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Abstract.  The current research examines the transient dynamic deflection response of graphene-reinforced 
composite structures when subjected to external forces. Analytical solutions are specifically provided for the 
vibration of a rectangular composite plate that is ultimately loaded and is based on the sinusoidal shear deformation 
theory (SSDT). The equations of motion are derived from Hamilton’s principle, considering shear deformation and 
bending. A Fourier series expansion is applied to the system response analysis, which allows for the quick calculation 
of transient deflections by breaking the problem down into harmonic components. One of the major advancements of 
this study is the application of Laplace transform inversion via the modified Dubner and Abate formulation, which 
greatly improves both the accuracy and speed of solving transient dynamic problems in composite materials. The 
investigation of graphene’s impact on damping, natural frequencies, and overall dynamic stability of the composite 
structure is done along with the critical insights into its performance at different excitation frequencies. The findings 
indicate that the vibrational damping of graphene-based composites is better than that of conventional materials and 
that they also exhibit different resonance behaviors, which can be advantageous for the East and West coast 
engineering applications. The analytical framework presented in this paper can predict the dynamic response of 
graphene-reinforced composite plates and thus help in the design of structural materials that are more robust and 
resilient under dynamic loading conditions. 
 

Keywords:  graphene-reinforced composites; laplace transform inversion; management; sinusoidal shear 

deformation theory; transient dynamic deflection 

 
 
1. Introduction 
 

Composite structures have been unprecedentedly pivotal in today’s engineering arena due to 

the fact that they can incorporate the good points of various materials and thus, mechanically they 
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are great, such as they possess high strength-to-weight ratios and long-lasting [1]. The constant 

heavy load on light and high-performance materials in industries like aerospace, automotive, and 

civil engineering etc., has led to the growth of advanced composite materials [2]. Usually, these 

types of structures comprise two or sometimes more materials which, when united, result in a 

super-material with unmatched properties compared to those of the individual components [3]. 

The flexibility of composites’ features provides the engineers with a great level of customization 

to adjust the structure’s characteristics to fit the requirements of the moment, such as thermal, 

electric, and mechanical performance [4]. Moreover, composite materials have been repeatedly 

reported to have a lot of resistance to corrosion, fatigue, and wear, so they can be used in harsh 

environmental conditions [5]. The creation of composites with refined properties for particular 

uses has given birth to potential structural designs that are, by all means, lighter and more durable 

[6]. The use of composite structures in engineering has also been a big factor contributing to 

sustainability because it can help to greatly reduce the amount of material consumed and thus the 

energy used, making the environmental impact lower [7]. The demand for higher efficiency and 

performance in engineering works is still on the rise, and this has made the role of composite 

materials in all the processes of design and manufacturing more and more significant [8]. One of 

the major reasons has been the addition of new graphitic fibers or graphene to the mix, which has 

taken the material far beyond its limits and provided awesomely super mechanical properties such 

as elevated strengths, stiffness, and damping [9]. Consequently, there is no other way than to 

continue the investigations and advancements of composite constructions in the field of 

engineering design since they make it possible to open up the area of efficient, durable, and lower-

cost solutions for different industries [10]. 

Stability analysis is an essential part of engineering design, as it guarantees the safety and 

reliability of the structures and systems in all kinds of loading situations [11]. For the engineers, 

the stability of the materials and the structures is the most important factor in preventing the tragic 

accidents and providing the long-term use of the structures [12]. The stability of the design to the 

operational loads, environmental forces, and the dynamic conditions is critical in aerospace, civil, 

mechanical, and structural engineering for the usability and life of the design [13]. Instabilities 

can’t help but cause deformations, pains, or even total collapse of the structure; hence, stability 

analysis is necessary throughout the design. Stability analysis is the main tool used by engineers to 

foresee the behavior of structures under both normal and extreme conditions [14]. Moreover, 

stability analysis results in good material selection, design changes, and safety measures [15]. The 

procedure comprises measuring the response of a system to the loads applied, geometry changes, 

or environmental influences like temperature or pressure variation [16]. Stability analysis is a 

strategic process in finding the unstable state or the critical load at which a system might fail and 

the system might fail or enter an unstable state, such as buckling in a column or flutter in a wing 

[17]. It enables the engineer to build up the design strength while at the same time cutting down on 

weight, material, and cost [18]. Besides, failure predictions are so accurate that they allow 

engineers to make structures even more robust; hence the chances of structural failure, costly 

repairs, downtime, and accidents are reduced [19]. In addition to this, stability analysis is an 

essential step in the process of dynamic systems optimization, wherein the performance of 

mechanical parts or equipment relies on their capability to produce stable oscillations or 

movements [20]. As the engineering industry progresses towards using more sophisticated 

materials like composites and nanomaterials, stability analysis remains a complex and critical 

issue [21]. The trend of increasing automation, robotics, and artificial intelligence in engineering 

systems has also raised the need for stability assessments that are highly sophisticated in order to 
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Figure 1. Diagrammatic illustration of a rectangular plate under mechanical stress 

 

 
avoid failures in the operation [22]. In this situation, stability analysis is a crucial factor in 
confirming that the systems are capable of not only maintaining but also performing well under 
changes in load or conditions [23]. Nonetheless, the stability analysis is not just about the safety of 
the project but also about its economic viability and environmental sustainability in the long run 
[24]. By adopting a stability-first approach, engineers can contribute to the development of 
modern infrastructure, transportation, and industrial applications that are not only resilient, 
efficient but also cost-effective [25]. 

For the first time, the research investigates the dynamic behavior of composite plates reinforced 
with graphene when external forces are applied, and the main objective is to manage the transient 
deflection. The analytical solutions are derived using SSDT for the vibration response of a 
rectangular composite plate subjected to external dynamic loading. Hamilton’s principle is 
employed to arrive at the governing equations, which include the effects of shear and bending in 
the composite structure. To find the transient response, a Fourier series expansion is used, which 
allows the problem to be divided into harmonic components. Furthermore, the time-domain 
solutions are computed efficiently with the help of the Laplace transform inversion technique 
based on Dubner and Abate’s modified algorithm. The outcomes reveal that the incorporation of 
graphene influences the structural damping, resonance frequencies, and dynamic stability of the 
composite plate during the whole cycle of its vibration. The presence of graphene facilitates the 
dissipation of energy and modifies the vibration traits, thus making the use of materials in 
vibration-sensitive applications more efficient. The paper contributes significantly by providing a 
better understanding of the fabricating strategies as well as the material selection of composite 
materials that would be used in areas where dynamic response is an important factor, especially for 
structures that are often subjected to periodic or impulsive excitations. The analytical approach is, 
therefore, a trustworthy means for estimating the transient dynamic behavior of composite plates 
Strengthened by graphene, rendering it applicable in many areas including aerospace, civil, and 
mechanical engineering, where it is anticipated that the technology will thrive.  

