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1. Introduction 
 

As one of the finest structures for meeting the demands 

of goods with their special qualities in non-homogeneous 

structures, functionally graded materials (FGM) are an 

excellent choice (Habibi et al. 2016, 2018b, Ebrahimi et al. 

2019a, Esmailpoor Hajilak et al. 2019). When two or more 

distinct materials are mixed, the resulting construction 

retains both phases’ useful characteristics (Habibi et al. 

2018a, 2019b, d, e, Pourjabari et al. 2019, Safarpour et al. 

2019a). On the other hand, although metal and ceramics are 

both formable, they have poor heat resistance and 

formability, respectively (Habibi et al. 2019a, Safarpour et 

al. 2019b, Alipour et al. 2020, Ebrahimi et al. 2020a, Liu et 

al. 2022). As a result, the heat resistance and formability of 

the functionally graded ceramic and metal material are 

complementary (Habibi et al. 2017, 2019c,  Safarpour et 

al. 2018, 2020, Ghazanfari et al. 2020). Academics and 

designers are increasingly interested in using this important 

content into their work (Ebrahimi et al. 2019b, c, 

Mohammadgholiha et al. 2019, Mohammadi et al. 2019, 

Ebrahimi et al. 2020b, Habibi et al. 2020, Shariati et al. 

2020a, Shokrgozar et al. 2020). Luat Doan et al. (2021) 

used shear deformation beam theory and an analytical 

technique to investigate the stability of a two-dimensional 

functionally graded nanoscale sandwich beam based on 

Eringen’s theory. While conducting stability research for 

nonlocal functionally graded plates, Kumar et al. (2021) 

focused on the vibration behavior of porosity-dependent 

nonlocal plates. Bouhadra et al. (2021) used the analytical 

technique to investigate the buckling characteristics of a  
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two-dimensional functionally graded nanobeam according 

to first-order shear deformation beam theory under various 

boundary conditions. Hadji and Avcar (2021) devised the 

hyperbolic shear deformation theory of beam to study the 

vibrational behavior of an imperfect functionally grade 

nanobeam. Nejadi Mohamad et al. (2021) used the 

numerical differential quadratic approach to investigate the 

stability regarding the buckling and vibration analysis of 

functionally graded nanosized plates supported on an elastic 

basis. Khadir Adnan et al. (2021) developed a unique theory 

for examining the stability of functionally graded laminated 

nanoplates using a static and dynamic analysis technique. 

Wang et al. (2021) used buckling analysis in conjunction 

with high-order shear deformation theory to determine the 

effect of shear correction on the stability of a first-order 

functionally graded nanotube, including its porosity. Luat 

Doan et al. (2021) investigated the buckling and vibration 

properties of a new 2D-FG sandwich shear deformation 

beam using nonlocal theory and the Hamilton technique. 

Shen and Xiang (2021) investigated the effect of 

temperature on the pre- and post-buckling characteristics of 

laminated functionally graded cylindrical panels using 

molecular dynamics and mathematical modelling based on 

the high-order theory of shells, while also taking into 

account the nonlinear effects of nonlinear strains via the 

perturbation method. 

Despite the fact that the application of small-scale 

structures has advanced in recent years (Hashemi et al. 

2019, Moayedi et al. 2019, 2020a, b, Oyarhossein et al. 

2020, Shariati et al. 2020b), many groups of researchers 

have concentrated their efforts on theoretical inquiries due 

to the time-consuming and expensive nature of experimental 

analysis (Liu et al. 2020, Wang et al. 2020, Zhou et al. 

2020, Dai et al. 2021a, Guo et al. 2021, Shao et al. 2021, 

Wu and Habibi 2021). Theory that is reliant on the size of 
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the system is known as size-dependent theory (Adamian et 

al. 2020, Al-Furjan et al. 2020a, b, Li et al. 2020, Zare et al. 

2020, Dai et al. 2021b). Examples of size-dependent 

theories include the strain gradient theory (Zhao et al. 2021, 

Huang et al. 2021a, Jiao et al. 2021, Moradi et al. 2021, Xu 

et al. 2021a), the Eringen theory, the modified couple stress 

theory, and the nonlocal strain gradient theory (Azimi et al. 

