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Abstract.  This paper presents a novel approach to mitigate shear interface stress in steel beams reinforced with 
composite materials. The proposed solution is distinctive as it integrates shear strains from both the beam and the 
reinforcing plate, leading to improved accuracy in predicting critical interface stresses and the composite structure’s 
overall behavior. The analysis is based on a parabolic shear stress distribution assumption across the thickness of both 
the steel beam and the bonded plate. A parametric analysis is conducted to explore various factors impacting the 
stability of the composite plate, acknowledging that interface stresses depend on the material and geometric 
properties of the reinforcement. The results show that parameter variations have a significant effect on maximum 
shear stresses within the composite material. Numerical findings substantiate the new solution’s efficacy and 
elucidate key aspects of interfacial stress distributions. This research deepens the comprehension of mechanical 
interactions at the interface and supports the design process for composite-steel hybrid structures. 
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1. Introduction 
 

This paper aims to study the mechanical behavior of steel beams reinforced with externally 
bonded composite materials, a promising solution for rehabilitating existing structures to counter 
natural phenomena like earthquakes and changes in building use. Composites are a promising 
solution to avoiding demolition and new construction, but the most important failure mode is the 

detachment of the composite material plate due to high interface stresses near the edge of the 
bonded plate [1-3]. An improved method for calculating interface stresses was developed in this 
study [4-13]. Interfacial stress studies have been conducted to predict adhesive-adherend interface 
shear stresses, but accounting for the influence of adherend shear deformation is rare [14-21]. 
Shear stresses are developed in the adhesive zone and they are continuous across the interface 
which equilibrium requires zero stress at the free surface. Tounsi [1] extended this theory to study 
concrete beams strengthened by composite plates. The basic assumption in these studies is a linear 

distribution of shear stress across the thickness of the adherends. However, beam theory assumes a 
parabolic distribution through the depth of the beam. To address this, a solution methodology 
should be developed that better accounts for the effect of adherend shear deformations. This paper 
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aims to present an improvement of the solution to obtain a new closed-form solution that accounts 
for the parabolic shear deformation effect in both the beam and bonded plate, and compare it 
quantitatively with the new one developed in this paper [22-33]. 

The study focuses on the maintenance and upkeep of civil engineering structures, specifically 
the detachment of the reinforcing plate. The authors analyze the anisotropic nature of composite 
materials and assume a parabolic distribution of stresses through the adhesive layer. They find that 

the maximum interface stresses calculated by this method align perfectly with literature. Recent 
techniques, such as carbon fiber composite bonding, have shown promising results. The paper 
aims to demonstrate how the mechanical and geometric characteristics of composite materials can 
reduce the influence of interface stresses, ensuring the stability of reinforced metal beams. Four 
innovative solutions are proposed to maintain the composite plate bonded to the steel beam, based 
on plate characteristics and applied forces. The proposed solutions aim to reduce shear stresses at 
the end of a composite material plate. Key methods for structural rehabilitation include extending 

reinforcement strips to supports, applying prestressing forces, using thin composite plates, and 
optimizing the geometry of composite material plate ends bonded to steel beams. These solutions 
are expected to improve practical design for structural reliability and increase the fatigue life of 
structures. The manuscript will discuss these solutions. 

 
 
2. Mathematical formulation of the proposal 

 

2.1 Research significance 
 
The debonding of composite material plates in composite-strengthened steel beams is a 

prevalent failure mode that hinders the beams from achieving their maximum flexural capacity, 
mainly due to shear stress concentrations in the adhesive layer. To establish design guidelines for 
strengthening these beams, solutions for stress concentrations are necessary. A new solution 
proposed considers three parameters related to reinforcement methods to minimize shear interface 

stress. The study examines the effects of the reinforced region on plate length, the role of 
composite plate prestressing on adhesive stress, and the optimization of edge geometry to reduce 
interfacial shear stress. Additionally, an economical dimensioning method is proposed that 
incorporates the parabolic shear deformation effect in bonded plates, offering a comparison with 
previous solutions. 

