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Abstract.  Developing of approaches for evaluation of structural life of load-bearing functionally graded beam 
structures containing longitudinal cracks under creep is a current problem. This is due to the fact that in many cases 
longitudinal cracks are observed during routine maintenance check of such structures. The present paper novelty is 
that an approach for evaluating the effect of longitudinal cracks on structural life of functionally graded load-bearing 
beams which exhibit non-linear creep is developed. In this relation, general time-dependent solution of the strain 
energy release rate (SERR) is derived. The beams under consideration are functionally graded in the thickness 
direction. The crack is located arbitrary along the thickness. The creep behavior is described by non-linear stress-
strain-time relationship written in general form. The solution of the SERR is derived by analyzing the time-dependent 
complementary strain energy. Two cases of behavior (beams with identical creep behavior in tension and 
compression and beams with asymmetrical creep behavior in tension and compression) are considered. The general 
solution is applied to evaluate the effect of a longitudinal crack on the structural life of a cantilever beam. The time-
dependent SERR in the cantilever beam is obtained also by considering the balance of the energy for check-up of the 
general solution. It is found that the structural life is extended with increasing thickness to width ratio of the beam. 
However, the life of the structure is shortened as the crack length to beam length ratio increases. Furthermore, a beam 
with asymmetric creep behavior in tension and compression has a shorter structural life than that of a beam with 
identical creep behavior. 
 

Keywords:   functionally graded beam; longitudinal fracture; maintenance of structures; non-linear creep; 
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1. Introduction 

 
Functionally graded materials are continuously inhomogeneous composites which are made of 

two or more constituent materials (Njim et al. 2021, Mahamood and Akinlabi 2017, Markworth et 
al. 1995, Miyamoto et al. 1999, Rizov and Altenbach 2019, Udupa et al. 2014, Tokovyy and Ma 
2019, Tokovyy 2019). The superior mechanical properties of functionally graded materials are 
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achieved by gradually changing the composition of constituent materials along one or more spatial 
directions during the manufacturing process so that the interaction of the constituents would yield 
the desired material performance (Al-Shablle et al. 2022, Gasik 2010, Rizov 2020a). The fact that 
the properties of functionally graded materials can be formed technologically and vary 
continuously in the solid is one of the basic advantages of functionally graded materials over the 
conventional homogeneous structural materials (Hirai and Chen 1999, Kadum Njim et al. 2025, 
Mahamood and Akinlabi 2017, Markworth et al. 1995, Miyamoto et al. 1999, Nemat-Allal et al. 
2011, Rizov 2024, Saiyathibrahim et al. 2016, Tokovyy and Ma 2017, Tokovyy and Ma 2021). 
Therefore, it is not surprising that the use of functionally graded materials for various advanced 
engineering applications in aeronautics, nuclear fusion reactors, engineering infrastructure, 
microelectronics, optics and biomedicine has increased in recent decades (Njim et al. 2021, Rizov 
2025, Udupa et al. 2014, Tokovyy 2023, Tokovyy et al. 2025, Wu et al. 2014). In particular, the 
meaning of functionally graded load-bearing beams is essential. Beams are one of the most widely 
used structures in civil engineering (Ahmed et al. 2022, Ait Atmane et al. 2017, Daouadji et al. 
2016, Sadoun et al. 2023).  
  The analysis of fracture provides very important information related to failure behavior and 
reliability of functionally graded materials and structural components (Dolgov 2024, Dowling 
2013, Rizov 2020b, Rizov 2022). Normal functioning and in-service safety of structures depend in 
a high degree on their fracture behavior. Issues like extension of design life of structures and preve
ntion of structural failures with purpose of minimizing the risk of loss of human lives and 
avoiding pollution of the environment are also related in some extent to fracture behavior and may 
be treated by using the methods of fracture mechanics. The continuous variation of the material 
properties in the volume of the solid makes the fracture analysis of functionally graded materials 
and structural components more complex in comparison with that of homogeneous materials and 
requires application of more sophisticated approaches. It should be noted further that functionally 
graded materials are frequently used for strengthening of load-bearing beam structures by external 
bonding of functionally graded strips (Daouadji et al. 2016, Sadoun et al. 2023). One of the 
problems here is the high risk of appearance of longitudinal cracks (debonding) between the beam 
and the strengthening strip. This fact also indicates the need for analysis of longitudinal failure 
behavior, especially when assessing the influence of longitudinal cracks on the life of beam 
structures.          

