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1. Introduction 
 

The 6-inch single crystallite graphene wafer on copper/ 

nickel was finally manufactured in 2019 using a Cu/Ni 

(111) film at 750 °C via chemical vapour deposition (Zhang 

et al. 2019). As a result, research on graphene has become 

more significant. In addition, the scaling down of node 

technology has led to the study of graphene nanoribbons 

(GNRs). In 2020, node technology has achieved sizes as 

small as 5 nm (Hook 2018) and is in progress to reach 3 nm. 

Although silicon still dominates the semiconductor market 

(Chuan et al. 2021b), many researchers worried that silicon 

is unable to go further and therefore have started to research 

new materials to replace silicon to fulfil Moore’s law 

(Leiserson et al. 2020). GNR is a one-dimensional material 

that confines electrons to movement in only one direction, 

with reduced scattering processes. 

In practice, the edge structure of GNRs can be divided 

into armchair GNRs (AGNRs) or zigzag GNRs (ZGNRs) 

(Terrones et al. 2010). Since node technology is scaling 

smaller, quantum transport theory, which uses a bottom-up 

approach to consider the individual effect of constituent 

atoms, is applied. The quantum transport model is based on 

Schrödinger’s equation (Schrödinger 1926), which preserves 

the characteristics of waves of electrons due to its inherent 

wavefunction in the equation itself. Semiclassical theory, 

that is, the Boltzmann transport equation (BTE) is no longer  
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suitable for application because it is derived from the drift-

diffusion model to solve for the electrical characteristics of 

devices where the average electron mobilities are calculated 

as a whole for a particular system. BTE treats electrons as 

classical particles. Therefore, the most suitable method to 

be used for nanomaterials (such as 2D graphene) is 

quantum transport theory because this theory considers the 

quantum confinement effect, which reduces the effective 

dimension in which electrons can travel and is hence termed 

low-dimensional. 

During the fabrication of graphene nanoribbons (GNRs), 

some unavoidable defects occur within the structure. One of 

the common defects is the Stone-Wales defect. Stone-Wales 

defects are widely observed in graphene, and hence, their 

influence on the natural frequencies should be considered in 

practical applications. By rotating a carbon–carbon bond at 

90° within four neighbouring hexagons, the Stone-Wales 

defects can be created, resulting in the configuration of two 

pentagons and two heptagons, as shown in Fig. 1 (Terrones 

et al. 2010).  

There are 3 assumptions applied during the modelling of 

graphene nanoribbons (GNRs) with Stone-Wales defect. 

The first assumption is a basic function that involves the 1s 

orbital of the hydrogen atom as the basis function to model 

the structure. The second assumption is solely focused on 

the interaction between nearest neighbour atoms and 

ignores the interparticle force. The third assumption is the 

discretization of the Hamiltonian matrix. With these 3 

assumptions, the whole structure becomes a 1D matrix. 

Solving Schrödinger’s equations using first principles or 

semiempirical methods yield the most basic quantum 

transport models, such as the non-equilibrium Green’s  
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Abstract.  Driven by the scaling down of transistor node technology, graphene became of interest to many researchers 

following the success of its fabrication as graphene nanoribbons (GNRs). However, during the fabrication of GNRs, it is not 

uncommon to have defects within the GNR structures. Scaling down node technology also changes the modelling approach 

from the classical Boltzmann transport equation to the quantum transport theory because the quantum confinement effects 

become significant at sub-10 nanometer dimensions. The aim of this study is to examine the effect of Stone-Wales defects on the 

electronic properties of GNRs using a tight-binding model, based on Non-Equilibrium Green’s Function (NEGF) via numeric 

computation methods using MATLAB. Armchair and zigzag edge defects are also implemented in the GNR structures to mimic 

the practical fabrication process. Electronic properties of pristine and defected GNRs of various lengths and widths were 

computed, including their band structure and density of states (DOS). The results show that Stone-Wales defects cause 

fluctuation in the band structure and increase the bandgap values for both armchair GNRs (AGNRs) and zigzag GNRs (ZGNRs) 

at every simulated width. In addition, Stone-Wales defects reduce the numerical computation DOS for both AGNRs and 

ZGNRs. However, when the lengths of the structures increase with fixed widths, the effect of the Stone-Wales defects become 

less significant. 
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Fig. 1 Schematic diagram showing the formation of a 

Stone-Wales defect. The defect occurs when the carbon-

carbon bond rotates 90° within four neighbouring hexagons 

to form the Stone-Wales structure (Terrones et al. 2010) 

 

 

Fig. 2 A 3 hydrogen system, side-by-side with 1s orbital 

wavefunction 

 

function (NEGF) formalism (Datta 2002) and the Usuki 

method (Usuki et al. 1994, 1995). The Hamiltonian operator, 

H, the Schrödinger’s equation (Eq. (1)) represents the 

physical system (Baggott 2000), such as the positions of the 

constituent particles and the interactions between the atoms. 

Once it is constructed and paired with a suitable wave-

function 𝜓, it can be used to estimate the available energy 

spectra (Oxtoby et al. 2015) that can exist for a particular 

system, and from there, the electronic properties of the 

device. Mathematically, the wavefunction of Schrödinger’s 

equation acts as the eigenfunction with the Hamiltonian 

operator, which contains the eigenvalues that correspond to 

the allowable quantum energy states. The challenge for 

constructing a Hamiltonian operator is that it must be 

simple, easily scalable by size, and accurate enough to be 

used to hold the correct electrical properties, such as the 

sub-band structure and density of states (DOS) of the 

modelled device. The time-independent Schrödinger’s 

equation is written as  

𝐸{𝜓}  =  [𝐻]{𝜓} (1) 

discretization of Schrödinger’s equation into matrix form, 

allows faster analysis via computational methods, as it is a 

powerful tool to solve matrices yielding their corresponding 

energy eigenvalues. 

