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Abstract. This research deals with deformation of a two-dimensional homogeneous transversely isotropic
thermoelastic-diffusive solid under chemical potential and thermal loads within the framework of Moore-Gibson-
Thompson (MGT) thermoelasticity with two temperatures. Fourier transformation is used to solve the problem and
then numerical inversion technique is applied to obtain the solution in physical domain. The application of a time
harmonic concentrated and distributed loads are considered to show the utility of the obtained solution. Graphical
representation of variation in the stress components, conductive temperature and chemical potential with distance is
depicted by taking the effect of frequency.
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1. Introduction

The study of thermomechanical interactions in elastic bodies has become great interest of
researchers due to its wide applicability in various physical problems. The coupled theory of
thermoelasticity proposed by Biot [1] overcomes the drawbacks of coupled formulation; however
it still shares the same flaw of predicting an infinite speed for thermal speed propagation.

To eliminate this flaw, Lord and Shulman [2] formulated the first generalized thermoelastic
theory by incorporating a single relaxation time into Fourier’s law of heat conduction. Green and
Lindsay [3] extended this approach by incorporating two-relaxation times. Later, Green and
Naghdi [4-6] introduced three theories of thermoelasticity: the GN-I theory, equivalent to the
classical coupled model; the non-dissipative GN-II theory; and the GN-III theory, which includes
energy dissipation and predicts damped thermal waves. Further modifications involving additional
relaxation parameters led to the dual-phase lag model of Tzou [7] and the three-phase lag model of
Choudhary [8].

Although GN-III theory improves on earlier theories, it still predicts the instantaneous heat
transfer, similar to Fourier’ s law, and therefore can not describe the steady-state behavior. To
overcome this drawback, Moore-Gibson-Thompson (MGT) theory was developed. Thompson [9]
first formulated the MGT equation for fluid flow, and Dell’ Oro and Pata [10] explored its
relationship with linear viscoelasticity. Quintanilla [11] later introduced the MGT model into
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thermoelasticity and also proposed a two-temperature heat conduction model [12]. Owing to its
enhanced transient stability, the MGT model has been applied to acoustic materials and various
non-classical diffusion scenarios.

Similar to the advancement of heat conduction theories, the understanding of mass diffusion in
thermoelastic materials has evolved over time. The growing application of thermoelastic diffusion
theory in areas such as solid-state physics, oil extraction techniques, material science, and
geophysical studies has stimulated significant interest and research activity in this area. Diffusion
refers to the movement of particles within a medium from region of higher concentration to that of
lower concentration until equilibrium is reached. The earliest thermoelastic diffusion model was
proposed by Nowacki [13-15] using Fick’s law, which inherently predicts an infinite speed for
diffusion waves. Sherief et al. [16] subsequently proposed a generalized model that allows
diffusion waves to propagate at finite speed.

Sharma et al. [17] studied the dynamical behavior of generalized thermoelastic diffusion
problem with two-relaxation times in frequency domain. The thermoelastic response of a
transversely isotropic half-space influenced by mass-diffusion was studied by Abbas et al. [18].
The state of plane strain problem parallel to xz —plane in the discipline of thermoelasticity is
discussed by Abbas and Othman [19] and Kumar et al. [20]. Zenkour [21] also studied two-
temperature problem for anisotropic plate containing a circular cavity with two relaxation times.
Abbas and Abo-Dahab [22] also estimated the influence of relaxation times for generalized
magneto-thermoelastic theory. Abouelregal and Sedighi [23] investigated one-dimensional half
space subjected to chemical potential and thermal shock within the framework of MGT
thermodiffusion theory. Sur [24] considered MGT generalized heat conduction theory to discuss
the comparison between isotropic and transversely isotropic material. Abouelregal et al. [25, 26]
studied the modified MGT heat transfer model with memory dependent derivatives to investigate
the thermoelastic interactions. Singh and Lata [27] and Gerba et al. [28] studied the frequency
effect within the nonlocal theory of thermoelasticity. Adel et al. [29] considered isotropic medium
to discuss the response of thermoelastic diffusive half-space under moving loads via Moore-
Gibson-Thompson model. Othman et al. [30] discussed the influence of mechanical force on
rotating thermoelastic-diffusive solid via MGT theory. Lata and Heena [31] studied the frequency
domain analysis of two-dimensional transversely isotropic thermoelastic diffusive solid with two
temperatures.

