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1. Introduction 
 

Acoustic flow has been the subject of much research in 

recent years. Hossein Kavusi and Davood Toghraie (2017) 

investigated a fluid flow in a heat pipe in the two 

dimensional state, using the finite volume numerical 

method based on the thermal performance of the pipe. 

Moraveji and Toghraie studied the effect of changing 

various parameters such as number of inlets, tube length, 

and diameter of cold outlet. Another numerical method for 

simulation of flow boiling was used to show the effect of 

increasing the velocity of a fluid jet of water on the 

convective heat transfer (Toghraie 2016).  

The heat transfer rate as important parameter in some 

industrial applications was investigated to show the effect 

of the cavity angle and the tube size. Soroush et al. (2018). 

Laminar flow of non-Newtonian nano fluid in a two 

dimensional horizontal microtube with various boundary 

conditions was investigated to offer a good option for nano 

scale and microscale simulation. Rahmati et al. (2018). 

Simon Marié et al., (2009), focused on the plane wave 

dispersion and dissipation for various kinds of discretization 

of the 3D linearized and isothermal Navier-Stokes equation,  
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without taking into account stability problems. Sharma et 

al. (2020) studied the Lattice Boltzmann methods and their 

efficiency to solve diverse flow problems such as aero-

dynamics, aeroacoustics and thermal multiphase flows. Li 

et al. (2006) used Lattice Boltzmann method to simulate 

fluid motions by tracking the evolution of the particle 

velocity distribution function based on linear streaming 

with non-linear collision. The accuracy of the LBM is 

established by comparing with direct numerical simulation 

(DNS) results obtained by solving the governing equations 

using a finite difference scheme. The proposed LBM and 

the DNS give identical results, thus suggesting that the 

LBM can be used to simulate aeroacoustics problems 

correctly. In the case of a uniform flow, the problem can be 

reduced by simple geometric transformation to a system of 

four standard equations of wave propagation in a medium at 

rest. Many studies have investigated the case of a non-

uniform flow; these works have been based essentially on 

linearized Euler equations, Galbrun’s equation, or the 

potential acoustic equation (Bonnet-Ben Dhia et al. 2001). 

Changes in sections of ducts generally lead to reflection 

phenomena that disrupt the propagation of acoustic waves 

(Gabard et al. 2004). When the section varies slowly, as in 

the case of turbojet aircraft, mathematical equations can be 

used, such as Galbrun equations (Redon 1996). In cases of 

sudden variation of sections, as in the mufflers generally 

used to reduce noise, transmission loss 𝑇𝐿  can be simulated 

using finite element method [FEM] tools such as Comsol or 

the transfer matrix method; in both cases the flow become  
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Abstract.  The continuous elements method, also known as the dynamic stiffness method, is effective for solving structural 

dynamics problems, especially over a large frequency range. Before applying this method to fluid-structure interactions, it is 

advisable to check its validity for pure acoustics, without considering the different coupling parameters. This paper describes a 

procedure for taking wave propagation into account in the formulation of a Dynamic Stiffness Matrix. The procedure is 

presented in the context of the harmonic response of acoustic pressure. This development was validated by comparing the 

harmonic response calculations performed using the continuous element model with the analytical solution. In addition, this 

paper illustrates the application of this method to a simple compressible flow problem, since it has been applied solely to 

structural problems to date. 
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Fig. 1 Axisymmetric duct. (Batoz 1990) 

 

 

quasi-one-dimensional. Magrab (1975) and Ben Tahar and 

Goy (1998) developed a variation formulation to study 

vibro-acoustic problems in the presence of a flow. They 

added a Lagrange multiplier to ensure the continuity of 

pressure at the fluid-structure interface. Ben Tahar and Dias 

(1999) subsequently developed a coupled FEM / BEM 

formulation to highlight the acoustic radiation that is 

conducted in the presence of a flow. The finite element 

model and the boundary element method are effective for 

low frequencies (less than 300Hz) but they do not support 

reliable analyses for medium frequency bands (500 Hz - 

5000 Hz). This difficulty can be overcome by applying the 

“Dynamic Stiffness Method” for relatively simple 

structures: assemblies of girders, beams, plates, and 

revolving shells (Khadimallah et al. 2011). This method, 

which cleverly combines analytical modeling and digital 

assembly, reduces solution time and memory demand 

(Tahar and Dias 1999). Recently some researcher used 

different methods for nonlinear modeling (Eltaher et al. 