 

2.2 Basic assumptions  
 
This study examines the structural model and steps involved in strengthening a beam with a 

bonded prestressed laminate (Figs. 1 and 2). It considers transverse shear stress and strain in the 
beam and plate, but ignores transverse normal stress. The analysis uses Hassaine Daouadji’s [30] 
analytical approach for steel beam strengthened with a bonded prestressed composite plate to 
compare it with other analytical solutions. The study also includes an infinitesimal element of the 
reinforced steel beam. 

The analytical approach is based on the following assumptions [30]: 

- Bending deformations of the adhesive are neglected, the adhesive is assumed to only play a 
role in transferring the stresses from the steel beam to the prestressed carbodur composite plate 
reinforcement.  
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Figure 1. Steel beam bonded by a prestressed composite plate 

 
 
- No slip is allowed at the interface of the bond, there is a perfect bond between the prestressed 

carbodur composite plate and the steel beam.  
- All materials considered are linear elastic for steel beam, prestressed carbodur composite plate 
and adhesive.  
- The steel beam is simply supported and shallow, i.e., plane sections remain plane in bending.  
- The stresses in the adhesive layer do not change through the direction of the thickness.  
- The shear stress analysis presumes equal curvatures in the beam and plate, differing from the 
peel stress approach. As the beam is loaded, vertical separation occurs between the steel beam 

and the carbodur composite plate, as noted in studies by Tounsi [1] and Smith and Teng [3]. 
- A parabolic shear stress distribution through the depth of both the steel beam and the bonded 
carbodur composite plate is assumed.  

 

2.3 Shear stress distribution along the composite-steel beam interface 
 

The theory can be expressed by cutting out a differential section dx from a composite- 

strengthened steel beam, illustrating the strains near the adhesive interface and the external 
composite plate reinforcement, as shown in Fig. 2. 

The deformation in Steel beam in the vicinity of the adhesive layer can be expressed by 
Hassaine Daouadji [30]: 

dx

xd

G

t

AE

xN
xM

IE

y

dx

xdu
x

)(

4

)(
)(

)(
)(

1

1

11

1

1

11

11

1


 ++==

 
(1) 

Based on the theory of laminated sheets, the deformation of the composite sheet in the vicinity 

of the adhesive layer is given by: 

0 22 2 2
2 2

2 2 2 2 2

( )( ) 5 ( )
( ) ( )

12

P N xdu x y t d x
x M x

dx E I E A G dx




+
= = − + +

 
(2) 

Where u1(x) and u2(x) are the horizontal displacements of the Steel beam and the composite 
plate respectively. M1(x) and M2(x) are respectively the bending moments applied to the Steel beam 

and the composite plate; P0 is the compression force in the beam due to prestressing, 𝐸1 is the 

Young’s modulus of steel; I1 the moment of inertia the steel beam, 𝐸2 is the Young’s modulus of  
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Figure 2. Forces in infinitesimal element of a steel beam bonded by composite plate 

 
 

the composite plate; I2 the moment of inertia the composite plate, N1 and N2 are the axial forces 

applied to the Steel and the composite plate respectively, b2 and t2 are the width and thickness of 
the reinforcement plate. 

The reinforcement plate’s stiffness is significantly lower than the steel beam to be reinforced, 
and the bending moment in the composite plate can be neglected for simplified shear stress 
derivation operations. The shear stress at the adhesive layer can be expressed as follows: 
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 (3) 

Where Ks is the shear stiffness of the adhesive layer per unit length. From equation (3) we can 

deduce the expression of Ks which is given by: 
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Δ𝑢(𝑥) is the displacement relative to the adhesive interface,𝐺𝑎 and 𝑡𝑎 are the shear modulus 
and thickness of the adhesive layer, respectively. By differentiating the Eqs. (3), (1) and (2) with 
respect to x, and neglecting the bending moment of the composite plate and by differentiating the 
resulting equation, we will have:            
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Substituting dM1(x)/dx, dM2(x)/dx and N(x) with their following expressions in Eq. (5): 
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Allows us to obtain the differential equation of the shear interface stress:                                            
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The general solution provided is applicable solely to concentrated loads or uniformly 
distributed loads, such as those observed in the case study, affecting a specific section of the 
reinforced beam. For such loading, d2V(x)/dx2=0, and the general solution to Eq. (9) is given by 
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And 1 and 2 are constant coefficients determined from the boundary conditions. The study 
examines a beam that is simply supported and subjected to a uniformly distributed load. The 
formula for shear stress in a uniformly distributed load is given by the following equation: 
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3. Results and discussions 
 