2016, Ghadiri and Shafiei 2016a, c, Shafiei et al. 2016a, e, 

g). The fundamental assumptions of the various size-

dependent theories are distinct, and these additional 

deductions result in a wide range of behavior as a result of 

the small-scale consequences (Ma et al. 2021, Hou et al. 

2021a, Huang et al. 2021b, Liu et al. 2021b, Yu et al. 2022). 

The hardening phenomenon is predicted by some theories, 

such as the modified coupled stress theory, strain gradient 

theory, and so on, because of the impact on a small scale 

(Ghadiri et al. 2016a, b, c, d, Ghadiri and Shafiei 2016b, 

Shafiei et al. 2016b). The length-scale factors in these 

theories influence the stiffness part of the governing 

equation, while other theories (Du et al. 2022, Lv et al. 

2022, Wang et al. 2022, Zheng et al. 2022a, c, d), such as 

the nonlocal theory, worked on mass matrices and predicted 

the softening phenomenon (Gong et al. 2022, Jiang et al. 

2022, Li et al. 2022, Liu et al. 2022, Zheng et al. 2022b, 

Zhong et al. 2022). The nonlocal theory has been combined 

with the strain gradient theory in recent years, leading to the 

introduction of the nonlocal strain gradient theory, which 

encompasses both softening and hardening phenomena 

(Lim et al. 2015). According to this theory, the small-scale 

factor in this theory works on both the mass and stiffness 

parts of the governing equations. Because of the nonlocal 

strain gradient theory, the stability of small-scale structures 

can be better controlled by investigators, and this has 

resulted in a greater number of researchers from a variety of 

professional backgrounds gravitating into this topic. Arshid 

et al. (2021) Yang used the modified couple stress theory to 

conduct a stability study of an imperfect FG viscous curved 

beam using high-order beam theory and the Navier solution. 

Kong (2022) reviewed the mathematical simulation of 

microstructures regarding stability, vibrational and buckling 

examination involving microbeam and microplate, based on 

the modified couple stress theory. Shanab and Attia (2021) 

mathematically simulated the stability of a bi-directional 

functionally graded non-uniform microbeam using the 

analytical Navier approach in conjunction with first-order 

beam theory and modified couple stress theory. Zhang et al. 

(2022) numerically investigated the static and dynamic 

behavior of a two-dimensional FG microbeam, and the 

governing equations were formulated using first-order shear 

deformation beam theory in conjunction with couple stress 

theory. On the basis of modified couple stress theory, Teng 

et al. (2022) employed the differential transform technique 

to examine the free vibration and buckling characteristics of 

microscale porosity-dependent functionally graded beams. 

