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Abstract.  Despite significant interest in the mechanics of nanostructures, the propagation behavior of guided waves 
in porous functionally graded (FG) doubly-curved nanoshells remains unexplored, particularly concerning the 
influence of different boundary constraints. The present study is therefore dedicated to addressing this void by 
developing a comprehensive analytical model for this problem. Based on the nonlocal strain gradient theory (NSGT) 
framework and incorporating the effect of moment of inertia, the governing equations of motion for porous 
functionally graded doubly curved shells are derived. The Galerkin technique is employed to eliminate the spatial 
variables from the partial differential equation system, thereby converting it into an ordinary differential equation with 
respect to time. By applying the boundary conditions and solving the characteristic equation, the dispersion 
characteristics of porous functionally graded strain gradient doubly curved shells with different boundary conditions 
are determined. The results indicate that the phase velocity of the hyperbolic curved plate is the smallest, followed by 
the cylindrical curved plate, then the ellipsoidal curved plate, with the spherical shell exhibiting the maximum phase 
velocity. Clearly, the spherical shell has the highest stiffness, naturally resulting in the maximum phase velocity. 
Additionally, at low wave numbers, the effects of nonlocal and strain gradient parameters on the dispersion relation 
are negligible. 
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1. Introduction 

 
Nano-shells, as a class of nanomaterials with unique structural properties, are of critical 

importance in understanding the physicochemical behavior at the nanoscale (Faleh et al. 2018). By 

thoroughly investigating the dynamic characteristics of nano-shells, such as surface atomic 
migration, interfacial interactions, and rapid response mechanisms to external stimuli, we can 
uncover their potential applications in fields like catalysis, sensing, and biomedicine. For instance, 
in catalytic processes (Lata and Kaur 2024), the dynamic behavior of nano-shells directly 
influences reaction rates and selectivity, while in biomedicine, their kinetic properties determine 
the precision of drug delivery and biocompatibility. Therefore, studying the dynamic behavior of 
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nano-shells not only aids in optimizing material design but also drives innovative applications of 
nanotechnology in key areas such as energy, the environment, and healthcare, providing crucial 
support for future technological advancements (Karami et al. 2018). Recent studies have explored 
the dynamic and vibrational characteristics of various nanostructures. Li et al. (2025) investigated 
the free vibration of FG spherical shallow nanoshells, incorporating porosity effects and 
employing Eringen’s nonlocal elasticity theory to account for small-scale phenomena. Van et al. 

(2025) proposed a meshfree method to analyze the natural and forced vibrations of a tri-
directionally FG porous doubly-curved nanoshell with magneto-electro-elastic layers on a 
viscoelastic foundation, featuring a porous core and surface layers. Mirfatah et al. (2025) studied 
the nonlinear forced vibration of doubly curved sandwich nano-shells resting on a Winkler-
Pasternak foundation, using the Galerkin method. Thuy et al. (2025) examined the random 
vibration of biaxially curved nanoshells with piezoelectric layers on viscoelastic foundations. 
Jiammeepreecha et al. (2025) developed an effective nonlocal finite element method to assess the 

free vibration of sigmoid FG material nanoshells. Mansouri et al. (2024) investigated the nonlinear 
forced vibration of truncated open conical nanoshells, incorporating nonlocal elasticity and von 
Kármán nonlinear strains. Vinh et al. (2023) analyzed the free vibration of FG porous doubly 
curved shallow nanoshells with variable nonlocal parameters, modifying Eringen’s theory. 
Khorshidi et al. (2022) studied the vibration of FG conical nanoshells with piezoelectric and 
flexoelectric effects, featuring a sandwich structure. Vinh and Tounsi (2022) applied a nonlocal 
first-order shear deformation theory with variable parameters to assess the free vibration of FG 
doubly curved nanoshells using Navier’ solution. 