2019, Ebrahimi et al. 2019, Safaei et al. 2019, Shahsavari et 

al. 2019, Benmansour et al. 2019). 

In this study, we showed how the continuous element 

method (Casimir et al. 2007), previously used for structural 

dynamics, can be adapted to other kinds of problem, 

particularly the problem of compressible flows. We 

investigated the cases of a straight duct, a conical duct and 

an expansion chamber with and without flow, where the 

Mach number reached 0.3. The choice of these problems 

will eventually allow the method to be extended to coupled 

fluid flow problems and structural vibration. First, a 

compressible flow in an axisymmetric tube was considered. 

The geometry of the tube is described in Fig. 1; r is the 

radius of the tube, according to axis z through the center. 
 

 

2. Materials and methods 
 

Considering the density 𝜌  of the fluid and its 

velocity  𝑣, the mass conservation and momentum equations 

for an elementary slice can be written as follows 

𝜕𝜌

𝜕𝑡
𝐴(𝑧) +

𝜕(𝜌𝑣𝐴)

𝜕𝑧
= 0 (1) 

𝜕𝜌𝑣

𝜕𝑡
𝐴(𝑧) + 𝑣

𝜕𝜌𝑣

𝜕𝑧
𝐴(𝑧) =

𝜕𝑝

𝜕𝑧
𝐴(𝑧) (2) 

where 𝐴 is the duct cross section, and 𝑝 is the constant 

pressure considered in this section for a one dimensional 

model. For acoustical waves, the small perturbation 

hypothesis gives: 

{
𝐴(𝑧)

𝜕𝛿𝜌

𝜕𝑡
+ 𝜌0𝐴(𝑧)

𝜕𝛿𝑣

𝜕𝑧
+ 𝜌0𝛿𝑣

𝜕𝐴

𝜕𝑧
= 0

𝜌0
𝜕𝛿𝑣

𝜕𝑡
= −

𝜕𝛿𝑝

𝜕𝑧

 (3) 

where 𝛿𝑝, 𝛿𝑣 and 𝛿 are propagating respectively small 

perturbations of pressure, velocity and mass density. 𝜌0 is 

the mass density of the fluid. For isentropic transformation, 

𝛿𝜌 = 𝜒𝑠𝜌0𝛿𝑝 where 𝜒𝑠 is the isentropic compressibility. 

Sound wave equations in the duct become the following: 

{
A(z)χ

s

∂δp

∂t
+A(z)

∂δv

∂z
+ρ

0
δv

∂A

∂z
=0

ρ
0

∂δv

∂t
=-

∂δp

∂z

 (4) 

We seek monochromatic solutions such that    δp =
δp0(z)e

iωt  and δv = δv0(z)e
iωt, where p0(z)  and v0(z) 

are functions of space variable z. In this case, the 

conservation equations are written as follows: 

{
 

 𝑖𝜔𝝌𝒔𝐴𝛿𝑝0(𝑧) +
𝜕𝛿𝑣0
𝜕𝑧

𝐴 + 𝛿𝑣0(𝑧)
𝜕𝐴

𝜕𝑧
= 0

𝛿𝑣0(𝑧) = −
1

𝑖𝜔𝜌0

𝜕𝛿𝑝0
𝜕𝑧

 (5) 

and with the following matricial form: 

