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Guided waves of porous FG nanoplates with four edges clamped
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Abstract. Based on the nonlocal strain gradient (NSG) theory and considering the influence of moment of inertia, the
governing equations of motion of porous functionally graded (FG) nanoplates with four edges clamped are established; The
Galerkin method is applied to eliminate the spatial variables of the partial differential equation, and the partial differential
governing equation is transformed into an ordinary differential equation with time variables. By satisfying the boundary
conditions and solving the characteristic equation, the dispersion relations of the porous FG strain gradient nanoplates with four
edges fixed are obtained. It is found that when the wave number is very small, the influences of nonlocal parameters and strain
gradient parameters on the dispersion relation is very small. However, when the wave number is large, it has a great influence on
the group velocity and phase velocity. The nonlocal parameter represents the effect of stiffness softening, and the strain gradient
parameter represents the effect of stiffness strengthening. In addition, we also study the influence of power law index parameter
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and porosity on guided wave propagation.
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1. Introduction

Due to its excellent mechanical, thermal, magnetic and
optical properties, micro or nano structures are widely used
in automobile, aerospace, electrical information, ocean
engineering and other fields (for example, She et al. 2021,
Lu et al. 2021, Zhang et al. 2021, Malikan et al. 2021a, b,
Civalek et al. 2020, Eltaher et al. 2018, Barretta et al.
2019a, b, Jalaei and Civalek 2019, Ebrahimi and Barati
2017, 2016, Numanoglu et al. 2022, Akgbz and Civalek
2013, 20144, b, Zemri et al. 2015, Alazwari et al. 20223, b,
Ghandourah et al. 2021, Khadir et al. 2021, Bouhadra et al.
2021, Matouk et al. 2020, Singh and Azam 2021, Eltaher
and Abdelrahman 2020). However, in practical applications,
nanostructures are often subjected to various loads,
resulting in wave propagation and other phenomena. As
wave propagation is closely related to the working
performance and fatigue failure of structures, it is necessary
to analyze and evaluate the wave propagation and jump
buckling of nanostructures, so as to provide a reliable
theoretical basis for the design, development and
application of nanostructures.

The wave propagation of nanostructures can be
classified into guided wave and bulk wave. The body wave
is considered that the body wave propagates freely in the
matter, guided waves are different, they are affected by the
boundary. The existing wave propagation analysis of
nanostructures is mostly limited to the simple mechanical
model of wave free propagation in matter, ignoring the
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influence of boundary conditions on the problem. Due to
the various boundary conditions encountered in the process
of wave propagation, the artificial assumption that the wave
propagates freely in matter often leads to errors or even
wrong results. Because guided wave can detect the local
corrosion of the structure and have important engineering
applications, it has attracted much attention. Therefore, the
study of guided waves is expected to more accurately
understand the propagation mechanism of elastic waves in
nanostructures, which can effectively guide the optimal
design and manufacturing of nanostructures.

The wave propagation of nanobeam, nanoplate,
nanoshell and other nanostructures is a research hotspot in
recent years. For example, Lim et al. (2015) proposed a
new high-order nonlocal strain gradient (NSG) theory to
predict the propagation mechanism of waves in nanobeams,
which can simultaneously include the stiffness
strengthening and softening effects. Based on the NSG
theory, Liu and Lv (2018) studied the influence of material
uncertainty on elastic waves in intelligent magneto electro
elastic nanobeams. Wang and Liang (2019) studied the
influence of various pore distributions on flexural waves in
nanobeams. Ma et al. (2017) dicussed the propagation of
waves in magneto electro elastic nanobeams. Zhou (2019)
studied the impact of surface effect upon the propagations
and topological properties of bending wave in periodic
nanobeams. Ma et al. (2018a) examined the propagation
characteristics of waves in piezoelectric nanoplates based
on the nonlocal theory. Wang et al. (2019), Ma et al.
(2018b) studied the propagation characteristics of elastic
waves in functionally graded (FG) nanoshell.

In general, some achievements have been made in the
research of body waves in nanostructures, which will lay a
theoretical foundation for the application of nanostructures
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Fig. 1 A porous FG nanoplate

in engineering, but the existing research still has some
limitations. When studying the wave propagation
mechanism in nanostructures, many scholars assume that
the wave response will be far away from the boundary
conditions of nanostructures, and ignore the influence of
boundary conditions on the wave propagation mechanism.
Due to the lack of research on guided waves, Karami et al.
(2018) first studied guided waves in a nano plate with four
edges clamped. Compared with the solution process of bulk
waves, the displacement function of guided waves is
different and the computational complexity is larger.
However, they (Karami et al. 2018) only studied the
bending wave in the nanoplates, and the propagation
characteristics of the expansion wave were ignored by
them, and moreover, they only use the nonlocal theory,
stiffness enhancement effect was also ignored by them.

