to perform free vibration analysis [9]. Free vibration analysis of FG porous plates with
cutouts was conducted using an FE-based multilayered FGM model, which accounted for the
effects of various porosity distributions on vibration behavior, demonstrating the model's
effectiveness in analyzing complex FGM structures [10]. A first-order shear deformation theory
(NFSDT) for functionally graded plates was developed, requiring fewer unknowns compared to
traditional theories. This approach accurately predicts bending and dynamic behaviors, simplifying
analysis without stretching-bending coupling effects [11]. Static analysis of functionally graded
plates with porosities was performed using a refined plate theory, considering parabolic shear
stress distribution [12]. Free vibration analysis of a circular plate made of functionally graded
material with piezoelectric layers was conducted using classical plate theory. Analytical solutions
were compared with finite element results, examining the effects of boundary conditions [13]. A
refined quasi-three-dimensional shear deformation theory was developed for the thermo-
mechanical analysis of functionally graded sandwich plates on a Pasternak elastic foundation.
With only four unknowns, it accurately accounts for stretching effects and satisfies boundary
conditions [14]. Buckling analysis of a simply supported FG plate was performed, studying the
influence of different loading and material grading indices using Navier’s method [15]. Buckling
analysis of an open-edge crack beam was conducted using the finite element method with
graphene as reinforcement. The study found that a higher GPL distribution at the top increases the
buckling load Similar analysis was performed using Timoshenko beam theory, investigating the
effects of material gradations and geometrical parameters [16].

Free vibration and stability analysis of even and uneven porous FG nano-composite cylindrical
panels was performed. Hamilton’s principle was utilized for uniform and non-uniform in-plane
loads [17]. The virtual principle was employed to investigate the buckling analysis of the FG
sandwich plate under different boundary conditions subjected to nonlinear thermal loading [18].
Love—Kirchhoff hypothesis was utilized to solve the buckling problem for a porous plate where it
is assumed that the pores of the foam are filled with fluid; the effect of porosity distribution was
then investigated under thermal loading [19]. Many pieces of research have been performed in
solving the buckling problems by employing various techniques such as the finite element model
[20], isogeometric analysis [21, 22], generalized differential quadrature method [23], Navier
solution [24], mesh free method [25], sinusoidal shear deformation plate theory [26], strain
gradient higher-order theories [27], Reissner's shell theory [28] first-order shear deformation
theory [29], higher order finite element model [30], nonlocal strain gradient elasticity theory [31]
etc to name a few.

In this study, the thermal buckling behavior of imperfect functionally graded plates with
porosities is analyzed. A refined shear deformation plate theory is proposed, which accounts for
both bending and shear effects. The equilibrium and stability equations are derived based on this
theory. To illustrate the effects of volume fraction index, porosity fraction index, and geometry on
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the buckling temperature difference of defective FG plates, an extensive parametric analysis was
conducted. The study's validation was performed using the present method, examining the
influence of parameters such as the power-law index, length-to-thickness ratio, and porosity
parameters on buckling. The literature review on the fabrication of Functionally graded materials
(FGMs) highlights the development of porosity and its underlying causes. Porosity in FGMs varies
with fabrication methods and associated parameters. In this study, it is assumed that the porosity
distribution is uniform within the metal and ceramic phases. The temperature change is considered
in three forms: uniform, linear, and non-linear.

2. Problem formulation

2.1 Constitutive relations of (metal/ceramic) functionally graded plates

Taking into account an imperfect FGM with a porosity volume percentage that is equally
distributed between the metal and ceramic, (#<<1), the modified rule of mixture was proposed by

[32] is given by:
P=Pm<Vm—§)+PC(VC—§) 1

The overall composition of metal and ceramic is: V;,, + V. = 1 and the power law of volume
fraction of the ceramic is described as Table 1

z 1\F
=(=+= 2
ve (h + 2) @
Employing the rule of mixture the material properties can be written as [32]:

k
E(Z) = (Ec_Em)<%+%) +Em_§(Ec+Em)

a(z) = (a, — apy) (% + %) +a, — '[2—; (ac + ay) (3)

1
p(z) = (pc — Pm) (%+§) + Pm —g(pc + Pm)

The parameter kK (0 < k < o0) which can be either a power-law or a volume fraction index. The
distance z from the FG plate's mid-plane. When k is set to zero, the FG plate becomes ceramic,
while for large values, it becomes fully metal. However, Poisson’s ratio(v) is assumed to be
constant. The material properties of a perfect FG plate can be obtained when g is set to zero.

