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Abstract. Steel frames are widely used because of their light weight, high ductility, and construction convenience.
However, existing approaches for ultimate load-carrying capacity analysis struggle to balance accuracy and
computational efficiency. The plastic-zone method provides high accuracy but low efficiency, whereas the
conventional first-order plastic-hinge method is computationally efficient but neglects the influence of axial force on
plastic hinge development, overestimating the structural ultimate load-carrying capacity. To address these issues, this
study proposes a generalized plastic-hinge method based on a generalized yield criterion. An equivalent
homogeneous yield function is introduced to construct an element-level load-carrying ratio, which captures the
coupled effects of the axial force and bending moment on plastic hinge development while preserving proportional
scaling with the external load. This formulation enables efficient and accurate evaluation of the ultimate load-carrying
capacity. Subsequently, a small set of ultimate load-carrying capacity samples generated by the proposed method is
used to reconstruct an explicit limit-state function via a support vector machine optimized by the particle swarm
optimization for the reliability analysis. The numerical results demonstrate that the proposed method can accurately
and reliably evaluate the structural ultimate load-carrying capacity. The reliability results obtained from the
reconstructed limit-state function are in excellent agreement with those obtained from the Monte Carlo Simulation.

Keywords: steel frame structures; generalized plastic-hinge method; proportionality property; ultimate
load-carrying capacity; support vector machine; reliability analysis

1. Introduction

Steel frame structures are widely used in the construction industry owing to their light weight,
high ductility, and rapid construction. Current research commonly employs the ultimate load-
carrying capacity of structures to guide design and reliability analysis, with two primary analytical
approaches: the plastic-zone method and the plastic-hinge method [1, 2].

The plastic-zone method [3, 4] discretizes both the cross-section and member length in detail,
enabling accurate simulation of material plasticity, residual stresses, and initial imperfections.
However, this method suffers from low computational efficiency and is therefore mainly used as a
benchmark or reference approach for validating other simplified analysis methods [5, 6].

The plastic-hinge method (PHM) [7-10] assumes that plasticity is concentrated at the element
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ends while the remaining portions remain elastic, allowing structural analysis with only a small
number of elements and significantly improving computational efficiency. Among the various
improved PHM, the refined plastic-hinge method (RPHM) [7, 10, 11] is the most widely used
approach for ultimate load-carrying capacity analysis. Nevertheless, becauses the structural
stiffness matrix in the RPHM includes unknown axial force terms, performing structural analysis
requires nonlinear equation-solving techniques and extensive iterative procedures. Consequently,
this approach entails a higher theoretical complexity and lower computational efficiency.

On the other hand, the traditional first-order plastic-hinge method (FPHM) [12, 13] divides the
loading process into multiple steps based on the sequential formation of plastic hinges. By taking
advantage of the proportional scaling relationship between the section linear-elastic bending
moment and the external load, the traditional FPHM can efficiently identify the location of the
newly formed plastic hinges and the corresponding external load increment.

The traditional FPHM enables efficient analysis of the structural ultimate load-carrying
capacity and failure path, while maintaining theoretical simplicity and high computational
efficiency. However, the traditional FPHM identifies plastic hinge formation based solely on the
sectional bending moment and neglects the influence of the axial force. This omission leads to an
overestimation of the ultimate load-carrying capacity of steel frame structures subjected to
significant vertical loads [14, 15]. To incorporate the effect of the axial force, several studies [16-
19] have employed generalized yield criteria involving both the axial force and bending moment to
determine plastic hinge formation. Nevertheless, because these generalized yield criterias are
typically nonlinear and non-homogeneous, the proportional scaling property of the traditional
FPHM that underpins high efficiency cannot be preserved. Consequently, plastic hinge formation
must be identified through incremental trial-and-error analysis, which substantially reduces the
computational efficiency.

In structural reliability analysis, the first-order reliability method (FORM) [20-22] and second-
order reliability method (SORM) [22-24] have been widely used. However, both methods rely on
explicit performance function and are therefore not suitable for analyzing the implicit and highly
nonlinear limit-state equations associated with the ultimate load-carrying capacity of steel frames.
Although the Monte Carlo simulation (MCS) offers high accuracy, it requires an extremely large
computational effort when dealing with small failure probabilities, making it difficult to satisfy
engineering efficiency requirements.

Machine learning methods, including extreme gradient boosting (XGBoost) [25], random forest
(RF) [25], artificial neural network (ANN) [26-28], and support vector machine (SVM) [29-31],
have been widely adopted to construct input—output mappings of numerical models for implicit
limit-state functions. Asgarkhani et al. [25, 32, 33] integrated numerical simulations with machine
learning methods to efficiently evaluate seismic reliability and risk, providing a data-driven
framework for structural reliability assessment. However, high-fidelity finite element analysis for
steel frames is computationally expensive, which limits the generation of sufficient datasets for
reliability analysis. Among various machine learning methods, the SVM is particularly effective
for small-sample learning problems owing to its strong generalization capability and ability to
reconstruct highly nonlinear implicit limit-state function [30, 31]. Moreover, it can be efficiently
integrated with classical reliability methods such as the FORM and SORM to enable
computationally efficient structural reliability analysis.

This study proposes a generalized plastic hinge method (GPHM) with proportional
characteristics for an efficient ultimate load-carrying capacity analysis of steel frame structures,
overcoming the limitations of the traditional FPHM. Furthermore, a SVM is employed to
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reconstruct explicit limit-state function for system reliability analysis. The remainder of this paper
is organized as follows: Section 1 presents an introduction, reviewing the current state of research
on the ultimate load-carrying capacity and reliability analysis of steel frame structures. Section 2
introduces the fundamental theory of the traditional first-order plastic hinge method, discusses its
advantages and limitations, and presents the proposed GPHM. Section 3 develops an SVM-based
explicit limit state function for structural system reliability analysis. Section 4 presents numerical
examples to verify the accuracy and applicability of the proposed method. Finally, the main
conclusions are summarized.