There is a variety of problems in the area of fracture mechanics of functionally graded 
structural members and components which have to be treated more deeply. For example, analyses 
of longitudinal fracture in terms of the SERR in various functionally graded beam configurations 
subjected to different influences and loads are motivated by the fact that functionally graded 
materials can be built-up layer-by-layer (Mahamood and Akinlabi 2017) which is a premise for 
appearance of longitudinal cracks between layers. Another important moment in such analyses is 
the circumstance that very often members of engineering structures exhibit creep behaviour whose 
influence has to be taken into account (Nguyen et al. 2015, Nguyen et al. 2020, Nguyen et al. 
2025, Truong et al. 2024). 

It is known from the engineering practise that in some cases longitudinal cracks are observed 
during routine maintenance check of various load-bearing functionally graded structures under 
prolonged loading. The presence of such cracks undoubtedly represents a significant treat for 
functioning and safety of structures. When dealing with a situation in which a longitudinal crack is 
observed, there are many questions that have to be considered carefully. For instance, one of these 
questions is about the effect of the longitudinal crack on the structural life.  
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In this relation, the aim of this paper is to develop an approach that can be applied for 
evaluation of the structural life at the presence of longitudinal crack in functionally graded beam 
configurations exhibiting non-linear creep. For achieving of this aim, general time-dependent 
solution of the SERR in functionally graded load-bearing beam structures which exhibit non-linear 
creep behavior is derived here. The beams under consideration are functionally graded in the 
thickness direction. The mechanical behavior of the beam is described by a general non-linear 
stress-strain-time relationship. Two cases (beams with identical creep behavior in tension and 
compression and beams with asymmetrical creep behavior in tension and compression) are 
considered in this paper. The general solution is applied to obtain the time-dependent SERR for a 
functionally graded cantilever beam under non-linear creep. The time-dependent SERR in the 
cantilever beam is derived also by analyzing the balance of the energy for verification. The 
variation of the SERR with time induced by the creep behavior is evaluated. It is shown how the 
general solution of the SERR can be applied for determining the structural life. The influence of a 
variety of factors like external loading, crack length, beam geometry and asymmetrical non-linear 
creep behavior in tension and compression on the structural life is studied and illustrated by 
different graphs. 

 
 

2. Beams with identical creep behavior in tension and compression 
 
Functionally graded beams with a longitudinal crack exhibiting creep are under consideration. 

A beam portion with the crack tip is shown schematically in Fig. 1. 
The cross-section of the beam is a rectangle of width, 𝑏, and thickness, ℎ. The crack is located 

arbitrary along the beam thickness. The thicknesses of the lower and the upper crack arms are 
denoted by ℎଵ and ℎଶ, respectively (Fig. 1). The beam is under combination of bending moment, 𝑀, and axial force, 𝑁. According to (Rizov 2020a) the SERR, 𝐺, can be written as 
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where *
01u , *

02u  and *
03u  are, respectively, the complementary strain energy densities in the 

lower and the upper crack arms behind the crack tip and in the un-cracked portion of the beam 
ahead of the crack tip, 1z , 2z  and 3z  are the vertical centroidal axes of the cross-sections of 
the lower and the upper crack arms and the un-cracked portion of the beam, respectively.  

The complementary strain energy density in the lower crack arm is expressed as (Rizov 2020a) 

01
*
01 uu −= σε                                (2) 

where σ  is the stress, ε is the strain. The strain energy density, 01u , is written as 

εσ
ε

du =
0

01                                (3) 
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Fig. 1. Portion of a beam with the crack tip

 
 
In order to calculate 01u  by using (3), one needs a stress-strain relationship. Since the material 

under consideration exhibits non-linear creep behavior, a non-linear stress-strain-time relationship 
written in a general form is used in the present analysis 

( )tf ,σε=                                 (4) 

where  𝑡 is the time, ( )tf ,σ  is a non-linear function of the stress and the time.  
The distribution of ε  in the cross-section of the lower crack arm is written as 