Through literature search, we can find that, the research
on guided waves in NSG porous FG nanoplates has not
been reported. Therefore, at present, the guided waves in
nanostructures have not been well understood and needs to
be further studied. Thus, it is important to use the NSG
theory to analyze the guided wave in the porous FG
nanoplates, and the present paper is to solve this complex
problem.

2. Nonlocal strain gradient for porous FG nanoplate

Consider an FG nanoplate as shown in Fig. 1. The four
edges of the FG nanoplate are assumed to be clamped, the
length, width and height of the plate are a, b and h
respectively, there are many kinds of material models for
functionally graded (FG) materials, for example, the
classical material model is the P model, which is the
classical power function form. However, scholars have
found that the classical P model will also have some
deviations in the evaluation of materials, because there will
be pores in the manufacturing process of FG materials,
which will undoubtedly affect the elastic modulus, density

and Poisson’s ratio of functionally graded materials (She et
al. 2022, She 2021, Zhang and She 2022, Ding and She
2021). Therefore, it is necessary to consider the influence of
pores on FG materials. Therefore, scholars proposed a
modified P model to describe the elastic modulus, density
and Poisson’s ratio of FG materials, and found that this
modified model is more accurate for the description of
materials. Therefore, in the following analysis, we also use
the modified material model to calculate the elastic
modulus, density and Poisson’s ratio of FG materials. And,
the FG nanoplates are made from metal and ceramic, the
equivalent mass density p, Poisson’s ratio v, elastic
modulus E, and can be expressed as the function of the
porosity volume fraction p and power law index N, as

N

Pr(2) = Py + (% + %) GRS ELTCRY SR
In Eg. (1), the subscript m and c¢ denote the mental and
ceramic, respectively. There are many theories for deriving
the dynamic equations of plates, such as classical plate
theory (CPT), first-order shear deformation plate theory
(FSDPT), and high-order shear deformation plate theory
(HSDPT). There are many kinds of HSDPTs, such as
HSDPT. Because the classical deformable plate theory does
not consider shear deformation, only longitudinal wave and
flexural wave are considered in the modeling process, and
the influence of shear wave is ignored. Therefore, the
evaluation of phase velocity and group velocity of flexural
wave is much larger. The FSDPT considers longitudinal
wave, shear wave and flexural wave, but shear factor needs
to be considered in the modeling process. Although when
selecting the size of shear factor, it needs to be treated
carefully, but in general, it is more accurate and sufficient to
use the FSDPT to model the plate theory. Therefore, in the
establishment of our wave equation below, we use the
FSDPT to derive the motion equations. Based on FSDPT,
the component of displacement field in the FG nanoplate

have the form (Sun and Luo 2011, Karami et al. 2018)

u = z@y(x,y,t) + up(x,y,t)
v =2z@y(x,y,t) + vo(x,y,t) (2
w=wy(x,y,t)

Here, uy, v, and w, are the midplane displacements
of the FG nanoplate along the x, y and z direction, and ¢,
and ¢, are the rotation along the x and y directions
respectively, and t represents the time. From Eqg. (2), we can
see that FSDPT contains five degrees of freedom, However,
CPT only contains three degrees of freedom. Compared
with the three degrees of freedom problem, the
establishment and solution of the dynamic equation of the
five degrees of freedom problem will become more
difficult.

According to the geometric equation, the strain
component are (Sun and Luo 2011)
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Here, €, represents the normal strain along the x
direction, &, is the normal strain along the y direction, &,,,
stands for the shear strain in the xy plane, ¢,, refers to the
shear strain in the xz plane, ¢, is the shear strain in the yz
plane.

The stress-strain relationship corresponding to NSG
theory have the form

Ox [511 512 0 0 0 ] Ex
(Jy ] [S12 S22 0 0 0] (gy ]
0xy =010 0 Se6 0 0 ]{éxy (4)
Oxz 0 0 0 Su 0]|e,
Oyz 0 0 0 0 555 Eyz
in which
1—'1 = (1 - lZVZ)' FZ = [1 - (ea)ZVZ]'
E(2) vE(z)
Su=Se =1 SeT1 5)
PLC) S = Ss5 = V25,
ee—m; 44 = 955 = V" 966-

Here, we need to explain that | is a nanoscale parameter
used to describe stiffness hardening (stain gradient
parameter), and ea is a nanoscale parameter used to
describe stiffness softening (nonlocal parameter), V is the
Laplacian operator. If we ignore the nano effect ea and I,
which corresponds to the classical Newton theory. When
ea=0, it corresponds to the strain gradient theory. When
1=0, it corresponds to the nonlocal theory. In addition, we
can also see that when ea=l, it also corresponds to the
classical Newtonian mechanics theory. Many scholars have
conducted extensive research on the application of NSG
theory. Without considering the external force, by using the
Hamilton principle, the motion equations can be derived as