According to the modified couple stress theory, Gorji 

Azandariani et al. (2021) applied the Euler-Bernoulli beam 

theory coupled with nonlinear effects for the statically 

buckling analysis of a two-dimensional functionally graded 

microbeam. Hosseini and Arvin (2021) studied the pre and 

post-buckling analysis of spinning FG microscale beam 

based on the classical beam theory along with the modified 

couple stress theory considering the thermal impacts of the 

thermal environment. Moradifard et al. (2021) examined 

the nonlinear free vibration of a 2D-FG classical micro 

beam surrounded by an elastic foundation based on the 

modified couple stress theory operating the Galerkin 

method. Akbarzadeh Khorshidi (2021) studied the post-

buckling of viscoelastic microbeam embedded on a visco-

elastic foundation according to the modified couple stress 

theory. Kumar and Mukhopadhyay (2021) considered the 

dual-phase-lag heat condition for the stability regarding the 

dynamic analysis of micro scale Timoshenko beam in the 

thermal conditions and on the basis of modified couple 

stress theory. An investigation of piezoelectric microbeam 

dynamics based on the modified couple stress theory and 

differential quadrature technique was reported by Li and 

Xiao (2021). Al-Furjan et al. (2021) employed the modified 

couple stress theory in order to investigate the dynamic 

behavior of composite circular microplate entrenched in a 

viscoelastic foundation. 
Static analysis of micro and nanobeams, micro and 

nanotubes, as well as other relevant structures such as micro 
and nanoplates, has been extensively studied (Ebrahimi and 
Shafiei 2016, Shafiei et al. 2016c, d, f, Ebrahimi et al. 2017, 
Shivanian et al. 2017), nevertheless, the stability of micro-
structures beams still needs to be developed (Chen et al. 
2021, Liu et al. 2021a, Long et al. 2021, Tang et al. 2021, 
Wei et al. 2021, Xu et al. 2021b). A micro-beam with 
axially functionally graded aluminum oxide and nickel 
composition is studied in this research for the mechanical 
buckling characteristics. The modified couple stress theory 
and the first-order shear deformation beam theory are used 
for the mathematical modeling of a micro-sized beam. The 
GDQ technique determines the numerical results after the 
partial differential equations have been generated using the 
conservation approach. 

 

 

2. Mathematical simulation of microstructures 
 

A nonuniform beam is considered in this paper made of 

functionally graded material that the beam thickness 

changes in the length direction regarding the exponential 

function. In the current study, a uniform thickness as well as 

a nonuniform exponential function are assumed as the beam 

thickness function regarding the following mathematical 

equation (Ghadiri et al. 2017a, b, Mirjavadi et al. 2017b, c, 

Shafiei et al. 2017a, b). 

Uniform beam thickness: ℎ = ℎ0 (1a) 

Non-uniform beam thickness: ℎ = ℎ0𝑒
(−𝜍

𝑥

𝐿
)
 (1b) 

where ‘h0’ is the initial thickness which is shown in Fig. 1. 
The material composition is varied in the beam length 
direction that the left side is made of pure Aluminum oxide 
and the right side is made of pure Nickel shown in Fig. 1. 
The Young’s modulus (E) and Poisson ratio (ν) are the 
required mechanical properties for the stability analysis for 
both Aluminum oxide (Al2O3) and Nickel, these properties 
are listed in Table 1. 
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Table 1 Poisson ratio and Young’s modulus of Nickel 

and Aluminum oxide (Reddy and Chin 1998) 

 Aluminum oxide Nickel 

Young’s modulus (𝐺𝑃𝑎) 349.55 223.95 

Poisson ratio 0.24 0.31 

 

 

The mathematical formulation of the material 
composition in the axially functionally graded structures is 
presented in the following equation (Ehyaei et al. 2017, 
Ghadiri et al. 2017c, d, Mirjavadi et al. 2017d, Shafiei and 
Kazemi 2017b, Shafiei et al. 2017c). 

𝐸(𝑥) = 𝐸𝑁 + (𝐸𝐴𝑙 − 𝐸𝑁) (1 −
𝑥

𝐿
)
𝜂

 (2a) 

𝜈(𝑥) = 𝜈𝑁 + (𝜈𝐴𝑙 − 𝜈𝑁) (1 −
𝑥

𝐿
)
𝜂

 (2b) 

The mechanical material properties are changed in the 
beam length, which ‘()Al’ refers to the Al2O3, and ‘()N’ 
indicates the Nickel. 

In this research, the first-order shear deformation beam 
theory is utilized along with the modified couple stress 
theory for mathematical modeling of the stability of an AFG 
beam based on the following energy conservation principle 
(Ebrahimi and Shafiei 2017, Ghadiri et al. 2017e, Mirjavadi 
et al. 2017a, Shafiei and Kazemi 2017a, Shafiei et al. 
2017d, Azimi et al. 2018). 