However, research on wave propagation characteristics in nanoshells structures remains 
relatively scarce. Current academic exploration into key issues such as the propagation laws, 
attenuation mechanisms, and energy dissipation of mechanical, electromagnetic, or acoustic waves 
in shell-shaped nanostructures is still in its infancy, with particularly scarce systematic studies. 
This research gap not only limits the application potential of nanoshells structures in fields like 
sensors, energy harvesting, and biomedicine but also hinders a deeper understanding of the wave-
structure interaction mechanisms at the nanoscale. Recent studies have explored wave propagation 

in various nanoshell configurations, employing different theoretical frameworks. Ebrahimi et al. 
(2024) investigated the impact of temporal nonlocality on wave dynamics in viscoelastic FGM 
nanoshells, deriving governing equations and obtaining analytical solutions for wave frequency 
and phase velocity. Wang et al. (2023a) studied wave characteristics in bidirectionally graded 
porous nanoshells using nonlocal equations derived from Hamilton’s principle. In a related study, 
Wang et al. (2023b) examined wave behavior in porous FGPM nanoshells on viscoelastic 
foundations, highlighting the significant influence of porosity and Pasternak parameters at small 

thicknesses. Ebrahimi et al. (2022) demonstrated that viscoelastic behavior in nanoscale 
waveguides requires more sophisticated nonlocal theories when wavelengths approach the 
nanostructure’s characteristic length. Ardalani et al. (2022) analyzed fluid-conveying flexoelectric 
cylindrical nanoshells under electric fields, developing a new model combining NSGT with 
flexoelectric relations. Yang et al. (2019) investigated FG cylindrical nanoshells using nonlocal 
Flugge shell theory, with parametric studies on power-law exponent, wave number, nonlocal 
parameter, and radius-to-thickness ratio. Karami et al. (2019) focused on porous nanoshells using 
Bi-Helmholtz nonlocal strain gradient theory with higher-order shear deformation theory. Ma et al. 

(2018) studied MEE nanoshells via Kirchhoff-Love and first-order shear deformation theories. 
Zeighampour et al. (2017) examined wave propagation in laminated cylindrical nanoshells, 
considering combined nonlocal and strain gradient effects using thin shell theory. These studies 
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collectively advance the understanding of wave-structure interactions at the nanoscale. In addition, 
Atmane and collaborators (Benadouda et al. 2025, Bennai et al. 2022a, 2022b, 2022c, Bourouis et 
al. 2025, Dahmane et al. 2024a, 2024b, 2024c, Djebbour et al. 2024, Ghalem et al. 2025, Khayra 
et al. 2024, Mellal et al. 2021, 2023, Nebab et al. 2024a, 2024b, 2024c) focused on the dynamic 
response and wave propagation characteristics of functional graded material structures. They 
systematically investigate the effects of defects such as porosity and cracks on wave propagation, 

vibration, and stability, and commonly employ advanced mechanical models for analysis. More 
relevant works can refer to (Hu and Li 2018, 2019, Hu and Wang 2015, 2016, Hu et al. 2018, Hu 
and Ma 2019, Hu and Xu 2021, Li and Hu 2021, Li et al. 2024, 2017, She and He 2025, Cheng 
and She 2025a, 2025b, Cheng et al. 2025, Fan and She 2025, 2026, Fan et al. 2025) 

However, there is no paper analyzing the guided wave propagation in porous functionally 
graded doubly curved nano-shells with different boundary conditions, the present paper aims to 
solve this problem. Based on the NSGT framework and accounting for the moment of inertia, the 

governing equations of motion for porous functionally graded doubly curved shells are derived. 
The Galerkin technique (Ma et al. 2026, Zhao and She 2025, Zhao et al. 2025, She et al. 2026) is 
applied to eliminate the spatial variables from the system of partial differential equations, reducing 
it to an ordinary differential equation in terms of time. By incorporating boundary conditions and 
solving the characteristic equation, the dispersion characteristics of porous functionally graded 
strain gradient doubly curved shells under different boundary conditions are analyzed. The results 
demonstrate that the phase velocity is lowest in the hyperbolic curved plate, followed by the 
cylindrical curved plate, then the ellipsoidal curved plate, with the spherical shell exhibiting the 

highest phase velocity. This is expected, as the spherical shell possesses the greatest stiffness, 
leading to the maximum phase velocity. Furthermore, at low wave numbers, the influence of 
nonlocal and strain gradient parameters on the dispersion relation is negligible. However, at high 
wave numbers, these parameters significantly affect both phase and group velocities. Specifically, 
the nonlocal parameter induces a stiffness-softening effect, whereas the strain gradient parameter 
produces a stiffness-strengthening effect. 
 