ON, 0N,y 0%u, %,
r( + 5y ) =gz th g

1\ ox
() = (0 e )
n (aai" + %) =0 <Io %) (6)

oM, oM 0%v %
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1(ay+ ox Qy) 2<16t2+26t2

in which, A;;, B;; and D;; are the stiffness, coupling
stiffness and bending stiffness of the NSG nanoplate, and

A
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Substituting the constitutive equation into the above
equation leads to the following equations of mation,
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From Egs. (8) to (12), we can see that the wave equation
contains five degrees of freedom. If ea and | are not

considered at this time, the governing equation becomes
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If the nonlocal parameter is not considered, but the

strain gradient parameter is considered, the governing
equation becomes
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If the nonlocal parameter is considered, but the strain

gradient parameter is not considered, the governing
equation becomes
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Next, we will discuss these five different forms of
waves.

3. Solution of wave equation

When the elastic wave propagates in an FG nanoplate
with four edges clamped, the solution of Eq. (12) satisfying
the four clamped boundary conditions can be set as (Sun
and Luo 2011)

. mm . nm
up(x,7,8) = U Sin(~—=x) sin(-¥)
mn=1,3,5..
mn
vo(x,y, 1) = U SI( %) 515 Y) O
m,n=1,3,5...
2mm
wo(x,7,6) = Wina 1~ cos(——0)][1

mn=135.. (16)
2nm
- COS(T}’)] Q

. . 2mm 2nmw
PO = ) pEnsin(—0[1 - cos(FN] 0

mn=1,3,5...
0

y 2mm . 2nm
Pmnll = cos(——2)] sin(—=»)Q

m,n=1,3,5...

oy(x,y,8) =

Here, @ is related to time quantity, wave number and
other parameters, and has the following definition

@= (ei(x1x+;c2y+wt) + ei(;clxﬂczy—wt)) (17)

It should be pointed out that, in Egs. (16) and (17),
U, Vmns Wi, P and ¢, are wave amplitude,
and k, are wave numbers along the x and y direction,
are circular frequency. By substituting Eqgs. (16) and (17)
into Egs. (8)-(12), and by using Galerkin principle and
orthogonality condition of mode function, after a series of
operations. And in this paper, we only consider the first
mode, that is m=n=1, and then, a function of eigenvalue can
be obtained, that is

(K- sz)[ull! V11, W11, P11 ‘P1y1]T =0 (18)

If the equation is to have a non-zero solution, it must
have:
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In Eqg. (19), the stiffness matrix, mass matrix and
displacement matrix are defined as follows
[kn kiz kiz ks k15]

k21 k22 k23 k24 kZS
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k41 k42 k43 k44 k45
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b 0 0 O

0 I, 0 0 0]
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0 0 0 3, 0

00 0 0 3

The elements appeared in the matrix are defined as
follows
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We can see from Eq. (19) that the entire homogeneous

linear equations have 5 unknowns (uyy, vy1,Wy1, 931, 93;),
and the matrix of the coefficients of the homogeneous linear

equations is also equal to 5. Therefore, the homogeneous
linear equations have non-zero solutions. According to
Kramer’s law, if the coefficient determinant of
homogeneous linear equations is not 0, the equations have a
unique solution. From the dispersion Eq. (19), we can find
five pairs of real solutions, which correspond to five
different waves, the first two of which are expansion waves,
that is u,4,v,4, the third wave corresponds to the bending
wavew, ;, and the fourth and fifth wave correspond to the
shear wave @7y, ¢7,. Considering that the material has the
same properties in the direction x and y directions, so we
have x =k, =k,, and the phase velocity C, can be
obtained by the expression C, =%,and the group can be

obtained by ¢, =d =

4. Examples

In order to verify the correctness of this study, we
consider the macro FG plates, that is, the size effect is
neglected, ea=I=0, and there is no porosity in the FG plates.
The physical parameters and geometrical dimensions of the
materials are consistent with those in the literature, that is to
say, a=b=20h=0.2 m, E,=151 GPa, E»=70 GPa, p;=3000
kg/m®, pm=2707 kg/m3, ve=vn=0.3.The phase velocities and
group velocities of Sun and Luo (2011) are also shown in
Figs. 2 and 3. By comparing with the existing results of Sun
and Luo (2011), we find that our results (the dots) are in
good agreement with their results (the lines), which verifies
the correctness of this present study. In addition, we can
also see that when the size effect is not considered, the
phase velocity is a decreasing function of the wave number,
and the group velocity is an increasing function of the wave
number. However, when the wave number is large enough,
the group velocity basically remains unchanged.

In the following studies, the physical parameters and
geometrical dimensions of the material are: E.=322.27
GPa, p.=2307 Kg/m®, v,=0.24 for SisN4, En=207.79 GPa,
pm = 8166 Kg/m?, v,,=0.24 for SUS304. Moreover, only
the expansion waves and the flexural waves will be
discussed in the following research.