 

 

2. Data analysis 
 

This structure’s whole geometry is shown in Fig. 1 along with a three-dimensional schematic 

representation. 
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2.1 Material properties 
 

Using a modified formulation of the Halpin-Tsai correlation, the following formula was 

extracted to find the GPLR nanocomposite material’s effective elastic modulus [26]: 

where 𝜉𝐿 = 2
𝐿𝐺𝑃𝐿

𝑡𝐺𝑃𝐿
,   𝜉𝑊 = 2

𝑊𝐺𝑃𝐿

𝑡𝐺𝑃𝐿
,    V𝐺𝑃𝐿

∗ =
𝑊𝐺𝑃𝐿

(
𝜌𝐺𝑃𝐿
𝜌𝑚

)(1−𝑊𝐺𝑃𝐿)+𝑊𝐺𝑃𝐿

,   𝜂𝑊 = −
1−(

𝐸𝐺𝑃𝐿
𝐸𝑚

)

𝜉𝑊+(
𝐸𝐺𝑃𝐿
𝐸𝑚

)
 , and 𝜂𝐿 =

(
𝐸𝐺𝑃𝐿
𝐸𝑚

)−1

(
𝐸𝐺𝑃𝐿
𝐸𝑚

)+𝜉𝐿
. The law of mixtures would be used to determine the composite plate’s effective mass 

density and Poisson’s ratio [27]: 

whereas the definition of the effective shear modulus is [28] 

In the thickness direction of the structure, we select three different GPL scattering patterns. The 

analytical expressions for these patterns are as follows 

where 𝕫 =
(𝑘−1)ℎ

𝑁𝐿−1
−
ℎ

2
, 𝑘 = 1,… ,𝑁𝐿. Also, the material characteristics are reported in Ref. [29]. 

 

2.2 Kinematic relations 
 

The displacement components of the specified improved silicon solar cell can be described as 

follows using the sinusoidal shear deformation theory (SSDT): 

where 𝕦, 𝕧, and 𝕨 are the 𝕩-, 𝕪-, and 𝕫-components of the displacement vector, and 𝔾𝕩 and 𝔾𝕪 are 

the angles of rotation of the cross sections around the 𝕪 and 𝕩 axes at any point on the microplate’s 

mid-plane, respectively. Furthermore, the microplate’s mid-plane displacements in the 𝕩-, 𝕪-, and 

𝕫  axes are denoted by 𝕦0 , 𝕧0  and 𝕨0 . According to the introduced displacement, the strain 

𝐸𝑐(𝕫) = −
3

8

1 + 𝜉𝐿𝜂𝐿𝑉𝐺𝑃𝐿
𝜂𝐿𝑉𝐺𝑃𝐿 − 1

× 𝐸𝑚 −
5

8

1 + 𝜉𝑊𝜂𝑊𝑉𝐺𝑃𝐿
𝜂𝑊𝑉𝐺𝑃𝐿 − 1

× 𝐸𝑚 (1) 

𝜌𝑐(𝕫) = 𝜌𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝜌𝑚(1 − 𝑉𝐺𝑃𝐿),  
𝜈𝑐(𝕫) = 𝜈𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝜈𝑚(1 − 𝑉𝐺𝑃𝐿). 

(2) 

𝐺𝑐(𝕫) =
𝐸𝑐(𝕫)

2(1 + 𝜈𝑐(𝕫))
 (3) 

GPL-X:  𝑉𝐺𝑃𝐿 = 4𝑉𝐺𝑃𝐿
∗ |𝕫|

ℎ
, 

GPL-O:  𝑉𝐺𝑃𝐿 = 2𝑉𝐺𝑃𝐿
∗ (1 − 2

|𝕫|

ℎ
), 

GPL-UD:  𝑉𝐺𝑃𝐿 = 𝑉𝐺𝑃𝐿
∗  

(4) 

𝕦(𝕩, 𝕪, 𝕫, 𝑡) = 𝕦0(𝕩, 𝕪, 𝑡) − 𝕫
𝜕𝕨0(𝕩,𝕪,𝑡)

𝜕𝕩
+
ℎ

𝜋
𝑠𝑖𝑛(

𝜋𝕫

ℎ
) (

𝜕𝕨0(𝕩,𝕪,𝑡)

𝜕𝕩
− 𝔾𝕩(𝕩, 𝕪, 𝑡)), (5a) 

𝕧(𝕩, 𝕪, 𝕫, 𝑡) = 𝕧0(𝕩, 𝕪, 𝑡) − 𝕫
𝜕𝕨0(𝕩,𝕪,𝑡)

𝜕𝕪
+
ℎ

𝜋
𝑠𝑖𝑛(

𝜋𝕫

ℎ
) (

𝜕𝕨0(𝕩,𝕪,𝑡)

𝜕𝕪
− 𝔾𝕪(𝕩, 𝕪, 𝑡)), (5b) 

𝕨(𝕩, 𝕪, 𝕫, 𝑡) = 𝕨0(𝕩, 𝕪, 𝑡). (5c) 

4



 

 

 

 

 

 

Management of transient dynamic deflection in graphene-reinforced … 

components are shown as [30]. 

The constitutive relations [30] of the silicon solar cell is 

where the shear stress factors are 𝔗𝕪𝕫, 𝔗𝕩𝕫 and 𝔗𝕩𝕪, while the normal stress factors are 𝔗𝕩𝕩 and 

𝔗𝕪𝕪. The silicon solar cell’s stiffness coefficient is represented by 𝔵𝑖𝑗, and there are 

 

 

3. Governing equations 
 

The plate’s strain energy is defined as follows: 

where 𝐴 is area of the plate. By operating 𝑑𝕫 on 𝔗𝑖𝑗 the resultant components are defined as: 

The strain energy has the following final variation form upon substitution of the consequent 

components from Eqs. (9), (10): 

where 𝑈1  and 𝑈2 represent the classical and non-classical components of the strain energy, 

respectively. The variability in kinetic energy is expressed as follows: 

ℰ𝕩𝕩 =
𝜕𝕦

𝜕𝕩
, ℰ𝕪𝕪 =

𝜕𝕧

𝜕𝕪
, ℰ𝕩𝕪 =

1

2

𝜕𝕧

𝜕𝕩
+
1

2

𝜕𝕦

𝜕𝕪
, ℰ𝕩𝕫 =

1

2
(
𝜕𝕨

𝜕𝕩
+
𝜕𝕦

𝜕𝕫
), ℰ𝕪𝕫 =

1

2
(
𝜕𝕨

𝜕𝕪
+
𝜕𝕧

𝜕𝕫
). (6) 

{
 
 

 
 
𝔗𝕩𝕩
𝔗𝕪𝕪
𝔗𝕪𝕫
𝔗𝕩𝕫
𝔗𝕩𝕪}

 
 