As:

V.+V,=1=V.=1-1, (4)
Type I: Perfect FG plate (Without porosity 8 = 0)
z 1\F
E(z) = (E. — Ep) (E + E) +En, (5)

Type Il: 50% Ceramic, 50% Metal
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k
E() = B (Voo = 5) + B (Ve = 5) E(@) = Be = E) (5 43) +Em— B +En)S (6
Type II: 60% Ceramic, 40% Metal

E(Z)zEm(m_%)+Ec(%_%);E(Z) =(Ec_Em)(%+

Type IV: 40% Ceramic, 60% Metal

1

k B
2) + Em — (3Ec + 2E,)E ()

E(2) = Ep (Voo = L) + B (Ve = L)E(@) = (B — En) 2+ %)k + E — 2B +3E)E ®)

Type V: 75% Ceramic, 25% Metal

3 1\k
E(2) = Em (Vi = &) + B (V. = L) E@) = (B — Ew) (5 +3) +Em— GE.+E)E  (9)
Type VI: 25% Ceramic, 75% Metal

E(z) = E, (Vm - %) + E, (v; — %); E(z) = (E. — Ep) (% + %)k +E, —(E.+ 3Em)§ (10)

2.2 Basic Assumptions

The theory assumes the following:
(1) In comparison to plate thickness, the displacements are small and so are the strains.
(2) Shear and bending are the two components w, and w, that make up the transverse
displacement. These elements only depend on the coordinates x and y.
W(ny'Z) = Wb(x'}’) +Ws(x'y) (11)

(3) Compared to in-plane stresses o,,anda,, the transverse normal stressa,is minimal.
(4) There are shear, bending, and extension components to the displacements in the x and y
directions.

U=uUy+uy+us, v=uvy+v,+ v (12)

(5) It is believed that the bending components u,and v, and resemble the displacements
provided by the classical plate theory. Consequently, the following can be used to convey and:

Uy =—2—=,Vp = —Z—— (13)

(6) The shear components ug and v results in parabolic change with wg, to the parabolic
variations of shear strains y,,, y,,consequently the shear stresses 7,,, 7,,across the plate's

thickness, with the result that shear stresses are zero at the plate's top and bottom faces. As a result,
the equation for and is as follows:

us = ~f (D52 v, = ~f () 52 (14)

where
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z 523

f@)= 3+ (15)

2.3 Displacement Field and Strains

The Egs. (11-15) can be used to determine the displacement field based on the assumptions
made in the section before this one.

dwy, dw
— _ — 16a
ux,y,2) = uo(xy) — 27>~ f(@) 5 (162)
6 6WS
v(x,y,)z =vo(x,y) —z—-= = f(2) 5 (16b)
w(x,y,2) = wp(x,y) + ws(x,y) (16¢)
The following are the non-linear von Karman strain-displacement equations:
Ex ‘SJ(C) kﬁlc) ks ¥ Vs
ey t=qeb trzdid bk 0= g {1 17)
Yxy %?y kby kjscy y vz
where
Oy 11 (2 %)2
53 ax ax ax
g0 L Jove 10wy | ows?
yl(l) dy (ay t ay) '
xy dugy | Ovg owp | Owg) [Owp  Owg
et () (G5 (182)
_ %wy _ 9%wg
k2 f axZ] kS f axZ] s wg
kb _ ) _ *wp kS _)_ 0%ws {sz} __ ) ox
y - 2 ) y - 2 s {— Yow
b ay S dy sz s
kxy ) a%°wyp kxy _2 02wy oy
dxdy 0x0y
df (z)
=1- 18b
9(2) e (18b)
2.4 Constitutive Relations
The plate is subjected to a thermal load T (x, y, z). The linear constitutive relations are
Ox Ci1 Ciz O (&x—al
e A [
Ty) L0 0 Coel (v Fxz 551 Wz
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where (0, 0y, Tyy, Tuz Tyz) @A (€x, €y, ¥y Vaz Vyz) @€ the stress and strain  components,
respectively. The stiffness coefficients C;; are expressed by

E(2)

C11=0Cp = 11— (20a)
€ =22, (20b)
Caq = Cs5 = (g6 = %, (20c)
2.5 Stability Equations
The FG plate's total potential energy can be expressed as
v=ffJ [jxfy»cy;fz;yjﬁyr;g )| dxdydz 1)

For the current case, the virtual work principle can be stated as follows
Ny 8l + NySe) + Nyyy 85y, + M2 Sk
+My8kY + M2, 6kE, + M6k + Mok | dxdy =0 (22)
+M3y 6k3y + S5,0Vy; + S320Viz

where
Ny Ny Ny 1
h/2
M’lg MJI; M9lf)y =f_;/,/2(o-x'o-y:‘[xy){z }dZ, (23a)
Mg My Mg, f(2)
S355) = '), d 23b
( xz’ yZ) = f_h/z(sz'Tyz)g(z) Z (23b)
Using Eqg. (19) in Eq. (23), the stress resultants of the FG plate can be related to the total strains
by
N A B B%](e NT
MPi=|B D DS|{kPi—iMPTi, S =A%y (24)
IUS BS DS HSI\k® MsT
where
N = {N,, Ny, N, ) M = (M2, MB, M2} M = {M§, M$, M5, }', (25a)
t t t
NT ={NI,N], 0} ,MPT = {MET, M_T, 0} \MST = {M5T, M;T, 0}, (25b)