 

2. Theoretical modeling 
 

The FG doubly curved nanoshells under consideration, as depicted in Fig. 1, are composed of a 
combination of ceramic and metal materials. The nomenclature used in this paper is provided in 

Table 1. The equivalent elastic modulus 𝐸𝑓(𝑧), Poisson’s ratio 𝑣𝑓(𝑧), and mass density 𝜌𝑓(𝑧) can 

be expressed as functions of the power law index (N) and the volume fraction of porosity (p) 
(Faleh et al. 2018). 
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(a) Cylindrical shell (Rₓ→∞, Ry=a) (b) Spherical shell (Rₓ=Ry=a) 

  
(c) Ellipsoidal shell (Rₓ=a, Ry=2a) (d) Hyperbolic shell (Rₓ=a, Ry=-a) 

Fig. 1 The sketch of doubly curved shells (Modified from Khaniki and Ghayesh 2023, Badarloo et al. 2022) 

 
Table 1 Nomenclature 

Nomenclature 

Rₓ and Ry transverse and longitudinal curvature radii of the nanoshell 

h the thickness of the nanoshell 

𝐸𝑓(𝑧),𝑣𝑓(𝑧),𝜌𝑓(𝑧) 
the equivalent elastic modulus, Poisson’s ratio, and mass density 

of the nanoshell 

N power law index 

p the volume fraction of porosity 

𝐸𝑐 , 𝐸𝑚  the elastic modulus of ceramic and metal phases 

𝑣𝑐 , 𝑣𝑚  the Poisson’s ratio of ceramic and metal phases 

𝜌𝑐 , 𝜌𝑚 the mass density of ceramic and metal phases 

𝑢(𝑥, 𝑦, 𝑧, 𝑡), 𝑣(𝑥, 𝑦, 𝑧, 𝑡),𝑤(𝑥, 𝑦, 𝑧, 𝑡) 
the displacements components of points lying on the nanoshell 

domain 

t time 

𝑢0(𝑥, 𝑦, 𝑡),𝑣0(𝑥, 𝑦, 𝑡),𝑤0(𝑥, 𝑦, 𝑡) 
the displacements of a generic point on the middle surface for the 

doubly nanoshell 

𝜑𝑥(𝑥, 𝑦, 𝑡), 𝜑𝑦(𝑥, 𝑦, 𝑡) the in-plane rotational displacements of the cross-section 