 
 

=

{
 
 

 
 
𝔵11 𝔵12 0 0 0
𝔵21 𝔵22 0 0 0
0 0 𝔵44 0 0
0 0 0 𝔵55 0
0 0 0 0 𝔵66}

 
 

 
 

{
 
 

 
 
ℰ𝕩𝕩
ℰ𝕪𝕪
2ℰ𝕪𝕫
2ℰ𝕩𝕫
2ℰ𝕩𝕪}

 
 

 
 

 (7) 

𝔵11 =
𝐸𝑐 

1−𝜈𝑐
2, 𝔵12 = 𝔵21 =

𝜈𝑐𝐸𝑐 

1−𝜈𝑐
2, 𝔵22 =

𝐸𝑐 

1−𝜈𝑐
2, (8a) 

𝔵66 =
𝐸𝑐

2(1+𝜈𝑐)
, 𝔵44 =

𝐸𝑐

2(1+𝜈𝑐)
, 𝔵55 =

𝐸𝑐

2(1+𝜈𝑐)
. (8b) 

𝑈 = ∫
𝑉

(𝔗𝕩𝕩ℰ𝕩𝕩 + 𝔗𝕪𝕪ℰ𝕪𝕪 + 2𝔗𝕩𝕫ℰ𝕩𝕫 + 2𝔗𝕩𝕪ℰ𝕩𝕪 + 2𝔗𝕪𝕫ℰ𝕪𝕫)𝑑𝑉 (9) 

{𝔄𝑖𝑗, 𝔅𝑖𝑗 , ℭ𝑖𝑗, ℭ𝑖𝑗
∗ , 𝔇𝑖𝑗} = ∫ (1, 𝕫,

ℎ

𝜋
𝑠𝑖𝑛 (

𝜋𝕫

ℎ
) ,

𝜋

ℎ
𝑠𝑖𝑛 (

𝜋𝕫

ℎ
) , 𝑐𝑜𝑠 (

𝜋𝕫

ℎ
))

ℎ

2

−
ℎ

2

𝔗𝑖𝑗𝑑𝕫, (10) 

𝛿𝑈 = ∬ {((−
𝜕𝔄𝕩𝕩

𝜕𝕩
−
𝜕𝔄𝕩𝕪

𝜕𝕪
) 𝛿𝕦 + (−

𝜕𝔄𝕩𝕪

𝜕𝕩
−
𝜕𝔄𝕪𝕪

𝜕𝕪
)𝛿𝕧 + (−

𝜕2𝔅𝕩𝕩

𝜕𝕩2
+
𝜕2ℭ𝕩𝕩

𝜕𝕩2
− 2

𝜕2𝔅𝕩𝕪

𝜕𝕪𝜕𝕩
+

2
𝜕2ℭ𝕩𝕪

𝜕𝕪𝜕𝕩
−
𝜕𝔇𝕩𝕫

𝜕𝕩
−
𝜕2𝔅𝕪𝕪

𝜕𝕪2
+
𝜕2ℭ𝕪𝕪

𝜕𝕪2
−
𝜕𝔇𝕪𝕫

𝜕𝕪
) 𝛿𝕨 + (

𝜕ℭ𝕩𝕩

𝜕𝕩
+
𝜕ℭ𝕩𝕪

𝜕𝕪
−𝔇𝕩𝕫)𝛿𝔾𝕩 + (

𝜕ℭ𝕩𝕪

𝜕𝕩
+
𝜕ℭ𝕪𝕪

𝜕𝕪
−

𝔇𝕪𝕫) 𝛿𝔾𝕪)}𝑑𝐴  

(11) 

𝛿𝑇 = ∬ {(−𝕋0
𝜕2𝕦

𝜕𝑡2
+ 𝕋1

𝜕3𝕨

𝜕𝕩𝜕𝑡2
− 𝕋3

𝜕3𝕨

𝜕𝕩𝜕𝑡2
+ 𝕋3

𝜕2𝔾𝕩

𝜕𝑡2
) 𝛿𝕦 + (−𝕋0

𝜕2𝕧

𝜕𝑡2
+ 𝕋1

𝜕3𝕨

𝜕𝕪𝜕𝑡2
− (12) 
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where the integration constants are defined as: 

Also, the virtual work done by external forces 𝛿𝑊 of the system can be expressed respectively 

as 

In which,  𝐹 = 𝑃𝑠𝑖𝑛(𝛺𝑒𝓍𝑡𝑡)  where 𝑃  is the load intensity and 𝛺𝑒𝓍𝑡  denotes the excitation 

frequency. In addition, the dissipation energy by damper can be written as: 

where 𝐶𝑑 is the damping coefficient of the viscoelastic medium. 

Five equations of motion that control the issue are derived using Hamilton’s principle as 

follows: 

  
 

4. Solution method 
 

The subsequent it is possible to employ Fourier expansion, which perfectly satisfies the 

governing equations and simple boundary conditions. 