(

𝜕𝛿𝑣0
𝜕𝑧
𝜕𝛿𝑝0
𝜕𝑧

) = (−
1

𝐴

𝜕𝐴

𝜕𝑧
−𝑖𝜔𝝌𝒔

−𝑖𝜔𝜌0 0
) (
𝛿𝑣0
𝛿𝑝0

) (6) 

Thus, by setting E = (δv0. δp0)
T  and D(z. ω) =

(
−
1

A

∂A

∂z
−iωχs

−iωρ0 0
). Eq. (6) takes the form: 

𝑑𝐸

 𝑑𝑧
= [𝐷(𝑧. 𝜔)]𝐸(𝑧) (7) 

 
 

3. Continuous element method 

 

Considering position z along the z, we can define a 

matrix T(z) called the Dynamic Transfer Matrix, 

  𝐸𝜔(𝑧) = 𝑇𝜔(𝑧)𝐸𝜔(0) (8) 

The matrix, T(0), satisfies: 

𝐸𝜔(0) = 𝑇𝜔(0)𝐸𝜔(0) (9) 

and therefore, 

𝑑𝑇𝜔(𝑧)

𝑑𝑧
= [D𝜔(𝑧)]Tω(z) (10) 
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Fig. 2 Straight duct with uniform flow 

 

 
Fig. 3 Pressure response in the case of a fluid propagation 

without flow 

 

 
Fig. 4 Straight duct with uniform flow 

 

 

Thus the dynamic transfer matrix 𝑇𝜔(𝑧) satisfies the 

linear differential equation of the first order parameterized 

by ω  and defined by the differential dynamic matrix 

D𝜔(𝑧). The solution of this first-order equation is obtained 

by introducing the concept of the exponential matrix. The 

dynamic transfer matrix can be written as follows: 

[Tω(z)] = 𝑒
∫ 𝐷𝜔(𝑙)𝑑𝑙
𝑧
0   (11) 

Function 𝑒[X] , defined on the set of matrices of 

dimension n is defined by 

𝑒[X] =∑
[X]𝑖

𝑖!

∞

𝑖=0
 (12) 

 

3.1 Acoustical spectral elements with internal flow 
 
3.1.1 Straight ducts 
We now consider a uniform flow with constant velocity 

V in a duct subjected to harmonic excitation. The medium is 

considered homogeneous and non-dissipative (see Fig. 2). 

L = 2 m, c0 = 340 m/s, 𝜌0 = 1.2 Kg/m3, S = 0.78m2, P0 = 

10 N/m2. 

First, we consider a fluid in a cylindrical duct without 

introducing flow parameters; thus, we can write the 

following: 

(

𝜕𝛿𝑣0
𝜕𝑧
𝜕𝛿𝑝0
𝜕𝑧

) = (
0 −𝑖𝜔𝝌𝒔

−𝑖𝜔𝜌0 0
) (
𝛿𝑣0
𝛿𝑝0

) (13) 

Finally, matrix [𝑇(𝜔)] is written as follows: 

[Tω(z)] = 𝑒∫ 𝐷𝜔(𝑙)𝑑𝑙
𝑧
0   (14) 

Thus, using the dynamic stiffness matrix [K], equation 

(13) can be written as follows:  

(
𝛿𝑝0(0)
𝛿𝑝0(𝐿)

) = [𝐾(𝜔)] (
𝛿𝑣0(0)
𝛿𝑣0(𝐿)

) (15) 

[𝐾(𝜔)] =
1

𝑖𝜌0𝑐

(

 
 
𝑐𝑜𝑡𝑔

𝜔

𝑐
𝐿 −

1

sin
ω

c
 L

1

sin
ω

c
 L

−𝑐𝑜𝑡𝑔
𝜔

𝑐
𝐿
)

 
 

 (16) 

From this expression, we obtain the response in terms of 

pressure as shown in Fig. 3 which describes a propagation 

wave in a tube without flow. We now consider a uniform 

flow (Fig. 4) with constant velocity U0 in a duct subject to 

harmonic excitation at a point on its surface. The medium is 

considered homogeneous and non-dissipative.  