𝜀𝑥𝑥, 𝜀𝑦𝑦 and 𝛾𝑥𝑦 membrane strains 

𝛾𝑥𝑧 and 𝛾𝑦𝑧 the transverse strains 

𝜎𝑥𝑥 , 𝜎𝑦𝑦 , 𝜎𝑥𝑧 , 𝜎𝑦𝑧 , 𝜎𝑥𝑦  the normal stress and shear stress 

𝑄11 , 𝑄12 , 𝑄12 , 𝑄22, 𝑄44, 𝑄55 , 𝑄66 the equivalent stiffness coefficient 

∇2 Laplace operator 

𝑁𝑥 , 𝑁𝑦, 𝑁𝑥𝑦, 𝑀𝑥 ,𝑀𝑦 , 𝑀𝑥𝑦 , 𝑇𝑥 , 𝑇𝑦, 𝑇𝑥𝑦 internal forces and moment 

𝑇𝑥 , 𝑇𝑦, 𝑇𝑥𝑦 , 𝑄𝑥 , 𝑄𝑦 , 𝑆𝑥 , 𝑆𝑦 shear force and shear moment 

𝐼1 , 𝐼2, 𝐼3, 𝐼4 , 𝐼5, 𝐼7 moment of inertia and generalized moment of inertia 

𝑢𝑚𝑛,𝑣𝑚𝑛 ,𝑤𝑚𝑛,𝜙𝑚𝑛
𝑥  and 𝜙𝑚𝑛

𝑦
 wave amplitudes 

k1 and k2 the wave numbers along the 𝑥- and y-directions 

ω the circular frequency 

Cₚ phase velocity 

Cg group velocity 

𝐊 stiffness Coefficient matrix 

𝐌 mass coefficient matrix 
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In the given Eq. (1), the subscripts m and c represent the metal and ceramic phases, 
respectively. The analysis focuses on a functionally graded doubly-curved nanoshell with h 
(thickness), where Rₓ and Ry denote the transverse and longitudinal curvature radii. The nanoshell 
experiences simultaneous exposure to uniform thermal and moisture fields. Four distinct geometric 
configurations are examined: hyperbolic (Rₓ=a, Ry=-a), ellipsoidal (Rₓ=a, Ry=2a), spherical 
(Rₓ=Ry=a), and cylindrical (Rₓ→∞, Ry=a) nanoshells, as illustrated in Fig. 1. The displacement 

components along the axial, circumferential, and transverse directions are designated as u, v, and 
w, respectively. To characterize the displacement field, Reddy’s higher-order shear deformation 
theory is implemented, which inherently incorporates shear deformation effects without the need 
for empirical correction factors. The theoretical framework yields the following expression for the 
displacement field 

3 3
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0 2 2

4 4
( , , , ) ( , , ) ( ) ( , , ) ( ),

3 3
x x

wz z
u x y z t u x y t z x y t

h h x
 


= + − − +

  
(2) 

3 3

0
0 2 2

4 4
( , , , ) ( , , ) ( ) ( , , ) ( ),

3 3
y y

wz z
v x y z t v x y t z x y t

h h y
 


= + − − +

  

(3) 

0( , , , ) ( , , ).w x y z t w x y t=
 (4) 

The variables φₓ and φy correspond to the in-plane rotational displacements of the cross-section. 
Under these conditions, the strain components of the doubly-curved nanoshell may be expressed as 
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Here, 𝜀𝑥𝑥,𝜀𝑦𝑦 and 𝛾𝑥𝑦 stand for membrane strains, 𝛾𝑥𝑧  and 𝛾𝑦𝑧  are the transverse strains 
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Hooke’s law is a fundamental principle in solid mechanics that describes the linear elastic 
behavior of materials. It states that the stress applied to a material is directly proportional to the 
strain it produces, provided the material remains within its elastic limit. This relationship is 
mathematically expressed as 

( ) ( )
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Herein, l is the strain gradient parameter, ea is the nonlocal parameter. And 𝑄11 =
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In classical mechanics, Hamilton’s principle serves as a powerful tool for deriving the 
equations that dictate the motion of a system. The principle is rooted in the idea that the actual 
path taken by a system is the one that minimizes the action, defined as the integral of the 
Lagrangian over time. Through the application of variational methods, this principle leads to the 
Euler-Lagrange equations, which are the differential equations governing the system’s behavior 
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When analyzing the propagation of elastic waves in functionally graded (FG) nanoshells, it is 
necessary to determine a solution to the governing Eqs. (17)-(21) that adheres to the specified 
boundary conditions. To achieve this, the displacement shape function is selected following the 
methodology.  
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For four clamped boundary conditions (CCCC) 
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For four edges simply supported (SSSS) 
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For the cantilever boundary condition (CCFF), 

1 2 1 2i( ) i( )

0

, 1,3,5...

( , , ) sin cos ( )
2

x y t x y t

mn

m n

m x n y
u x y t u e e

a b

      
+ + + −

=

= +
 

(33) 

1 2 1 2i( ) i( )

0

, 1,3,5...