( )nzz 111 −= κε                               (5) 

where 1κ  is the curvature, nz1  is the coordinate of the neutral axis. The following approach is 
applied to determine the curvature and the coordinate of the neutral axis. First, the equation for 
equilibrium of the cross-section of the lower crack arm are written as  
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where 1N  and 1M  are the axial force and the bending moment in the cross-section of the lower 
crack arm behind the crack tip. In order to perform the integration in (6) and (7), σ  has to 
expressed in a function of 1z . For this purpose, (5) is substituted in (4) 

( ) ( )tfzz n ,111 σκ =−                           (8) 

However, in general case, σ  can not be determined explicitly from Eq. (8) due to the non-
linear character of the function, ( )tf ,σ . Therefore, σ  is expanded in series of Maclaurin by 
retaining of the first three members 
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Expression (9) is rewritten as 
2
111)( zzz ηδβσ ++≈                          (10) 

where 𝛽, 𝛿 and 𝜂 are unknown coefficients. By substituting of (10) in (6) and (7), one obtains 

3
111 12

1 hbhbN ηβ +=                         (11)  

                                    3
11 12

1 hbM δ= .                          (12) 

There are three unknowns, 𝛽, 𝛿 and 𝜂, in Eqs. (11) and (12). In order to determine the 
unknowns, we compose additional equations. For this purpose, first, (10) is substituted in (8). Then, 
by substituting of 01 =z  in (8) and in the first and the second derivatives of (8) with respect to 

1z  one obtains 

( ) 011 1
, ==− zatn tfz σκ                           (13) 

                                  ( ) 0
'

1 1
, == zattf σκ                            (14) 

                                   ( ) 0
''

1
,0 == zattf σ                            (15)  

Besides 𝛽, 𝛿 and 𝜂, two other unknowns, namely 1κ  and nz1  appear in (13), (14) and 
(15). Eqs. (11)-(15) can be solved with respect to 1κ , nz1 , 𝛽, 𝛿 and 𝜂 for particular function, 

( )tf ,σ , law for distribution of the properties of the functionally graded material along the 
thickness of the beam and values of the bending moment and the axial force. Then, *

01u  and 01u  
can be obtained by substituting of (10) in (2) and (3).  

The complementary strain energy density in the upper crack arm that is involved in (1) is found 
by using (2). For this purpose, σ , ε  and 01u  are replaced, respectively, with upσ , upε  and 

02u  where upσ  is the stress, upε  is the strain and 02u  is the strain energy density in the upper 

crack arm. The stress, upσ , is obtained by replacing of 1z , 𝛽, 𝛿 and 𝜂 with 2z , 𝛽௨௣, 𝛿௨௣ and 

upη  in (10). Eqs. (11)-(15) are used to determine 2κ , nz2 , upβ , upδ  and upη  (here, 2κ  is the 

curvature, nz2  is coordinate of the neutral axis of the upper crack arm). For this purpose, 1N , 

1M , 1κ , nz1 , 𝛽, 𝛿 and 𝜂 are replaced, respectively, with 𝑁ଶ, 2M , 2κ , nz2 , upβ , upδ  
and upη  where 1N  and 1M  are the axial force and the bending moment in the upper crack arm, 
respectively.    

The complementary strain energy density in the un-cracked beam portion ahead of the crack tip 
is calculated by replacing of σ , ε  and 01u , respectively, with unσ , unε  and 03u  in formula 
(2). Here, unσ , unε  and 03u  are the stress, the strain and the strain energy density in the un-
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cracked beam portion, respectively. Formula (10) is used to obtain unσ . For this purpose, 1z , 𝛽, 𝛿 and η  are replaced, respectively, with 3z , unβ , unδ  and unη . The unknowns, 3κ , nz3 , 

unβ , unδ  and unη , (here 3κ , nz3  are the curvature and the coordinate of the neutral axis) are  
determined from Eqs. (11)-(15). For this purpose, 1N , 1M , 1κ , nz1 , 𝛽 , 𝛿  and η  are 
replaced with N , M , 3κ , nz3 , unβ , unδ  and unη , respectively. 

The SERR can be obtained by substituting of the complementary strain energy densities in (1). 
 
 

3. Beams with asymmetrical creep behavior in tension and compression 
 
In order to derive the SERR for the crack problem in Fig. 1 when the beam exhibits 

asymmetrical creep behavior in tension and compression, formula (1) is re-written as 
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where *
01cu , *

01tu , *
02cu , *

02tu , *
03cu  and *

03tu  are the complementary strain energy densities in the 
compression and the tension zones of the cross-sections of the lower and the upper crack arms 
behind the crack tip and in the un-cracked portion of the beam ahead of the crack tip.   