𝛿𝑊+ 𝛿𝑃 = 0 (3) 

where 

𝛿𝑊 =∭(
1

2
𝐹𝛿 (

𝜕𝑤

𝜕𝑥
)
2

𝛿𝑤) 𝑑𝑣 (4) 

‘F’ is the buckling load. Also, ‘P’ is the strain or 

potential energy regarding the modified couple stress theory 

that is summed as follows: 

𝑃 =
1

2
∭(𝜎: 𝜀 + 𝑚: 𝜒)𝑑𝑣 (5) 

‘m’, ‘ε’, ‘χ’, and ‘σ’ are the deviatoric matrices, strains, 

symmetric curvature, and stress tensors, respectively. On 

the basis of Timoshenko beam theory, the displacement 

fields are supposed as follows: 

𝑢𝑥(𝑥, 𝑦, 𝑧) = 𝑧𝜑(𝑥) + 𝑢(𝑥) (6a) 

𝑢𝑦(𝑥, 𝑦, 𝑧) = 0 (6b) 

𝑢𝑧(𝑥, 𝑦, 𝑧) = 𝑤(𝑥) (6c) 

where ‘φ’, ‘w’, and ‘u’ are the rotation, lateral, and axial 

beam displacement. Also, the total movement along the z-

axis is ‘uz’, the y-axis is ‘uy’, and the x-axis is ‘ux’. Utilizing 

the obtained displacement fields, the strains are calculated 

as follows: 

𝜀𝑥𝑥 =
𝜕𝑢𝑥
𝜕𝑥

= 𝑧
𝜕𝜑

𝜕𝑥
+
𝜕𝑢

𝜕𝑥
 (7a) 

𝜀𝑥𝑦 = 𝜀𝑦𝑥 = 𝜀𝑦𝑧 = 𝜀𝑧𝑦 = 0 (7b) 

𝜀𝑥𝑧 =
1

2
(
𝜕𝑢𝑥
𝜕𝑧

+
𝜕𝑢𝑧
𝜕𝑥
) =

1

2
(
𝜕𝑤

𝜕𝑥
+ 𝜓) (7c) 

Also, ‘m’ is considered as follows: 

𝑚 = 2𝑙2𝜇𝜒 (8) 

‘μ’ is the Lamé constant, and ‘l’ is the size-dependent 

parameter based on the modified couple stress theory. Also, 

‘χ’ is defined as follows: 

𝜒𝑥𝑦 = 𝜒𝑦𝑥 =
1

4
(
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) −

1

2

𝜕2𝑤

𝜕𝑥2
 (9a) 

𝜒𝑥𝑧 = 𝜒𝑧𝑥 = 𝜒𝑦𝑧 = 𝜒𝑧𝑦 = 𝜒𝑥𝑥 = 𝜒𝑦𝑦 = 𝜒𝑧𝑧 = 0 (9b) 

The potential energy of the microstructure beam is 

calculated by substituting Eqs. (7)-(9) into Eq. (5) (See 

Appendix I). 

𝐴𝑝𝑝𝑒𝑚𝑑𝑖𝑥 𝐼 (10) 

where 

(𝐴11 , 𝐴10, 𝐶10, 𝐷11) = 

∫𝐸(𝑥)
𝐴

(1,
1

2(1 + 𝜈(𝑥))
,

𝐾𝑆

2(1 + 𝜈(𝑥))
, 𝑧2)𝑑𝐴 

(11) 

‘KS’ is the shear correction factor. The following Euler-

Lagrange equations will be obtained by substituting Eqs. (4) 

and (10) into Eq. (3). 

𝛿(𝑢):
𝜕

𝜕𝑥
(𝐴
𝜕𝑢

𝜕𝑥
) = 0 (12a) 

𝛿(𝜑): 𝐶10 (𝜑 +
𝜕𝑤

𝜕𝑥
) −

𝜕

𝜕𝑥
(𝐷

𝜕𝜑

𝜕𝑥
) 

−
1

4
𝑙2𝐴10 (

𝜕𝜑

𝜕𝑥
−
𝜕2𝑤

𝜕𝑥2
) = 0 

(12b) 

𝛿(𝑤):
𝜕2

𝜕𝑥2
(
1

4
𝑙2𝐴10 (

𝜕𝜑

𝜕𝑥
−
𝜕2𝑤

𝜕𝑥2
)) + 

𝜕

𝜕𝑥
(𝐶10 (𝜑 +

𝜕𝑤

𝜕𝑥
)) + 𝐹

𝜕2𝑤

𝜕𝑥2
= 0 

(12c) 