( , , ) sin sin ( )
2

x y t x y t

mn

m n

m x n y
v x y t v e e

a b

      
+ + + −

=

= +
 

(34) 

583



 

 

 

 

 

 

Kuineng Chen, Zipan Yang and Wubin Shan 

1 2 1 2i( ) i( )

0

, 1,3,5...

( , , ) ( ) ( )( )
x y t x y t

mn m n

m n

w x y t w X x Y y e e
     


+ + + −

=

= +
 

(35) 

1 2 1 2i( ) i( )

, 1,3,5...

( , , ) sin cos ( )
2

x y t x y tx

x mn

m n

m x n y
x y t e e

a b

      
 


+ + + −

=

= +
 

(36) 

1 2 1 2i( ) i( )

, 1,3,5...

( , , ) 1 cos sin ( )
2

x y t x y ty

y mn

m n

m x n y
x y t e e

a b

      
 


+ + + −

=

 
= − + 

 


 
(37) 

Herein 

( ) sin sinh (cosh cos )
2 2 2 2

( ) sin sinh (cosh cos )
2 2 2 2

sinh sin sinh sin
,

cosh cos cosh cos

cos cosh 1 0,cos cosh 1 0.

m m m m
m m

n n n n
n n

m m n n
m j

m m n n

m m n n

x x x x
X x

a a a a

y y y y
Y y

b b b b

   


   


   
 

   

   

= − + −

= + − +

+ −
= =

+ −

+ = − =
 

(38) 

It is important to note that in Eqs. (23)-(37), the parameters 𝑢𝑚𝑛 ,𝑣𝑚𝑛 ,𝑤𝑚𝑛 ,𝜙𝑚𝑛
𝑥  and 𝜙𝑚𝑛

𝑦
 

represent wave amplitudes, while k1 and k2 denote the wave numbers along the 𝑥- and y-directions, 
respectively. Additionally, ω corresponds to the circular frequency. To derive the governing 
equations, we substitute the expressions from Eqs. (23)-(37) into the system of Eqs. (17)-(21). 
Subsequently, by applying the Galerkin principle and leveraging the orthogonality conditions of 
the mode functions, a series of mathematical operations are performed. For the sake of analytical 
simplicity and computational efficiency, our analysis focuses exclusively on the fundamental 
mode, where m=n=1. This simplification allows us to reduce the complexity of the problem while 
retaining essential physical insights. As a result of these steps, a characteristic equation in terms of 

the eigenvalue is obtained. This eigenvalue equation plays a pivotal role in determining the 
dynamic response of the system, providing critical information about its stability and vibrational 
behavior, through a series of mathematical derivations, the following expression is derived. 

2 T

11 11 11 11 11( )[ , , , , ] 0x yu v w  − =K M
 (39) 

If the equation is to have a non-zero solution, it must have: solution where not all variables are 
zero, it is essential that the equation must satisfy (Karami et al. 2018) 

2 0− =K M
 (40) 

The formulation in Eq. (40) outlines the definitions of the stiffness matrix and the mass matrix, 
as detailed subsequently 
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Fig. 2 Comparison of current phase velocities with those from Karami et al. (2018) for CCCC 
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(42) 

The dispersion relation (40) yields five distinct pairs of real solutions, each corresponding to a 
unique wave mode. Among these, the smallest root is associated with the bending wave. Given the 
material’s isotropic properties—meaning its mechanical behavior is identical along the x- and y-
axes—the phase velocity (Cₚ) can be determined using the relation ω=k·Cₚ, where ω is the angular 

frequency and k is the wavenumber, and 𝑘 = 𝜅1 = 𝜅2. Similarly, the group velocity (Cg) can be 
derived from the dispersion relation by taking the derivative of ω with respect to k, i.e., Cg=dω/dk. 
 