By introducing the wave number and the Mach number 

defined respectively by  𝑘 =
𝜔

𝑐
 , and 𝑀 =

𝑢0

𝑐
, we can write 

{
𝜌0𝝌𝒔

𝜕𝛿𝑝

𝜕𝑡
+ 𝜌0

𝜕𝛿𝑣

𝜕𝑧
+ 𝑢0𝜌0𝝌𝒔

𝜕𝛿𝑝

𝜕𝑧
= 0

𝜌0
𝜕𝛿𝑣

𝜕𝑡
+ 𝑢0𝜌0𝝌𝒔

𝜕𝛿𝑝

𝜕𝑡
+ 2𝜌0𝑢0

𝜕𝛿𝑣

𝜕𝑧
+ 𝑢0²𝜌0𝝌𝒔

𝜕𝛿𝑝

𝜕𝑧
= −

𝜕𝛿𝑝

𝜕𝑧

 (17) 

We obtain the differential relation 

{
𝑖
𝑘

𝑐
𝛿𝑝0 + 𝜌0

𝜕𝛿𝑣0
𝜕𝑧

+
𝑀

𝐶

𝜕𝛿𝑝0
𝜕𝑧

= 0

𝑖𝜔𝜌0𝛿𝑣0 + 𝑖𝑘𝑀𝛿𝑝0 + 2𝜌0𝑢0
𝜕𝛿𝑣0
𝜕𝑧

+ (1 + 𝑀2)
𝜕𝛿𝑝0
𝜕𝑧

= 0

 (18) 

and then, 

{
 
 

 
 𝜕𝛿𝑣0
𝜕𝑧

=
𝑖𝑀𝑘

1 −𝑀²
𝛿𝑣0 −

𝑖𝑘

𝜌0𝑐(1 −𝑀
2)
𝛿𝑝0

𝜕𝛿𝑝0
𝜕𝑧

=
𝑖𝑀𝑘

1 −𝑀²
𝛿𝑝0 −

𝑖𝑘𝜌0𝑐

(1 − 𝑀2)
𝛿𝑣0

 (19) 

with kr =
k

1−M2
, we obtain 

(

𝜕𝛿𝑣0
𝜕𝑧
𝜕𝛿𝑝0
𝜕𝑧

) = (
𝑖𝑀𝑘𝑟 −

𝑖𝑘𝑟
𝜌0𝑐

−𝑖𝑘𝑟𝜌0𝑐 𝑖𝑀𝑘𝑟

)(
𝛿𝑣0
𝛿𝑝0

) (20) 

The dynamic transfer relationship is established 

numerically by the approach presented in (3), with  

[𝑇(𝜔)] = 𝑒𝑖𝑀𝑘𝑟𝐿 (
𝑐𝑜𝑠𝑘𝑟𝑙 −𝑖

𝑠𝑖𝑛𝑘𝑟𝑙

𝜌0𝑐
−𝜌0𝑐 sin 𝑘𝑟 𝑙 𝑐𝑜𝑠𝑘𝑟𝑙

) (21) 

The dynamic stiffness matrix is: 

[𝐾]

= (
𝑖𝑐𝑜𝑡𝑔𝑘𝑟𝑙

𝑖𝑒−𝑖𝑀𝑘𝑟𝐿

𝑠𝑖𝑛𝑘𝑟𝑙

𝑒𝑖𝑀𝑘𝑟𝐿(−𝜌0𝑐 𝑠𝑖𝑛 𝑘𝑟 𝑙 + 𝑖𝑐𝑜𝑡𝑔𝑘𝑟𝑙 𝑐𝑜𝑠 𝑘𝑟𝑙) 𝑖𝑐𝑜𝑡𝑔𝑘𝑟𝑙

) (22) 

According to Tsuji et al. (2002), the expressions of 

displacement and pressure are determined analytically by  

343



 

Mohamed A. Khadimallah et al. 