According to Pauli’s exclusion principle, when the 

numbers of energy states and occupied energy states are 

known, the number of carriers can be determined. The 

number of energy states represents the density of state 

(DOS), and the occupied energy states are Fermi-Dirac 

distributions. By multiplying both terms, the number of 

carriers for the material can be known and used for further 

analysis. This shows how important this work is to 

determine the DOS of certain materials. The band structure 

of the material, which shows the intrinsic properties of the 

material, is visualized by the summation of all allowable 

energy levels at k-points corresponding to a given 

momentum. In addition to the intrinsic properties, the 

minimum bandgap values can also be known from the 

difference between the conduction band and valence band 

of the visualized band structure. From there, the material 

type can be determined to be metallic, insulator or 

semiconductor. 

In recent studies, machine learning (ML) and density-

functional tight-binding (DFTB) are used to predict 

complex material properties with better accuracy than 

density functional theory (DFT) and first-principal 

calculation up to 1000 atoms (Lee et al. 2018, Kurban et al. 

2021a, b, Kurban and Kurban 2021). In this work, numeric 

computation using MATLAB is also able to produce more 

efficient results than the computationally expensive DFT 

and first-principle calculation. In this paper, a semi-

empirical model based on a tight-binding approach is 

applied to study the effect of Stone-Wales defects on the 

electronic properties, such as the band structure and density 

of state (DOS), of graphene nanoribbons (GNRs). In 

Section 2, a literature review on Stone-Wales defects is 

presented, and the modelling of Stone-Wales defects into a 

Hamiltonian matrix is also discussed in this section. In 

Section 3, the mathematical modelling of the band structure 

and density of states (DOS) using the nearest neighbour 

tight-binding (NNTB) approach are shown. In Section 4, the 

simulated results, such as the band structure and density of 

state (DOS), from MATLAB are shown and analysed. 

Finally, in Section 5, a conclusion is presented based on the 

findings of this work. 
 

 

2. Related research 
 

Goh et al. (2018) discussed the process of modelling 
GNRs using 3 simplifying assumptions based on Hartree’s 
assumption and presented the MATLAB script used to 
compute the electronic properties. Their study paper 
provides simple yet accurate information to help readers 
understand how to model on GNR. The assumptions used to 
simplify or transform many electron wavefunctions to 
single electron wavefunctions can change the Hamiltonian 
operator to a matrix of 1D structure. This eases the 
modelling for GNRs with Stone-Wales defects. The many-
electrons wavefunction can be assumed to be just a product 
of many single-electron problems, also known as Hartree’s 
product. These single-electron wavefunctions can take the 
form of plane waves with periodic boundary conditions 
applied in a uniform system. A free hydrogen atom has an 
electron on its outermost orbital, and the wavefunction of 
the hydrogen 1s electron orbital is applied as the basis 
function to model the system. Extending this concept to a 
larger problem, in a multilevel orbital system, such as a 2D 
graphene sheet, although it has 2 shells, only the π-electron 
of the 2pz orbital and its respective wavefunction are being 
considered as the basis function. Based on Fig. 2, the 
second important simplifying assumption that can be made 
is that the wavefunction of 1s orbitals only overlaps with 
another orbital directly adjacent to it. This is an important 
criterion that will be used throughout this entire study, in 
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which only the interaction of single nearest neighbour tight-
binding (Reich et al. 2008) energy is considered and other 
interparticle forces are ignored. 

The third simplifying assumption will involve the 

Hamiltonian operator. With the first simplifying assumption 

which is the basic function, the Hamiltonian operator can be 

discretized into matrix form. This will ease the modelling 

process in which computational methods through powerful 

matrix tools are used to solve the energy spectrum of the 

device. This can be justified because the structure lattice 

itself is made up of discrete atoms at the atomic level. With 

all the simplifying assumptions applied, the Hamiltonian 

matrix which is the core of the whole project, can be shown 

below as Eq. (2). The following equation is using a three-

hydrogen atom as an example, with u1, u2 and u3 being the 

1s orbital potential function. 

 𝐸 {

𝜑1
𝜑2
𝜑3
} = [

𝑢11 𝑢12 0
𝑢21 𝑢22 𝑢23
0 𝑢32 𝑢33

] {

𝜑1
𝜑2
𝜑3
}   (2) 

 In real or practical modelling of devices, the terms 

along the diagonal represent the self-interacting energies. In 

this example, it will be effectively 0 because the 1s orbital 

electron does not have any interactions with itself. u12, u21, 

u23, and u32 are the interacting energies between nearest 

neighbour atoms, and the energies are the same since they 

are from the same orbital electron of the same atom. u13 and 

u31 are simply 0 by following the second simplifying 

assumption where no interaction between nearest 

neighbouring atoms, indicating no is energy present. In this 

study, all the terms will be expressed in terms of t, which 

represent the tight-binding energy and is obtained from 

other well-developed research. Therefore, Schrödinger’s 

equation is solved semi-empirically. Chang et al. (2013) 