Also, the boundary conditions are: 

𝛿(𝑢): 𝐴
𝜕𝑢

𝜕𝑥
= 0 (12d) 

𝛿(𝜑):
1

4
𝑙2𝐴10 (

𝜕𝜑

𝜕𝑥
−
𝜕2𝑤

𝜕𝑥2
) + 𝐷

𝜕𝜑

𝜕𝑥
= 0 (12e) 

𝛿(𝑤):
1

4
𝑙2
𝜕

𝜕𝑥
(𝐴10 (

𝜕𝜑

𝜕𝑥
−
𝜕2𝑤

𝜕𝑥2
)) 

+𝐶10 (𝜑 +
𝜕𝑤

𝜕𝑥
) = 0 

(12f) 

 
 
3. Numerical procedure of solution 

 

In the present paper, the generalized differential 

quadratic method is employed to calculate the numerical 

results, according to this numerical procedure (Shafiei and 

She 2018, Shafiei et al. 2019, 2020), the derivative function 

of ‘Y’ is reformed to the following format. 

𝜕𝑏𝑌(𝑥)

𝜕𝑥𝑏
|
𝑥=𝑥𝑃

=∑𝑄𝑖𝑗
(𝑏)
𝑌(𝑥𝑖)

𝑛

𝑗=1

 (13) 
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where 

𝑖𝑓 𝑖 ≠ 𝑗, 𝑄𝑖𝑗
(𝑏)
= 𝑏 [𝑄𝑖𝑗

(𝑏−1)
𝑄𝑖𝑗
(1)
−

𝑄𝑖𝑗
(𝑏−1)

(𝑥𝑖 − 𝑥𝑗)
] (14a) 

𝑖𝑓𝑖 = 𝑗, 𝑄𝑖𝑖
(𝑏)
= −∑ 𝑄𝑖𝑗

(𝑏)𝑛
𝑗=1,𝑖≠𝑗  (14b) 

and 

𝑖𝑓 𝑖 ≠ 𝑗, 𝑄𝑖𝑗
(1)
=

𝑅(𝑥𝑖)

(𝑥𝑖 − 𝑥𝑗)𝑅(𝑥𝑗)
 (14c) 

𝑖𝑓𝑖 = 𝑗, 𝑄𝑖𝑗
(1)
= −∑ 𝑄𝑖𝑗

(1)𝑛
𝑗=1,𝑖≠𝑗  (14d) 

 

 

 

 

Also 

𝑅(𝑥𝑖) = ∏ (𝑥𝑖 − 𝑥𝑗)

𝑛

𝑗=1,𝑗≠𝑖

 (15) 

Substituting derivative matrices into the governing and 
related boundary conditions, the eigenvalue equations will 
be obtained (See Appendix II) in which the buckling load is 
the eigenvalues of the equation (Li et al. 2017, Che and 
Wang 2021, Kong et al. 2021, Meng et al. 2021, Yu et al. 
2021). 

𝐴𝑝𝑝𝑒𝑛𝑑𝑖𝑥 𝐼𝐼 (16) 

 

Fig. 1 Geometric details and material composition of functionally graded uniform and nonuniform beam 

Table 2 A comparison between the estimated buckling load (𝐹𝐿2 𝐸𝐼⁄ ) and the findings of Li et al. (2021) and Hou 

et al. (2021b) 

 l/h0=0 l/h0=0.2 l/h0=0.4 l/h0=0.6 l/h0=0.8 l/h0=1.0 

Present study 9.854839933 115.6843338 167.0979416 252.7997549 372.7687569 527.0173076 