 

 

solving the wave equation and are given by the following 

𝑈(𝑧) = 𝑖𝑘 (
𝐶1

1 + 𝑀𝑧
𝑒
−

𝑖𝑘𝑧

1+𝑀𝑧 −
𝐶2

1 − 𝑀𝑧
𝑒

𝑖𝑘𝑧

1−𝑀𝑧) (23) 

𝑃(𝑧) = 𝑖𝜔𝜌0 (
𝐶1

1 +𝑀𝑧
𝑒
−

𝑖𝑘𝑧

1+𝑀𝑧 −
𝐶2

1 − 𝑀𝑧
𝑒

𝑖𝑘𝑧

1−𝑀𝑧) (24) 

where C1 and C2 are constants determined from boundary 

conditions. 

𝜕∅

𝜕𝑛
= −

𝜕∅

𝜕𝑧
= 𝑈0  (𝑧 = 0) 

𝜕∅

𝜕𝑛
=
𝜕∅

𝜕𝑧
= −𝑗𝑘

1

𝛽𝑇 +𝑀𝑧
∅    (𝑧 = 𝐿) 

𝜕∅

𝜕𝑛
= 0  (𝑤𝑎𝑙𝑙 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦) 

(25) 

The particle velocity u and the sound pressure p can be 

expressed in terms of the velocity potential, as: 𝑢 =

−∇∅   .    p = 𝜌0(
𝜕∅

𝜕𝑡
+ 𝑣0∇∅), where 𝜕/𝜕𝑛  is the normal 

derivative to the boundary and 𝛽𝑇 = 𝑍𝑇/𝜌0𝑐0  is the 

termination impedance normalized with respect to the 

characteristic impedance of the medium. 

Using the following parameters: L=2 m, S = 0.78 m², 

M=0.3, P0=10 N/m² , 𝜌0 = 1.2 kg/m
3, 𝑐0 = 340 m/s and 

𝑢0 = 10 m/s , the responses in terms of pressure were 

obtained and then compared with those determined 

analytically. Fig. 5 shows the agreement between the 

response curves. The maximum peak error did not exceed 

2% for most frequencies. The discrepancies were due to 

numerical errors of calculation.  

 

3.1.2 Conical duct 
We now consider a uniform flow with constant velocity 

v0 in a conical duct subjected to harmonic excitation at a 

point on its surface. The medium is considered 

homogeneous and non-dissipative. The mass conservation 

and momentum equations are 

 

 

𝜕𝜌

𝜕𝑡
𝐴(𝑧) +

𝜕(𝜌𝑣𝐴)

𝜕𝑧
= 0 (26) 

𝜕𝜌𝑣

𝜕𝑡
𝐴(𝑧) + 𝑣

𝜕𝜌𝑣

𝜕𝑧
𝐴(𝑧) = −

𝜕𝑝

𝜕𝑧
𝐴(𝑧) (27) 

For a steady incompressible flow, these equations are 

reduced to:  

𝜕𝜌

𝜕𝑡
𝐴(𝑧) +

𝜕(𝜌𝑣𝐴)

𝜕𝑧
= 0 (28) 

𝜕𝜌𝑣

𝜕𝑡
𝐴(𝑧) + 𝑣

𝜕𝜌𝑣

𝜕𝑧
𝐴(𝑧) = −

𝜕𝑝

𝜕𝑧
𝐴(𝑧) (29) 

By applying small perturbations in Eqs. (28) and (29)  

{

𝜌 = 𝜌0 + 𝛿𝜌
𝑝 = 𝑝0 + 𝛿𝑝
𝑣 = 𝑣0 + 𝛿𝑣

 (30) 

and then subtracting the steady state Eqs. (3a) and (3b), 

respectively, from these equations, we obtain 

𝑑𝜌

𝑑𝑡
+ 𝜌0

𝜕𝛿𝑣

𝜕𝑧
+
𝛿𝑣𝜌0
𝐴(𝑧)

𝑑𝐴(𝑧)

𝑑𝑧
= 0 (31) 

𝜌0
𝑑𝛿𝑣

𝑑𝑡
+ 𝛿𝑣𝜌0

𝑑𝛿𝑣

𝑑𝑧
= −

𝜕𝑝0
𝜕𝑧

 (32) 

We consider a conical duct of diameter D and length L 

with L = z2 –z1, as shown in Fig. 6. 