studied the effect of vacancies and defects, providing the 

Stone-Wales structure that was used in this study, and its 

simulated results act as a benchmark of the project for the 

band structure of Armchair GNRs (AGNRs). For zigzag 

GNRs (ZGNRs), the benchmark is based on research nu 

Faez and Barami (2013) on the spin effect of Stone-Wales 

AGNRs and ZGNRs. They compared the Stone-Wales 

AGNRs and ZGNRs with and without the spin effects. The 

simulated band structure for Stone-Wales ZGNRs and 

Stone-Wales AGNRs without the spin effect is used as the 

benchmark. Stone-Wales defect affected DOS and the band 

structure of other materials, such as hexagonal boron nitride 

in the study by Hamdi et al. (2020), providing an additional 

reference for this work for the observation on the behaviour 

of the trends of the band structure and DOS. The trends of 

the band structure when Stone-Wales defects are applied to 

pristine graphene were presented by Kumar et al. (2020). A 

previous study on the effects of vacancies and divacancies 

on the band structure and DOS of AGNRs and ZGNRs was 

performed by Wong et al. (2019), providing a guideline for 

this work to further investigate the effects of varying the 

width and length of the GNRs with Stone-Wales effect. 

The changes in the geometry of GNRs when Stone-

Wales defects are present affect the bond length and thus 

affect the tight-binding energy. The renormalized tight-

binding energy can be determined by a formula proposed by 

Rodrigues et al. (2011), that depends on the bond length of 

carbon-carbon atoms. The affected bond length for GNRs 

with Stone-Wales was also studied by Nguyen et al. (2018), 

and we employed the same bond length values in this study. 

The GNRs with Stone-Wales defect at the centre of the 

structure changes the interaction energy between carbon-

carbon bonds due to changes in the atomic length of some 

carbon-carbon bonds. The carbon-carbon length is the 

length after relaxation of the geometry of the atomic 

structure, and the interaction energy can be obtained based 

on the length of the carbon-carbon bonds. Buapong and 

Hanlumyuang (2017) studied the effect of randomly 

occurring Stone-Wales defects on the mechanical properties 

of carbon nanotubes using atomistic simulation. From their 

research, Stone-Wales defects are caused by mechanical 

strain, which can affect the electronic and mechanical 

properties of the material according to Zhang et al. (2017). 

This effect can also be proven by studying the effect of 

strain/stress on the mechanical and electronic properties of 

phosphorene nanosheets and nanotubes. That study shows 

that band structures are very sensitive to strain and provides 

a reference for this experiment. This work extended the 

MATLAB script for the GNR model that was written by 

Datta et al. (2009) to incorporate and further investigate the 

effects of the Stone-Wales defects.  

 

 

3. Mathematical modelling 
 

The most important element in constructing a 

Hamiltonian matrix will be the unit cell or alpha matrix. 

The definition of the alpha matrix for Stone-Wales defective 

GNRs (SWGNRs) in both the armchair and zigzag 

directions was also studied, and the tight-binding energy 

was based on the NEGF tight-binding models from Datta 

(1997), Datta et al. (2009), Chin et al. (2012), Hawkins et 

al. (2012). The value of 2.7 eV is chosen as the tight-

binding energy for neighbouring 2pz π-orbital of the carbon 

atoms. The beta matrix is the interaction between the unit 

cell or alpha matrices. The width of the AGNR can be 

determined by the number of atoms in the x-direction, and 

the length depends on the number of unit cells, as shown in 

Fig. 3. The numbering of the unit cell is in the clockwise 

direction for AGNRs. For example, in Fig. 3, for unit cell 

number 1, the numbering starts at A1 and runs to A14 in the 

clockwise direction. However, in Fig. 4, for unit cell 

number 1, the numbering starts at A1 runs to A12, and the 

numbering follows a zigzag manner. A1 to A14 are the 

labels for the atoms, and the bonds. For example, between 

A1 and A2 or A1 and A14 are the tight-binding energies, 

which are t = 2.7 eV.  

The beta matrix is the interaction between nearest 

neighbouring alpha matrices. The Hamiltonian matrix 

constructed of alpha matrices and beta matrices. Once the 

alpha and beta matrices are defined, the Hamiltonian matrix 

is used in the MATLAB script to generate the band structure 

and DOS of the material. The MATLAB function ‘kron’ is 

used to generate the Hamiltonian matrix based on defined 

alpha and beta matrices. The tight-binding energy, width, 

and length will be the input for the MATLAB script to 

3



 

M.W. Chuan, S.Z. Lok, A. Hamzah, N.E. Alias, S. Mohamed Sultan, C.S. Lim and M.L.P Tan 

 

Fig. 3 AGNR with length=4 with 4-unit cells and 7 atoms 

in a single row represents a width of 7 

 

 

Fig. 4 ZGNR with length=4 with 4-unit cells and 6 atoms 

in a single row represents a width of 6 

 

 

determine the Hamiltonian matrix. The final Hamiltonian 

matrix can be presented as in Eq. (3). 

  𝐻 = [

𝛼 𝛽 0

𝛽′ 𝛼 𝛽

0 𝛽′ 𝛼

]   (3) 

The normalized tight-binding energy will depend on the 

length of the carbon-carbon bond. The shorter the bond, the 

higher the tight-binding energy compared to the normal or 

pristine length, which is 1.42 Å , and 2.7 eV is the tight-

binding energy (Wang et al. 2008). The structure or 

geometry of pristine GNRs changes when Stone-Wales 

defects are implemented. The lengths between carbon-

carbon will vary and, as a result, change the interaction 

energy between the carbon-carbon bonds. The tight-binding 

energy for the affected length will also be required to vary 

to improve the accuracy of the result. Eq. (4) (Rodrigues et 

al. 2011) is used to determine the new tight-binding energy 

of the affected bond. 