e={ed, &,y ) kP = {k2, kb, k2, } kS = {k$, k3, K3y}, (25¢)
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Ay Az O [B11 Bz O Dyy Dz O
A=A Ay 0 |B=|By; By 0 [D=]|D1iz Dy O (25d)
0 0 Ag [0 0 B 0 0 D
By Bi, 0 D}, Di, 0] H{; Hi; O
B*=|Bf, B3; 0 |D’=|Dj, Dj, O | H®=|H{, H;; O (25e)
0 0 B |0 0 D& 0 0 H
where 4;;, B;;, etc., are the plate stiffness, defined by
All Bll Dll Blsl Dlsl Hlsl h/Z i
Ay, By Di; Bi, Di; Hi —_[ C11(1,2,2%,f(2),2 f(2), f2(2)) 1— v (9z (26)
Ass Bgs Des Bis Dgs Heg ~h/2 2
and
(AZZJBZZ'DZZJBSZ'DQSZJHQSZ) = (All'Bll'Dll'Blsl'Dfl'Hfl) (26b)
h/2  E(2)
Ai4 = fh/z 2(1+V) (Z)]Zdz (260)
For thermal loading the stress and moment resultants, N = N, MP™ = M3, and M5" = M;T
can be written as:
N; NT
h
it = [ 2 ()T{M”T} @)
M_?T MST

The equilibrium criterion can be used to obtain the plate's stability equations. Presume that the
displacement components (uf, v, wy, w?) define the equilibrium condition of the FG plate under
thermal stress. An adjacent stable state's displacement components (ug, vg, wj, wq ) vary by in
relation to the equilibrium position. Accordingly, a nearby state's total displacements are [26].

U, :U8+Ué,v0=v8+v3, W, :Wl())+Wt1)'Ws=Wso+Wsl (28)
where the state of equilibrium circumstances is denoted by superscript 0 and the state of stability
by superscript 1.

Through the substitution of Egs. (17, 28) into Eq. (22) and subsequent integration by parts, and

then equating the coefficients of duj, svd, sw} and Swd, the governing stability equations for the
shear deformation plate theories can be obtained as follows:

dN; 0Ny,
S ug: =0
Yo 0x dy
dNy, ONy
vy —= =0 (29)
vo dx ay
aZMbl aZMbl aZMbl .
5wy x ad > fN=0
0x? dxdy dy?
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9’Mgt _02M3, 0*Myt S5t 0Syr

o wg: N=0
Wst g2 t 0xdy + dy? T T dy +
with
0% (wp + 0 0% (wp +
N=|No b T Ts) (wy +ws) N? 0%(wy +w?) (30)
d0x? 9y
where the terms N and N},’ are the pre-buckling force resultants obtained as
h12 a(2)E(2)T
NO = NO = _ f B2E2T 4z 31
X y _h/z (1 _ V) ( )

It is possible to construct the stability equations in terms of the displacement components by
changing Eq. (29), to equal (27). Four stability equations are obtained, which are derived from the
current improved shear deformation theory for FG plates [33].

a%ug d2u} d2%vg a3
Ao+ A66 52 T (Aiz + Ag6) 5 =0 — Biy M;, (By2 + 2366)
3w} 3w}
Blsl ax3s (By, + 2366) axays =0
w} cwp
(412 +A66) axay 66 axz +A22 a — (B12 + 2Be6) 261; 22 ay3b - (32b)
a3 ws a3 ws
B2y — (Bizt 2366) =0
2 2 a3} a3vd *twp
311 a 3 S 4 (Blz + B66)a 2y2 L (B12 + 2Bs6) axzoy T B22 53 o T g
*w} a*wi a*wi s 0'wi = (32¢)
2(Dqz + 2D66) 26 2 T Y2250 T D1y axt 2(D1, + 2Dge) ax2ay? D, ayt tN=0
3ug 3ug 9%v a3vg *wj
3151 0 + (B2 + 2Bge) axdy 02 + (Bi2 + 2366) zaoy + B3, ay: — D ax4b - (32d)
o*wi d w1 *wi a*wl o*w
2(D1; +2D66) zabz Dzz‘a T HL— 7 ot~ 2(Hz + 2Hge) - x20y? —H3 ——= E L4

s 0wy s 0%wg

A5562 +A44-62+N_0

2.6 Trigonometric solution of thermal buckling

Rectangular plates are often categorized based on the kind of support that is utilized. The
analytical solutions of Eq. (32) for a simply supported porous FG plate are what we are interested
in here. At the side edges, the following boundary restrictions are in place.

vi=wi=wl= 6;:15—N§=M£1=M§1=Oatx=0,a (33a)
1_ o1 _ 1 _0W§ 1 bl oagsl o _ 33b
Uy =wp =ws =—==Ny =M" =M;" =0aty =0,b (33b)
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The following approximate solution is seen to satisfy both the differential equation and the
boundary conditions

ug o UL, cos(Ax)sin(py)
vs _ z z VL, sin(Ax)cos(uy) (34)
wj — Wimn Sin(A x) sin(u y)
wy Wemnn sin( A x) sin(@ y)

where Uk, Vit Wi..; and WL, are arbitrary parameters to be determined, A = mm/a and u =
nm/band m and n are mode numbers. Substituting Eq. (34) into Eq. (32), one obtains

[K]{4} = {0} (35)
where {A} denotes the column
{A}T = {Urlnn; anlnr Wblmn’ VVs}nn} (36)
and [K] is the symmetric matrix given by

[K]= (37)

in which:

s11 = —(A11 A% + Ager®)
s12 = —Ap (A1 + Aee)

S13 = —A [B11 A% + (Bya + 2Bge) 1]

14 = A [B{1A% + (Bi, + 2BEs) 1°]
Sa2 = —(AseA® + Apau®)

Sp3 = 4 [(B1z + 2Bgg) A2 + Byou?]