2. GPHM for ultimate load-carrying capacity analysis

2.1 Traditional FPHM

For an ideal elastic-plastic steel frame subjected to n external loads B, P, ---, P, the

n?

external load vector can be expressed as
P:(Raljzf":l)n)=E)(a19a25"'aan):E)a7 (1)

where a=(¢,,,, *,a,) denotes the vector of basic load ratios, and F, = Fya, (k =1~ n) represents

the load component, with £, being the initial load multiplier. By incrementing the fy , the
proportional loading process of the structure can be simulated. For convenience of description in
this paper, the load multiplier F; is used to represent the external load vector P .

The traditional FPHM [12, 13, 34] divides the entire loading process into several steps based on
the formation of plastic hinges. In this way, the nonlinear problem of ultimate load-carrying
capacity analysis is transformed into a piecewise linear-elastic problem, enabling the rapid
evaluation of the structural ultimate capacity with simple theory and high computational
efficiency. Building on this framework, researchers worldwide have proposed various
improvements and refinements of existing methods. The main analysis procedures are as follows:

1) Determination of the internal forces of each element. At the beginning of the i-th loading

step, a linear elastic analysis is performed for the steel frame structure under the initial load F,

and the sectional bending moment M, of each element is obtained.

2) Determination of the normalized dimensionless bending moment. The normalized
dimensionless bending moment m; is calculated using Eq. (2), and the plastic yield level of the
section is evaluated.

M?

mi = : ’ 2
M, ()

where M/ is the bending moment at the beginning of the i-th loading step, in which the

superscript e represents the element and the subscript i denotes the loading step. M, denotes

the bending strength. When i =1, M, is taken as the initial bending strength of the section, that is
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M, =F,Z, where F, is the material yield strength and Z is the plastic section modulus. When

i >1, the influence of the load effects accumulated in the previous loading steps on the current
bending strength of the section should be considered, as follows:
(1) In the traditional FPHM, the bending strength of the section in the current loading step is

corrected using the bending-moment increment M 7, from the previous loading step [12], as
expressed in Eq. (3).

M;,i :M:,i—l -M;,, 3)
where M/, denotes the increment in the bending moment at the i-I-th loading step.

(2) During the structural loading process, if the bending moment at a section changes sign
between two adjacent loading steps, the corrected bending strength obtained from Eq. (3) may
contain calculation errors. To address this issue, Wang [13] considered the effect of inconsistent

directions between the bending-moment increment M ., in the previous step and the bending
moment M in the current step, and proposed a modified calculation for the sectional bending
strength, as given in Eq. (4).

M;,i =M —Miilsign(ﬂiil 'Mie) 5 4

pii-1

(3) However, the stepwise correction of the sectional bending strength adopted in Eq. (4)
cannot accurately reflect the influence of the cumulative bending moment M, ; generated in the

previous loading steps, which may lead to significant errors in some structures. Therefore, Yang
and Yang [34] proposed computing the sectional bending strength using the cumulative bending

moment M?

a,io

together with the bending moment A in the current loading step, as shown in the
following equation.

MG =M; - M, sign(M,,-M7), (5)

il
M =Y M, (6)
k=1

During the structural linear elastic analysis, the normalized dimensionless bending moment
obtained from Eq. (2) varies proportionally with the external load F,. When the maximum value
=1, the

i

of the normalized dimensionless bending moment in the structure reaches m
corresponding section first attains its bending plastic strength and a plastic hinge forms at this

max
i

location. At this moment, the location of m™ is identified as the position of the newly formed

plastic hinge under the current loading step.
3) Determine the load and internal force increments. According to the proportional loading

condition, the load increment F{; and associated internal force increment under the current
loading step are obtained as follows.
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F — N?¢ _ M?
FL,z‘: N =— Mfe:_l @)

max i max max
i i i

4) Determine the structural ultimate load-carrying capacity and failure path. After updating the
stiffness matrix of the elements where the plastic hinges have formed, a new linear elastic finite
element analysis is performed. This process continues until the structure transforms into a

mechanism (that is, when the global stiffness matrix K., becomes singular), at which point the

structure reaches its ultimate load-carrying state and loading is terminated. During the loading
process, the sequential formation of the plastic hinges constitutes a structural failure path. The

ultimate load-carrying capacity F| of the structure is obtained by summing the load increments

F_; of all the loading steps.

Ny
R=YR. ®)

where N, denotes the total number of loading steps.

Based on Egs. (7) and (8), the traditional FPHM and its improved methods make use of the
proportionality between the external load and normalized dimensionless bending moment. At each
loading step, the external load increment required for the formation of a plastic hinge can be
directly determined by scaling the initial load according to the maximum normalized
dimensionless bending moment. The location corresponding to the maximum normalized

dimensionless bending moment m,™" indicates the position of the newly formed plastic hinge in

the current loading step. By adopting the FPHM, the ultimate load-carrying capacity and failure
path of the structure can be evaluated efficiently.

2.2 Proposed GPHM

2.2.1 Element load carrying ratio

The traditional FPHM and its improved methods determine the formation of plastic hinge based
solely on a single sectional internal force, as expressed in Eq. (2). This approach fails to account
for the combined effects of the bending moment and axial force on plastic hinge formation, and
therefore inevitably leads to an overestimation of the ultimate load-carrying capacity of steel frame
structures. To overcome this limitation, the present study employs a generalized yield criterion that
captures the coupling interaction between the bending moment and axial force, enabling a more
accurate identification of plastic hinge formation. Because steel frames predominantly use I-
shaped section, this study adopts the McGuire yield criterion [35], which features both high
accuracy and a concise mathematical form, and has been widely validated for welded I-sections
and implemented in Mastan2 [36]. For other cross-sections (e.g., box section), the criterion
proposed by Duan and Chen [37] may be adopted. The McGuire yield criterion is expressed as:

f=n+m +3.5n'm =1, )

where the normalized axial force n, and bending moment m, are defined as



214 D. L. Bai et al.

1.0

—f =n +m; +3.5nm; =1

081 --- Eq.(11)
06¢
\ 04+
0.2
0
0 0.2 04 0.6 08 1.0

n

Figure 1 The generalized yield criterion

NY M;

0=, M= (10)
Np,i Mp,i

In this expression, N and M, denote the linear elastic axial force and bending moment of
section e under the initial load applied at the beginning of the current loading step, respectively.
The terms N, and M, represent the corrected axial and bending strengths, respectively.