  𝜏(𝑟𝑖𝑗) = (
𝑟𝑖𝑗

𝛼0
)−𝛼2 𝑒𝑥𝑝 [−𝛼3 ∗ (𝑟𝑖𝑗

𝛼4 − 𝛼0
𝛼4)]  (4) 

 
(a) 

 
(b) 

Fig. 5 (a) AGNR bond length (Nguyen et al. 2018) and 

(b) corresponding position of the 13-AGNR, L=3 (Chang 

et al. 2013) 

 

Table 1 The renormalised tight-binding energies 

corresponding to different bond lengths 

Bond length (Å ) 
New hopping 

amplitude 

New tight-binding 

energy (eV) 

1.32 1.2172*t 3.28644 

1.40 1.0411*t 2.81097 

1.41 1.0204*t 2.75508 

1.42 t 2.70000 

 

 

where 𝛼0  is the carbon-carbon distance in the bulk (in 

units of angstroms), 𝛼0 =1.42 Å , while 𝑟𝑖𝑗  represents the 

distance between the carbons labelled i and j (given in units 

of angstroms) or the carbon-carbon bond length. The 

parameters obtained from fitting are as follows: 𝛼2 

=1.2785, 𝛼3 =0.1383, and 𝛼4 = 3.4490 (Tang et al. 1996). 

The resulting τ is hopping amplitudes, and τ is expressed in 

terms of t to represents the renormalized tight-binding 

energies.  

The geometry of pristine AGNRs and ZGNRs changed 

due to the presence of Stone-Wales defects. Therefore, 

tight-binding at t = 2.7 eV required renormalisation to adapt 

to the changes in energy between the carbon-carbon bonds. 

By using Eq. (4) and the length given by (Chang et al., 

2013) as shown in Fig. 5, the new value of tight-binding 

energies are tabulated in Table 1. The bond length and the 

tight-binding energy for the unaffected carbon-carbon 

bonds are maintained as 1.42 Å  and 2.7 eV, respectively. 
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𝛼𝐴 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0 𝑡 0 0 0 0 0 0 0 0 0 0 … 0 0 0 0 𝑡
𝑡 0 𝑡 0 0 0 0 0 0 0 0 0 … 0 0 0 0 0
0 𝑡 0 𝑡 0 0 0 0 0 0 0 0 … 0 0 0 0 0
0 0 𝑡 0 𝑡 0 0 0 0 0 0 0 … 0 0 0 0 0
0 0 0 𝑡 0 𝑡 0 0 0 0 0 0 … 0 0 0 0 𝑡
0 0 0 0 𝑡 0 𝑡 0 0 0 0 0 … 0 0 0 0 0
0 0 0 0 0 𝑡 0 𝑡 0 0 0 0 … 0 0 𝑡 0 0
0 0 0 0 0 0 𝑡 0 𝑡 0 0 0 … 0 0 0 0 0
0 0 0 0 0 0 0 𝑡 0 𝑡 0 0 … 𝑡 0 0 0 0
0 0 0 0 0 0 0 0 𝑡 0 𝑡 0 … 0 0 0 0 0
0 0 0 0 0 0 0 0 0 𝑡 0 𝑡 … 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 𝑡 0 ⋱ 0 0 0 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋱ ⋮ ⋮ ⋮ ⋮
0 0 0 0 0 0 0 0 𝑡 0 0 0 ⋱ 0 𝑡 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 … 𝑡 0 𝑡 0 0
0 0 0 0 0 0 𝑡 0 0 0 0 0 … 0 𝑡 0 𝑡 0
0 0 0 0 0 0 0 0 0 0 0 0 … 0 0 𝑡 0 𝑡
𝑡 0 0 0 𝑡 0 0 0 0 0 0 0 … 0 0 0 𝑡 0]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (5) 

𝛼𝐵 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0 𝑡 0 0 0 0 0 0 0 0 0 0 … 0 0 0 0 𝑡
𝑡 0 𝑡 0 0 0 0 0 0 0 0 0 … 0 0 0 0 0
0 𝑡 0 𝑡 0 0 0 0 0 0 0 0 … 0 0 0 0 0
0 0 𝑡 0 𝑡 0 0 0 0 0 0 0 … 0 0 0 0 0
0 0 0 𝑡 0 𝑡 0 0 0 0 0 0 … 0 0 0 0 𝑡
0 0 0 0 𝑡 0 𝑡 0 0 0 0 0 … 0 0 0 0 0
0 0 0 0 0 𝑡 0 𝑡 0 0 0 0 … 0 0 𝑡 0 0
0 0 0 0 0 0 𝑡 0 1.0204𝑡 0 0 0 … 0 0 0 0 0
0 0 0 0 0 0 0 1.0204𝑡 0 1.2172𝑡 0 0 … 0 𝑡 0 0 0
0 0 0 0 0 0 0 0 1.2172𝑡 0 1.0204𝑡 0 … 𝑡 0 0 0 0
0 0 0 0 0 0 0 0 0 1.0204𝑡 0 𝑡 … 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 𝑡 0 ⋱ 0 0 0 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋱ ⋮ ⋮ ⋮ ⋮
0 0 0 0 0 0 0 0 0 𝑡 0 0 ⋱ 0 0 0 0 0
0 0 0 0 0 0 0 0 𝑡 0 0 0 … 0 0 𝑡 0 0
0 0 0 0 0 0 𝑡 0 0 0 0 0 … 0 𝑡 0 𝑡 0
0 0 0 0 0 0 0 0 0 0 0 0 … 0 0 𝑡 0 𝑡
𝑡 0 0 0 𝑡 0 0 0 0 0 0 0 … 0 0 0 𝑡 0]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (6) 

𝛽𝐴𝐵 = 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
𝑡 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 𝑡 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 1.0411𝑡 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 1.0411𝑡 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 𝑡 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 𝑡 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0

 

]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (7) 
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3.1 Alpha matrix 
 

Table 1 shows the renormalised tight-binding energies 

corresponding to different carbon-carbon bond lengths. 