2. Basic equations

Following El-Karamany and Ezzat [32], Lata and Heena [31] and Adel et al. [29], the
constitutive relations are expressed as:

tij = Cijrew — BT — viC (1)

1
eij =3 (wij +w0), )
where t;;(=t;;), e;; (=€), Bi;(= B;i) and v;j(= v;;) are second order tensors of stress, strain,
thermal and diffusion moduli respectively, Cijkz(= Ckiij = Cjikl = cﬁlk) is fourth order tensor of

elasticity constant, T is thermodynamic temperature, C is mass concentration, u; is component of
displacement. The comma in the subscript represents the derivative w.r.t. coordinates.
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The equation of motion, based on balance of linear momentum, as also suggested by Marin et
al. [33], is given as:

tijj = piy, 3)

where p denotes the mass density and the superposed dot denotes the derivative w.r.t. time.
The modified heat conduction equation based on MGT theory:

(1 +19)[pC*T + aToC + ToBij iy ;| = kijpij + kij 05, (4)
where t, is thermal phase lag, C* is specific heat at constant strain, a is measure of
thermodiffusive effect, T, is reference temperature, ¢ is conductive temperature, k;; (=k;;),
kij*(= kjl-*) are second order tensors of thermal conductivity and materialistic constant

respectively.
Here, two-temperature relation is given as:

T'=¢—aijp (5)
where a;; is two-temperature parameter.
The mass diffusion equation based on the MGT theory is:

(DU*+DU%)[yUul.]_aT+dC]’l]:(1+T1%)C’ (6)

where a, d are measure of thermodiffusion, mass diffusion effect respectively, 7; denotes the
diffusion relaxation time, D;; (=D;;) and Dl-j*(: Dﬁ*) are second order tensors of mass diffusion
and mechano-diffusion respectively.

The chemical potential, as also discussed by Chirila and Marin [34], is related as:

P = —yi]-ei]- +dC — aT, (7)

Here,
Bij = Bibij, vij = vibij. kij = ki5ij,kij* = ki*5ij,

Dij = Diaij:Dij* = Di*é‘ij,aij = ai6ij, (l is not Summed).

3. Formulation of the problem

Consider a homogeneous, transversely isotropic thermodiffusive elastic solid occupying the
half-space z > 0, where the z-axis represents the axis of material symmetry extended into the
medium. The medium is initially free from any kind of mechanical, thermal and diffusive
disturbances. The analysis is restricted to the xz-plane, so that each physical quantity depends
upon x,z and t, i.e.,

u=1u(x,zt), w=w(xzt), v =0, (8)
T=T(x,2zt), C=C(xzt).

Initial conditions:

u=0,w=0,¢=0C=0,1u=0Ww=0,¢=0C=0,fort =0,z>0,—00 < x <o,
Also,u =w =@ =C =0 for t > 0 when z is extremely large.

9)

Assuming the field variables varying harmonically with time,
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uw,@,C(x,z,t) =u,w,,C(x,z)e't (10)

where w is angular frequency.
Hence, the basic governing equations for this problem reduce as follow:

txx = C116xx + C13€zz — ﬁlT - VlC: (11)
tyz = C13€xx + C33€5, — 3T — y3C (12)
tzx = 2C44€x7, (13)
0%u ac 9%u
Cll oxZ “+ (o3 + C44) %02 e Pyr i ﬁl ax V15, =Pz (14)
92w 02w ac 92w
(613+C44)axa T Caq 55+ C33 622—3362 —V35, =Pz (15)

a°T

(kl +k16)a 2 (k3 +k3a)#=(1+T0%)[pc*5fz+To(ﬁla +ﬁ262) (16)