The generalized yield function / in Eq. (9) is a nonlinear and nonhomogeneous function of the
normalized dimensionless axial force n, and bending moment m, . In the structural linear elastic
analysis, although both n, and m, are proportional to the external load Fj, the yield function f
itself does not satisfy the proportionality condition with respect to F, because of its
inhomogeneous nature. Consequently, the direct application of f is incompatible with the load-
proportional scaling required in the traditional FPHM. Therefore, it is necessary to homogenize f
on the generalized yield surface so that the internal force terms have unified orders. An explicit

functional expression with a consistent polynomial order is constructed via multivariate nonlinear
regression to approximate the original generalized yield criterion /. The formulation procedure is

detailed by Yang et al. [38], from which the equivalent homogeneous yield function f is
obtained as follows:

f=n'+02122n'm, +7.4536m’n} +0.1813m’n, +m’, (11)

A comparison between ]_‘ and the original yield function f is presented in Fig. 1. The two

yield surfaces exhibit identical geometrical shapes, indicating that the proposed ]_‘ achieves a high

level of accuracy in representing the original yield behavior. According to Eq. (11), the load-
carrying ratio of element e is defined as:
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i =yf, (12)

In structural linear elastic analysis, the external load F| is linearly proportional to the internal
forces of the element. From Eq. (10), it is also known that the normalized dimensionless axial
force n, and bending moment m, are linearly proportional to the internal forces of the element;

therefore, both n, and m, remain linearly proportional to Fj. Furthermore, by combining Egs.
(11) and (12), it can be seen that the load-carrying ratio 7" is likewise linearly proportional to the

external load F;. Based on this important relationship, Eq. (2) can be replaced by Eq. (12) in the
traditional FPHM to rapidly determine the plastic yielding degree of a section under a combined
bending moment and axial force. When 7°=1, the section fully reached the plastic limit state, and
a plastic hinge is formed.

2.2.2 Section strength correction

During the structural loading process, the direction of the newly increased internal forces at the
element ends significantly affects the sectional strength. If the direction is opposite to that of the
previously accumulated internal forces, the accumulated internal forces resist part of the newly
increased internal forces, thereby causing a strengthening effect on the section. If the direction is
the same, the two jointly weaken the sectional strength. Therefore, it is necessary to dynamically
correct the sectional strength under the current loading step by considering both accumulated

internal forces and their combined effects. The corrected axial strength N, and bending strength

M, of section e are given, respectively, as

Ny, =Npg = Ny sign(N; - NG, (13)
e e #M e 1 e e
Mp,i :Mpé/i _Ma,i81gn(Mi 'Ma,i)a (14)
i-l -l
N:,i:Zle ’M:,i:Zle: (15)
k=1 k=1

In these expressions, N, and M, represent the accumulated axial force and accumulated
bending moment generated in section e during the previous loading steps, respectively. N . and
M . denote the axial force and bending moment increments of section e in the k-th loading step.

The initial axial strength V; and bending strength M of section e are expressed as
N, =FA,M;=FZ, (16)

where F, denotes the material yield strength, 4 is the sectional area, and 7 is the plastic section

modulus.
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In Egs. (13) and (14), ¢ iN and ¢ iM represent the strength reduction factors that account for

the influence of the accumulated axial force and bending moment on the sectional strength,
corresponding to the axial strength and bending strength, respectively. In the first loading step (i =

1), the structure has no accumulated internal force, that is, N, =M, =0. Therefore, there is no

need to consider the correction of sectional strength, and it follows that the ¥ =& =1.
During the subsequent loading steps (i>1), the sectional strength often depends on the

e
a,i

combined effect of the accumulated bending moment M, and the accumulated axial force N, .

In this case, both ¢ and ¢ are less than 1. Based on the accumulated internal force and
generalized yield criterion (Eq. (9)), the following expression is derived:

(17)

N, M;,
My, = s My, =——, 18
Y T (18)

2.2.3 Overall calculation procedure

In linear elastic structural analysis, the element load-carrying ratio 7°, as defined in Eq. (12)
maintains a proportional relationship with the external load F|. During the loading process, all 7°
increase proportionally with F, and loading proceeds until the maximum load-carrying ratio
reaches ™ =1. At this stage, the corresponding section attains its plastic limit state, and the
loading process for the current step is terminated. The location where ™ occurred is the position
of the newly formed plastic hinge under the current loading step. According to the proportional
relationship, the maximum load increment £ ; in the current loading step and the corresponding

internal force increments N, 7 and M . can be determined directly as follows:

e e

dl N¢= N e = M 19

Li ™ max 7' " _max i T max o ( )
"} r. r.

1 1

X

Subsequently, the element at which the maximum load-carrying ratio r™ is attained is
converted into a plastic hinge, and the global stiffness matrix of the structure is reconstructed to
obtain K, . The singularity of K, , is then examined. If K, remains non-singular, the next
loading step is initiated, and a new linear elastic structural analysis is performed. Conversely, if

K

.+ becomes singular, the structure transforms into a collapse mechanism and reaches its ultimate

load-carrying state, at which point the loading process is terminated. During the loading procedure,
the sequential formation of the plastic hinges constitutes a structural failure path. The ultimate
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load-carrying capacity F| of the structure is obtained by summing the load increments £ ; over
all loading steps, as follows:

Ny
FL=)F,, (20)
i=1

where N, denotes the total number of loading steps.

To address the inherent limitation of the traditional FPHM, in which the plastic hinge
formation is determined solely by a single sectional internal force as expressed in Eq. (2), the
present study adopts a homogenized formulation of the generalized yield criterion to define the
element load-carrying ratio (Eq. (12)), which explicitly incorporates the combined effects of
multiple sectional internal forces on plastic hinge formation. Based on the proportional
relationship between the element load-carrying ratio and external load, the location of the newly
formed plastic hinge and the corresponding external load increment at each loading step can be
directly identified. Accordingly, the GPHM is developed to efficiently evaluate both the ultimate
load-carrying capacity and failure path of steel frames.