By introducing the wave number and the Mach number, 

we can write 

By introducing the wave number and the Mach number, 

we can write 

{
 

 𝜌0𝝌𝒔
𝜕𝛿𝑝

𝜕𝑡
+ 𝜌0

𝜕𝛿𝑣

𝜕𝑧
+ 𝑣0𝜌0𝝌𝒔

𝜕𝛿𝑝

𝜕𝑧
+
𝑣0𝜌0
𝐴(𝑧)

𝑑𝐴(𝑧)

𝑑𝑧
= 0

𝜌0
𝜕𝛿𝑣

𝜕𝑡
+ 𝑣0𝜌0𝝌𝒔

𝜕𝛿𝑝

𝜕𝑡
+ 2𝜌0𝑣0

𝜕𝛿𝑣

𝜕𝑧
+ 𝑣0²𝜌0𝝌𝒔

𝜕𝛿𝑝

𝜕𝑧
= −

𝜕𝛿𝑝

𝜕𝑧

 (33) 

 
Fig. 5 FE/ CE pressure responses 
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We then obtain the differential relation as follows: 

{
  
 

  
 𝑖
𝑘

𝑐
𝛿𝑝0 + 𝜌0

𝜕𝛿𝑣0
𝜕𝑧

+
𝑀

𝐶

𝜕𝛿𝑝0
𝜕𝑧

+
𝑣0𝜌0
𝐴(𝑧)

𝑑𝐴(𝑧)

𝑑𝑧
= 0

𝑖𝜔𝜌0𝛿𝑣0 + 𝑖𝑘𝑀(𝑧)𝛿𝑝0 + 2𝜌0𝑢0
𝜕𝛿𝑣0
𝜕𝑧

+(1 + 𝑀(𝑧)2)
𝜕𝛿𝑝0
𝜕𝑧

= 0

 (34) 

Using kr =
k

1−M2
 

{
 
 
 
 

 
 
 
 
𝜕𝛿𝑣0
𝜕𝑧

=
𝑖𝑀(𝑧)𝑘

1 −𝑀(𝑧)2
𝛿𝑣0 −

𝑖𝑘

𝜌0𝑐(1 − 𝑀(𝑧)
2)
𝛿𝑝0

−
𝑣0

𝐴(𝑧)(1 − 𝑀(𝑧)2)

𝑑𝐴(𝑧)

𝑑𝑧

𝜕𝛿𝑝0
𝜕𝑧

=
𝑖𝑀(𝑧)𝑘

1 − 𝑀(𝑧)2
𝛿𝑝0 −

𝑖𝑘𝜌0𝑐

(1 −𝑀(𝑧)2)
𝛿𝑣0

+2
 𝑣0

2𝜌0
𝐴(𝑧)(1 −𝑀(𝑧)4)

𝑑𝐴(𝑧)

𝑑𝑧

 (35) 

In this case, M(z) is inversely proportional to A(z):  

𝑀(𝑧) = 𝑀1 [
𝑧1
𝑧
]
2

 (36) 

Finally, matrix [𝑇(𝜔)] is written as follows: 

 
(37) 

where 

 

(38) 

The expressions of displacement and pressure are 

determined analytically by solving the wave equation and 

are given by the following: 

 
(39a) 

 

 
Fig. 6. Conical duct 

 

 

 

(39b) 

with A and B being constants determined from boundary 

conditions.  