(0 0, 2) 4 (0 + B D) EY - (s 2) - s )= (14 )6, 1D

P=—yio-—ys 2 +dC—aT, (18)

here,
T=¢-(22+a,22), (19)
and
Br = (c11 + crz)as + ci3a3, B3 = 2¢13a1 + €33a3, 2066 = €11 — C12,
Y1 = (a1 + c12) @ + 383,73 = 261381 + €333,
a; and &, are the coefficients of linear thermal expansion and diffusion expansion respectively.

To reduce the complexity of problem the non-dimensional variables are introduced as
following,

X i _Z g _patu o, patw 7=l -
X = ™ z == ) u = s - ) - ) - )
L L LB1Ty LB1Ty L Co (20)
it 1 Lxx / tzx ’ a, ’ as ’ % 1 €170 ’ 61Ty
t/ =—t = == a =—a = = = - T = = = 3
L’ XX BTy’ zXx BTy’ 1 12’ 3 12 P T’ 0 L’ 1 L

4. Boundary conditions

Thermal point source and chemical potential source, which are assumed to be time harmonic,
are applied on the half-space (z = 0).

Dt,,(x,zt) =0,

2) t,(x,2,t) =0, Q1)
3) p(x,2,t) = Py (x)e*“t,
4)P(X, Z, t) = POIPZ (x)etwt’
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where ¥, (x) is the source distribution function along x — axis, ¢, is the constant temperature
applied on the boundary and P, is the constant potential applied on the boundary.
5. Solution of the problem

After using Eq. (20) into Egs. (14)-(17) And thereafter suppressing the primes, and then by
applying Fourier transformation define

f&zs) =" f(xzs)e*dx, (22)
we obtain a system of four homogeneous equations given as following:
(—&2 + 8,D% + w0 +1E6,DW — 1iT —i&e,C =0, (23)
(E8,D0 + (—E28, + 83D? + W)W — %DT —e,DC =0, 24)
1
)(lﬁ+)(2DV’|7+)(3T+(Fl—FZDZ)@+V1é =0, (25)

(82 — QDA iEqy 1 + (.82 — Q,D?)q, DW + (‘Qlsz_ Q,D?)aTy(1 + a,é? — (26)
azD?)P — dCo(Q18% — Q,D*) +V,L =0,

where

T={1-(-a;¢* + azDH)}P, .
+ o o T, T, .
61:C4—4,52:(C13 C44),63:C3—3, 1_}’10 _ ¥ O'ZIZﬁlp 0'62:B1B30

€1 = 2 = 1
C11 C11 C11 BiTo’ B1To p ’
B1v1To « _ B1vsTo

pcy? 42 pcy? ’ (27)
X =—1+1ow) 8 w?, x; = —(1+ 1o1w) 0%, x3 = —(1 + Totw)pC e *w?, Ty =
(kl* + kch—ila)) 52,1—‘2 = (k3* + k1 i_ll(l)),vlz _(1 + Tola))aC()Clzwz,VZ: _(1 +

T11w) Cocq 2 w?.

These resulting equations will have non-trivial solutions only if the determinant of the
coefficients of i1, W, @ and C vanishes, leading to the formation of following polynomial:

(@®+2d° +2a* + a2 + (2,9, € )=0. (28)

The values of P,Q, R, S, T are listed in appendix A. The roots of the equation are of the form
+4; (i = 1,2,3,4). By assumption of radiation conditions @, W, §, C vanish as z is extremely large.
The solutions of the Eq. (28) as also discussed by Adel et al. [29] are given by:

(@w,9,C)(uz,5) = X5, (1, 1, mj,n;) (4;e 4%, (29)

where A;'s are arbitrary constants, and the value of coupling constants I;, m;,n; is given in
appendix B.