 

3. Results and discussion 
 

To comprehensively validate the accuracy and reliability of this research, the FG nanoplates are 
systematically examined under conditions where the strain gradient parameter is intentionally 
disregarded. This is achieved by setting the strain gradient parameter l to zero. The material 
properties and geometric dimensions are meticulously aligned with those referenced in established 
prior studies (Karami et al. 2018). For a direct and quantitative comparison, Fig. 2 displays the 
curve between the frequency and the wave number respectively, as reported by Karami et al. 
(2018). The comparative analysis reveals an excellent agreement, where our computational 

findings, represented by discrete data points, closely match their continuous linear results. This 
high degree of concordance serves as a robust verification of the correctness and validity of the  
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Table 2 The relationship between wave number and frequency of bending waves 

k ω (Hz) (present) ω (Hz) (Karami et al. 2019) 

0.1 2.398275 2.4225 

1 2.2644384 2.2827 

2 2.0501478 2.0646 

5 2.0120196 2.0201 

10 1.4808612 1.4898 

 

 
 

(a) (b) 

Fig. 3 (a) Phase velocity and (b) Group velocity diagrams for different shell types (CCCC) 

 
 

present theoretical model and computational methodology. 
To validate the accuracy of this paper, Table 2 analyzes the relationship between wave number 

and frequency of bending waves, exploring the influence of different parameters on the wave 
characteristics of doubly-curved spherical nanoshells. This section focuses on the effects of 
nonlocal and strain gradient parameters on the frequency of doubly-curved nanoshells, with shell 
geometric parameters set as (Rx=Ry=50 h, l=0.2, ea=0.5). Comparative analysis confirms the 
validity of this paper. 

For all subsequent parametric analyses, the material system is defined using more 
contemporary and high-performance materials. The characteristics are specified as follows: Silicon 

Nitride (Si₃N₄) with a ceramic elastic modulus Ec=322.27 GPa, density ρc=2307 kg/m³, and 
Poisson’s ratio υc=0.24; and Stainless Steel (SUS304) with a metallic elastic modulus Em=207.79 
GPa, density ρm=8166 kg/m³, and Poisson’s ratio υm=0.24. and for hyperbolic (Rₓ=a, Ry=-a), 
ellipsoidal (Rₓ=a, Ry=2a), spherical (Rₓ=Ry=a), and cylindrical (Rₓ→∞, Ry=a) nanoshells, a=2000 
nm. To maintain a focused scope, the subsequent study concentrates exclusively on the behavior of 
the bending (or flexural) waves, which are fundamental to the dynamic response of plate 
structures. 

Fig. 3 investigates the influence of different shell types on phase velocity and group velocity. 
Of the four shell geometries compared, the hyperbolic shell consistently shows the lowest values 
for both phase and group velocities. The spherical shell ranks highest in both categories, while the  
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(a) (b) 

Fig. 4 Effect of the nonlocal parameter (ea) and the strain gradient parameter (l) on the (a) phase velocity 

and (b) group velocity for spherical shells (CCCC) 

 
 

cylindrical and ellipsoidal shells occupy intermediate positions in this ascending order. Specially, 
in Fig. 3(a), it can be observed that, arranged in ascending order, the hyperbolic shell exhibits the 
lowest phase velocity, followed by the cylindrical shell, then the ellipsoidal shell, and finally the 
spherical shell. Similarly, in Fig. 3(b), the hyperbolic shell demonstrates the smallest group 
velocity, followed by the cylindrical shell, the ellipsoidal shell, and the spherical shell. This 
phenomenon arises because the geometric curvature of the shell directly affects the propagation 
path and energy distribution of elastic waves. The negative Gaussian curvature of the hyperbolic 

shell causes significant wavefront distortion, increasing the tortuosity of the propagation path and 
thereby reducing both phase and group velocities. In contrast, the positive Gaussian curvature of 
the spherical shell results in a more uniform wave propagation path with lower energy dissipation, 
leading to higher velocities. Additionally, the stiffness of the shell (related to thickness and 
material properties) is positively correlated with elastic wave speed. Hyperbolic shells often 
require more complex structural designs to achieve negative curvature, which may result in lower 
local stiffness and reduced wave speed. The spherical shell’s symmetry ensures a more uniform 