Li et al. (2021) 9.8696 115.8581 167.349 253.1795 373.3288 527.809 

Hou et al. (2021b) 9.8696 115.859 167.3501 253.1811 373.3333 527.8097 

Table 3 The buckling load (Υ) of the microscale beam versus the small-scale parameter (β) along with the uniform 

and nonuniform section for different boundary conditions 

 Fully pinned Clamped-pinned Fully clamped 

 Uniform Exponential Uniform Exponential Uniform Exponential 

β=0.0 6.283185 1.419037 12.85382 2.971023 25.13274 5.845369 

β=0.1 6.445332 1.506162 13.18553 3.154707 25.78133 6.208559 

β=0.2 6.931772 1.764173 14.18066 3.696189 27.72709 7.27671 

β=0.3 7.742506 2.186936 15.83922 4.577792 30.97002 9.010812 

β=0.4 8.877533 2.770453 18.1612 5.787621 35.51013 11.38525 

β=0.5 10.33685 3.513359 21.1466 7.321282 41.34741 14.39094 

β=0.6 12.12047 4.415668 24.79543 9.178506 48.48187 18.0276 

β=0.7 14.22837 5.477849 29.10768 11.36051 56.9135 22.298 

β=0.8 16.66058 6.70042 34.08335 13.86876 66.6423 27.20534 

β=0.9 19.41707 8.083821 39.72244 16.70456 77.66828 32.75241 

β=1.0 22.49786 9.628388 46.02496 19.86891 89.99143 38.94139 

β=1.1 25.90294 11.33438 52.9909 23.3626 103.6118 45.77394 

β=1.2 29.63231 13.20197 60.62026 27.18621 118.5293 53.25128 

β=1.3 33.68598 15.2313 68.91304 31.34017 134.7439 61.37431 

β=1.4 38.06394 17.42247 77.86925 35.82478 152.2558 70.14372 

β=1.5 42.7662 19.77556 87.48888 40.64031 171.0648 79.56002 

β=1.6 47.79275 22.29062 97.77194 45.78692 191.171 89.62358 

β=1.7 53.14359 24.9677 108.7184 51.26476 212.5743 100.3347 

β=1.8 58.81872 27.80682 120.3283 57.07394 235.2749 111.6936 

β=1.9 64.81815 30.80802 132.6016 63.21453 259.2726 123.7005 

β=2.0 71.14187 33.97132 145.5384 69.68662 284.5675 136.3555 

138



 

Fundamental and conventional computer simulation for the stability of non-uniform systems 

 

 

 

4. Results presentation 

 

The buckling analysis of the first-order shear deformation 

microstructure beam based on the modified couple stress 

theory is investigated in this paper, as previously stated, the 

motion equations were solved via a numerical approach, so 

Table 2 compared the calculated numerical results of the 

presented work with the results of Li et al. (2021) and Hou 

et al. (2021b) to validate the solution procedure and also, 

the generated governing equations. 

Before examining the obtained findings, it is necessary 

to establish various dimensionless parameters, such as the 

dimensionless buckling load (Υ) and small-scale parameters 

(β). 

ϒ =
2𝐹𝐿2

𝐸𝐴𝑙𝐼𝜋
 (17a) 

𝑙2 = 𝛽2h0 (17b) 

Table 3 present the impact of small-scale parameter on 

the mechanical buckling loaf of microstructure beam made 

of Aluminum oxide for both uniform and nonuniform 

exponential section under the different types of boundary 

conditions involving the pinned and clamped. It is seen in 

all presented boundary conditions and both types of 

sections, the small-scale parameter improves the buckling 

load because this parameter directly impacts the stresses 

and improves the stability of the beam by an increment of 

beam stiffness. It is also noticed that the clamped beam has  

 

 

a higher buckling load and the pinned beam has a lower 

buckling load because the rigidity of the clamped beam is 

higher than the pinned beam, so the clamped beam is more 

stable than the pinned beam. Another result presented in this 

table is the nonuniformity effect on the buckling and 

stability of the microbeam, it is caught that the nonuniform 

beam is more unstable than the uniform beam and the 

buckling load of the uniform beam is higher than the 

exponential beam. 
Table 4 explores the effect of functionally graded factors 

on the stability of the microtube when subjected to buckling 

force. The results are explored for both uniform and 
nonuniform small-scale beam configurations, as well as for 
various boundary conditions. An increase in functionally 
graded parameters reduces the buckling load and degrades 
the stability of microbeam. Because Aluminum oxide is 
stiffer than nickel, raising the FG parameter increases the 

Nickel volume in the microbeam structure, decreasing beam 
stability. As previously stated, uniform beams are more 
stable than exponential beams at all volume fraction values. 
Furthermore, the clamped-pinned beam is more stable than 
the completely pinned beam while being less stable than the 
fully clamped beam. 