After transforming boundary conditions into the Fourier transform domains and using the Eq.
(29),

The analytic expressions for field variables are given in the Fourier domain as:

ﬁ = %Z‘i}:l(_l)i+1((ﬂodzi_1 - POle)JJ\l(E) e_/lizelwt’ (30)
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w = %Z?:1(_1)i+1li((p0d2i—1 — Pody) P (§) e HiZett, G1)

¢ = %Z?ﬂ(_l)”lmi(‘/’odth — Podz)) P1(§)e et ", (32)
¢= %Z?=1(_1)i+1ni((p0d2i—1 — Pody) Py (§) e HiZett, (33)
trz = %Z?=1(_1)i+1dl1i(fpod2i—1 — Pody )1 (§) e HiZetet, (34)
B = = Yy (1) dlyi (podaioy — Poda) s (§) e Ai%e e, (35)
P= %Z?:l(_l)iﬂdlu(fpodziﬂ — Pydy) P4 (§) e Hize'et, (36)

where,
The values of D, d;s,dly;'s ,dly;'s and dl};s are given in appendix C.

6. Application
6.1 Case |: concentrated force

The solution due to application of concentrated force on the half space is derived by setting

P1(x) = P (x) = 8(x), (37)

where 6(x) is the dirac delta function.
Applying Fourier transformation defined by Eq. (22) on Eq. (37), we obtain

=9, =1 (38)
Using Eq. (38) in Eqgs. (30)-(36), we obtain the components of stress, displacement, conductive
temperature, mass concentration and chemical potential due to concentrated force.

6.2 Case II: Uniformly distributed force

The solution due to the application of uniformly distributed force on the half space is derived
by setting

_(Lx|<a
W60, 9:00) = {1 S o (39)
Applying Fourier transformations defined by Eq. (22) on Eq. (39), we obtain
B©). 20} =25, g0, (40)

where 2a is the non dimensional width of uniform strip load which has been applied at the origin
of coordinate system (x=z=0). Using Eq. (40) in Egs. (30)-(36), we obtain the components of
stress, displacement, conductive temperature, mass concentration and chemical potential due to
uniformly distributed force.

6.3 Case lllI: Linearly distributed force
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The solution due to the application of linearly distributed force on the half space is derived by
setting

if[x| <a

, (41)
if [x| >a

|x]
W (0, W (%)} = {01 e

Applying Fourier transformation defined by Eq. (22) on Eq. (41), we obtain

2[1- cos(f a)]

i®P =", (42)

2a

where 2a is the non dimensional width of strip load which has been applied at the origin of
coordinate system (x=z=0). Using Eq. (41) in Egs. (30)-(36), we obtain the components of stress,
displacement, conductive temperature, mass concentration and chemical potential due to linearly
distributed force.

7. Particular cases

1. By keeping a = d = y;; = 0, we can get the results without the effect of diffusion.

2. By keeping a; = a; = 0, we can have the results without two-temperature thermoelastic
diffusion problem.

8. Inversion of the Fourier transform

To get the solution back in the physical domain, inversion technique for Fourier transform as
employed by Lata [35] and Lata and Heena [36] has been employed as follow:

1
flx,z,0) = %f e f(§,2,w)d§ = f (cos(§x) f, —sin(§x) f,dg, (43)

where f; and f;; are, respectively, the even and odd parts of the function f(&,z ). Romberg
integration with adaptive size, as described in Press et al. [37], was employed to evaluate the
integral in Eq. (45). This method builds on successive refinements of the extended trapezoidal rule
followed by extrapolation of the results to the limit when the step size approaches zero.