From the table, it is shown that the shorter the bond lengths, 

the higher the tight-binding energies. There are 3-unit cells 

shown in Fig. 5 and the numbering is just a reference to 

show the interaction between the nearest neighbouring 

carbon atoms. Based on Fig. 5, the alpha matrix A can be 

shown in Eq. (5). Alpha matrix A and alpha matrix C are the 

same. Since the Stone-Wales defect only exists at the centre, 

the affected self-interacting unit cell is alpha matrix B, 

which can be observed in Eq. (6). All alpha matrices are 

26×26 matrices because there are 26 carbon atoms in one 

unit cell or 2 times the width of the AGNR. Red coloured 

values are the renormalized tight-binding energies that can 

be observed within alpha matrix B in Eq. (6).  

 

3.2 Beta matrix 
 

The beta matrices show the interactions of all unit-cell 

alpha matrices. There are 2 beta matrices since there are 3-

unit cells, and they are adjacent to each other. The matrix is 

26×26, which is the same as the alpha matrix. The red 

coloured values represent the renormalised tight-binding 

energies, which are shown in Eqs. (7) and (8). 

 

3.3 Hamiltonian matrix 
 

The final Hamiltonian matrix will be 78×78 in size after 

substituting the alpha and beta in Eq. (9). Each alpha and 

beta matrix is of a size of 26×26; hence, 26 times 3 will be 

78 for each column and each row of the final Hamiltonian 

equation. The MATLAB command ‘kron’ combines all 

alpha and beta matrices by applying Eq. (9). 

  𝐻13−𝐴𝐺𝑁𝑅,𝐿=3 = [

𝛼𝐴 𝛽𝐴𝐵 0
𝛽𝐵𝐴 𝛼𝐵 𝛽𝐵𝐶
0 𝛽𝐶𝐵 𝛼𝐶

] (9) 

By generating the Hamiltonian matrix inside MATLAB  

 

based on the method mentioned above, the band structure 

and DOS can be obtained. Note that  𝛽𝐵𝐴 and 𝛽𝐶𝐵 are the 

transposes of 𝛽𝐴𝐵  and 𝛽𝐵𝐶 , respectively. The mathematical 

modelling for ZGNRs were repeated using the same 

approach used in AGNRs by using the structure in Fig. 4. 

 

3.4 Band structure calculation 
 

The Hamiltonian matrix in general can be computed as 

in Eq. (10) using the concept from the previous sections 

with N being the number of atom chains and ε being the 

self-interacting energies. Note that the ε represents self-

interacting energies. To create periodic boundary 

conditions, additional bolded t terms are added to show that 

the first atom and 𝑁𝑡ℎ atom are side-by -side. 

 𝐸

{
 
 

 
 
𝜑1
𝜑2
⋮

𝜑𝑁−1
𝜑𝑁 }

 
 

 
 

=

[
 
 
 
 
 
𝜀 𝑡 0 ⋯ 𝒕
𝑡 𝜀 𝑡 0 ⋯
0

𝒕

𝑡
⋱

𝜀 𝑡 0 ⋯
⋱ ⋱ ⋱ ⋱
⋱
⋯

⋱
0

⋱
𝑡

⋱
𝜀]
 
 
 
 
 

{
 
 

 
 
𝜑1
𝜑2
⋮

𝜑𝑁−1
𝜑𝑁 }

 
 

 
 

 (10) 

The overall matrix equation can be collapsed into a 

single linear equation to form Eq. (11) when periodic 

boundary is applied: 

𝐸𝜑𝑛 = 𝑡𝜑𝑛−1 + 𝜀𝜑𝑛 + 𝑡𝜑𝑛+1 (11) 

The wavefunction can be well approximated with a 

plane wave as in Eq. (12) because the coefficients of the 

linear matrix equation are always static, effectively 

transforming it into a function of the wavenumber, k. 

Dividing the Nth minus one wavefunction by the Nth 

wavefunction, Eq. (13) can be obtained: 

𝜑𝑛 = 𝜑0𝑒
+𝑖𝑛𝑘𝑎 (12) 

𝜑𝑛−1
𝜑𝑛

=
𝑒+𝑖(𝑛−1)𝑘𝑎

𝑒𝑖𝑛𝑘𝑎
= 𝑒−𝑖𝑘𝑎 (13) 

Eq. (13) transforms Eq. (11) into the final dispersion 

relation, forming Eq. (14), which is applied to compute the  

𝛽𝐵𝐶 = 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
𝑡 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 𝑡 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 1.0411𝑡 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 1.0411𝑡 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 𝑡 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 𝑡 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0
⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 … 0 0 0 0 0 0 0 0 0 0 0
0 0 … 0 0 0 0 0 0 0 0 0 0 0

 

]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (8) 
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energy spectrum in this work. The dispersion equation has a 

canonical form in trigonometric terms, but it will not be 

utilised in this work. 