3. Reliability analysis method for structural systems
3.1 Limit state function

By defining the structural response corresponding to the ultimate load-carrying capacity of the
steel frame structures as the load effect S, and defining the structural ultimate load-carrying
capacity as the resistance R, the limit-state function of the steel frame structures can be expressed
as

G(X)=R(X)-S, 1)

In the above equation, X =[X, X, --- X,]" denotes the vector of basic random variables

influencing the ultimate load-carrying capacity of the structure, including the material properties,
sectional geometric parameters, initial imperfections, and distribution of external loads. For steel

frame structures subjected to complex loading conditions, the structural resistance R(X ) in Eq.

(21) can only be evaluated through finite element analysis and cannot be expressed explicitly.
Consequently, the limit-state function of the steel frame structure appears in an implicit form,
which renders the conventional first-order and second-order reliability methods (FORM/SORM)
inapplicable for reliability assessment.

3.2 SVM-based reconstruction of the limit-state function

Subsequently, the SVM approach is employed to reconstruct an approximate limit-state
function to replace the implicit limit-state function in Eq. (21), thereby enabling a reliability
analysis of steel frame structures. The SVM constructs an optimal decision function in a high-
dimensional feature space, achieving an accurate approximation of complex nonlinear mappings
between structural responses and random variables while maintaining good generalization
performance. For the SVM with a linear ¢ -insensitive loss function, the model parameters are
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obtained by solving the following optimization problem:

1 S .
rmnE”a)"2 + CZ & +<&)
i=1

(w-xl.+b)—yl.Sg+§i’ (22)
sty —(w-x, +b)<e+&
£,&E 20

where X; denotes the i-th sample vector, expressed as x, =[x

T | — .o .
a X x5l i=L 2, e m

b b

¥, is the corresponding response value; & and &' are slack variables; C is the penalty

parameter; £ denotes the insensitive loss parameter; @ and b are the parameters of the decision
function. By introducing Lagrange multipliers and applying the Karush-Kuhn-Tucker optimality
conditions, Eq. (22) can be transformed into the following dual formulation:

. 1 Z * * i * Z *
mmEZ(ai _ai)(aj _aj)(xi 'xj)"l'gZ(ai +ai)_zyi(ai _ai)
i=1 i=1 i=1

IR , (23)
g 20 ) =0

0<a,aq <C

For complex practical engineering structures, the relationship between the structural responses
and basic random variables is inherently nonlinear and cannot be accurately captured by linear
regression models. Therefore, a nonlinear mapping function ¢ is required to map the sample
points into a high-dimensional feature space, after which a linear SVM analysis can be performed.
The corresponding optimization problem is formulated as

. 1 7 * * 7 * 7 *
mmEZ(az‘ _ai)(aj _aj)k(xi 'xj)"l'gZ(ai +ai)_zyi(ai _ai)
i=1 i=l i=1

S0 -a)-0 @
R e
0<a, a <C

where k(x;-x;) denotes the inner product of the mapped sample points in the high-dimensional

feature space, defined as k(x;-x;)=@(x;)-@(x,) and is referred to as the kernel function. Owing

to its favorable statistical properties and effectiveness in modeling complex nonlinear relationships,
the radial basis function (RBF) kernel is adopted and expressed as

k(x-x,) =exp(—}/||x—xl.||2), (25)

Consequently, the SVM-based approximation of the limit-state function is obtained as:
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F)= Y@ —a(ex) +b, 26)

3.3 Hyperparameter optimization

From Egs. (24) and (25), the SVM-based reconstructed limit-state function depends on three
key parameters, C', 7, and ¢, which have a significant influence on model accuracy. Since
manual tuning is inefficient, the particle swarm optimization (PSO) is adopted to globally optimize
these parameters, enabling automatic identification of the optimal parameter combination and
improving the predictive performance of the model.

The PSO [39-41] is a population-based global optimization algorithm. Candidate solutions are
represented by particles that iteratively update their positions and velocities according to their
individual best solutions and global best solution of the swarm. Through this mechanism, the PSO
efficiently explores the search space and achieves a robust convergence toward the optimal
solution.

In the PSO algorithm, the velocity and position of the j-th particle in the d-th dimension at the
k-th iteration are updated according to Egs. (27) and (28) [40].

k4l k k k k k
Vig =XV, +¢ X, x(p_/.d —xjd)—#c2 XF, x(pgd —xjd), 27)

K+l _ ko k

Xy =Xy +Vi, (28)
where v, and X, denote the velocity and position of the particle, respectively; @ is the inertia
weight; ¢, and ¢, are the acceleration coefficients; 7 and 7, are random numbers uniformly

distributed in [0,1]; and P;, and P, represent the historical personal best position of the particle

and the global best position of the swarm, respectively.

4. GPHM-SVM-Based Reliability Analysis

The GPHM proposed in this study is employed to efficiently evaluate the ultimate load-
carrying capacity F; of steel frame structures. This capacity is taken as the structural system

resistance R(X ) in Eq. (21), where the design external load P is regarded as the load effect S'.

When the structural ultimate load-carrying capacity F; exceeds the design external load P, the

structure is considered safe; otherwise, it is deemed to have failed. Accordingly, the limit-state
function for structural system reliability analysis can be established as:

G(X)=F -P, (29)

In Eq. (29), the ultimate load-carrying capacity F; is influenced by multiple random variables,

including the elastic modulus and yield strength of the structural materials, the geometric
characteristics of the structure, and loading conditions. The probabilistic properties of these
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Figure 2. The flowchart of the reliability analysis

variables are directly adopted from the statistical parameters reported in representative benchmark
studies available in the literature.
It should be noted that F; is obtained through a numerical analysis using the proposed GPHM.

Therefore, the limit-state function defined in Eq. (29) is implicit in nature. To address this issue, a
set of sample data is first generated using the GPHM, and combined with the design load P to
construct a limited number of training samples. Subsequently, the SVM is employed to reconstruct
the implicit limit-state function in Eq. (29) into explicit form, as expressed in Eq. (26), where the
RBF kernel defined in Eq. (25) is adopted.

Based on the reconstructed explicit limit-state function, the MCS is then applied to efficiently
perform structural system reliability analysis. The overall analysis procedure is illustrated in Fig. 2.