S24 = W [(BT2 + 2Bge) A* + B3,1”]

533 = —(D11A* + 2(D1 + 2De6) 222 + Dy + NA® + N pi?)

(38)

s34 = —(D§1A* + 2(D5; + 2D§e)A? 2 + D3, u* + NQA% + NYu?)
Sqq = —(H1A* + 2(HS, 4 2HEe) A2 p? + Hiu* + AZgA + AS4p® + N2A% + NJu?)
2.7 Buckling of FG plates under uniform temperature rise
It is assumed that the plate initial temperature is T;. The temperature is uniformly raised to a

final value T¢ in which the plate buckles. The temperature change is AT = T; — T;. The thermal
force resultant and is evaluated as
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Table 1. Material properties used in the FG plate

. Ceramic Metal
Properties
Al;O3 Al
E(GPa) 380 70
a(/°0) 7.4.10° 23.10°®

h/ T
N, = f 2 a(2)E (2)(T; T‘)dz (39)

—h/2 (1 - V)

By solving the determinant of Eq. (37) one can easily obtain the critical buckling temperature
change t.,.

2.8 Buckling of FG plates subjected to graded temperature change across the thickness

The plate top surface temperature is T,, while the bottom surface temperature is T;,. Further, the
temperature along the thickness varies as per power law and is given by:

7 1 Y1
T(z) = AT (Z + E) + Ty (40)
where the buckling temperature difference AT = T, — Ty and y, is the temperature exponent
(0 < y; < ). It is to be noted that when the parameter y; is unity it shows a linear change in
temperature. Also, y; is greater than unity shows a non-linear temperature change. Likewise, the
critical buckling temperature change t., can be attained.

3. Numerical results numerical results and discussion

The thermal buckling of simply supported imperfect FG plates under uniform, linear, and
nonlinear thermal loading over the thickness is described numerically in this section. The results
obtained are compared with those obtained by Javaheri and Eslami [34], and Zenkour and Mashat
[26] for verification formulations.

The functionally graded plate is thought to be composed of an alumina and aluminum alloy.
Table 1 lists the aluminum and alumina's Young modulus, and coefficient of thermal expansion.

Table 2 shows the validation of the present study with the theoretical models HPT, CPT, and
SPT, where CPT values are generally slightly higher than HPT and SPT values, indicating a minor
variation in the predicted buckling loads. The maximum buckling temperature was obtained for
type 1 followed by type 6, type 4, type 2, type 3 and type 5.

Table 3 presents the results for a functionally graded square plate under uniform temperature
rise, considering various indices (k) and side-to-thickness ratios (a/h). The buckling loads for
different types and theories at various a/h values are reported for k values of 0, 1, 5, and 10. Across
all porosity types, from type 1 to type 6, the buckling load consistently decreases as the a/h ratio
increases. This trend is consistent for all values of k, indicating that as the aspect ratio increases,
structural stability decreases, which is reflected in the reduced buckling loads. A significant
reduction in buckling load nearly 100% was observed as the a/h ratio increased from 10 to 100.
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Table 2. Buckling temperature calculation at uniform temperature rise for different values of power law
index k and aspect ratio a/b with a/h = 100 and 8 = 0.1

k Theory a/b=1 a/b=2 a/b=3 a/b=4 a/b=5
Type 1 17.09 42.69 85 .26 144.65 220.67
Type 2 17.09 42.69 85 .26 144.65 220.67
Present Type 3 17.09 42.69 85 .26 144.65 220.67
Type 4 17.09 42.69 85 .26 144.65 220.67
0 Type 5 17.09 42.69 85 .26 144.65 220.67
Type 6 17.09 42.69 85 .26 144.65 220.67
HPT [34] 17.08 42.68 85.25 144.64 220.66
SPT [26] 17.08 42.68 85.25 144.65 220.67
CPT [34] 17.09 42.74 85.49 145.34 222.28
Type 1 7.94 19.84 39.62 67.25 102.64
Type 2 7.70 19.24 38.45 65.27 99.61
Type 3 7.66 19.15 38.25 64.92 99.10
Present
Type 4 7.74 19.34 38.64 65.59 100.11
1 Type 5 7.60 18.98 37.92 64.37 98.25
Type 6 7.80 19.48 38.91 66.04 100.80
HPT [34] 7,94 19.83 39.62 67.25 102.63
SPT [26] 7,94 19.83 39.62 67.25 102.63
CPT [34] 7,94 19.85 39.71 67.52 103.26
Type 1 7.26 18.13 36.20 61.40 93.61
Type 2 6.98 17.44 34.82 59.06 90.05
Type 3 6.91 17.26 34.47 58.46 89.13
Present
Type 4 7.04 17.59 35.13 59.57 90.83
5 Type 5 6.78 16.93 33.81 57.35 87.44
Type 6 7.12 17.78 35.50 60.20 91.79
HPT [34] 7.26 18.13 36.20 61.39 93.60
SPT [26] 7.26 18.13 36.20 61.39 93.60
CPT [34] 7.26 18.16 36.32 61.75 94.45
Type 1 7.46 18.64 37.20 63.07 96.12
Type 2 7.56 18.89 37.70 63.90 97.37
Type 3 7.56 18.88 37.68 63.87 97.32
Present
Type 4 7.56 18.88 37.68 37.68 97.33
10 Type 5 7.54 18.83 37.58 63.69 97.04
Type 6 7.55 18.84 37.61 63.76 97.16
HPT [34] 7.46 18.63 37.20 63.06 96.12
SPT [26] 7.46 18.63 37.20 63.06 96.11