stiffness distribution, facilitating higher wave speeds. Furthermore, curvature variations alter the 
dispersion characteristics of waves. The strong curvature gradient of the hyperbolic shell may 
exacerbate dispersion effects, reducing group velocity, while the smooth curvature of the spherical 
shell results in weaker dispersion and more stable group velocities. These combined factors lead to 
the hyperbolic shell having the lowest phase and group velocities, with the cylindrical and 
ellipsoidal shells in between, and the spherical shell achieving the highest speeds. This pattern 
reflects the comprehensive impact of geometric curvature on elastic wave propagation. 

The influence of intrinsic size parameters on wave propagation characteristics is thoroughly 

investigated in Fig. 4. These figures respectively illustrate the effect of the nonlocal parameter (ea) 
and the strain gradient parameter (l) on the phase velocity and group velocity of porous 
functionally graded doubly curved nanoshells. The data conclusively indicate that in the regime of 
very small wave numbers (i.e., long wavelengths), these size parameters exert a negligible 
influence on the dispersion relationship. This can be attributed to the fact that at long wavelengths, 
the wave “feels” the structure as a homogeneous continuum, and the micro-structural details  
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(a) (b) 

Fig. 5 Effect of the power-law index (N) on the (a) phase velocity and (b) group velocity for spherical shells 

(CCCC) 

 
 

captured by ‘ea’ and ‘l’ become irrelevant. Conversely, when the wave number is relatively large 
(i.e., short wavelengths), both the phase velocity and the group velocity are markedly and non-
trivially affected. This significant impact arises because short-wavelength waves are highly 
sensitive to the local microstructure and internal length scales of the material. The nonlocal 
parameter, which accounts for long-range atomic interactions, introduces a stiffness-softening 
effect, typically leading to a decrease in wave velocities. In contrast, the strain gradient parameter, 
which embodies the energy associated with spatial variations in strain, contributes to a stiffness-

hardening mechanism, often resulting in an increase in wave velocities, especially at high wave 
numbers. The observed interplay and the condition that size effects become prominent only with 
substantial parameter values are fully consistent with the conclusions drawn in the existing 
literature on nonlocal strain gradient theory. 

Furthermore, the impact of the power-law index (N), which governs the gradation of material 
properties through the doubly curved nanoshell’s thickness, is examined in Fig. 5. The results 
demonstrate a consistent and pronounced declining trend in both phase and group velocities as N 

increases. The primary reason for this behavior is the associated reduction in the volume fraction 
of the stiffer ceramic phase (Si₃N₄). A higher N value implies a richer metallic constituent 
(SUS304), which possesses a lower elastic modulus compared to the ceramic. This reduction in the 
effective elastic modulus directly leads to a decrease in the overall stiffness of the doubly curved 
nanoshell. Since wave propagation velocities are fundamentally proportional to the square root of 
the stiffness-to-density ratio, the reduced stiffness consequently results in lower phase and group 
velocities, despite the concurrent change in effective density. 

Similarly, the effect of introducing porosity is analyzed in Fig. 6, which shows that an increase 

in the pore volume fraction (p) also leads to a significant reduction in both phase and group 
velocities. The underlying mechanisms for this reduction are twofold. Firstly, the presence of 
pores creates discontinuities in the solid material, effectively reducing the load-bearing cross-
sectional area and hence the overall effective stiffness of the doubly curved nanoshell, which is a 
primary factor controlling wave speed. Secondly, the introduction of pores generally decreases the 
effective mass density of the material. However, the detrimental effect of porosity on stiffness  
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(a) (b) 

Fig. 6 Effect of the pore volume fraction (p) on the (a) phase velocity and (b) group velocity for spherical 

shells (CCCC) 

 

  

(a) (b) 

Fig. 7 Effect of the different boundary conditions on the (a) phase velocity and (b) group velocity for 
spherical shells 

 

 
typically outweighs the effect of the reduced density (the stiffness often degrades faster than the 
density), leading to a net decrease in the wave velocities. This makes the control of porosity a 
critical factor in tailoring the dynamic performance of FG doubly curved nanoshells for specific 
engineering applications. 