Fig. 2 illustrates the effect of the small-scale parameter, 
as well as the volume fraction parameter, on the stability of 
the microstructure exponential non-uniform beam under 
buckling stress for doubly clamped, doubly pinned, and 
clamped-pinned boundary conditions. The buckling load 
rises when the small-scale parameter of the modified couple 

Table 4 The buckling load (Υ) of the microscale beam versus the volume fraction parameter (η) along with the 

uniform and nonuniform section for different boundary conditions, β=1 

 Fully pinned Clamped-pinned Fully clamped 

 Uniform Exponential Uniform Exponential Uniform Exponential 

Al2O3, η=0 22.4979 9.62839 46.025 19.8689 89.9914 38.9414 

η=1 17.8606 7.9201 36.4135 16.1427 71.0932 31.5299 

η=2 16.0966 7.17022 33.545 14.9747 66.057 29.3666 

η=3 15.2623 6.76507 31.9797 14.2859 63.6453 28.2214 

η=4 14.8169 6.52616 31.0098 13.8215 62.2861 27.5223 

η=5 14.5568 6.37511 30.3739 13.4921 61.4344 27.0631 

η=6 14.3946 6.27438 29.9405 13.2513 60.8498 26.7437 

η=7 14.2882 6.20438 29.6357 13.0711 60.4162 26.5095 

η=8 14.2157 6.15419 29.4159 12.934 60.0742 26.3294 

η=9 14.1646 6.11729 29.2543 12.8278 59.7919 26.1851 

η=10 14.1276 6.08947 29.1329 12.7443 59.551 26.0654 

η=11 14.0998 6.06793 29.0395 12.6773 59.3407 25.963 

η=12 14.0782 6.05077 28.9657 12.6226 59.1542 25.8736 

η=13 14.061 6.03676 28.9059 12.577 58.9869 25.7941 

η=14 14.0472 6.02517 28.8567 12.5387 58.8354 25.7223 

η=15 14.0364 6.01562 28.816 12.5063 58.6974 25.6568 

η=16 14.0283 6.00792 28.7829 12.4792 58.5711 25.5965 

η=17 14.0228 6.00199 28.757 12.4569 58.4551 25.5407 

η=18 14.0199 5.99779 28.7378 12.4394 58.3482 25.4888 

η=19 14.0192 5.99522 28.7252 12.4263 58.2497 25.4404 

Nickel, η=∞ 13.7188 5.83097 28.0652 12.0368 54.8751 23.5935 
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stress theory is increased, implying that the microbeam’s 

stability increases as the length scale parameter is increased. 

Additionally, the volume fraction restricts the buckling 

Additionally, the volume fraction restricts the buckling 

stress and reduces beam stability. Additionally, it is shown 

that the effect of FG parameters is more pronounced for the 

more extended length scale parameter. All possible 

boundary conditions are taken into account while drawing 

these conclusions. 

 

 

5. Conclusions 

 

The primary framework of the present study was to 

examine the buckling analysis of an AFG microbeam using 

the Timoshenko beam theory and the modified couple stress 

theory. The microbeam was constructed using functionally 

graded material. The material parameters varied over the 

beam length, and the partial differential governing 

equations were obtained using the conservation principle 

 

 

 

Fig. 2 Buckling load (Υ) of microstructure beam versus small-scale parameter (β) as well as FG parameter (η) for a: 

fully pinned, b: clamped-pinned, c: fully clamped non-uniformbeam 
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technique. In addition, the numerical method was used to 

solve the produced equations. The following main 

conclusion was found regarding the discussed results. 

• An increment of the small-scale parameter of the 

modified couple stress theory improves the stability and the 

buckling load of the microstructures beam. 

• The volume fraction parameter decreases the buckling 

load in the microstructures beam and leads to an unstable 

beam in higher FG parameter values. 