CPT [34] 7.46 18.67 37.34 63.48 97.10
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Table 3. Buckling temperature calculation at uniform temperature rise for different values of power law
index k and side-to-thickness ratio a/h and 8 = 0.1

k Theory ah=10 ah=20  ah=40  ah=60 ah=80  a/h=100
Typel 1618.68 42154  106.49 47.42 26.69 17.08
Type2 1618.68 42154  106.49 47.42 26.69 17.08
bresen _YPe3 161868 42154 10649 47.42 26.69 17.08
Type4 1618.68 42154  106.49 47.42 26.69 17.08
0 Type5 1618.68 42154  106.49 47.42 26.69 17.08
Type6 1618.68 42154  106.49 47.42 26.69 17.08
HPT [34] 1617.48 1617.48 42152 10649  47.42 17.08
CPT [34] 170991 1709.91  427.47  106.87  47.49 17.09
Typel 75839  196.27 49.50 22.04 12.40 7.94
Type2  737.36  190.54 48.04 21.38 12.04 7.70
Type3 73371 18955 47.79 21.27 11.97 7.66
Present Typed  740.80  191.47 48.28 21.49 12.10 7.74
! Type5  727.82  187.95 47.38 21.09 11.87 7.60
Type6 74560  192.78 48.61 21.64 12.18 7.80
HPT [34] 757,89 196,26 49,50 22,03 12,40 7,94
CPT [34] 794,37 198,59 49,64 22,06 12,41 7,94
Typel 679.31  178.54 45.21 20.14 11.34 7.26
Type2 65429  171.79 43.49 19.38 10.91 6.98
bresen __TYPE3 64788 17004 43.05 19.18 10.80 6.91
Typed  659.74  173.26 43.87 19.54 11.00 7.04
> Type5  636.07  166.84 42.23 18.81 10.59 6.78
Type6  666.43  175.07 44.33 19.75 11.12 7.12
HPT [34] 678.92  178.53 45.21 20.14 11.34 7.26
CPT [34] 726,57  181.64 45.41 20.18 11.35 7.26
Typel 692.60  183.14 46.46 20.70 11.65 7.46
Type2  699.11  185.41 47.07 20.98 11.81 7.56
bresent _TYPe3 69839 18532 47.05 20.97 11.81 7.56
10 Type4  699.23  185.36 47.05 20.97 11.81 7.56
Type5 69578  184.76 46.92 20.91 11.78 7.54
Type6 69857  185.06 46.97 20.93 11.79 755
HPT [34] 69252  183.14 46.45 20.70 11.65 7.46
CPT [34] 74692  186.73 46.68 20.74 11.67 7.46

Table 4 illustrates the change in buckling temperature under linear temperature variation for
different thicknesses and indices. The trend in buckling temperature variation was found to be
similar to that of uniform temperature analysis, though its magnitude is comparatively higher. As
the parameter a/b increases from 1 to 5, the magnitude increases significantly. The theoretical
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Table 4. Buckling temperature calculation at linear temperature rise for different k and a/b while a/h =100
and $=0.1