In Figs. 4 and 5, we respectively study the impacts of
the size parameters (that is, the nonlocal parameters ea and
the strain gradient parameters I) on the group velocity and
phase velocity of the porous FG nanoplates. From the
figure, we can see that when the wave number is very small,
the size of the nonlocal parameters and the strain gradient
parameters have little influence on the dispersion
relationship. However, when the wave number is relatively
large, the phase velocity and the group velocity have
significant impact, which is consistent with the conclusion
of the existing literature (Only when the values of nonlocal
parameters and strain gradient parameters are large, the size
parameters can affect the dispersion relationship). Moreover,
nonlocal parameters represent the stiffness softening effect,
and strain gradient parameters represent the stiffness
strengthening effect. Specifically, when the size parameter
is not considered, that is, at this time, ea=I=0, the phase
velocity decreases sharply as the wave number rises, but
when the wave number increases to a certain extent, the
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Fig. 3 Comparison of current group velocities with group velocities in Sun and Luo (2011)

phase velocity basically remains unchanged. However,
when ea=0 and I=1 nm, the images at this time are
obviously different. At the beginning, the phase velocity
drops sharply with the increase of wave number. When the
wave number increases to a certain value, the phase velocity
basically remains unchanged, but when the wave number
continues to increase, the phase velocity rises sharply.
When ea=0 and I=2 nm, the phase velocity increases more

significantly when the wave number is larger. That is to say,
for ea=0, I=1 nm and ea=0, I=2 nm, when the wave number
is small, the phase velocity is a decreasing function of the
wave number; when the wave number is large, the phase
velocity is an increasing function of the wave number.
When ea=1 nm, I=0, the phase velocity is a subtractive
function of the wave number. When ea=2 nm, 1=0, the
phase velocity is also a subtractive function of the wave
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number. In addition, we can also see that the change curve
of group velocity and wave number is obviously different
from the relationship curve of phase velocity and wave
number. We can see from Fig. 5 that when the size effect is
not considered, that is, when ea=I=0, the group velocity
increases sharply at the beginning with the continuous
increase of wave number, but when the wave number
increases to a certain extent, the group velocity remains
basically unchanged. When ea=0 and I=1 nm, and when
ea=0 and I=2 nm, the group velocity initially increases
sharply as the wave number goes up, but when the wave
number increases to a certain extent, the group velocity
basically remains unchanged, and when the wave number is
still increasing, the group velocity increases sharply. When
ea=1 and I=0 nm and when ea=2 nm and I=0 nm, the group
velocity increases sharply with the continuous increase of
the wave number. When the wave number increases to a
certain extent, the group velocity decreases sharply, that is,
the group velocity is the subtractive function of the wave
number.

In Fig. 6 and Fig. 7, we respectively study the effect of
the power law index parameter N on the group velocity and
phase velocity. As seen, as N rises, the phase velocity and
group velocity show a downward trend. It is obvious that
with the decrease of the volume fraction of the ceramic, the
elastic modulus and stiffness of the nano plate will
decrease, which will lead to the decrease of the group
velocity and phase velocity. Additionally, we can also find
that under this condition, with the continuous increase of
the wave number, the phase velocity is the subtraction

function of the wave number, but the relationship curve
between the group velocity and the wave number shows
another phenomenon. At this time, with the continuous
increase of the wave number, the group velocity first
increases, then decreases, then increases again, and finally
remains basically unchanged.

Similarly, with the increase of pore volume fraction p,
the group velocity and phase velocity also decrease, See
Figs. 8 and 9.

5. Conclusions

In this paper, we study the effects of nonlocal parameter,
strain gradient parameter, porosity and power law index on
wave propagation in porous NSG nanoplates. In the process
of dynamic modeling, we use the first-order shear
deformation plate theory. The first-order shear deformation
theory contains two expansion waves, two shear waves and
one bending wave. Then the dispersion relationship is
obtained by using Galerkin principle. By solving the
eigenvalue problem, the expressions of expansion wave,
shear wave and bending wave are obtained. From the above
analyses, we can know that: When the wave number is very
small, the size of the nonlocal parameter and the strain
gradient parameter have little influence on the dispersion
relationship. On the contrary, when the wave number is
relatively large, the phase velocity and the group velocity
have significant impact. Nonlocal parameters represent the
stiffness softening effect, and strain gradient parameters
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represent the stiffness strengthening effect. With the
decrease of the volume fraction of the ceramic, the elastic
modulus and stiffness of the nano plate will decrease, which
will lead to the decrease of the group velocity and phase
velocity. The effect of pore is similar to that of power law
index parameter, both of which have the effect of stiffness
weakening, which results in the decrease of the group
velocity and phase velocity.
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