3.1 Material used 
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Table 1. Geometric and mechanical properties of the materials used 

Component Width (mm) Depth (mm) Young’s modulus (MPa) Poisson’s ratio 

Adhesive layer “Sikadur 30” ba=100 ta=2 Ea=12 800 0.35 

Sika Carbodur composite plate b2=100 t2=1,2 E2= 165 000 0.28 

Steel beam IPE 200 b1=100 t1=200 E1= 210 000 0.30 

 

 

Figure 3. Geometric characteristic of a steel beam bonded by a prestressed composite plate 

 
 

The study investigates the performance of a steel beam reinforced with a prestressed composite 
plate under uniformly distributed load conditions. Key materials and configurations critical to 
understanding the beam’s behavior include steel for the beam, cabodur for the reinforcing plate, 
and sikadur 30 as the adhesive. These elements play a significant role in the structural integrity 
and load-bearing capacity of the beam. A summary of the geometric and material properties is 
given in Table 1 and Fig. 3. The span of the steel beam is Lp=2400 mm, the distance from the 
support to the end of the plate is a=200 mm and the uniformly distributed load is q=55 kN/ml. 

 

3.2 Comparison with analytical solutions 
 

The model is validated using a steel section IPE 200 and a steel beam reinforced with sika 
carbodur composite plate (Fig. 3). The beam is supported and subjected to three-point bending, 
and the predicted analytical results are in reasonable agreement with the experimental results of 
the Hassaine Daouadji study [30]. The use of composite materials with glues on stretched surfaces 
is an effective way to reinforce structural beams, especially for undersized beams (Fig. 4). 

Bonding of the composite on tensioned surfaces increases the ultimate strength of reinforced 
beams and decreases deflection, thereby improving the durability of reinforced structures. 

The present solution is verified by comparing it with typical analytical solutions using Model 
Hassaine Daouadji [30]. This model ensures continuity in research and corrects the results 
obtained. For example, the strengthening of a steel beam is compared without and with 
considering prestressing force (P0=0, P0=10 kN and P0=20 kN). The interface shear stress 
distributions obtained by the present study and other existing models are shown in good 

agreement. As demonstrated, good agreements of the interface shear stress among all the 
comparisons are reached at the plate end. In this section, numerical results of the present solution 
are presented to study the effect of the prestressing force P0 on the distribution of interface shear 
stress in steel beam strengthened with bonded prestressed carbodur composite plate. We have 
registered the maximum shear stress occurring at the ends of adhesively bonded plates. In addition,  
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Figure 4. Comparison of the structural response between the analytical and experimental study for the steel 

beams reinforced with cardodur composite plate 

 
Table 2. Comparison of interfacial shear stresses for steel beams reinforced with composite plates using the 

present approach with existing analytical solutions in the literature 

Steel beam bonded by a prestressed composite plate under uniformly distributed load 

 Model Hassaine Daouadji [30] Present model 

Prestressing load (kN) P0= 0 P0= 10 P0= 20 P0= 0 P0= 10 P0= 20 

Interfacial Shear stress (MPa) 5,9363 -1,9301 -9,7979 5,8678 -1,8809 -9,6297 

 
 

we observe that an increase in the value of the prestressing force P0 leads to a reduction in shear 
stress concentrations. 

 

3.3 Composite plate-related parameters influencing the reduction of interfacial shear 
stresses  

 
After verifying the accuracy of the present analytical model, a parameter study related to the 

geometry of the reinforcing composite plate influencing the reduction of interfacial shear stresses 
is carried out to better understand the effects of the proposed new solutions on the reduction of 
interfacial stresses under the coupling of different applied loads (q and P0). 