𝐸 = 𝑡𝑒−𝑖𝑘𝑎 + 𝜀 + 𝑡𝑒+𝑖𝑘𝑎 ≡  𝜀 + 2𝑡 𝑐𝑜𝑠 (𝑘𝑎) (14) 

 

3.5 DOS and Green’s Function DOS calculation 
 

The DOS is computed from the band structure of the 

material. There are several ways to compute the DOS, but 

one of the easiest ways is to apply the mathematical 

equation of delta function (Datta 2005). The total DOS of a 

system with N bands is shown by Eq. (15). N is usually 

twice the number of electrons involved in the transport per 

atom of a system. This is because each electron contributes 

to a conduction-valence subband pair. Using Fig. 2 as an 

example, 3 hydrogen atoms are present; therefore, 6 bands 

are present in the subband structure. 

𝐷𝑂𝑆(𝐸) =∑
1

2𝜋

𝑁

𝑖=1

∫𝛿[𝐸𝑖(𝑘) − 𝐸]𝑑𝑘 (15) 

The delta function in Eq. (15) is then be replaced by the 

distribution as in Eq. (16), forming Eq. (17). Since the 

model in this study has a periodic structure, k values within 

the first Brillouin zone are sufficient to represent the whole 

system. 

𝛿[𝐸𝑖(𝑘) − 𝐸] →

𝐺

[𝐸𝑖(𝑘) − 𝐸]
2 + 

𝐺
2
 (16) 

 

 

𝐷𝑂𝑆(𝐸) =∑
1

2𝜋

𝑁

𝑖=1

∑

𝐺

[𝐸𝑖(𝑘) − 𝐸]
2 + 

𝐺
2

𝑎𝑙𝑙 𝑘

 (17) 

The DOS can also be computed using Green’s function 

(Datta 1997, Li and Lu 2008) through the relation which in 

Eq. (18), where 𝐺𝐹  represents the retarded Green’s function 

as shown in Eq. (19), η is a very small imaginary value to 

prevent the inverse matrix from diverging, I is an identity 

matrix, and H is the Hamiltonian operator matrix (Wong et 

al. 2020). 

𝐷𝑂𝑆(𝐸) =
1

𝜋
𝐼𝑚[𝑇𝑟𝑎𝑐𝑒(𝐺𝐹)] (18) 

𝐺𝑟𝑒𝑡𝑎𝑟𝑑𝑒𝑑 = [(𝐸 + 𝑖) ∗  𝐼 − 𝐻] −1 (19) 

Both methods are used side by side to compute the DOS 

for GNRs. Calculation of the DOS via delta function will 

not have any length information embedded in it, unlike the 

Green’s function method, since the Hamiltonian matrices 

will capture the full dimension of the modelled structure, 

including the information of the lengths. 

 
 
4. Result and discussion 
 

4.1 Band structure of AGNR 
 

Fig. 6 shows the band structure of AGNRs (blue) and 

Stone-Wales defective AGNRs (red) with widths of 9 and 

 
(a) (b) (c) 

Fig. 6 Band structures of pristine AGNRs (blue) and SW-AGNRs (red) with widths of 9 and different lengths of                     

(a) 11, (b) 21, and (c) 31 unit cells 
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(a) (b) (c) 

Fig. 7 Band structures of pristine AGNRs (blue) and SW-AGNRs (red) with widths of 13 and different lengths of (a) 

11, (b) 21 and (c) 31 unit cells 

 
(a) (b) (c) 

Fig. 8 Band structures of pristine AGNRs (blue) and SW-AGNRs (red) with widths of 17 and different lengths of (a) 

11, (b) 21 and (c) 31 unit cells 
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different lengths of 11, 21 and 31. Fig. 7 shows the band 

structure of AGNRs (blue) and Stone-Wales defective 

AGNRs (red) with widths of 13 and different lengths of 11, 

21 and 31. Fig. 8 shows the band structure of AGNRs (blue) 

and Stone-Wales defective AGNR (red) with widths of 17 

and different lengths of 11, 21 and 31. The pristine AGNR 

subband structure shows that the bandgap value decreases 

as the width of the AGNR increases. Stone-Wales defective 

AGNR also portraits the same behaviour as the pristine 

AGNR in terms of bandgap trends. This can be observed by 

comparing the subband structures in Figs. 6, 7 and 8. The 

blue line represents results for the pristine AGNRs, and the 

red line represents results for the Stone-Wales defective 

AGNRs. As the width increases, the number of subbands 

increases. This characteristic is applied to both the AGNR 

and ZGNR structures. 

When Stone-Wales defects are applied to the atomic 

structure of AGNRs, the shape of the subband structure and 

bandgap will change. In this study, the position of the 

Stone-Wales defect is always fixed at the centre of the 

width and centre of length because the length is an odd 

number, and the width is increased by 4. The blue lines and 

red lines do not coincide at all with the simulated subband 

structure results, indicating that Stone-Wales defect does 

affect the number of subband in the band structure. In 

addition, the ripple behaviour of each subband structure can 

also be observed in all the simulated results. This is because 

90° rotation of the bond causes a change in the bond length 

and therefore changes the tight-binding energy. The rotation 

 

 

of the bonds also causes mechanical strain (Buapong and 

Hanlumyuang 2017) to the whole structure, which affect the 

subband structure since the subband structure is very 

sensitive to the changes in mechanical strain (Zhang et al. 

2017). In the subband structure of Stone-Wales defective 9-

AGNRs with lengths of 11, 21 and 31 as shown in Fig. 6, 

the red lines deviate significantly from the blue lines at 

length of 11. However, as the length increases, red lines 

gradually start to coincide with blue lines. The same 

patterns can also be observed in the subband structures of 

the Stone-Wales defective 13-AGNRs and 17-AGNRs. In 

addition, the Stone-Wales defective AGNRs have larger 

bandgaps than the pristine AGNRs. This observation agrees 

with the results of Chang et al. (2013) and Faez and Barami 

(2013). 