During the SVM ftraining process, the dataset is divided into training and testing subsets with a
ratio of 7:3. Considering that the prediction performance of the SVM is highly sensitive to
hyperparameters, the PSO is employed to determine the optimal hyperparameter combination. The
search ranges of the SVM hyperparameters and the parameter settings of the PSO are listed in
Table 1.
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Table 1 The SVM hyperparameter ranges and the PSO parameter settings

Category Parameter Description Value / Range
c Penalty parameter [0.1,50]
SVM Ve Insensitive loss pa.rameter [0.001, 0.1]
. RBF kernel width [0.1, 10]
parameter
Population size Number of particles 20
Maximum iterations Mammum pumber of 30
iterations
PSO Dimension Number of variables 3
0] Inertia weight 0.7
¢ Cognitive coefficient 1.5
c, Social coefficient 1.5
0.75P 0.75P

69inx3

Member Section Steel Grade

1/500 beam W6x16 A36
E : column | W4x13 A441
77 120in acram

Figure 3. McNamee’s three-story one-bay test steel frame

This study proposes an efficient reliability analysis method for steel frame structural systems
by integrating the GPHM and SVM. The GPHM extends the traditional FPHM by considering the
combined effects of multiple internal forces on plastic hinge formation, overcoming the limitations
of the FPHM and exhibiting substantially higher computational efficiency than the plastic zone-
based finite element analysis implemented in Ansys or Abaqus. Although the GPHM is efficient
for a single analysis, system reliability analysis still requires a large number of samples, making it
difficult to directly combine it with the MCS. To address this issue, the SVM is introduced to
reconstruct the implicit limit-state function into an explicit surrogate model using a small number
of samples, which can then be combined with the MCS for efficient reliability evaluation. The
proposed method fully utilizes the advantages of the GPHM in rapid capacity assessment and the
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Figure 4. The load-deflection curves for the frame tested by McNamee

SVM in nonlinear approximation with small samples. In addition, the reconstructed explicit
function facilitates the calculation of first- and second-order derivatives and can be easily
incorporated into the FORM or SORM, further improving computational efficiency.

5. Verification analysis
5.1 McNamee’s experimental steel frame

This example, originally tested by McNamee [42] and later investigated by Teh and Clarke
[43], is used to study the load-carrying capacity of a three-story, single-bay steel frame. As shown
in Fig. 3, the frame is subjected to symmetric vertical concentrated loads without horizontal
loading. An initial inclination of 1/500 of the column height is introduced to account for geometric
imperfections. The columns are made of A36 W-shaped sections, while the beams are fabricated
from A441 steel. The detailed properties are presented in Fig. 3.

Structural failure analysis is performed using both the FPHM and GPHM, and the resulting
load—displacement curves are compared with laboratory test, as shown in Fig. 4. The FPHM
determines the plastic hinge formation based only on the bending moment, neglecting the axial
force, which leads to an overestimation of the ultimate load and a noticeable deviation from the
test results. In contrast, the GPHM considers the combined effects of the axial force and bending
moment while retaining computational efficiency, resulting in predictions that agree well with the
experimental data, especially for the peak load. This demonstrates that the proposed GPHM
achieves high accuracy.
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Figure 5. Frame geometry, member numbering, and initial loading coefficients (units: kN)

5.2 McNamee’s experimental steel frame

This example, originally proposed by Cohn and Rafay [17] and later studied by Spiliopoulos
and Patsios [19], is used to investigate the effect of axial force on plastic hinge formation. The
steel frame, composed of A36 wide-flange sections, is subjected to vertical and horizontal
concentrated loads, as shown in Fig. 5. In this study, the ultimate failure analysis of the structure is
carried out using both the traditional FPHM and the proposed GPHM to compare the influence of
different plastic-hinge determination criteria on the analysis results.

The analysis results of the structural ultimate load-carrying capacity under different sectional
plastic hinge formation criteria are summarized in Table 2. As indicated in the table, when the
traditional FPHM, in which the formation of plastic hinges is determined solely by the sectional
bending moment ( /' =m, =1), is adopted, the ultimate load factor reported by Cohn and Rafay [17]

is 2.238. In comparison, the ultimate load factor obtained in this study using the self-developed
finite element program is 2.246. The close agreement between these two values demonstrates that
the proposed analysis program exhibits satisfactory accuracy and reliability in structural modeling
as well as in the incremental loading procedure.
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Table 2 The structural ultimate load-carrying capacity

method ultimate load factor A Plastic yield criterion of section Source of result
2.238 f=m=1 Cohn and Rafay [17]
FPHM ini
2246 f=m = Finite element program

results (self-developed)

1.952 f=n +m =1 Cohn and Rafay [17]

n, +§mi =1,n >02
2.066 f= { ?
En[ +m, =1,n,<0.2

Spiliopoulos and Patsios
[19]

GPHM -
f=n'+02122n'm, +7.4536m’n]

+0.1813m’n, +m’* Finite element program

2.037 _ results (self-developed)
i =37
2.126 f=n+m +3.5n"m’ =1 Mastan2’s result

Meanwhile, Table 2 indicates that when a simple linear generalized yield criterion accounting
for both the axial force and bending moment is employed, the ultimate load factor reported by
Cohn and Rafay [17] is 1.952, whereas an ultimate load factor of 2.066 is obtained by Spiliopoulos
and Patsios [19] using the piecewise linear generalized yield criterion specified in the American
steel design codes. These results demonstrate that the axial force has a significant influence on
sectional plastic yielding and, consequently, on the ultimate load-carrying capacity of the structure.
In contrast, neglecting the axial force and determining the plastic hinge formation based solely on
the bending moment in the FPHM leads to a marked overestimation of the structural capacity
(2.238 or 2.246).

However, approximating the nonlinear sectional plastic yield surface using a linear generalized
yield criterion inevitably introduces approximation errors and limits the attainable accuracy. To
overcome these limitations, this study adopts a widely used nonlinear generalized yield criterion
and formulates an equivalent homogeneous expression to define the element load-carrying ratio
for determining the formation of plastic hinges. Based on this approach, the ultimate load factor is
calculated as 2.037, which is in close agreement with the results reported by Spiliopoulos and
Patsios [19] (2.066), thereby demonstrating the accuracy and effectiveness of the proposed method.