𝕋3
𝜕3𝕨

𝜕𝕪𝜕𝑡2
+ 𝕋3

𝜕2

𝜕𝑡2
𝔾𝕪) 𝛿𝕧 + (−𝕋1

𝜕3𝕦

𝜕𝕩𝜕𝑡2
+𝕋3

𝜕3𝕦

𝜕𝕩𝜕𝑡2
+ 𝕋2

𝜕4𝕨

𝜕𝕩2𝜕𝑡2
− 2𝕋5

𝜕4𝕨

𝜕𝕩2𝜕𝑡2
+ 𝕋5

𝜕3𝔾𝕩

𝜕𝕩𝜕𝑡2
+

𝕋4
𝜕4𝕨

𝜕𝕩2𝜕𝑡2
− 𝕋4

𝜕3𝔾𝕩

𝜕𝕩𝜕𝑡2
−𝕋1

𝜕3𝕧

𝜕𝕪𝜕𝑡2
+ 𝕋3

𝜕3𝕧

𝜕𝕪𝜕𝑡2
+𝕋2

𝜕4𝕨

𝜕𝕪2𝜕𝑡2
− 2𝕋5

𝜕4𝕨

𝜕𝕪2𝜕𝑡2
+ 𝕋5

𝜕3𝔾𝕪

𝜕𝕪𝜕𝑡2
+

𝕋4
𝜕4𝕨

𝜕𝕪2𝜕𝑡2
− 𝕋4

𝜕3𝔾𝕪

𝜕𝕪𝜕𝑡2
− 𝕋0

𝜕2𝕨

𝜕𝑡2
)𝛿𝕨 + (𝕋3

𝜕2𝕦

𝜕𝑡2
− 𝕋5

𝜕3𝕨

𝜕𝕩𝜕𝑡2
+ 𝕋4

𝜕3𝕨

𝜕𝕩𝜕𝑡2
− 𝕋4

𝜕2𝔾𝕩

𝜕𝑡2
) 𝛿𝔾𝕩 +

(𝕋3
𝜕2𝕧

𝜕𝑡2
− 𝕋5

𝜕3𝕨

𝜕𝕪𝜕𝑡2
+ 𝕋4

𝜕3𝕨

𝜕𝕪𝜕𝑡2
− 𝕋4

𝜕2𝔾𝕪

𝜕𝑡2
) 𝛿𝔾𝕪} 𝑑𝐴  

{𝕋0, 𝕋1, 𝕋2, 𝕋3, 𝕋4, 𝕋5} = ∫

ℎ
2

−
ℎ
2

𝜌𝑐 {1, 𝕫, 𝕫
2,
ℎ

𝜋
𝑠𝑖𝑛(

𝜋𝕫

ℎ
),
ℎ2

𝜋2
𝑠𝑖𝑛2(

𝜋𝕫

ℎ
),
ℎ𝕫

𝜋
𝑠𝑖𝑛(

𝜋𝕫

ℎ
)} 𝑑𝕫 (13) 

𝛿𝑊 = ∬𝐹𝛿𝕨𝑑𝐴 (14) 

𝛿𝐷 = ∬𝐶𝑑
𝜕𝕨

𝜕𝑡

𝜕𝛿𝕨

𝜕𝑡
𝑑𝐴 (15) 

−𝕋0
𝜕2𝕦

𝜕𝑡2
+ 𝕋1

𝜕3𝕨

𝜕𝕩𝜕𝑡2
− 𝕋3

𝜕3𝕨

𝜕𝕩𝜕𝑡2
+ 𝕋3

𝜕2𝔾𝕩

𝜕𝑡2
+
𝜕𝔄𝕩𝕩

𝜕𝕩
+
𝜕𝔄𝕩𝕪

𝜕𝕪
= 0, (16a) 

𝕋3
𝜕2𝔾𝕪

𝜕𝑡2
+ 𝕋1

𝜕3𝕨

𝜕𝕪𝜕𝑡2
− 𝕋0

𝜕2𝕧

𝜕𝑡2
− 𝕋3

𝜕3𝕨

𝜕𝕪𝜕𝑡2
+
𝜕𝔄𝕩𝕪

𝜕𝕩
+
𝜕𝔄𝕪𝕪

𝜕𝕪
= 0, (16b) 

𝕋3
𝜕3𝕦

𝜕𝕩𝜕𝑡2
− 𝕋1

𝜕3𝕦

𝜕𝕩𝜕𝑡2
+ 𝕋3

𝜕3𝕧

𝜕𝕪𝜕𝑡2
− 𝕋1

𝜕3𝕧

𝜕𝕪𝜕𝑡2
− 2𝕋5

𝜕4𝕨

𝜕𝕩2𝜕𝑡2
− 𝕋0

𝜕2𝕨

𝜕𝑡2
+ 𝕋4

𝜕4𝕨

𝜕𝕪2𝜕𝑡2
+ 𝕋2

𝜕4𝕨

𝜕𝕪2𝜕𝑡2
−

2𝕋5
𝜕4𝕨

𝜕𝕪2𝜕𝑡2
+ 𝕋2

𝜕4𝕨

𝜕𝕩2𝜕𝑡2
+ 𝕋4

𝜕4𝕨

𝜕𝕩2𝜕𝑡2
−
𝜕2ℭ𝕩𝕩

𝜕𝕩2
−
2𝜕2ℭ𝕩𝕪

𝜕𝕪𝜕𝕩
−
𝜕2ℭ𝕪𝕪

𝜕𝕪2
+ 𝕋5

𝜕3𝔾𝕪

𝜕𝕪𝜕𝑡2
−𝕋4

𝜕3𝔾𝕪

𝜕𝕪𝜕𝑡2
−

𝕋4
𝜕3𝔾𝕩

𝜕𝕩𝜕𝑡2
+ 𝕋5

𝜕3𝔾𝕩

𝜕𝕩𝜕𝑡2
+
𝜕2𝔅𝕪𝕪

𝜕𝕪2
+
2𝜕2𝔅𝕩𝕪

𝜕𝕪𝜕𝕩
+
𝜕2𝔅𝕩𝕩

𝜕𝕩2
+
𝜕𝔇𝕪𝕫

𝜕𝕪
+
𝜕𝔇𝕩𝕫

𝜕𝕩
− 𝐶𝑑

𝜕𝕨

𝜕𝑡
+ 𝐹 = 0, 

(16c) 

𝕋3
𝜕2𝕦

𝜕𝑡2
− 𝕋5

𝜕3𝕨

𝜕𝕩𝜕𝑡2
−𝕋4

𝜕2𝔾𝕩

𝜕𝑡2
+ 𝕋4

𝜕3𝕨

𝜕𝕩𝜕𝑡2
−
𝜕ℭ𝕩𝕩

𝜕𝕩
−
𝜕ℭ𝕩𝕪

𝜕𝕪
+𝔇𝕩𝕫 = 0, (16d) 

−𝕋4
𝜕2𝔾𝕪

𝜕𝑡2
+𝕋3

𝜕2𝕧

𝜕𝑡2
+ 𝕋4

𝜕3𝕨

𝜕𝕪𝜕𝑡2
− 𝕋5

𝜕3𝕨

𝜕𝕪𝜕𝑡2
−
𝜕ℭ𝕩𝕪

𝜕𝕩
−
𝜕ℭ𝕪𝕪

𝜕𝕪
+𝔇𝕪𝕫 = 0, (16e) 
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where in Eqs. (17a-e), 𝛼𝓂 = 𝓂𝜋/𝑎 and 𝛽𝓃 = 𝓃𝜋/𝑏. Also 𝓂 and 𝓃 are the number of half waves 

through the length and width of the plate. Therefore, we obtain the following equation by 

replacing Eqs. (16a-e) with Eqs. (17a-e): 

The following relations result from applying the Laplace transform [31] to Eq. (18) for 

different boundary conditions. 