The complementary strain energy densities in the compression and the tension zones of the 
cross-section of the lower crack arm are obtained as 

ccc uu 01
*
01 −= εσ                            (17) 

                               ttt uu 01
*
01 −= εσ                            (18) 

where cσ  and tσ  are the stresses in compression and tension, respectively. The strain energy 
densities in compression and tension, cu01  and tu01 , are expressed as 

εσ
ε

du cc =
0

01 .                           (19) 

                                  εσ
ε

du tt =
0

01 .                           (20) 

The stress-strain-time relationships in compression and tension which are needed in order to 
calculate the complementary strain energy densities are written, respectively, as 

( )tf c ,σε=                               (21) 

and 
( )tf t ,σε=                               (22) 
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Since the position of the neutral axis is not known in advance, the stresses, cσ  and tσ , are 
expanded in series of Taylor  

2
11111 )()()( cccccc zzzzz −+−+≈ ηδβσ                  (23) 

2
11111 )()()( tttttt zzzzz −+−+≈ ηδβσ                  (24) 

where 2/)( 111 nc zhz +−= , 2/)( 111 nt zhz −= . It should be noted that nzzh 111 2/ ≤≤−   and 
2/111 hzz n ≤≤  in (23) and (24), respectively. In order to determine the coefficients, cβ , cδ , 

cη , tβ , tδ  and tη , the equations for equilibrium of the cross-section of the lower crack arm 
are written as 
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By substituting of (23) and (24) in (25) and (26), one obtains 
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Further six equations are written in the following way. First, (23) and (24) are substituted in (21) 
and (22), respectively. Then, by substituting of czz 11 =  in (21) and in the first and the second 
derivatives of (21) with respect to 1z , one obtains 

( )
czzatcnc tfzz

11
,)( 111 ==− σκ                     (29) 
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( )
czzatc tf
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,'

1 == σκ                             (30) 

                                ( )
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,0 ''
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Analogically, by substituting of tzz 11 =  in (22) and in the first and the second derivatives of 
(22) with respect to 1z , one arrives at 

( )
tzzattnt tfzz
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,)( 111 ==− σκ                        (32) 

                                ( )
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11
,'

1 == σκ                             (33) 

                                ( )
tzzatt tf

11
,0 ''

== σ                              (34) 

Eqs. (27)-(34) can be solved with respect to 1κ , nz1 , cβ , cδ , cη , tβ , tδ  and tη for 
particular functions, ( )tf c ,σ  and ( )tf t ,σ , material properties and values of 1N  and 1M . 
Then, the energy densities are found by substituting of (23) and (24) in (17)-(20).      

Formulae (17) and (18) are applied also to obtain the complementary strain energy densities in 
the compression and tension zones of the cross-section of the upper crack arm behind the crack tip. 
For this purpose, cσ , tσ , ε , cu01  and tu01  are replaced, respectively, with upcσ , uptσ , 

upε , cu02  and tu02  where 
upcσ  and uptσ  are the stresses in the compression and tension zones, 

upε  is the strain, cu02  and tu02  are the complementary strain energy densities in the 

compression and the tension zones of the upper crack arm. The unknowns, 2κ , nz2 , upcβ , 
upcδ , 

upcη , uptβ , uptδ  and uptη  are obtained by using Eqs. (27)-(34). For this purpose, 1N , 1M , 

1κ , nz1 , cβ , cδ , cη , tβ , tδ  and tη  are replaced with 2N , 2M , 2κ , nz2 , upcβ , 

upcδ , upcη , uptβ , uptδ  and uptη , respectively.  
The complementary strain energy densities in the compression and the tension zones of the un-

cracked beam portion ahead of the crack tip are derived by replacing of cσ , tσ , ε , cu01  and 

tu01  with uncσ , untσ , unε , cu03  and tu03  in (17) and (18) where uncσ  and untσ  are the 
stresses in the compression and the tension zones, unε  is the strain, cu03  and tu03  are the 
complementary strain energy densities in the compression and the tension zones of the cross-
section of the un-cracked beam portion ahead of the crack tip. Equations (27) – (34) are used to 
determine 3κ , nz3 , uncβ , uncδ , uncη , untβ , untδ  and untη . For this purpose, 1N , 1M , 