K Theory alb=1 alb=2 alb=3 alb=4 alb=5
Type 1 75.37 160.51 279.29 431.34 220.67

Type 2 75.37 160.51 279.29 431.34 220.67

oresent Type 3 75.37 160.51 279.29 431.34 220.67

Type 4 75.37 160.51 279.29 431.34 220.67

0 Type 5 75.37 160.51 279.29 431.34 220.67
Type 6 75.37 160.51 279.29 431.34 220.67

HPT [34] 24.17 75.37 160.50 279.29 431.33

SPT [26] 24.17 75.37 160.51 279.30 431.34

CPT [34] 24.19 75.49 160.99 280.68 434.57

Type 1 27.82 64.93 116.74 183.11 102.64

Type 2 25.98 61.00 109.89 172.53 99.61

Dresent Type 3 25.68 60.37 108.79 170.84 99.10

Type 4 26.26 61.61 110.95 174.17 100.11

1 Type 5 25.21 59.37 107.06 168.16 98.25
Type 6 26.67 62.48 112.47 176.50 100.80

HPT [34] 5.51 27.82 64.93 116.74 183.11

SPT [26] 5.51 27.82 64.93 116.74 183.11

CPT [34] 5.52 27.86 65.11 117.25 184.30

Type 1 22.60 53.70 97.07 152.51 93.61

Type 2 20.23 48.51 87.93 138.35 90.05

Dresent Type 3 19.75 47.46 86.09 135.50 89.13

Type 4 20.67 49.46 89.59 140.92 90.83

5 Type 5 18.91 45.65 82.95 130.65 87.44
Type 6 21.25 50.72 91.80 144.34 91.79

HPT [34] 3.89 22.60 53.71 97.07 152.51

SPT [26] 3.89 22.60 53.70 97.06 152.50

CPT [34] 3.89 22.65 53.92 97.69 153.97

Type 1 24.16 57.06 102.90 161.47 96.12

Type 2 23.33 54.93 98.96 155.19 97.37

oresent Type 3 23.08 54.36 97.93 153.57 97.32

Type 4 23.53 55.41 99.82 156.55 97.33

10 Type 5 22.62 53.29 96.01 150.58 97.04
Type 6 23.76 55.98 100.88 158.22 97.16

HPT [34] 4.36 24.16 57.06 102.90 161.47

SPT [26] 4.36 24.16 57.06 102.89 161.46

CPT [34] 4.37 24.23 57.32 103.64 163.20
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Table 5. Buckling temperature calculation at linear temperature rise for different k, a/h and g = 0.1

k Theory ah=10 ah=20  ah=40  ah=60  ah=80  a/h=100
Typel 3227.36 833.07  202.98 84.84 43.38 24.17
Type2 3227.36  833.07  202.98 84.84 43.38 24.17
bresen __YPe3  3227.36 83307  202.98 84.84 43.38 24.17
Typed 322736  833.07  202.98 84.84 43.38 24.17
0 Type5 3227.36 833.07  202.98 84.84 43.38 24.17
Type6 3227.36  833.07  202.98 84.84 43.38 24.17
HPT [34] 322496 833,03 202,98 84,84 43,38 24,17
CPT [34] 3409,82 844,95 203,73 84,99 43,43 24,19
Typel 141296 358.71 83.46 31.95 13.88 5.51
Type2 133549 338.340  78.48 29.87 12.82 4.93
bresent  _TYPE3 132305 33506 77.68 29.54 12.65 4.83
. Typed 134746  341.48 79.25 30.19 12.99 5.02
Type5 130343  329.91 76.42 29.01 12.38 4.68
Type6 136457  345.98 80.35 30.65 13.22 1.36
HPT [34] 1412.02  358.69 83.46 31.95 13.88 5.51
CPT [34] 148045  363.07 83.73 32.00 13.90 5.52
Typel 1160.68  298.70 69.21 26.06 10.91 3.89
Type2 105617  271.30 62.61 23.38 9.61 3.22
bresent _TYPe3 103542 26582 61.28 22.83 9.33 3.07
Type4 107499  276.26 63.81 23.87 9.85 3.35
> Type5 1000.10  256.47 58.99 21.88 8.85 2.82
Type6 1100.09  282.86 65.41 24.53 10.17 3.52
HPT [34] 1160.02  298.69 69.21 26.06 10.91 3.89
CPT [34] 1242.03  304.05 69.55 26.13 10.93 3.89
Typel 121863  315.68 73.46 27.82 11.79 4.36
Type2 116623  303.13 70.68 26.85 11.44 4.30
bresent _TYPe3 115347  299.96 69.95 26.57 11.32 4.26
10 Type4 117718  305.83 71.30 27.08 11.54 4.34
Type5 113014  294.09 68.58 26.03 11.08 4.15
Type6 1190.80  309.14 72.05 27.35 11.65 4.37
HPT [34] 1218.32  315.67 73.46 27.82 11.79 4.36
CPT [34] 131474  322.04 73.86 27.90 11.82 4.37

models used for validation, HPT, SPT, and CPT follow the same increasing trend with slight
variations. Notably, CPT values are generally slightly higher than those of HPT and SPT.

Tables 6, 7 analyze the critical buckling temperature under a non-linear temperature rise for
different a/h values, specifically 5 and 10. These tables show that the plate experiences a lower
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Table 6. Buckling temperature calculation at non-linear temperature rise for different k and a/b temperature
exponent y; with a/h = 10

a/lb=1 a/b=2 a/b=3
71:2 71:5 71210 71:2 y1:5 lelo Y1:2 “{1:5 “{1:10
Type 1 4.84 9.68 17.75 11.22 2245 4117 20.01 40.01 73.36
Type 2 4.84 9.68 17.75 1122 2245 4117 20.01 40.01 73.36
Type 3 4.84 9.68 17.75 1122 2245 4117 20.01 40.01 73.36