To further validate the computational accuracy of the proposed GPHM, the steel structural
analysis program Mastan2, developed by Ziemian and McGuire [36], is employed. Using the same
generalized yield criterion, Mastan2 predicts an ultimate load factor of 2.126, slightly higher than
that obtained by the GPHM. This discrepancy arises mainly from the different failure criteria:
Mastan2 defines the ultimate state based on the onset of structural unloading, whereas the GPHM
identifies it via the global stiffness matrix reaching singularity and the formation of a mechanism.
Consequently, a minor deviation in the ultimate load factor is observed between the two methods.

To further compare the two approaches under the same yield criterion, the formation locations
of plastic hinges during the loading process, corresponding external loads, and distributions of
axial force and bending moment at the ultimate state are analyzed. The results are shown in Figs.
6-7.
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Figure 6. The formation locations of plastic hinges and corresponding external loads
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Table 3 The statistical properties of the random variables for function 2

Variable Distribution Mean Standard deviation Dimension
x, =M, Normal 0.01 0.003 MN'm
x,=D Normal 0.30 0.015 m

x, =T Normal 360 36 MPa

x, =4 Normal 226 x 10 11.3x10°¢ m?

x =K Normal 0.5 0.05 -
x,=B Normal 0.12 0.006 m

Xy = T, c Normal 40 6 MPa

Table 4 Reliability analysis results obtained using different modeling or optimization methods for function 1

Computational content Lfl:zgitl‘t‘;e MCS PSO-SVM  ANN-SVM PSO-ANN
reliability indices 2.1891 2.1848 2.1813 2.1710 2.4109
Probability of failure 14293 [44 44 L4 L4

P.(%) 4293 [44] 4450 4580 4966 0.7957
penalty coefficient - - 50.0000 26.6747 -
insensitive loss _ _ 0.0010 0.0085 _

coefficient

function parameter - - 4.0498 1.0740 -

The predicted plastic hinge locations and corresponding external loads during the loading
process, obtained using the proposed GPHM and Mastan2, are shown in Fig. 6. The first six plastic
hinges are located identically in both methods, and the differences in the associated external loads
do not exceed 1%, indicating excellent agreement in simulating the plastic development process.
The bending moment and axial force distributions at the ultimate state are presented in Fig. 7(a)
and Fig. 7(b), respectively. The comparison demonstrates that the results from the GPHM and
Mastan2 closely match, further confirming the high accuracy and reliability of the proposed
GPHM in assessing the sectional yielding and predicting the ultimate load-carrying capacity of the
structure.

5.3 Reliability analysis of steel frame structural systems

5.3.1 Nonlinear limit-state equations

In this example, two representative limit-state functions widely used in the literature [44-46]
are selected to assess the accuracy of the proposed structural reliability analysis method. Function
1, proposed by Lee et al. [44], is used to verify reliability analysis methods for high-dimensional
complex structures and involves four independent normally distributed random variables with
pronounced nonlinearity. Function 2, adopted by Huang et al. [45], describes the limit state of
reinforced concrete beams under pure bending, defined as the difference between the ultimate and
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Table 5 Reliability analysis results obtained using different modeling or optimization methods for function 2

Computational content Literature Results MCS PSO-SVM ANN-SVM PSO-ANN
reliability indices 3.3991 3.3975 3.4024 3.4057 3.5019
Probability of failure
P° 3.38 x 102[45]  3.40x 1072 3.34 x 10 3.30 x 102 2.31 %1072
7 (%)
penalty coefficient - - 40.0523 8.0452 —
insensitive loss _ . 0.0013 0.0014 .
coefficient
function parameter - - 1.5165 4.3891 —

actual sectional bending moments. The statistical properties of the random variables are listed in
Table 3.

Function 1: G(X)=-x —x; —xi —x, +10x, +12x, +12x, +12x, — 43,
x,~N(©O, 1), i=1~4

x,x
Function 2: G(X)=|1-x,—— |x,x,x, — x,
XX, X,

For these two functions, 1000 sets of random samples are generated and normalized.
Subsequently, different machine learning models and hyperparameter optimization methods are
employed to predict the structural failure probability and corresponding reliability index. The
results are compared with those reported in the literature as well as with the MCS results, as
presented in Tables 4 and 5. Specifically, the PSO-SVM denotes the use of the PSO to search for
the optimal hyperparameters of the SVM for reconstructing the limit-state function; the ANN-
SVM employs the use of the ANN to optimize the SVM hyperparameters; and the PSO-ANN
utilizes the use of the PSO to optimize the hyperparameters of the ANN model.

For Function 1 (see Table 4), the PSO-SVM method yields a reliability index of 2.1813 and a
failure probability of 1.4580%, showing excellent agreement with the MCS results (2.1848 /
1.4450%) and the literature values reported in [44] (2.1891 / 1.4293%). The primary distinction
between the PSO-SVM and ANN-SVM lies in their hyperparameter optimization strategies: the
former employs the PSO for global search, whereas the latter relies on the ANN-based prediction.
Owing to the sensitivity of the ANN to initial weights, sample size, and network architecture, its
optimization process may exhibit slight variability, resulting in marginally less accurate
predictions (2.1710 / 1.4966%) compared to the PSO-SVM.

A further comparison between the PSO-SVM and PSO-ANN indicates that, although both
methods employ the PSO for hyperparameter optimization, they differ in the underlying surrogate
models. In civil engineering applications involving high-fidelity numerical simulations—such as
the ultimate load-carrying capacity of steel frames or the mechanical response of reinforced
concrete structures—the generation of training samples typically depends on computationally
intensive finite element analyses, making large-scale data acquisition challenging in practice.
Therefore, only 1000 samples are generated in this study, which is consistent with realistic
engineering conditions. Under such small-sample circumstances, the SVM may exhibit superior
generalization performance compared to the ANN, thereby leading to the slightly lower accuracy
of the PSO-ANN relative to the PSO-SVM.
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A similar trend is observed for Function 2 (see Table 5). The PSO-SVM yields a reliability
index of 3.4024 and a corresponding failure probability of 3.34 x 1072%, which agree closely with
the MCS results (3.3975 / 3.40x1072%) and the literature values reported in [45] (3.3991 /
3.38x1072%). The ANN-SVM and PSO-ANN produce reliability indices of 3.4057 and 3.5019,
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Figure 9. The probability distributions of different methods

respectively, exhibiting only minor discrepancies among the different approaches and further
confirming the effectiveness of the PSO-SVM under small-sample conditions.