 
4.2 Band structure of ZGNR 
 

Fig. 9 shows the band structure of pristine ZGNRs 

(blue) and Stone-Wales defective ZGNR (red) with widths 

of 6 and different lengths of 6, 12 and 24. Fig. 10 shows the 

band structure of pristine ZGNRs (blue) and Stone-Wales 

defective ZGNR (red) with widths of 10 and different 

lengths of 6, 12 and 24. Fig. 11 shows the band structure of 

pristine ZGNRs (blue) and Stone-Wales defective ZGNRs 

(red) with widths of 14 and different lengths of 6, 12 and 

24. Similar to AGNRs, the subband structure of ZGNRs 

fluctuates when Stone-Wales defects are applied to the 

ZGNRs. 

 
(a) (b) (c) 

Fig. 9 Band structures of pristine ZGNRs (blue) and SWZGNRs (red) with widths of 6 and different lengths of (a) 6, 

(b) 12 and (c) 24 unit cells 

9



 

M.W. Chuan, S.Z. Lok, A. Hamzah, N.E. Alias, S. Mohamed Sultan, C.S. Lim and M.L.P Tan 

  

 

 
(a) (b) (c) 

Fig. 10 Band structures of pristine ZGNRs (blue) and SWZGNRs (red) with widths of 10 and different lengths of (a) 

6, (b) 12 and (c) 24 unit cells 

 
(a) (b) (c) 

Fig. 11 Band structures of pristine ZGNRs (blue) and SWZGNRs (red) with widths of 14 and different lengths of (a) 

6, (b) 12 and (c) 24 unit cells 
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(a) (b) (c) 

Fig. 12 Numerical DOS plots for (a) 21–AGNR, (b) 41–

AGNR and (c) 41–AGNR with lengths of 11, 11 and 21 

unit cells respectively. Blue lines represents pristine 

AGNRs, and red lines represent Stone-Wales defective 

AGNR 

 

 
(a) (B) 

Fig. 13 Numerical DOS of pristine AGNR (blue) and 

Stone-Wales defective AGNR (red) with (a) width of 101 

and length of 11 unit cells and (b) width of 9 and length 

101 unit cells 
 

 

For ZGNRs, the same Stone-Wales defects are 

positioned at the centre of the widths and lengths. The blue 

lines represent the pristine ZGNR subband structures, 

whereas the red lines represent the defective ZGNR 

subband structures. Similar to AGNRs, the red lines and 

blue lines do not coincide with each other at every energy 

level, indicating that Stone-Wales defects prompted changes 

in subband structure of ZGNRs. This is because the tight-

binding energy of -2.7 eV changes at the affected position 

inside the Hamiltonian matrix. As ZGNR is metallic, 

pristine ZGNRs have band gaps of 0 eV, but when Stone-

Wales defects are applied to the structure, the band gaps 

increase. This is due to the negative differential resistance, 

which causes the ZGNR to behave like a semiconductor, as 

in Nguyen et al. (2018). The negative differential resistance 

is due to Van Hove singularities according to Moffatt and 

Kim (2006). The singularities or non-smooth points may 

due to the change in mechanical strain of Stone-Wales 

defects according to Zhang et al. (2017).  

Nevertheless, by observing the subband structure of 

defective 6-ZGNRs at lengths of 6, 12 and 24, the red lines 

diverge from the blue lines for the defective subband 

structures of 6-ZGNRs when the length is 6. The subband 

structures of defective ZGNRs are not as smooth as pristine 

ZGNRs or defective AGNRs. For the sub-band structures of 

defective 6-ZGNRs when the length is 24, the deviation is 

much smaller. Similar patterns can also be observed in the 

subband structures of defective 10-ZGNRs and 14-ZGNRs 

in Figs. 10 and 11, repectively. This agrees with results of 

Faez and Barami (2013).  

 
4.3 AGNR’s numerical DOS 
 

The numerical DOS is computed using Eq. (17) with the 

delta equation substituted into it and is applied to both 

AGNRs and ZGNRs. The numerical DOS using delta 

function is not length-dependence. Fig. 12 shows the 

numerical DOS of AGNRs with plots for 21–AGNRs, 41–

AGNRs and 41–AGNRs with lengths of 11, 11 and 21, 

respectively. Fig. 13 shows the numerical DOS of AGNRs 

with plots for 9–AGNRs and 101–AGNRs with lengths of 

101 and 11, respectively. 

The results in Figs. 12 and 13 show that, by increasing 

the widths of the AGNRs, the Stone-Wales defective 

numerical DOS continues to diverge from the DOS of the 

pristine AGNRs. The effect of Stone-Wales defects can be 

reduced by increasing the length of the GNRs. This is 

proven by observing Fig. 13, where 9-AGNRs with a length 

of 101 fits quite well with pristine numerical DOS.  
 
4.4 ZGNR’s numerical DOS 
 

The same behaviour can be observed in ZGNRs, and 

Fig. 14 shows the numerical DOS of ZGNRs with plots for 

26–ZGNR, 42–ZGNR and 42 –ZGNR with lengths of 10, 

10 and 24, respectively. Fig. 15 shows the numerical DOS 

of ZGNRs with plots for 6–ZGNR and 102–ZGNR with 

lengths of 100 and 6, respectively. 

 

4.5 Green’s function DOS of AGNRs 
 

By using Eq. (19), Green’s function DOS can be 

computed and plotted, as shown in Figs. 16, 17, 18 and 19. 