𝕦0(𝕩, 𝕪, 𝑡) = ∑

∞

𝑚=1

∑

∞

𝑛=1

𝓊𝓂𝓃(𝑡)cos(𝛼𝓂𝕩)sin(𝛽𝓃𝕪) (17a) 

𝕧0(𝕩, 𝕪, 𝑡) = ∑

∞

𝓂=1

∑

∞

𝓃=1

𝓋𝓂𝓃(𝑡)sin(𝛼𝓂𝕩)cos(𝛽𝓃𝕪) (17b) 

𝕨0(𝕩, 𝕪, 𝑡) = ∑

∞

𝓂=1

∑

∞

𝓃=1

𝓌𝓂𝓃(𝑡)sin(𝛼𝓂𝕩)sin(𝛽𝓃𝕪) (17c) 

𝔾𝕩(𝕩, 𝕪, 𝑡) = ∑

∞

𝓂=1

∑

∞

𝓃=1

𝓍𝓂𝓃(𝑡)cos(𝛼𝓂𝕩)sin(𝛽𝓃𝕪) (17d) 

𝔾𝕪(𝕩, 𝕪, 𝑡) = ∑

∞

𝓂=1

∑

∞

𝓃=1

𝓎𝓂𝓃(𝑡)sin(𝛼𝓂𝕩)cos(𝛽𝓃𝕪) (17e) 

[
 
 
 
 
 
[𝕄11] [𝕄12] [𝕄13] [𝕄14] [𝕄15]

[𝕄21] [𝕄22] [𝕄23] [𝕄24] [𝕄25]

[𝕄31] [𝕄32] [𝕄33] [𝕄34] [𝕄35]

[𝕄41] [𝕄42] [𝕄43] [𝕄44] [𝕄45]

[𝕄51] [𝕄52] [𝕄53] [𝕄54] [𝕄55]]
 
 
 
 
 

{
 
 

 
 
𝓊̈
𝓋̈
𝓌̈
𝓍̈
𝓎̈ }
 
 

 
 

+

+

[
 
 
 
 
 
[ℂ11] [ℂ12] [ℂ13] [ℂ14] [ℂ15]

[ℂ21] [ℂ22] [ℂ23] [ℂ24] [ℂ25]

[ℂ31] [ℂ32] [ℂ33] [ℂ34] [ℂ35]

[ℂ41] [ℂ42] [ℂ43] [ℂ44] [ℂ45]

[ℂ51] [ℂ52] [ℂ53] [ℂ54] [ℂ55]]
 
 
 
 
 

{
 
 

 
 
𝓊̇
𝓋̇
𝓌̇
𝓍̇
𝓎̇ }
 
 

 
 

+

[
 
 
 
 
 
[𝕂11] [𝕂12] [𝕂13] [𝕂14] [𝕂15]

[𝕂21] [𝕂22] [𝕂23] [𝕂24] [𝕂25]

[𝕂31] [𝕂32] [𝕂33] [𝕂34] [𝕂35]

[𝕂41] [𝕂42] [𝕂43] [𝕂44] [𝕂45]

[𝕂51] [𝕂52] [𝕂53] [𝕂54] [𝕂55]]
 
 
 
 
 

{
 
 

 
 
𝓊
𝓋
𝓌
𝓍
𝓎}
 
 

 
 

=

{
 
 

 
 
{0}
{0}
{𝐹(𝑡)}

{0}
{0} }

 
 

 
 

, 

(18) 

[
 
 
 
 
 
[𝕄11] [𝕄12] [𝕄13] [𝕄14] [𝕄15]

[𝕄21] [𝕄22] [𝕄23] [𝕄24] [𝕄25]

[𝕄31] [𝕄32] [𝕄33] [𝕄34] [𝕄35]

[𝕄41] [𝕄42] [𝕄43] [𝕄44] [𝕄45]

[𝕄51] [𝕄52] [𝕄53] [𝕄54] [𝕄55]]
 
 
 
 
 

{
 
 

 
 
𝕤2 × 𝓊̂
𝕤2 × 𝓋̂
𝕤2 × 𝓌̂
𝕤2 × 𝓍̂
𝕤2 × 𝓎̂}

 
 

 
 

+ (19) 
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Eqs. (5a-c) and (7) will provide the displacements and tension across the plate in a transverse 

configuration; the displacements and stresses are determined over time by using the Laplace 

transform inversion on Dubner and Abate’s modified formulation [32]; thus, Eq. (20) is the 

mathematical formula used to carry out the inverse Laplace transform in this research. The 

displacement for each layer may be obtained by solving Eq. (19) using the layer-wise technique 

and the Laplace transform [31]. 

Here 

Also, dimensionless quantities are defined by 

 

 

5. Results and discussion 
 
5.1 Verification study 
 

In Table 1, the accuracy of the analytical model for static bending of the present study is 

verified by means of a comparison of its dimensionless center deflection predictions with three 

established references (Ref. [33-35]). The comparison relates to the case of a square functionally 

graded (FG) plate subjected to constant load, and the FG power index is the most important 

parameter determining how the material property varies through the thickness. The results indicate 

that the current method is in excellent agreement with the referenced solutions at all 𝑛𝑧 values. The 

present model’s computed deflections are always compactly located within the very small range of 

results that have been reported in the literature. For example, at 𝑛𝑧=1, the present result (0.2712) is 

very close to the cited range between 0.2522 and 0.2905. This close correlation is a strong  

+

[
 
 
 
 
 
[ℂ11] [ℂ12] [ℂ13] [ℂ14] [ℂ15]

[ℂ21] [ℂ22] [ℂ23] [ℂ24] [ℂ25]

[ℂ31] [ℂ32] [ℂ33] [ℂ34] [ℂ35]

[ℂ41] [ℂ42] [ℂ43] [ℂ44] [ℂ45]

[ℂ51] [ℂ52] [ℂ53] [ℂ54] [ℂ55]]
 
 
 
 
 

{
 
 

 
 
𝕤 × 𝓊̂
𝕤 × 𝓋̂
𝕤 × 𝓌̂
𝕤 × 𝓍̂
𝕤 × 𝓎̂}

 
 

 
 

+

[
 
 
 
 
 
[𝕂11] [𝕂12] [𝕂13] [𝕂14] [𝕂15]

[𝕂21] [𝕂22] [𝕂23] [𝕂24] [𝕂25]

[𝕂31] [𝕂32] [𝕂33] [𝕂34] [𝕂35]

[𝕂41] [𝕂42] [𝕂43] [𝕂44] [𝕂45]

[𝕂51] [𝕂52] [𝕂53] [𝕂54] [𝕂55]]
 
 
 
 
 

{
 
 

 
 
𝓊̂
𝓋̂
𝓌̂
𝓍̂
𝓎̂ }
 
 

 
 

=

{
 
 

 
 

{0}

{0}

{𝐹̂(𝕤)}

{0}
{0} }

 
 

 
 

, 

𝒻(𝑡) =
2𝑒𝑎𝑡

𝑇
[−
𝐴0
2
+∑(𝐴𝑘𝑐𝑜𝑠 (

2𝑘𝜋𝑡

𝑇
) − 𝕓𝑘𝑠𝑖𝑛 (

2𝑘𝜋𝑡

𝑇
))

∞

𝑘=0

] (20) 

𝐴0 = 𝑅𝑒[𝐹(𝑎)], 𝐴𝑘 = 𝑅𝑒 [𝐹 (𝑎 + 𝑖
2𝑘𝜋

𝑇
)], 𝕓𝑘 = 𝑖𝑚 [𝐹 (𝑎 + 𝑖

2𝑘𝜋

𝑇
)] , 

𝕤 = 𝑎 + 𝑖
2𝑘𝜋

𝑇
, 𝑎𝑇 = 5. 