1κ , nz1 , cβ , cδ , cη , tβ , tδ  and tη  are replaced, respectively, with N , M , 3κ , 

nz3 , uncβ , uncδ , uncη , untβ , untδ  and untη .  
The complementary strain energy densities have to be substituted in (16) to calculate the SERR.  
It should be noted that the general solutions of the SERR derived in the present paper are time-

dependent on account of creep behaviour. The solutions can be applied to calculate the SERR with 
taking into account the non-linear creep behavior at various values of the time. 
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Fig. 2 The geometry and loading of a cantilever beam with a longitudinal crack 

 
 
4. Illustrative example 

 
The general solution derived in the previous section of the paper is applied here to obtain a 

time-dependent solution of the SERR for the cantilever beam configuration depicted in Fig. 2. 
Then, the solution is used to determine the structural life. The length of the beam is l . The beam 
has a rectangular cross-section of width, b , and thickness, h . The length of the crack is a . The 
thicknesses of the lower and the upper crack arms are denoted by 1h  and 2h , respectively. The 
beam is clamped in its right-hand end. The external loading consists of one vertical force, F , 
applied at the free end of the lower crack arm (Fig. 2). Apparently, the upper crack arm is free of 
stresses. The beam is functionally graded along the thickness.  

In this case the time-dependent solution of the SERR is derived by applying the general 
solution (1). The beam exhibits non-linear creep behavior that is treated by using the following 
non-linear stress-strain-time relationship (Rabinovich 1970) 

met
E

3
3 γσ

σ
η

σε
+

+=                            (35) 

where 𝐸 is the modulus of elasticity, η , γ  and m  are material properties which characterize 
the creep behavior. It should be noted that the first term in the right-hand side of (35) describes the 
instantaneous linear-elastic strain. The strain induced by the creep behavior is described by the 
second term in the right-hand side of (35).  

The continuous distribution of the modulus of elasticity along the thickness of the beam is 
written as 

h

zh

s

upeEE
+

=
2

                             (36) 

where  

22
hzh ≤≤−                              (37) 
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In formula (36), 
upE  is the value of the modulus of elasticity in the upper surface of the beam, 

s  is a material property that controls the variation of E  in the thickness direction, z  is the 
vertical centroidal axis (Fig. 2).      

By combining of (2), (3) and (35), one obtains the following time-dependent strain energy 
densities in the lower crack arm 
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−+= 22
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g
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σ                (38) 

                        ( ) 
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E
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σ
η

σ σ
                    (39) 

where ( ) )3/(3 mg γ+= . In order to present the distribution of the modulus of elasticity along the 
thickness of the lower crack arm, (36) is re-written as  

h

hhz
s

upeEE
+−

=
2
1

1

                           (40) 

where 

22
1

1
1 hzh ≤≤−                               (41) 

By using (35), the function, ( )tf ,σ , is obtained as 

( ) met
E

tf 3
3

,
γσ

σ
η

σσ
+

+= .                        (42) 

By substituting of (10), (40) and (42) in (13), (14) and (15), one derives    

g
q
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n et

eE
z ββ
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                         gg
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sh ββ βδ
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δ
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βδκ ++−= −1                   (44)               

ggg
q
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getegtgette
ehE

sshh ββββ δ
η

βδ
η

ββδη 222
22

222220 +++++−= −
,         (45)  

where ( ) ( )hhhsq 2/21 += . Eqs. (11), (12), (43), (44) and (45) are solved with respect to 1κ , 

nz1 , β , 𝛿 and η  by using the MatLab computer program (it should be mentioned that the axial 
force and the bending moment which are involved in Eqs. (11) and (12) are obtained as 01=N  
and FxM =1  for the beam in Fig. 2). Then, the energy densities are found by substituting of (10) 
in (38) and (39).   