 

3.3.1 Effect on plate length of the strengthened steel beam region 
Fig. 5 illustrates the relationship between the length of the ordinary beam region and edge shear 

stresses. It indicates that as the plate is positioned further from the supports, interfacial shear 
stresses notably diminish. Consequently, in scenarios of strengthening, particularly retrofitting in 
areas of peak bending moments at midspan, it is advisable to extend the strengthening strip closer 
to the supports. The findings demonstrate that lengthening the composite reinforcement plate to 

the supports nearly eliminates maximum shear stress, thereby enhancing the stability of the 
reinforced beam. This outcome supports the study’s objectives by preventing detachment of the 
composite plate and maintaining the reinforced beam’s structural integrity. 
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Figure 5. Effect on plate length of the strengthened steel beam region 
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Figure 6. Effect of prestressing force (P0) of composite plate on adhesive shear stress 

 

 

First solution suggestion: The first solution aims to reduce shear stresses at the end of a 
composite plate by extending the reinforcement strip to the supports as much as possible. This is 
recommended to eliminate the concentration of shear stress at the edge, as previous research has 
shown that extending the reinforcement strip can solve this issue. 
 

3.3.2 Effect of prestressing force (P0) of composite plate on adhesive stress 
This study examines the impact of prestressing force P0 on the distribution of interfacial stress 

in a steel beam strengthened with prestressed carbodur composite plate. Seven values of P0 (P0=0; 
P0=5 kN, P0=6 kN, P0=7 kN, P0=9 kN, P0=10 kN and P0=15 kN) are considered, and Fig. 6 shows 
the interfacial shear stress plotted for uniformly distributed load for the steel beam strengthened 
with prestressed carbodur composite plate. The results provide insights into the behavior of the 
steel beam under uniform load distribution, from these results, one can observe: 
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Figure 7. Effect of composite plate thickness 

 
 
- The maximum shear stress occurs at the ends of adhesively bonded plates, which, upon 
peeling, disappears around 45 mm from the end and becomes very weak. 

- The study reveals that increasing the prestressing force P0 significantly decreases shear stress 
concentrations. 
- The study applied a prestressing force of P0=7.868825 kN, reducing the maximum shear stress 
to almost zero, ensuring the stability of the reinforced beam and preventing debonding of the 
composite plate, thus fulfilling the objective of the study. 
Following the study and analysis of the prestressing force’s effect, it was found that a 

prestressing value (P0) of zero poses a risk of detachment for the reinforcement plate. However, 
when the prestressing value reaches approximately P0=6 kN, a notable decrease in shear stress is 

observed, which indicates that the composite plate achieves stability and mitigates detachment 
risks. The critical value for eliminating shear interface stress is determined to be P0 equal to 
7.868825 kN. At this value, the stability of the composite plate is assured; otherwise, the 
composite remains adhered to the steel beam. Consequently, this condition leads to an increase in 
the stiffness of the hybrid steel-composite beam. The stability of the beam is maintained as long as 
the load remains below the critical threshold, which is 7.868825 kN. Exceeding this value will 
compromise the beam’s structural integrity and stability. 

Second solution proposal: The second solution reduces shear stress at the composite plate end, 
addressing the problem of debonding of the reinforcement plate. It is recommended to apply a 
prestressing force that cancels or reduces interface stresses before in situ bonding to steel beams. 

 

3.3.3 Effect of composite plate thickness 
The thickness of a composite plate plays a crucial role in determining the interfacial shear 

stresses and affects the bending resistance of hybrid steel-composite beams. This relationship is 

particularly significant as the rigidity of the hybrid beam increases. Fig. 7 shows that the thickness 
of the carbodide composite plate significantly influences these stresses. As the thickness increases, 
the interfacial shear stresses increase. Typically, composite plates used in practical engineering are 
smaller than steel plates, making the smaller interfacial shear stress level and concentration an 
advantage for retrofitting with composite plates compared to steel plates. The study found that a 
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thinner composite plate reduces shear stresses, ensuring the stability of the composition plate and 
preventing detachment. Therefore, a thin reinforcement plate can be used, resulting in maximum 
reduction in shear stress, ensuring the stability of the reinforced beam. This is the desired outcome 
for this study, ensuring stability and preventing detachment of the composite plate. 

Third solution proposal: The third solution aims to reduce shear stress at the end of a 
composite plate, highlighting the importance of the thickness in design and addressing the problem 

of reinforcement plate detachment. Thin composite plates are recommended to reduce shear stress 
concentration at the edge, offering an economic advantage. 
 