In addition, the penalty coefficient, e-insensitive loss parameter, and kernel parameters
optimized by the PSO and ANN are summarized in Tables 4 and 5, ensuring the reproducibility
and robustness of the SVM models.

To further investigate the accuracy and applicability of different limit-state function
reconstruction methods, the predictive performance of the PSO-SVM, the ANN-SVM, and the

PSO-ANN is illustrated in Fig. 8 through scatter plots of normalized predicted values versus
normalized true values.

For Function 1 (Fig. 8(a), 8(c), and 8(e)), the predicted points of all three methods are closely
clustered around the 1:1 reference line, demonstrating excellent fitting accuracy and strong
generalization capability. Among the models, the PSO-SVM exhibits the highest performance,
with R? = 1.0000, MAE = 0.0005, and RMSE = 0.0006. The ANN-SVM achieves slightly lower
accuracy (R? = 0.9991, MAE = 0.0034, RMSE = 0.0045), while the PSO-ANN shows relatively
lower performance (R? =0.9907, MAE = 0.0097, RMSE = 0.0144).
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Figure 10. Loads and dimensions of Ziemian’s frames

A similar trend is observed for Function 2 (Fig. 8(b), 8(d), and 8(f)), further demonstrating the
superior predictive performance of the PSO-SVM. This can be attributed to the differences in
hyperparameter optimization strategies: the PSO-SVM employs a global search, which improves
stability and robustness, whereas the ANN-SVM is more sensitive to initialization, sample size,
and network configuration. Under the limited sample size used in this study, the SVM generally
exhibits better generalization than the ANN, accounting for the slightly lower accuracy of the
PSO-ANN compared to the PSO-SVM.

Overall, the PSO-SVM demonstrates superior prediction accuracy, stability, and robustness
under limited-data conditions. Therefore, it is adopted in the subsequent analysis to reconstruct the
structural limit-state function and perform reliability assessment.

The probability density functions (PDFs) and cumulative distribution functions (CDFs) of the
two nonlinear limit-state functions, obtained by the PSO-SVM and MCS, are presented in Fig. 9.
As shown in Fig. 9(a) and 9(b), the PDFs from the PSO-SVM closely match those from the MCS
in terms of the peak position, spread, and tail behavior, indicating that the PSO-SVM accurately
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Table 6 The cross-section dimensions of representative frames

Frame UP36H UP50H SP36L SP50H
Cl W8 X 15 W12 X 14 W14 X 61 W14 X 53
C2 W14 X 132 W14 X 99 W14 X 132 W14 X 74
C3 W14 X 120 W14 X 82 W14 X 61 W14 %X 53
C4 W8 X 13 W10 X12 W12 X 14 W14 X 53
(O8] W14 X 120 W14 X 109 W14 X 22 W12 X 19
C6 W14 X 109 W14 X 109 W12 X 14 W14 X 53
B1 W27 X 84 W27 X 84 W24 X 55 W27 X 84
B2 W36 X 170 W36 X 135 W24 X 55 W27 X 84
B3 W21 X 44 W18 X 40 W16 %X 31 W24 X 55
B4 W27 X102 W27 X 94 W16 X 31 W24 X 55

Table 7 The statistical characteristics of random variables

Variable Distribution Mean Standard deviation
External load (Q ) Lognormal 1.026 0.132
Material yield strength ( f| y) Normal 1.05 0.1
Member cr?isl—)sectlon area Normal 0.993 0.034
Elastic modulus ( £ ) Normal 1.025 0.0324

captures the probabilistic characteristics of the structural response. The corresponding CDFs,
shown in Fig. 9(c) and 9(d), also exhibit excellent agreement between the two methods across both
the central and tail regions, which is particularly important for reliability assessment. These results
further confirm the accuracy, consistency, and robustness of the proposed PSO-SVM approach for
structural reliability analyses.

5.3.2 Reliability analysis of steel frame structural systems

The steel frame structures analyzed in this section are based on the classical model proposed by
Ziemian [47], which represents a typical low-rise industrial building. Subsequently, Buonopane
and Schafer [48] conducted a series of system reliability analyses on these steel frame structures.
The geometry, boundary conditions, and external loading of the 16 frames are shown in Fig. 10(a),
and the naming scheme of these frames is illustrated in Fig. 10(b). Table 6 lists the sectional
dimensions of four representative frames—UP36H, UP50H, SP36L, and SP50H—while the
remaining 12 frames follow the original settings in Ziemian [47]. In the reliability analysis, the
external loads, member yield strength, sectional dimensions, and material elastic modulus are all
treated as random variables, and their statistical properties are presented in Table 7. To enhance
the numerical stability, symmetric frames are assigned a small initial lateral imperfection equal to
1/500 of the structural height, whereas no initial imperfections are introduced for asymmetric
frames. Subsequently, the failure probability and reliability index of the steel frame are evaluated.

In the reliability analysis of the steel frames, 1000 samples of the structural ultimate load-
carrying capacity are first generated using the proposed GPHM and subsequently normalized. The
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Figure 11. The predictions of different analysis methods and probability density functions at the structural
limit state

PSO algorithm is then employed to determine the optimal hyperparameters of the SVM model,
which is used to reconstruct the limit-state function for reliability analysis. The structural failure
probability and reliability index are evaluated based on the SVM-based reconstructed function. For
validation, the MCS with 100,000 samples is used for comparison.