k Theory

Present
Type 4 4.84 9.68 17.75 11.22 2245 4117 20.01 40.01 73.36
0 Type 5 4.84 9.68 17.75 1122 2245 4117 20.01 40.01 73.36
Type 6 4.84 9.68 17.75 11.22 2245 4117 20.01 40.01 73.36
HPT [34] 4,84 9,68 17,75 11,22 22,45 41,16 20,00 40,01 73,35
SPT [26] 4,84 9,68 17,75 11,22 22,45 41,17 20,01 40,03 73,39
CPT [34] 511 10,22 18,75 12,80 25,61 46,96 2563 51,26 93,99
Type 1 2.11 432 819 495 10.15 1925 897 18.38 34.86
Type 2 197 400 754 464 942 1778 844 1712 3232
Present Type 3 1.95 395 744 460 930 1755 836 16.93 31.93
Type 4 1.99 404 764 469 953 18,00 852 1731 3270
1 Type 5 1.92 387 729 452 913 1720 823 16.62 31.32
Type 6 2.02 411 778 476 9.69 1831 864 17.58 33.25
HPT [34] 2,1066 4,31 8,19 495 10,14 1924 8,96 18,38 34,86
SPT [26] 2,1068 4,31 8,19 995 10,14 1925 8,97 18,38 34,87
CPT [34] 2,20 452 858 553 11,35 2153 11,09 22,73 43,12
Type 1 1.60 285 500 365 652 1144 6.38 11.38 19.98
Type 2 141 242 416 323 555 953 566 971 16.67
Present Type 3 1.38 235 402 316 538 921 553 943 16.13
Type 4 1.44 249 429 330 571 983 578 998 17.19
5 Type 5 1.32 223 379 303 511 870 531 897 1527
Type 6 1.49 259 448 340 593 1026 594 1036 17.92
HPT [34] 1.59 285 500 365 652 1144 6.37 11.38 19.97
SPT [26] 1.59 284 499 364 651 1143 6.36 11.36 19.93
CPT [34] 1.70 3.04 535 428 765 1343 858 1533 26.90
Type 1 1.68 289 477 380 653 1081 6.54 11.25 1861
Type 2 1.55 253 405 350 571 911 598 976 1559
Present Type 3 1.53 247 392 343 556 882 587 949 15.08
Type 4 1.58 259 416 355 584 939 6.08 10.01 16.07
10 Type 5 1.48 236 372 332 531 835 568 9.06 14.26
Type 6 161 267 433 362 6.04 977 622 1035 16.75
HPT [34] 1,67 288 477 379 653 10,80 654 11,25 18,61
SPT [26] 1,67 288 477 379 653 10,80 6,53 11,24 18,60

CPT [34] 1,80 311 514 454 781 1292 9,09 1564 25,88
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Table 7. Buckling temperature calculation at linear temperature rise for different k, a/b and temperature
exponent y; witha/h =5

a/lb=1 a/b=2 a/b=3
71:2 y1:5 71:10 y1:2 y1:5 lelo “{1:2 Y1:5 “{1:10
Typel 16.74 3347 6136 3286 6573 12050 4854 97.08 177.98
Type2 16.74 3347 6136 3286 6573 12050 4854 97.08 177.98
Type3 16.74 3347 6136 3286 6573 12050 4854 97.08 177.98

k Theory

Present ~Typed 1674 3347 6136 3286 6573 12050 4854 97.08 177.98

0 Type5 16.74 3347 61.36 32.86 6573 12050 4854 97.08 177.98
Type6 16.74 3347 61.36 32.86 6573 12050 4854 97.08 177.98

HPT [34] 16,73 3347 61,36 32,86 6572 12049 4853 97,07 177,97

SPT [26] 16,74 3348 61,38 32,89 6579 12062 4865 97,30 178,39

CPT [34] 2050 41,00 7518 51,28 102,56 188,03 102,57 205,15 376,12
Typel 7.46 1528 28.99 1508 3091 5863 2292 46.98 89.11

Type2 7.01 1422 2683 1428 2896 5467 21.87 4434 83.70

orosen; _TYPE3 694 1405 2650 1415 2866 5406 2170 2894 8287
Type4 7.08 14.38 27.16 1440 2925 5526 22.03 44.74 8451

1 Type5 6.83 13.79 2599 13.96 28.19 5311 2144 4330 8158
Type6 7.18 14.61 27.62 1458 29.68 56.12 2226 4531 85.68

HPT [34] 745 1528 28.98 1508 3090 5862 2292 46.98 89.11

SPT [26] 745 1528 28.99 1509 3093 5868 2297 47.08 89.30

CPT [34] 8.87 18.18 34.48 2219 4549 8630 4441 91.02 17265
Typel 537 959 1684 10.17 1815 31.86 1453 2593 4551

Type2 476 818 1404 905 1554 26.68 12.99 2230 38.27

Type3 4.65 7.94 1358 885 1510 2584 1272 2170 37.12

Present ~Typed 487 841 1448 924 1596 2748 1324 2287  39.38

5 Type5 447 7.55 1285 853 1440 2451 1228 20.74  35.30
Type6 501 873 1510 950 1654 2863 1359 2368  40.97

HPT [34] 537 959 1683 10.16 18.15 31.85 1452 2593 4551

SPT [26] 536 957 16.81 1014 1810 3177 1449 2587 45.40

CPT [34] 6.86 1226 21.52 17.18 3068 53.85 3439 6139 107.75
Typel 554 953 1577 1024 17.62 2915 1435 24.68  40.83