The complementary strain energy in the upper crack arm is zero since the upper crack arm is 
free of stresses (Fig. 2).  
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The curvature, the coordinate of the neutral axis and the coefficients, unβ , unδ  and unη , in the 
un-cracked beam portion ahead of the crack tip are found by using Eqs. (11), (12), (43), (44) and 
(45). For this purpose, 1κ , nz1 , 𝛽, 𝛿 and η  are replaced with 3κ , nz3 , unβ , unδ  and 

unη , respectively.   
By substituting of the complementary strain energy densities in (1), the SERR is written as 

3
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2

2

1
*
01

2

2

1

1

dzudzuG

h

h

h

h


−−

−=                          (46) 

where the complementary strain densities are obtained by (11), (12), (39), (43), (44) and (45) at 
ax = . The integration in (46) is performed y using the MatLab computer program. 

Time-dependent solution of the SERR for the cantilever beam shown in Fig. 2 is found also by 
considering the balance of the energy for verification of (46). For this purpose, the balance of the 
energy is written as 

abGa
a
UwF δδδ +

∂
∂=                         (47) 

where w  is the vertical displacement of the application point of the external force, U  is the 
strain energy cumulated in the beam, aδ  is a small increase of the crack length. From (47), one 
obtains 

a
U

ba
w

b
FG

∂
∂−

∂
∂= 1 .                        (48) 

The vertical displacement of the application point of the external force is derived by applying 
the integrals of Maxwell-Mohr. The result is 

xxdxdxw
l

a

a

31
0

κκ  +=                       (49) 

where x  is the longitudinal centroidal axis of the beam (Fig. 2). The strain energy cumulated in 
the beam is written as 

31 UUU +=                              (50) 

where 1U  and 3U  are the strain energies in the lower crack arm and the un-cracked beam 
portion, respectively. The strain energy in the lower crack arm is found as  

101

2

2
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1

1

1

dxdzubU

h

h

a


−

= .                       (51) 

The strain energy in the un-cracked beam portion is written as 
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303
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where the complementary strain energy density in the un-cracked beam portion, 03u , is calculate 
by applying formula (38). For this purpose, σ  is replaced with unσ .  

By substituting of (49)-(52) in (48), one obtains 
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where the curvatures and the strain energy densities are found by (11), (12), (38), (43), (44) and 
(45) at ax = . The MatLab computer program is used to carry-out the integration in (53). The 
SERR obtained by (53) matches that calculated by (46). This fact is a verification of the solution 
of the SERR obtained for the case of beam with identical creep behavior in tension and 
compression.  
 

4.2 Case of beam with asymmetrical creep behavior in tension and compression 
 
Solution (16) is applied to obtain the SERR in this case. The non-linear stress-strain-time 

relationship (35) is re-written as  
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and 
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for compression and tension, respectively. In formulae (54) and (55), 𝐸௖ and 𝐸௧ are the moduli 
of elasticity, respectively, in compression and tension, 𝜂௖, cγ  and 𝑚௖ are material properties 
which characterize the creep behavior in compression. The creep behavior in tension is 
characterized by 𝜂௧, tγ  and tm . 

The variations of 𝐸௖ and 𝐸௧ along the thickness of the beam are expressed, respectively, as   

h
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and  
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s

uptt
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=
2

                           (57) 
where  
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22
hzh ≤≤−                                (58) 

In formulae (56) and (57), upcE  and uptE  are the values of the moduli of elasticity in 
compression and tension at the upper surface of the beam, respectively. The material properties, 

cs  and ts , control the variation of cE  and tE  along the thickness of the beam, respectively.       
By using (38) and (39), the strain energy densities in the compression and tension zones in the 

lower crack arm are written, respectively, as 
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where ( ) )3/(3 ccc mg γ+= , ( ) )3/(3 ttt mg γ+= . By using (54) and (55), functions, ( )tf c ,σ  and 
( )tf t ,σ , are written as 
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By substituting of (23), (24), (61), (62), (63) and (64) in (29)-(34), one derives    
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                     cccc
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where ( ) ( )hhhsq cc 2/21 += , ( ) ( )hhhsq tt 2/21 += . Eqs. (27), (28), (66)-(71) are solved with 
respect to 1κ , nz1 , cβ , cδ , cη , tβ , tδ  and tη  by using the MatLab computer program 
(the axial force and the bending moment which are involved in Eqs. (27) and (28) are written as 

01=N  and FxM =1 ).  
Equations (27), (28), (66) – (71) are used also to determine 3κ , nz3 , uncβ , uncδ , uncη , 

untβ , untδ  and untη . For this purpose, 1κ , nz1 , cβ , cδ , cη , tβ , tδ  and tη  are replaced 
with 3κ , nz3 , uncβ , uncδ , uncη , untβ , untδ  and untη , respectively.  