9. Numerical results and discussions

Following Dhaliwal and Singh [38], Lata and Heena [31] and Adel et al. [29] copper material is
taken for graphical representation,
c1; = 18.78 x 101° Kgm™1s72,
Cip = 8.76 X 1010 Kgm_l _2,
Ci3 = 8.0 X 1010 Kgm 1 2,
c33 = 17.2 X 101° Kgm™ 1 -2,
C4q = 5.06 X 101% Kgm™! ‘2,
a; =298x 107K, a3 =24x 1075 K1,
a =21x10"*m3Kg™?,
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Load

v z = 0 (surface)

Transversely isotropic
thermoelastic diffusive solid

Figure 1. Geometry of the problem

T

Figure 2. Variation of tangential stress t,, w.r.t. distance x (concentrated load)

3 =25x107* m3Kg™1, Ty = 0.293 x 103 K,
C* = 0.6331 x 103 JKg~1K1,
a=24%x10*m2s2K"1,d =13 x 105 m?s™ 2K,
p =8.954 x 103 Kgm™3
k; =0.433 x 103 Wm™1K™1,
ks = 0.450 x 103 Wm™ 1K™,
ki =0.02 x 10® Nsec™2K™1,

k; = 0.04 x 103 Nsec™2K™1,

Numerical simulations are conducted on the plane z = 0.5 at t = 0.5. The other parameters are
taken as D; = 0.95, D; =0.90 , D;" = 0.85, D;" = 0.80, 7, = 0.03,7; = 0.02, Py = ¢, = 2,
Co = 2,a, = 0.04, a3 = 0.06 in dimensionless form. Figs. 1-12 represent the variation of stress
components, conductive temperature and chemical potential w.r.t under three different kind of
loads.

e The green solid curve corresponds to w = 0.25.

e The blue solid curve corresponds to w = 0.50.

e The red solid curve corresponds to w = 0.75.
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Figure 4. Variation of conductive temperature ¢ w.r.t. distance x (concentrated load)

Fig. 2 represents the variation of stress component w.r.t. distance x for different values of
harmonic frequency. Clearly, t,, represents the oscillatory behavior in all the three cases of w,
Near x = 0, the stress component exhibits a sharp negative value for all the considered values of
w. The strong initial effect occurs because the applied concentrated thermal and chemical potential
load produces an immediate mechanical deformation, followed by alternating rises and falls as the
distances increases. For w = 0.25, the stress component t,, shows the broader peaks and troughs
with comparatively larger amplitude. A reduction in amplitude is observed with increasing w. As
w increases, the oscillations become more compact and frequent. In all the three cases, t,,, attains
its maximum magnitude near x = 2, while the minimum magnitude appears around x = 3.
Beyond x = 3, the oscillatory pattern remains persistent. It is clear from Fig. 3, for all the
considered values of w, t,, increases from its initial value near x = 0, and attains its maximum
magnitude around x = 2. As x increases further, a decline in values of stress component t,, can be
seen, and it reaches its lowest value near x = 4 for all the considered cases. Beyond this the
alternating pattern is persistent through out the domain. A clear influence of w is visible. As w
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Figure 5. Variation of chemical potential P w.r.t. distance x (concentrated load)

Figure 6. Variation of tangential stress t,, w.r.t. distance x (uniformly distributed load)

Figure 7. Variation of normal stress t,, w.r.t. distance x (uniformly distributed load)
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Figure 8. Variation of conductive temperature ¢ w.r.t. distance x (uniformly distributed load)

Figure 9. Variation of chemical potential P w.r.t. distance x (uniformly distributed load)

increases, the spacing between successive peaks decreases, and the amplitude of oscillations
reduce significantly.

From Fig. 4, it can be seen that ¢ decreases immediately from its initial value and attains its
minimum near x = 2. After x = 2, it starts increasing for the three cases of w, and attains its
maximum around x = 4. Beyond x =5, the curves corresponding to w = 0.25 and w = 0.50
exhibit nearly negligible variations. In contrast, the curve for w = 0.75 continues to show small
yet noticeable oscillations. The oscillatory pattern for P w.r.t. distance x can be observed from Fig.
5. The chemical potential P shows an initial decline in its values for all the considered cases of w
and attained its minimum value nearly x = 2. After x = 2, all the three curves show increase in
values of P and it attains it maximum value nearly x = 4. After x = 5, smaller oscillations are
observed for all the values of w. P assumes its lowest value for w = 0.25 and highest value for
w = 0.75.