The prediction performance and resulting strength probability distributions for the two
representative frames, UP36H and UP50H, are presented in Fig. 11. The scatter plots comparing
the normalized values predicted by the SVM model with the normalized true values obtained from
the proposed GPHM are shown in Fig. 11(a) and Fig. 11(b). In both frames, the sample points
cluster tightly around the 1:1 reference line, demonstrating that the SVM-based reconstructed
limit-state equations provide excellent fitting and generalization performance. The coefficients of
determination are R? = 0.9998 for UP36H and R? = 0.9991 for UP50H, with very small MAE and
RMSE values, further confirming the high prediction accuracy of the SVM-based reconstructed
limit-state functions.
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Table 8 Frame reliability and corresponding parameters of the strength distributions

PSO-SVM MCS

Frame 3 -3

P.(x107) B Mean  COV P.(x107) B Mean COV
UP36L 3.36 2.71 1.63 0.10 3.38 2.71 1.63 0.10
UP36H 2.53 2.80 1.65 0.10 2.82 2.77 1.65 0.10
UF36L 3.88 2.66 1.61 0.10 4.08 2.65 1.61 0.10
UF36H 3.58 2.69 1.62 0.10 3.64 2.68 1.62 0.10
UP50L 243 2.81 1.65 0.10 2.63 2.79 1.65 0.10
UP50H 0.46 3.31 1.81 0.10 0.51 3.29 1.82 0.10
UF50L 3.98 2.65 1.61 0.10 3.92 2.66 1.61 0.10
UF50H 0.33 341 1.84 0.10 0.39 3.36 1.84 0.10
SP36L 1.33 3.00 1.72 0.10 1.37 2.99 1.72 0.10
SP36H 2.29 2.84 1.67 0.10 2.36 2.83 1.67 0.10
SF36L 3.79 2.67 1.61 0.10 3.90 2.66 1.61 0.10
SF36H 20.85 2.03 1.43 0.10 22.54 2.01 1.44 0.10
SP50L 2.49 2.81 1.64 0.10 3.03 2.75 1.64 0.10
SP50H 2.94 2.75 1.63 0.10 3.49 2.70 1.63 0.10
SF50L 12.11 2.25 1.49 0.10 13.39 2.21 1.49 0.10
SF50H 1.82 2.90 1.68 0.10 2.21 2.85 1.68 0.10

The probability density functions (PDFs) of the structural ultimate load-carrying capacity
predicted by the SVM-based reconstructed limit-state functions are compared with those obtained
from the MCS in Fig. 11(c) and Fig. 11(d), which also show the PDF of the applied external load.
The distribution curves of the reconstructed function closely match the MCS results, with nearly
identical mean values and coefficients of variation (UP36H: mean = 1.65, COV = 0.10; UP50H:
mean =~ 1.81-1.82, COV = 0.10), further confirming the high predictive accuracy of the SVM-
based reconstructed limit-state functions. A comparison of Fig. 11(c) and Fig. 11(d) also illustrates
the relationship between the structural ultimate capacity and the applied external load. The two
distributions overlap very slighttly, indicating that the frame structures exhibit a high level of
reliability.

To further quantify the reliability of the steel frames, Table 8 summarizes the failure
probability, reliability index, mean and coefficient of variation (COV) of the structural ultimate
load-carrying capacity. For comparison, the corresponding results from the MCS are also provided.
In the proposed approach, 1,000 structural ultimate load-carrying capacity samples are first
analyzed using the proposed GPHM and then used to reconstruct the limit-state function via the
SVM for reliability evaluation, whereas the MCS uses 100,000 GPHM-analyzed samples to assess
structural reliability.

The results show that both methods yield highly consistent failure probabilities, reliability
indices, mean capacities, and COVs. The deviations between the proposed method and the MCS
are small for all frames, and the reliability indices are nearly identical. These results demonstrate
that the structural reliability analysis framework developed in this study—namely, efficiently
generating samples of structural ultimate load-carrying capacity using the proposed GPHM,
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reconstructing the limit-state function via the SVM, and then performing reliability analysis—can
provide accurate and reliable evaluations across different structural configurations and strength
levels. Table 6 also indicates that high-strength frames (e.g., UP50H and UF50H) have
significantly higher load-carrying capacities and lower failure probabilities than low-strength
frames, whereas the COV remains at 0.10 for all frames, reflecting the uniform treatment of
material and geometric randomness.

6. Conclusions

This study proposes a generalized plastic-hinge method (GPHM) for efficient evaluation of the
ultimate load-carrying capacity of steel frame structures. This method introduces an element load-
carrying ratio that accounts for the combined effects of the sectional axial force and bending
moment. This ratio replaces the nondimensional sectional bending moment in the traditional
FPHM for determining the plastic hinge formation. Furthermore, the structural ultimate load-
carrying capacity samples generated by the proposed GPHM are used to reconstruct the limit-state
function using the SVM model. This enables the system-level reliability analysis of steel frame
structures. The main conclusions are as follows:

(1) The traditional FPHM exploits the proportional scaling property between linearly elastic
sectional internal forces and external loads, allowing the efficient identification of plastic hinges
and tracking of the structural failure path. However, because it adopts only the bending moment as
the criterion for plastic hinge formation, it overestimates the ultimate load-carrying capacity of
steel frame structures.

(2) The proposed GPHM defines an element load-carrying ratio using an equivalent
homogeneous function of the generalized yield criterion, thereby capturing the combined effects of
the axial force and bending moment on plastic hinge formation. This ratio retains the proportional
scaling property with external loads from the traditional FPHM, allowing the GPHM to maintain
high computational efficiency while significantly improving the accuracy, effectively overcoming
the limitations of the traditional FPHM.

(3) Using the proposed GPHM, a small set of structural ultimate load-carrying capacity samples
is generated, and the PSO is applied to determine the optimal SVM hyperparameters. This allows
accurate reconstruction of the limit-state equation with few samples, reducing the reliance on large
datasets for reliability analysis.

(4) The system-level reliability analysis results of steel frame structures based on the SVM-
based reconstructed limit-state function closely match those from the MCS, which verifies the
superiority of the proposed method in terms of computational accuracy and efficiency for
structural reliability analysis.

(5) The proposed GPHM is currently primarily applicable to planar steel frame structures.
Future work will focus on extending it to three-dimensional structural systems and higher-
dimensional stochastic spaces, as well as deriving the first- and second-order derivatives of the
explicit limit-state function reconstructed via the SVM, thereby enabling efficient integration with
the FORM and SORM to further improve the computational efficiency of structural reliability
analysis.
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