(21) 

(𝓊̄ 𝓋̄ 𝓌̄) =
𝐸𝑀ℎ

3

𝑃0𝑎
4
(𝓊 𝓋 𝓌), 𝑧̅ =

𝕫

ℎ
, 𝜁 =

𝐶𝑑

𝐶𝑐𝑟
, 

𝑃̅ =
𝑃

𝑃0
, 𝑃0 = 1000 [KPa]. 

(22) 
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Table 1. Comparing the dimensionless center deflections of a square functionally graded plate under a 

constant load 

 𝑛𝑧 

Method 0 0.5 1 2 

Present 0.1714 0.2314 0.2712 0.3117 

Ref. [34] 0.1703 0.2232 0.2522 0.2827 

Ref. [35] 0.1671 0.2505 0.2905 0.3280 

Ref. [33] 0.1722 0.2403 0.2811 0.3221 

 

 

Figure 2. The through-thickness distribution profiles of GPLs in the composite plate 

 

 

validation for the derivation of equations of motion, for the use of the SSDT kinematics, and for 

the static case solution methodology. Moreover, the table gives the structural effect of the 

gradation index: the normalized center deflection increases continuously when 𝑛𝑧 is changed from 

0 (fully ceramic) to 2. This is mirroring the decline in total bending stiffness that is caused by the 

change in material composition. The success of the static validation gives room for the confidence 

of the model’s capability of being extended to the more complex analyses of the transient dynamic 

of graphene-reinforced composites, which are then to be presented as the main content of the 

paper. 

 

5.2 Parametric results 
 

The through-thickness distribution profiles of GPLs in the composite plate are depicted in Fig. 

2, which is a significant design parameter in the analytical model used for the study. The vertical 

axis (Dimensionless GPL Distribution) indicates the relative concentration of the GPLs, while the 

horizontal axis covers the distance from the bottom to the top surface of the plate (0.5). Different 

reinforcement patterns are distinguished and compared: 1. GPL-X Pattern: The GPLs’ highest 

concentration is at the top and bottom surfaces, while the lowest is at the mid-plane. By placing 

the stiffest material at the farthest point from the neutral axis, this symmetrical, functionally  
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Figure 3. The vibrational response of the rectangular composite plate from a top-down view, as aligned with 

a planar view 

 

 

graded distribution maximizes bending stiffness. 2. GPL-O Pattern: The same pattern as the X-

pattern but upside-down, where the GPL concentration is the greatest at the mid-plane and the 

lowest at the surfaces. This arrangement alternates the effects on shear deformation and internal 

damping characteristics. 3. GPL-UD Pattern: Here, the GPLs are Dispersed Consistently 

Throughout the entire thickness, hence no variation in concentration. Distributions of this kind 

directly control the effective material properties (such as elastic modulus and density) at different 

points through the thickness, which are very important inputs for the SSDT-based equations of 

motion. The analysis of these different patterns will help to estimate how the spatial arrangement 

of graphene reinforcement, beyond merely its volume fraction, influences the transient dynamic 

deflection, natural frequencies, and damping performance predicted by the analytical solution. 

Fig. 3 shows the vibrational response of the rectangular composite plate from a top-down view, 

as aligned with a planar view. The graphs represent the dimensionless planar coordinates, with 

𝑥/𝑎 and 𝑦/𝑏 scaling from 0 to 1, indicating the plate’s length and width, respectively. As the 

research is devoted to the deflection under external excitation, this image probably shows one of 

the two main analytical results: 1. The normalized mode shape corresponding to a certain natural 

frequency, which displays the typical stationary pattern of peaks (anti-nodes) and nodal lines (zero 

displacement lines) during free vibration. The contour lines or color gradient would represent the 

relative amplitude of out-of-plane deflection across the plate surface. 2. A snapshot of the transient 

displacement field at one specific time point after the external force has been applied. This would 

reveal the deformed shape resulting from the superposition of several excited modes as calculated 

by the Fourier series expansion and Laplace transform inversion method mentioned in the abstract. 

The deflection magnitude was most probably visualized by the plot in either a contour map or 3D  
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Figure 4. The time history of the plate’s normalized central deflection under external harmonic excitation 

 

 

Figure 5. The transient central deflection response of the graphene-reinforced composite plate with the same 

normalized scale 

 

 

surface projection. The careful analysis of such a figure makes it possible to confirm the 

correctness of the analytical solution’s boundary conditions and supply critical insights into the 

nature of the graphene reinforcement patterns’ (GPL-X, O, UD) impact not only on the magnitude 

of dynamic deformation but also on its spatial distribution. Thus, this connects the through-

thickness material design (previous figure) directly to the global structural performance. 

The time history of the plate’s normalized central deflection under external harmonic excitation 

is illustrated in Fig. 4, indicating the main quasi-static response investigated in this research. The 

horizontal axis represents time in milliseconds, while the vertical axis signifies normalized 

deflection, probably with respect to a static reference point. The three curves depicted are for 

circumstances with varied ratios of excitation frequency to natural frequency (Ω/ω₂), where Ω is  
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Figure 6. The impact of thickness on the plate’s dynamic response, which is an important consideration for 

structural design 

 

 

the forcing frequency and ωₙ is a pure natural frequency. At Ω/ωₙ = 0.5 (sub-resonance), the 

response reveals forced oscillations of moderate amplitude. The curve for Ω/ωₙ = 1.0 (resonance) 

shows the typical large-amplitude oscillatory response, while its decay represents the system’s 

damping capacity. The case of Ω/ωₙ = 2.0 (super-resonance) has the least amplitude, but higher 

frequency oscillations. These analytical transients are, in fact, the direct products of the Laplace 

transform inversion technique that is mentioned in the abstract, providing a fast and precise 

solution. The decay envelope obtained in all cases quantitatively reflects the increased damping 

that is given by the graphene reinforcement, which is an important outcome of this study. The 

comparison directly shows how the resonant response of graphene-reinforced composites is altered 

and dynamic stability is improved by the reduction of long-lasting, high-amplitude vibrations, 

which is a critical factor in the design of structures that will be exposed to dynamic loads. 