Figs. 6-9 represent the variation in tangential stress t,,, normal stress t,,, conductive
temperature ¢ and chemical potential P w.r.t. distance x due to uniformly distributed load. The
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Figure 10. Variation of tangential stress t,, w.r.t. distance x (linearly distributed load)

w=02

L} 10

a4
! 2 3 4

w=02%
—u=050

—u=07

Figure 12. Variation of conductive temperature ¢ w.r.t. distance x (linearly distributed load)
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Figure 13. Variation of chemical potential P w.r.t. distance x (linearly distributed load)

same kind of oscillatory pattern in curves is observed as in case of concentrated load, the only
difference is in magnitude which is due to different load application.

Figs. 10-13 represent the variation in tangential stress t,,, normal stress t,,, conductive
temperature ¢ and chemical potential P w.r.t. distance x due to linearly distributed load, which
exhibit the same kind of oscillatory behavior as observed in other two kinds of loading.

10. Conclusions

In this research, the thermoelastic diffusive response of transversely isotropic material under
chemical potential and thermal loads has been observed. MGT theory of thermoelasticity has been
considered to discuss the behavior of field variables which are assumed to be varying harmonically
with time. The oscillatory behavior of stress components, conductive temperature and chemical
potential has been observed w.r.t. distance x. The effect of w on field variables has been
determined by taking different values of w. As w increases, the oscillations become frequent and
compact, indicating that field variables oscillate at shorter wavelengths at higher values of w. This
systematic reduction in amplitude and tightening of oscillations with increasing frequency reflects
the frequency-dependent dispersive behavior of the MGT model, where the presence of relaxation
parameters leads to stronger damping of higher-frequency responses.
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Appendix A

The values of P, Q, R, S, T are given as:
P =61(—63G11 — 13G12 — €2G16),

Q= —(&* —w?)(=85G11 —15G12 — €,G16) + 61(83G, + 166Gy — 717G, — 1565 — €,G13) +
1§85 (188,G11 + 13G7 + €2G14) + 15(—83G7 — €,G10 + 1§8,G12) + €118§(1§62G16 — 53614 +
13G10),

R = 8,(85G1 — 16Gs — 17Gs — €,Gg) — (§2 — w?)(83Gg + 16611 — 176Gy — 1G5 — €,Gy3) —
1§62 (1§62G4 — 17G7 — 136Gy — €3Go) + 14(—83G7 — €,G19 + 1§8,G12) + 15(1§8,Gs — 636G, +
T6G7 — €,Gg) + €118 (1§6,G13 — O3Go + 1G4 + 17,Gy5 + 15Gg),

S = =8116G1 — (§2 — w?) (863G, — 1664 — 17G5 — €3G6) — 1§5,(1€5,G1 — 176G, — €,G3) +
T516Gy + 13 (1€6,G5 — 3Gy + 14G7 — €,Gg) + 16€,(165,Gg — 83G3 + 156Gy — 15,Gyg),

T = (&2 — w?)1eGy + 14766, + 1E€176G3,

where,
Gy =19r15 —Viry, G = Y1715 — Virig,
Gz = X111 —Tor11, G4 = ToT1e — TyoTys + Vit
Gs = X215 — Vi3, G = X211 — Toly3,
Gy = xa"e — ViT12,Gg = X113 — X2T11)
Go = —x172 + 1oz + 119711, G1o = X1T14 + X2T12,
G11 = To"16 + Vir3, Gi2 = X276 — ViT1a)
Giz3 = — X212 — Tol1a + T1oT13, G1a = X173 — T10T12s
Gis = X2T12 + X114, G16 = X273 + 110714,
r = aTy0&%(1 +a,é?),
1y = aToQ,(1 + a;€2) + aTyQy as,
r3 = alToQyaz, 1y = —1€(1 + a;,&?),

B
Ts = a3l Tg = 5251 —w2'7”7 = _B_i(l + a1€2)'

B3
g = ﬁ_a3»7’9 = x3(1 +a,¢%) + Ty,
1

Tyo = X303 + Iy,

ry = 083G, %1 = 10,80, %, 113 = 18%q,7,
T = —Q2q2", 115 = —dCo Q&% — V5,116 = dCo Q.