The following expression for the SERR is found by substituting of the complementary strain 
energy densities in (16) 
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The MatLab computer program is used to perform the integration in (72). The complementary 
strain energy densities which are involved in (72) are determined by using (27), (28), (59), (60), 
(66)-(71) at ax = .   

In order to verify solution (72), the SERR is derived also by considering the balance of the 
energy. For this purpose, formula (48) is applied. The strain energy in the lower crack arm is 
written as 
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The complementary strain energy densities in the compression and tension, cu01  and tu01 , 
which are involved in (73) are obtained by (59) and (60). The strain energy in the un-cracked 
portion of the beam is found as 
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where cu03  and tu03  are obtained by replacing of cσ , 
tσ  and ε  with 

uncσ , 
untσ  and unε  

in (59) and (60).  
By substituting of (49), (50), (73) and (74) in (48), one derives 
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where the curvatures and the strain energy densities are found by (27), (28), (59), (60), (66)-(71) at 
ax = . The integration in (53) is carried-out by the MatLab computer program. The fact that the 

SERR obtained by (53) matches that found by (72) verifies the solution for the case of beam with 
asymmetrical creep behavior in tension and compression.  

It should be mentioned that the Maclaurin and Taylor series expansions up to higher order 
inclusive are also used. It is found that using order inclusive higher than the second order 
practically does not change the result (the difference is less than 2%). When higher-order terms are 
included, enough equations can be composed by substituting of 01 =z in the third, fourth, etc. 
derivatives of (8). If higher-order terms are included when the creep behavior is asymmetric, 
enough equations can be obtained by substitution of czz 11 = in the third, fourth, etc. derivatives of 
(21). Analogically, tzz 11 = has to be substituted in the third, fourth, etc. derivatives of (22).    
 

4.3 Determining of the structural life  
 
The results presented here are obtained by applying the time-dependent solutions of the SERR 

for the functionally graded cantilever beam (Fig. 2) derived in the previous section of the paper.  
It is shown how the solutions can be used for determining the structural life of the cantilever 

beam with a longitudinal crack. The SERR is expressed in a non-dimensional form by using the 
formula )/( bEGG upN = . The variation of the SERR with the time is studied (this is necessary for 
determination of the structural life). The influence of the loading, the beam geometry, the crack 
length and asymmetrical creep behavior of the beam in tension and compression on the structural 
life is analyzed. It is assumed that 200.0=b  m, 300.0=l  m, 4.0=s , 5.0=cs , 6.0=ts , 

5.0/1 =hh  and 5=F  N.  
One can get an idea about the variation of the SERR with the time induced by the beam creep 

behavior from Fig. 3 where the SERR in non-dimensional form is plotted against the non-
dimensional time. The plots in Fig. 3 are for beam with identical creep behavior in tension and 
compression. It should be mentioned that the SERR at 0=t  in Fig. 3 is due to the instantaneous 
linear-elastic reaction of the beam that is described by the first term in the right-hand side of (35). 
In order to examine the effect of loading, plots at three magnitudes of the force, F , are shown in 
Fig. 3. Besides, Fig. 3 illustrates the approach used for determining the structural life of the 
cantilever. In this paper, it is assumed that structural life of the beam with longitudinal crack is 
limited by the time for beginning of the crack growth. Therefore, for determining the structural life  
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Fig. 3 The SERR in non-dimensional form plotted vs. the non-dimensional time (curve 1 - at 3=F  N, 
curve 2 - at 4=F  N and curve 3 - at 5=F  N). The structural life at the different force magnitudes is 
denoted by 1t , 2t , and 3t  

 
 

 
Fig. 4 Variation of the non-dimensional SERR with the non-dimensional time (curve 1 – at 2.1/ =bh , 
curve 2 – at 5.1/ =bh  and curve 3 – at 8.1/ =bh ). The corresponding structural life of the cantilever 
beam is denoted by 4t , 5t , and 6t  

 
 

we have to obtain the time for beginning of the crack growth. The time at which the SERR gets in 
line with the fracture toughness, CG , is the time for beginning of the crack growth (Fig. 3). 
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Fig. 5 Curves illustrating change of the non-dimensional SERR with the non-dimensional time (curve 1 – 
at 3.0/ =la , curve 2 – at 5.0/ =la  and curve 3 – at 7.0/ =la ). The structural life of the cantilever 
beam at different la /  ratios is denoted by 7t , 8t , and 9t  

 
 
By using this approach, we determine the cantilever beam structural life denoted by 1t , 2t , and 

3t  at the three vales of 𝐹 as shown in Fig. 3. 
The curves in Fig. 3 indicate that the structural life decreases with increasing of the force 

magnitude. This finding is attributed to the increase of the SERR induced by increase of the force 
acting on the beam.   