Under two different loading conditions, the Fig. 5 demonstrates the transient central deflection 

response of the graphene-reinforced composite plate with the same normalized scale. It is most 

likely that the “Static” curve represents a step or constant load, and it initially shows a rapid rise to 

a maximum deflection, followed by a decaying oscillation. It has already reached the response of 

the structure’s inherent damping and its transfer from dynamic to static equilibrium through the 

decay process. On the other hand, the “Harmonic Impact” curve indicates the response to a 

suddenly applied oscillatory force. It has a more sophisticated transient signature, which is marked 

by a strong initial peak and followed by oscillations that are maintained. These oscillations happen 

because of the natural vibration modes of the plate (which have been excited by the impact) and 

the ongoing external harmonic forcing working together. The direct comparison shows one of the 

key points of the study very clearly: dynamic overshoot and long-lasting vibrational activity when 

time-varying loads are applied are greatly more severe than the static load of similar magnitude, 

causing the same response. The visual demonstration strengthens the argument for the sophisticated 

analytical methodology of SSDT, Fourier expansion, and Laplace transform inversion to 

accurately predict and mitigate these dynamic effects, which is indispensable for their very 

existence. The rapid decay visible in both responses, however, is a clear sign that the graphene 
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Figure 7. Transient dynamic response of the graphene-reinforced composite plate for different values of 

matrix material’s stiffness 

 

 

composite has greater damping performance, which is a factor that enhances the material’s 

resilience under such dynamic conditions. 

Fig. 6 illustrates the impact of thickness on the plate’s dynamic response, which is an important 

consideration for structural design. The graph shows the three thickness ratios: a thinner plate, a 

reference plate, and a thicker plate compared by their central deflection normalized over time. 

Generally, thicker plates possess a higher stiffness in bending. This is seen in the case of the 

thickest plate with its pronounced deflection completely eliminated, therefore, only minor 

oscillations are seen. On the other hand, the plate with the smallest thickness has low-frequency, 

large amplitude vibrations, indicating that the plate is quite compliant. Furthermore, the decay of 

the oscillations is faster for the thicker plates, and this is indicative of the increase in the effective 

damping ratio. It thus implies that the damping attributed to the graphene composite is not solely 

determined by the material properties but it has to do with the geometry of the structure as well. 

The mathematical model, which is based on the SSDT, fits this interaction very well because it 

considers shear deformations, which are more pronounced in moderately thick plates. The result 

guides the designer to optimize not only the material distribution (GPL pattern) but also the 

geometrical parameters to ensure the desired vibration suppression in graphene-reinforced 

composites subjected to dynamic loads. 

The matrix material’s stiffness is the parameter in focus of Fig. 7, which is the transient 

dynamic response of the graphene-reinforced composite plate. The graph depicts the normalized 

central deflection over time for three ratios of the matrix Young’s modulus relative to a reference 

value. A firmer matrix has a considerable effect on the reduction of the vibration amplitude and the 

speed of the oscillation’s decay. On the contrary, a softer matrix causes the largest vibrations and 

the slowest decay, which means that the material has lower effective stiffness and damping. This 

pattern indicates that the whole dynamic behavior of the composite material is determined by the 

combined effect of the graphene reinforcement and the polymer matrix. The graphene platelets 

give the composite better characteristics mainly through load transfer and constraint mechanisms, 

the efficiency of which is, by the matrix’s competence to couple with and distribute stress to the  
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Figure 8. The effect of plate length as a parameter on the transient dynamic deflection of the graphene-

reinforced composite 

 

 

reinforcements, inherently modulated. Therefore, while graphene addition universally improves 

the performance, the absolute dynamic stability—transient deflection and decay rate measured 

here—still depends on the base matrix properties. This parametric knowledge is crucial for the 

proper design of material systems, as it confirms that the study’s analytical framework can 

accurately depict the interaction between the individual properties and the overall dynamic 

behavior during external excitation. 

Fig. 8 presented in this section illustrates the effect of plate length (a) as a parameter on the 

transient dynamic deflection of the graphene-reinforced composite. It shows a comparison of the 

normalized central deflection over time for three different plate lengths: a plate of 0.5 m which is 

shorter, a plate of 1.0 m taking as reference, and a plate of 2.0 m which is longer, while the other 

geometric parameters like width (b) and thickness (h) are kept constant. The results reveal a 

distinct pattern: the longer the plate the greater the deflection amplitudes and the slower the 

oscillation decay. The longest plate (a = 2.0 m) is the one that gives the most compliant response 

with very noticeable and lasting vibrations that come from its lower relative bending stiffness. On 

the other hand, the shortest plate (a = 0.5 m) is very rigid and its vibration is almost imperceptible 

and very quickly stopped. The parametric study thus indicates the significant interaction between 

the reinforcement of materials and the overall geometry. Graphene nanoplatelets, on one hand, 

increase the composite’s specific stiffness and damping, but on the other hand, they lose their 

power to control transient vibrations due to the structural slenderness defined by the aspect ratio. 

The SSDT-based analytical model is very good at depicting this scale-dependent behavior, and this 

is very important for the design of large-span structural components. Thus, the figure aids in the 

selection of both material composition and the dimensions of the geometry which will yield the 

desired dynamic performance under external excitation. 

Fig. 9 contrasts the graphene-reinforced composite plate’s dynamic response to two basic types 

of temporal loadings: a continuous harmonic force and a sharp impact. The “Sinusoidal” curve 

illustrates the steady-state forced vibration due to the continuous harmonic excitation characterized 

by periodic oscillations of constant amplitude and frequency. On the contrary, the “Step Decaying”  
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Figure 9. The graphene-reinforced composite plate’s dynamic response to two basic types of temporal 

loadings: a continuous harmonic force and a sharp impact 

 

 

curve shows the temporary response to a sudden step load, where there is a peak deflection at the 

start, followed by a decay of free vibrations at the system’s natural frequency. The comparison 

reveals the analytical model’s ability to deal with a variety of dynamic situations. The sinusoidal 

response is determined by resonance characteristics and the forcing function which is directly 

linked to the Fourier series solution method. The step-decaying transient, which is critical for 

impact analysis, is precisely resolved using the Laplace transform inversion technique mentioned 

in the abstract. The quick decay of the free vibrations in the step response clearly illustrates the 

enhanced damping due to the graphene reinforcement and thus provides a clear visual 

quantification. This comparative study draws attention to the structure’s susceptibility to sudden 

impacts rather than to periodic loads and at the same time, it confirms the proposed framework as 

an all-encompassing tool for the prediction of both forced and transient vibrations in advanced 

composite plates. 