Appendix B

The values of coupling constants are given as:
_ bsA} + b} + by
P byAS + byAt + b3 A2 + by
b +boA} + by
T B A + byt + by A2 £ by
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n = b11/1i6 + blZA? + b13li2 + b14-
Y b A% + byAf + bsA2 + by

,(i=1234)

where,
by = —63G11 — 13G12 — €2G16,
by = 83G4 +16G11 — 17612 — 13Gs — €,Gy3,
by = 63G1 — 166Gy — 17G5 — €,G¢, by = 1661,
bs = — 1§6,G11 — 15G7 — €3Gy,
bg = 1§6,G, — 17G7 — 158G, — €3G,
b; = 1§6,G1 —1;,G; — €,G3,
bg = —65G; — €,G19 +1£6,G12,
bg = [{5265 - 5362 + T'6G7 - EZGSI
big = 16G2,
bi1 = 186,G15 — 63G14 + 153Gy,
b1, =1§6,G13 — 63Gg + 16614 + 177Gy + T5Gs,
b13 = l€6206 - 6363 + T6G9 + 7‘768,
bi4 = 16Gs3,
Appendix C
D= dllldetl - dllzdetz + dl13det3 - dl14det4_,
where,
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det; = dly;(dl3sdlys — dlzadlys) — dlys(dlspdlyy — dlzadlsy) + dlpa(dlzdlys — dlzsdly,),
det; = dly; (dl3zdlys — dlzadlys) — dly3(dlzidlyy — dlzedlyy) + dlyy(dlzidlys —dlszdly,),
detz = dly; (dl3pdlys — dlzadlyy) — dlyy(dlzidlyy — dlzadlyy) + dlyy(dlsidly, —dlsydly,),
dety = dly; (dlzpdlys — dlzzdlyy) — dlyy(dlzdlas — dlzzdlyy) + dlyz(dlzidls, — dlspdly,)

dy = dl3Py1 —dlyz Pyy + dlyy P,
dy = dly3Pyy —dlyz P + dlyy Py,
ds = dl11Py; —dlyz Py; + dlyy Pog,
dy = dly1 Py — dlyz Pyg +dlyy Psy,
ds = dl11Py; —dlyy Py; + dlyy Psy,
de = dly1Py5 —dly; P9 +dlys Psy
d; = dlj1Py3 —dly; Prg + dlys Py,
dg = dli1Py¢ — dliy P3o + dlyz Psy,
Py = dlyzdly, — dlyzdly,,

Py = dlypdlys — dly,dlyy,
Py3 = dlypdlys — dlyzdly,,
Py = dlyzdlzy — dly,dlss,
Pys = dlypdlszy — dlp,dlsy,
Pyo = dlyydlszs — dlysdls,,
Py; = dly1dly — dlyydly,,

dly1dlss — dlpzdly,,
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Pyg = dly1dlsy — dly,dls,,
P3o = dly,dlzs —dlysdls,,
P = dlydly, — dlyadly,,
P;, = dl21d132 - dlzzdl31;
where,
dl. = i€C13— AiliC33 _ ,83mi(1 + alfz - a3).12) _ ]/3TliCO
H C11 p1 p1T, '
C
dly = ——= (A — i£y),
€11
dl3i =m,,

dly = =BT 1 B30T 1 4 L0 — L Tomy (1 + ay 82 — azA2), fori = 1,2,3,4
€11 Y1 €11 Y1 Y1