The responses in terms of pressure were obtained and 

then compared with those determined analytically. Figure 7 

shows agreement between the response curves. The 

maximum peak error did not exceed 3% for most of the 

frequencies.  

Fig. 8 illustrates the evolution of the response spectrum 

in its convergence to that without flow. z1=0.0715 m, 

z2=0.4245 m, d=0.0246 m, M=0.2, P0=1 N/m², ρ0 =
1.2Kg/m3, c0 = 340 m/s and u0 = 1 m/s. A comparison 

between Figs. (7) and (8), indicates that in the absence of 

mean flow the responses obtained in terms of pressure in 

conical duct showed a stable behavior.  

The mean flow can change these responses. Thus, the 

combined effects of the area change and the increase in the 

mean flow raises the peaks essentially in low frequency. 

The pressure behavior of acoustic wave propagation 

reveals that it is insensitive to area changes at higher 

frequencies, and it passes through the duct as he would do 

in a straight one. 

 

3.1.3 Continuous element for a Muffler 
We now consider the propagation of an acoustic wave in 

a muffler or an expansion chamber. The muffler is defined 

as a non-uniform duct formed by multiple segments of 

straight uniform duct, as shown in Fig. 9. This configuration 

can be found in many industrial sectors. It is used to reduce 

the noise level of internal combustion engine exhausts, 

compressors, etc. 

The design of the muffler consists of an enclosure of 

variable geometry; the parameter most commonly used to 

evaluate the sound radiation characteristics is transmission 

loss 𝑇𝐿 . The latter is used to evaluate the acoustic 

performance of the muffler. The 𝑇𝐿  is the difference in the 

sound power level between the incident wave entering the 

muffler and the transmitted wave exiting it. Beranet and Ver 

(1992). 

𝑃𝑇𝐿 = 10 log
𝑊𝑖

𝑊𝑡
  (40) 
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Fig. 7 Pressure response in a conical duct 

 

Fig. 8 Pressure response in a conical duct in the case of fluid propagation without flow 

 
Fig. 9 Discontinuity in a duct 
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𝑊𝑖 =
𝑝𝑖
2

𝜌𝑐
𝑆𝑖   is the incident sound power  

𝑊𝑡 =
𝑝𝑡
2

𝜌𝑐
𝑆𝑜  is the transmitted sound power  

Si and So Are muffler inlet and outlet tube sections,  

Therefore, 

𝑇𝐿 = 20 log
𝑝𝑖
𝑝𝑜
+ 10 log

𝑆𝑖
𝑆𝑜
   (41) 

We tried to solve the acoustic problem to compute the 
transmission loss 𝑇𝐿  for the muffler using the continuous 
element method and we validated our solution with the 
analytical solution. We considered a muffler with three 
straight ducts assuming a one dimensional propagation 
plane wave across each discontinuity, as shown in Figure 
10. (the previous method was used to take into account the 
discontinuity of the considered structure). 

We then defined three zones as 1, 2, and 3, with sections 
a-a’, b-b’, and c-c’, respectively. For each section, we 
defined the transfer matrix, formulated previously in 
Section 3.2. 

 

(42) 

 

(43) 

 

(44) 

We had two discontinuous sections; the first was the 

expansion section Sb and the second was the contraction 

section Sa. For these two sections, we defined two transfer 

matrices Tab and Tbc, respectively. 