Fig. 7 investigates the influence of different boundary conditions (CCCC, SSSS, CCFF) on the 
phase and group velocities of doubly curved nanoshells. As shown in the figure, the CCCC 

exhibits the highest phase velocity. This is because the rigidly fixed boundary conditions constrain 
the free vibration of the plate, thereby enhancing its bending stiffness and consequently increasing 
the wave speed. In contrast, the CCFF plate demonstrates the lowest phase velocity, as the free-
edge boundary conditions significantly reduce the effective stiffness of the structure, leading to a 
decrease in wave speed. The SSSS plate has a phase velocity between these two cases, as the 
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simply-supported boundary conditions impose less constraint on stiffness compared to the 
clamped boundaries. Regarding group velocity, the SSSS plate exhibits the highest group velocity. 
The SSSS allows the plate to vibrate more freely, resulting in higher energy propagation 
efficiency. The CCCC has a lower group velocity, as the CCCC partially suppresses the energy 
transfer of certain vibration modes. The CCFF has the smallest group velocity, as the free-edge 
boundary causes significant energy dispersion, leading to a substantial reduction in group velocity. 

In summary, the CCCC enhances structural stiffness, increasing phase velocity but potentially 
suppressing group velocity. In contrast, the SSSS supports more vibration modes, which is 
beneficial for improving group velocity. The clamped plate’s vibration modes are more restricted, 
thus limiting its group velocity. 
 
 

4. Conclusions 
 

Based on the NSGT framework and accounting for the moment of inertia, the governing 
equations of motion are derived for porous FG doubly curved shells. The Galerkin method is then 
applied to eliminate the spatial variables from the partial differential equation system, transforming 
it into an ordinary differential equation in the time domain. By applying the boundary conditions 
and solving the characteristic equation, the dispersion characteristics of porous FG strain gradient 
doubly curved shells are obtained: 

(1) The phase and group velocities increase with shell curvature: hyperbolic (lowest), 

cylindrical, ellipsoidal, and spherical (highest). Negative curvature in hyperbolic shells distorts 
wave paths, increasing tortuosity and reducing speed, while spherical shells’ positive curvature 
enables uniform propagation with less dispersion and higher stiffness, enhancing wave 
velocities. 
(2) The size parameters (nonlocal ea and strain gradient l) significantly affect wave 
propagation in porous FG nanoshells only at high wave numbers (short wavelengths), with ea 
reducing velocities (stiffness-softening) and l increasing them (stiffness-hardening), while their 

influence is negligible at low wave numbers (long wavelengths), consistent with nonlocal strain 
gradient theory.  
(3) Increasing the power-law index reduces phase and group velocities in doubly curved 
nanoshells. This occurs because higher N values increase the softer metallic (SUS304) fraction, 
lowering effective stiffness. Since wave speeds depend on the square root of stiffness-to-
density ratio, the reduced stiffness leads to slower wave propagation. 
(4) The CCCC plate achieves the highest phase velocity due to enhanced stiffness, while the 

CCFF plate shows the lowest. For group velocity, the SSSS plate excels in energy propagation, 
whereas the CCCC and CCFF plates exhibit lower efficiency due to boundary constraints and 
energy dispersion, respectively. Thus, boundary conditions critically influence wave 
propagation characteristics in doubly curved nanoshells. 
These findings have direct applications in the design of next-generation MEMS/NEMS devices. 

The identified relationship between geometry and wave speed can guide the selection of shell 
curvature for specific functions, such as using hyperbolic shells as delay lines and spherical shells 
for high-speed signal channels. Furthermore, the effects of size parameters and material gradation 

provide key principles for tuning the performance of nano-resonators and ultrasensitive mass 
sensors. The analysis of boundary conditions also offers crucial insights for optimizing energy 
transmission in integrated nano-acoustic systems. 
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