Fig. 10 shows the frequency response spectrum of the composite plate with a graphene 

reinforcement, where dimensionless amplitude is plotted against normalized excitation frequency 

for three different mass ratios (0.8, 1.0, 1.2). The typical resonant peak is located around 1, where 

the forcing frequency is the same as the system’s fundamental natural frequency. The main impact 

of the rising mass ratio—which probably indicates a higher mass density due to the additional 

graphene content—is the descending trend of the resonant peak amplitude and a small change in 

the peak’s position. This shows two main effects of the graphene: better damping (lowering the 

peak) and change in the stiffness-to-mass ratio (frequency shift). The peak reduction in all mass 

ratios visibly confirms the improved dynamic stability and resonant vibrations suppression 

mentioned in the abstract. This spectrum is obtained directly from the analytical approach using 

Fourier expansion, measuring the degree to which graphene reinforcement can be adjusted to 

avoid critical resonant responses. The findings are very helpful in terms of design, as they indicate 

the choice of reinforcement ratios for the implementation of vibration control over a given 

frequency range, thus allowing one to directly associate material composition with predictable 

dynamic performance. 
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Figure 10. The frequency response spectrum of the composite plate with a graphene reinforcement, where 

dimensionless amplitude is plotted against normalized excitation frequency for three different mass ratios 

 

 

Figure 11. The modal response of the graphene-reinforced composite plate, presenting the normalized 

deflection curves for three different vibration mode shapes 

 

 

Fig. 11 depicts the modal response of the graphene-reinforced composite plate, presenting the 

normalized deflection curves for three different vibration mode shapes, each indicated by a pair of 

mode numbers (m, n). The numbers indicate how many half-waves fit along the length of the plate 

(m) and width (n). Mode 1 (m,n) = (1,1) illustrates the most basic or fundamental mode, which 

consists of a single, centrally symmetric half-wave in both directions, therefore, a maximum 

deflection at the center of the plate. Mode 2 (m,n) = (1,2) resembles its predecessor, yet it has a 

more intricate form with one half-wave along the length and two along the width, thus, a nodal 

line (a line of zero displacement) is formed running parallel to the x-axis. Mode 3 (m,n) = (2,1) is 

the opposite of Mode 2, with two half-waves along the length and one along the width, hence, a 

nodal line existing parallel to the y-axis. The figure is a comparison of the temporal decay of the 

aforementioned modes resulting from the same initial excitation. The analytical solution that was 

obtained using Hamilton’s principle and SSDT automatically includes these modes through the 

Fourier series expansion referred to in the abstract. The graph indicates that while all modes gain 

from the damping property of graphene, their decay rates and the amplitudes corresponding to 

each mode differ. This modal decomposition is indispensable as any external force applied will  
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Figure 12. The abortion of damping ratio as a parameter that is influential in the graphene reinforced 

composite plate’s dynamic transient response 

 

 

result in a superposition of individual mode responses equaling the total transient response. The 

study endorses the model’s competency to not only forecast the global response but also to reveal 

the extent of participation and the damping of higher-order modes, which is a prerequisite for 

precision in dynamic design and the avoidance of complex resonant conditions in advanced 

composite structures. 

Fig. 12 delineates and investigates the abortion of the damping ratio (ζ) as a parameter that is 

influential in the graphene reinforced composite plate’s dynamic transient response. It shows the 

normalized central deflection against time for the mentioned three damping ratios a low (ζ = 0.02), 

a medium (ζ = 0.05), and a high (ζ = 0.10) one. The outcomes clearly demonstrate the basic 

principle of viscous damping in structural dynamics. The least damped response (ζ = 0.02) is 

characterized by large amplitude, non-decaying oscillations, and a very slow decay. The increase 

in damping ratio leads to a substantial decrease in both the amplitude of the first peak and the 

length of the oscillatory transient. The graph for ζ = 0.10 displays rapid decay to nearly resting 

state in just a few cycles. This parametric research is of great importance for both validation and 

design processes. It assures that the further damping noticed in the graphene-reinforced composites 

(as indicated in previous figures) can be represented as a viscous damping ratio in the analytic 

framework. Apart from that, it expresses the dynamic response sensitivity to this parameter, thus 

providing the engineers with a direct link between the power of the material’s intrinsic damping 

(made possible by graphene addition) and the control of transient deflection. This means that 

composites can be designed with the specific objective of achieving the required damping ratio 

that will give good performance during vibration suppression either by impact or by harmonic 

loads. 

Fig. 13 displays the frequency response spectrum of the composite plate, showing dimensionless 

amplitude versus normalized excitation frequency for the three damping ratios considered. The 

frequencies used for the study were ζ=0.01,0.02,0.05. The frequency domain shows the steady-

state level of the system forced by an external periodic input through a frequency sweep, with the 

input frequency pointed at the resonance. Damping is the main factor that determines the shape of  
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Figure 13. The frequency response spectrum of the composite plate, showing dimensionless amplitude 

versus normalized excitation frequency for the three damping ratios. 

 

 

the curves and the vibration of the system at resonance. The lowest ratio, ζ=0.01, gives a very 

sharp high peak, which signifies a very narrow and deep resonant slot where energy is amplified 

severely. The peak of resonance is the same, but in the case when the damping ratio is raised to the 

level of ζ=0.05, the peak is remarkably weakened and stretched, marking a decrease in maximum 

amplitude and less receptiveness to frequency changes. Thus, this image quantitatively correlates 

the damping capability of the material being tested, made more effective with the presence of 

graphene, to a crucial performance parameter: the reduction of resonant amplitudes. The spectrum 

is achieved directly through the application of the analytical method based on the Fourier series 

expansion. It is an important source of design insight, indicating at the same time that increased 

damping (which can be obtained through the appropriate distribution of graphene) not only 

decreases the maximum deflections but also enhances the structural dynamic stability over the 

whole frequency range, thus preventing the dangers connected to the application or environmental 

excitations close to resonance. 

 

 

6. Conclusion 
 

The analysis of the transient dynamic behavior for external excitations of the graphene-

reinforced composite plates in this research has been quite extensive, and their vibration 

characteristics have been uncovered. The motion equations have been formulated thanks to the 

application of SSDT and Hamilton’s principle, which gives a reliable foundation for the 

considered elastic and viscoelastic behavior in composite structures. The Fourier expansion was 

instrumental in breaking down the dynamic response to harmonics, which has greatly advanced the 

comprehension of the temporary deflections of these materials. The application of Laplace 

transforms inversion method, particularly by Dubner and Abate’s modified algorithm, has turned 

out to be an efficient and accurate solution of the transient dynamic problem. The results 

demonstrated the positive impact of graphene reinforcement on the dynamic properties of 
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composite plates. Graphene-reinforced composites have shown excellent damping characteristics, 

shifted resonance frequencies, and better stability with the external excitations. The changes have 

been especially prominent at different excitation frequencies, which means that graphene has the 

potential to be a game-changer in the field of composite structures in terms of their vibrational 

properties. The analytical framework for advanced graphene-reinforced composite materials has 

been established through this research, which is now applicable to a wide range of engineering 

applications. The findings will have an impact on the aerospace, automobile, and civil engineering, 

among others, where vibration control and material performance under dynamic loading are 

essential. Besides, the methods that have been developed in this study can also be applied to other 

composite materials and structural configurations, thus allowing future research in dynamic 

analysis and material optimization. In summary, this study has provided a significant amount of 

knowledge to the advanced material research field and has opened up new avenues for the 

development of high-performance composite structures. 
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