Type2 508 829 1324 929 1516 2421 1289 21.04 33.60

oot _TYPE3 499 807 1281 910 1472 2338 1262 2041 3242
Type4 516 850 13.64 945 1556 2499 1314 21.63 34.74

10 Type5 4.83 7.70 1212 879 1402 2206 1216 19.39  30.53
Type6 527 878 1421 968 1613 2610 1348 2245 36.34

HPT [34] 554 953 1576 10.24 17.62 29.15 1434 24.68 40.82

SPT [26] 553 952 1575 1023 1761 29.13 1435 24.69 40.85

CPT [34] 727 1251 20.70 1820 31.31 5180 36.41 62.65 103.64
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Figure 1. Critical buckling temperature difference tc- due to uniform, linear and non-linear temperature rise
across the thickness versus the aspect ratio a/b with g = 0.1
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Figure 2. Critical buckling temperature difference tc- due to uniform, linear and non-linear temperature rise
across the thickness versus the side-to-thickness ratio a/h with § = 0.1
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Figure 3. Critical buckling temperature difference t.- due to uniform, linear and non-linear temperature rise
across the thickness versus the aspect ratio a/h with g = 0.1 (Type 5)
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Figure 4. Critical buckling temperature difference tc- due to uniform, linear and non-linear temperature rise
across the thickness versus the aspect ratio a/h with g8 = 0.1 (Type 6)

critical buckling temperature, indicating greater susceptibility to buckling under non-linear
temperature variations. This significant reduction in the critical buckling temperature suggests that
even minor deviations from a linear temperature profile can lead to structural buckling.

Fig. 1 depicts the frequency variation of a square plate for different side length ratios (a/b) with
a fixed index value (k=1). Among the various types categorized (Types 2-6), there is no significant
variation in magnitude. The greatest change is observed under non-linear temperature variation,
followed by linear and uniform temperature variations.
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Fig. 2 illustrates the frequency variation of a square plate for different side-to-thickness ratios
(a/h) and a fixed index value (k=1). Similar to the parameter a/h impact, here also, among the
various types categorized no significant variation in the magnitude was seen between the types of
porosity studied.

Fig. 3, 4 show the variation of buckling load for uniform, linear, and non-linear temperature
change. It can be seen that for uniform temperature change the buckling load is maximum
followed by linear and non-uniform change. It is observed that increasing the parameter a/b leads
to an increase in frequency. For higher values of a/b the buckling load changes to maximum.

4. Conclusions

The trigonometric shear deformation theory was effectively applied to the buckling analysis of
FG plates. The following noteworthy findings were observed:

 Varying the a/b and a/h ratios allowed for the examination of the impact of geometric
parameters. Smaller plates exhibit higher stiffness, and it was found that increasing the a/b ratio
raises the critical buckling temperature (tcr), while an increase in the a/h ratio leads to a decrease in
buckling temperature. Among these parameters, the buckling load is more significantly affected by
the a/h ratio than by the a/b ratio.

« Under non-linear temperature conditions, the buckling temperature is the lowest, followed by
linear and uniform temperature scenarios.

» The buckling load is highest for type 1, followed by type 6, type 4, type 2, type 3, and type 5.
This variation is attributed to the fact that as the plate becomes more metal-rich, its critical
buckling load increases.

* As the power-law index (k) increases, the buckling load decreases. This highlights the critical
role of material properties in determining structural behavior. The buckling response is directly
influenced by the deformation characteristics of materials with different power-law indices under
applied loads.

The effect of porosity was studied by introducing the parameter (5) into the material property
variations. A uniform distribution of porosity was assumed, with porosity equally distributed
between the metal and ceramic phases.

The results reveal that the critical buckling temperature decreases monotonically with
increasing B due to stiffness degradation induced by internal voids. For the FGM system and
loading conditions considered, it is observed that the reduction in buckling capacity remains
moderate for low-to-intermediate porosity levels, whereas a pronounced decrease occurs beyond a
threshold value. Based on the obtained parametric curves and considering conservative design
requirements, an admissible range of the porosity parameter may be recommended as 0 < § < 0.2.
Within this interval, the normalized critical buckling temperature remains within acceptable
engineering margins compared to the fully dense reference plate, even under nonlinear thermal
loading. For B values exceeding this limit, the stability reduction becomes significant, particularly
for large a/h ratios and high power-law indices.

Overall, the present analytical results provide practical design guidance for FG porous plates
subjected to thermal environments. To ensure safe thermal buckling performance, designers
should prioritize adequate thickness (low a/h ratio), consider nonlinear temperature distributions
for conservative evaluation, limit the power-law index when high thermal resistance is required,
and maintain the porosity parameter within the recommended admissible range.
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