Green function’s DOS contains the length information of 

the GNRs because the Green function’s DOS is heavily 

affected by the Hamiltonian matrix. Any changes in the 

Hamiltonian matrix will affect the Green’s function DOS. 

Fig. 16 shows the Green’s function DOS of AGNRs with 

plots for 21–AGNRs, 41–AGNRs and 41–AGNRs with 

lengths of 11, 11 and 21, respectively. Fig. 17 shows the  
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(a) (b) (c) 

Fig. 14 Numerical DOS plots for (a) 26–ZGNR, (b) 42–

ZGNR and (c) 42–ZGNR with lengths of 10, 10 and 24 

unit cells respectively. Blue lines represent pristine 

ZGNRs, and red lines represent Stone-Wales defective 

ZGNRs 

 

 
(a) (B) 

Fig. 15 Numerical DOS of pristine ZGNR (blue) and 

Stone-Wales defective ZGNR (red) with (a) width of 102 

and length of 6 unit cells and (b) width of 6 and length 

100 unit cells (right) 

 

 

and 101–AGNRs with lengths of 101 and 11, respectively. 

For all the simulated results, blue lines represent results for 

pristine AGNRs and red lines represent results for Stone-

Wales defective AGNRs. 

Comparing Figs. 16 and 17, as the width increases with 

a fixed length of 11, the pattern of the Green’s function 

DOS for Stone-Wales defective AGNRs is approximately 

the same as that of Green’s function DOS for pristine  

 
(a) (b) (c) 

Fig. 16 Green’s function DOS plots for (a) 21–AGNR, 

(b) 41–AGNR and (c) 41–AGNR with lengths of 11, 11 

and 21 unit cells respectively. Blue lines represent 

pristine AGNRs and red lines represent Stone-Wales 

defective AGNRs 

 

 
(a) (B) 

Fig. 17 Green’s function DOS plots for (a) 9–AGNR and 

(b) 101–AGNRs with length of 101 and 11 unit cells 

respectively. Blue lines represent pristine AGNRs and 

red lines represent Stone-Wales defective AGNRs. 

 

 

Green’s function DOS of AGNRs with plots for 9–AGNRs 

AGNRs. However, the peaks of the Green’s function DOS 

for Stone-Wales defective AGNRs does not coincide with 

the peaks of Green’s function DOS of pristine AGNRs. The 

peaks of the Green’s function DOS for pristine and 

defective AGNRs starts to coincide gradually only when the 

length increases, as observed from Figs. 16 and 17.  
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(a) (b) (c) 

Fig. 18 Green’s function DOS plots for (a) 26–ZGNR, 

(b) 42–ZGNR and (c) 42–ZGNR with lengths of 10, 10 

and 24 unit cells respectively. Blue lines represent 

pristine ZGNRs, and red lines represent Stone-Wales 

defective ZGNRs 

 

 
(a) (B) 

Fig. 19 Green’s function DOS plots for (a) 6–ZGNRs and 

(b) 102–ZGNRs with lengths of 100 and 6 unit cells 

respectively. Blue lines represent pristine ZGNRs and red 

lines represent Stone-Wales defective ZGNR 

 

 
4.6 ZGNR’s Green’s Function DOS 

 

Fig. 18 shows Green’s function DOS of ZGNRs with 

plots for 26–ZGNRs, 42–ZGNRs and 42–ZGNRs with 

lengths of 10, 10 and 24, respectively. Fig. 19 shows 

Green’s function DOS of ZGNRs with plots for 6–ZGNR 

and 102–ZGNR with lengths of 100 and 6, respectively. 

Similar behaviour occurs in ZGNRs, which is observed by 

comparing Figs. 18 and 19. All Green’s function DOS for 

Stone-Wales defects have slightly lower energy, which 

could be due to the change in tight-binding energy when the 

bond length changes due to the 90° rotation of the carbon-

carbon bonds in the GNRs. These changes affect the strain 

of the whole structure and as a result affect the electronic 

properties of the AGNRs and ZGNRs. In future work, the 

electronic properties in the present study can be further 

extended by modelling the carrier and current transport 

properties (Chuan et al. 2021a) for the Stone-Wales 

defective GNRs for further insights. 
 

 

5. Conclusions 
 

In summary, the band structure, numerical DOS and 

Green’s function DOS of Stone-Wales-defective AGNRs 

and ZGNRs are simulated using the tight binding approach 

and MATLAB, which is numerically more efficient than the 

DFT method. GNR modelling is based on 3 assumptions: 

basic function, Hamiltonian operator discretization and 

plane wave approximation. The tight-binding model is 

created by compressing a quasi-2D GNR structure into an 

analogous 1D matrix system utilizing alpha and beta 

matrices, which represent unit cell and interunit cell 

connections, respectively. When a Stone-Wales defect is 

applied to a pristine GNR, the tight binding energies are 

changed due to the changing bond length at the defective 

bond. This causes mechanical strain on the whole structure, 

causing the band structure to fluctuate and increasing the 

bandgap of the AGNR. Pristine ZGNR had metallic 

characteristics, but when Stone-Wales defects were applied, 

the band structure showed semiconductor behaviour due to 

negative differential resistance, which was caused by Van 

Hove singularity. The values of the simulated numerical 

DOS and Green’s function DOS decrease for both AGNR 

and ZGNR when the Stone-Wales defect is applied. 

However, when the length of the structure increases, the 

effect of Stone-Wales defects decreases, and the band 

structure and DOS coincide for both pristine and Stone-

Wales defects in both AGNRs and ZGNRs. By using the 

results in this work, the carrier transport properties of 

Stone-Wales defective GNRs can be further studied in the 

future. 
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