𝑇𝑎𝑏 = [

𝑆𝑏
𝑆𝑎

0

0 1

] (45) 

and 

𝑇𝑏𝑐 = [

𝑆𝑐
𝑆𝑏

0

0 1

] (46) 

 
Fig. 10 Expansion chamber 

 

 

then 

(
𝑣0(𝑎)

𝑝0(𝑎)
) = 𝑇(𝜔) (

𝑣0(𝑐)

𝑝0(𝑐)
) = 𝑇𝑎𝑎𝑇𝑎𝑏𝑇𝑏𝑏𝑇𝑏𝑐𝑇𝑐𝑐 (

𝑣0(𝑐)

𝑝0(𝑐)
) (47) 

The general transfer matrix takes the following form: 

 (48) 

The transmission loss 𝑇𝐿  is  

𝑇𝐿 = 10 log [1 +
1

4
(𝑚 −

1

𝑚
)
2

𝑠𝑖𝑛2(𝐾𝑟𝐿𝑏𝑏′)]  (49) 

where 𝑚 =
𝑆𝑏

𝑆𝑎
  and Sa = Sc. 

For an expansion chamber with these dimensions Laa, 

Lbb, and Lcc, which are the respective lengths of the three 

zones, Lbb represents the length of the expansion chamber 

equal to 0.54 m; Laa = Lcc = 0.10 m; Ra, Rb, and Rc are the 

radii of the three zones, Ra=Rc=0.024295 m and 

Rb=0.07659 m, respectively; and Sb and Sa are the 

expansion section and the contraction section, respectively; 

𝑚 =
𝑆𝑏

𝑆𝑎
= 9.938 , Mach number M=0.3, 𝜌0 = 1.2 kg/m3 , 

𝑐0 = 340 m/s and 𝑢0 = 1 m/s , P0=100 Pa.  

The responses obtained using the continuous element 

method in terms of pressure and transmission loss were 

compared with those obtained analytically. The results 

showed agreement between the analytical solution and the 

continuous element solution (see Fig. 11) 

Now, assuming there was no flow (M=0) in the muffler, 

the continuous elements were validated by comparing the 

transmission loss computed from the analytical solution 

with published experimental measurements. (Selamet et al. 

1997). 

Fig. 12 shows comparisons between the transmission 

loss derived from the continuous element method, the 

analytical solution, and the measured data. The transmission 

loss derived from the continuous element method matched 

well with the published experimental measurements over 

the entire frequency range. The small deviation may be due 

to leakage of sound, irregularity of impedance duct, and 

problems in producing pure white noise in experimental 

setup. At higher frequencies, noticeable magnitude 

differences are perceived. These differences are due to the  
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Fig. 11 Analytical/CE pressure responses 

 
Fig. 12 TL Comparison with EC, analytical and published experimental results. (Selamet et al. 1997) 

 

Fig. 13. Responses to different Mach numbers 
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fact that some Multi-dimensional waves are excited, non-

planar contours begin to appear at the discontinuities area, 

due to the fact that the transition excites higher order radial 

modes with larger frequencies. 

Fig. 13 illustrates the evolution of the response spectrum 

in a muffler in its convergence without mean flow (M=0) 

and with mean flow, for various Mach numbers, (M=0.3, 

M=0.2, and M=0.1). The differences are small, at (0-900 

Hz) frequency range and became more important for higher 

frequencies. 

 

 

4. Conclusions 
 

The continuous element method was applied to solve the 

problem of propagation of an acoustic wave in a straight 

duct with and without flow and in a muffler composed of 

three straight ducts with flow. This development allowed 

the effectiveness of the continuous element model to be 

assessed, first for acoustic problems, and then for 

interaction with a fluid structure. The proposed method was 

validated by comparing the response obtained by the 

continuous element method in terms of pressure and 

transmission loss with that obtained analytically.  

The advantages of the dynamic stiffness formulation in 

terms of accuracy, storage requirements and time 

consumption were preserved. Very good convergence of the 

FE results with the computed solution were observed for 

various cases. These comparisons allowed validating the 

procedure described. Therefore, the Continuous Elements 

Method offers a benchmark solution for FEM, particularly 

in the aeroacoustics problems. Fluid/composite interaction 

problems that involve distributed loads will be another field 

of investigation for the dynamic stiffness method. 

This study can be extended by using the continuous 

element method with different coupling parameters in order 

to formulate the problem of fluid-structure interactions. 
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