3.3.4 Geometric edge shape based optimization for interfacial shear stress reduction  
The study identifies two intervals in the plate’s variable end sections for geometric edge shape-

based optimization for interfacial shear stress reduction, Since the end section of the plate is 
variable, we generally distinguish two intervals in which the thickness is, as indicated in the Eqs. 

(13a) and (13b): 

2 ( )t t x=   for  0 x a   (13a) 

t2 =constant for  
2

pl
a x   (13b) 

Applying the principle for the three cases: constant thickness (Fig. 8(a)), taper end section with 
linear variation (Fig. 8(b)), and stepped end section (Fig. 8(c)), the equations are written as 
follows:  

- Constant thickness:  

2 2( )t x t=   for  0 x a   (14a) 

2 2( )t x t=   for  
2

pl
a x   (14b) 

- Taper end section: linear variation: 

2
2 ( ) e

e

t t
t x t x

a

−
= +   for  0 x a   (15a) 

2 2( )t x t=   for  
2

pl
a x   (15b) 

- Stepped end section: 

2 ( ) et x t=   for  0 x a   (16a) 

2 2( )t x t=   for  
2

pl
a x   (16b) 

Case of taper end plate section (Fig. 8(b)): The study compares the geometric details of a 
composite plate with a taper end plate section to a uniform cross section (Fig. 8(a)) end plate. The 

results show (Fig. 9) that using a tapered end plate reduces interfacial shear stresses by about 40%, 
which is easy to achieve in situ when strengthening a steel beam in service. This reduction is  
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(a) Constant thickness 

 
(b) taper end section: linear variation 

 
(c) stepped end section 

Figure 8. Geometric shape of end section of plate (a) constant thickness (b) taper end section: linear 

variation (c) stepped end section 
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Figure 9. Effect of geometric edge shape-based optimization for interfacial shear stress reduction 

 
 

significant from a design perspective. 
Case of stepped end plate section (Fig. 8(c)): In this part another geometric configuration is 

analyzed. The end section of the composite plate has a stepped form as shown in Fig. 8(c). Here 
again, the results obtained by the analytical approach show a decrease in interfacial shear stresses 
compared to the uniform plate end cross section case. Fig. 9 shows the shear stress evolution 
caused by using stepped plate end section with respect to uniform plate end section. The results 
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obtained show that the shear stresses in this case are reduced by about 38% compared to the 
standard uniform cross section plate end. 

Fourth solution proposal: Consequently, we present this fourth solution, which reduces shear 
stresses at the end of the composite plate. We have previously shown that varying the thickness of 
the composite plate is an important design in practice, as it can solve the problem of debonding of 
the reinforcement plate. We observed a gain of approximately 40%. It is recommended to use 

composite plates with a variable cross-section (thin at the ends) to reduce the concentration of 
shear stresses at the edges. This solution also offers a remarkable economic advantage. 
 
 

4. Conclusions 
 
This study investigates the interfacial stresses and bending behavior in steel beams that are 

reinforced with composite plates. It introduces a method to mitigate the edge effect during 
reinforcement by reducing shear stress at the ends of the composite plates. The findings suggest 
that optimal parameters improve bending performance by enhancing structural stiffness and 
reducing deformation. Solutions proposed to minimize interface shear stresses at the composite 
plate’s end include: extending the composite plate to the supports to eliminate shear stress 
concentration, applying a prestressing force on the composite plate prior to bonding to the steel 
beam, utilizing thinner composite plates to address structural and economic concerns, and 
optimizing the geometric shape of the plate ends to achieve an approximate 40% gain in 

performance. Specifically, using variable sectional composite plates that are thinner at the ends can 
effectively reduce shear stress concentrations while also providing economic advantages. 

The results obtained show an enhancement in practical design for structural reliability and a 
longer fatigue life of structures. While the present model is based on linear elasticity assumptions, 
it is suggested that future research incorporate material nonlinearities and complex stress 
distributions for better prediction accuracy. Such advancements would provide a more 
comprehensive understanding of structural behavior in realistic operating conditions. 
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