The influence of the beam geometry (the latter is characterized by bh /  ratio) on the structural 
life is analyzed too. In this relation, the SERR in non-dimensional form is plotted against the non-
dimension time at three bh /  ratios in Fig. 4. The plots in Fig. 4 are for a cantilever with identical 
creep behavior in tension and compression. The cantilever beam structural life for the considered 

bh /  ratios is denoted by 4t , 5t , and 6t , respectively (Fig. 4). It is evident from Fig. 4 that the 
structural life increases when bh /  ratio increases. This behavior is explained by reduction of the 
SERR when bh /  ratio increases. 

The influence of the crack length (the latter is characterized by la /  ratio) on the cantilever 
structural life is also evaluated. Beam with identical creep behavior in tension and compression is 
considered. The SERR in non-dimensional form is plotted against the non-dimension time in Fig. 
5 at three la /  ratios. It is obvious from Fig. 5 that the structural life reduces with increasing of 

la /  ratio. This is due to growth of the SERR generated by increase of la /  ratio (Fig. 5).   
Finally, it is explored how the cantilever beam structural life is affected by asymmetrical creep 

behavior in tension and compression. For this purpose, variation of the non-dimensional SERR 
with the non-dimensional time for both cases (beam with identical creep behavior in tension and 
compression and beam with asymmetrical creep behavior in tension and compression) is shown in 
Fig. 6. It can be observed in Fig. 6 that the structural life of beam with asymmetrical creep 
behavior in tension and compression is shorter than that of beam with identical creep behavior in 
tension and compression. 
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Fig. 6 The non-dimensional SERR presented as a function of the non-dimensional time (curve 1 – for the 
case of beam with identical creep behavior in tension and compression, curve 2 –for the case of beam with 
asymmetrical creep behavior in tension and compression). The structural life of the cantilever beam for 
the considered cases of creep behavior is denoted by 10t  and 11t  

 
 

The explanation of this finding is in growth of the SERR when the beam has asymmetrical 
creep behavior in tension and compression.     
 
 
5. Conclusions 
 

An approach for evaluation of the effect of longitudinal cracks on structural life of functionally 
graded beams exhibiting non-linear creep is developed. In this relation, general time-dependent 
solution of the SERR is derived. The crack is located arbitrary along the beam thickness (thus, the 
two crack arms have different thicknesses). The beam is functionally graded in the thickness 
direction (the continuous variation of material properties along the thickness is arbitrary). The 
creep behavior of the beam is treated by using non-linear stress-strain-time relationship in general 
form. Two cases (beams with identical creep behavior in tension and compression and beams with 
asymmetrical creep behavior in tension and compression) are considered. The general time-
dependent solution of the SERR is applied for determining the structural life of a functionally 
graded cantilever beam with a longitudinal crack. Time-dependent solution of the SERR in the 
cantilever beam is obtained also by considering the energy balance for verification. It is found that 
the structural life reduces with increasing the magnitude of the external force. The analysis reveals 
that the structural life grows when bh /  ratio increases. Growth of la /  ratio induces reduction 
of the structural life of the cantilever. It is observed that the structural life of the beam with 
asymmetrical creep behavior in tension and compression is shorter than that of the beam with 
identical creep behavior in tension and compression. The analysis performed indicates that the 
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approach represents a useful tool for determination of the structural life of functionally graded 
beams in which longitudinal cracks are observed during maintenance check. The practical 
application of the approach developed here proceeds through the following steps. First, the 
location and length of the longitudinal crack must be determined (usually by visual inspection of 
the beam structure). Then, by applying the approach, the evolution of the SERR with time due to 
creep must be analyzed. Finally, the service life of the structure can be determined by equating the 
SERR with the fracture toughness.  
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