• The small-scale clamped-pinned beam is more stable 

than the pinned beam and more unstable than clamped 

beam. 

• Clamped microbeams provide more rigidity and 

stability than pinned microbeams. 

• The non-uniformity of the section decreases the beam 

stability, and the nonuniform exponential microbeam is an 

unstable structure than the uniform beam for all types of 

boundary conditions. 
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0

𝛿(𝜑) + 𝐷
𝜕𝜑

𝜕𝑥
|
0

𝐿

𝛿(𝜓) + 𝐷
𝜕2𝑤

𝜕𝑥2
|
0

𝐿

𝛿(𝜓) + ∫
𝜕2

𝜕𝑥2
(𝐷

𝜕𝜑

𝜕𝑥
)𝑑𝑥

𝐿

0

𝛿(𝑤) 

+∫
𝜕2

𝜕𝑥2
(𝐷

𝜕2𝑤

𝜕𝑥2
)𝑑𝑥

𝐿

0

𝛿(𝑤) − 2𝐷
𝜕2𝑤

𝜕𝑥2
|
0

𝐿

𝛿 (
𝜕𝑤

𝜕𝑥
) + 𝐷

𝜕2𝑤

𝜕𝑥2
|
0

𝐿

𝛿 (
𝜕𝑤

𝜕𝑥
) −

𝜕

𝜕𝑥
(𝐷

𝜕2𝑤

𝜕𝑥2
)|
0

𝐿

𝛿(𝑤) 

+
𝜕

𝜕𝑥
(𝐷

𝜕𝜑

𝜕𝑥
)|
0

𝐿

𝛿(𝑤) + 2
𝜕

𝜕𝑥
(𝐷

𝜕2𝑤

𝜕𝑥2
)|
0

𝐿

𝛿(𝑤) + ∫
𝜕

𝜕𝑥
(𝐷

𝜕2𝑤

𝜕𝑥2
)𝑑𝑥

𝐿

0

𝛿(𝜓) − 𝐷
𝜕2𝑤

𝜕𝑥2
|
0

𝐿

𝛿(𝜑) 

−∫
𝜕2

𝜕𝑥2
(𝐷

𝜕𝜑

𝜕𝑥
)𝑑𝑥

𝐿

0

𝛿(𝑤) − 𝐷
𝜕𝜑

𝜕𝑥
|
0

𝐿

𝛿 (
𝜕𝑤

𝜕𝑥
) − ∫

𝜕

𝜕𝑥
(𝐶10

𝜕𝑤

𝜕𝑥
)𝑑𝑥

𝐿

0

𝛿(𝑤) + 𝐶10
𝜕𝑤

𝜕𝑥
|
0

𝐿

𝛿(𝑤) 

+∫ 𝐶10𝜑𝛿(𝜑) + 𝐶10
𝜕𝑤

𝜕𝑥
𝛿(𝜑)

𝐿

0

𝑑𝑥 −∫
𝜕

𝜕𝑥
(𝐶10(𝜑))𝑑𝑥

𝐿

0

𝛿(𝑤) + 𝐶10𝜑|0
𝐿𝛿(𝑤) 

+𝑙2

{
 
 
 
 
 

 
 
 
 
 
−∫

𝜕

𝜕𝑥
[
1

4
𝐴10 (

𝜕𝜑

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) −

1

2
𝐴10

𝜕2𝑤

𝜕𝑥2
] 𝑑𝑥

𝐿

0

𝛿(𝜑) + (
1

4
𝐴10 (

𝜕𝜑

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
))|

0

𝐿

𝛿(𝜑)

+(𝐴10 (
𝜕𝜑

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) +

1

2
𝐴10

𝜕2𝑤

𝜕𝑥2
)|
0

𝐿

𝛿 (
𝜕𝑤

𝜕𝑥
)

−
𝜕

𝜕𝑥
[−
1

4
𝐴10 (

𝜕𝜑

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) + (𝐴10 −

1

2
𝐴10)

𝜕2𝑤

𝜕𝑥2
]|
0

𝐿

𝛿(𝑤)

+∫
𝜕2

𝜕𝑥2
[−
1

4
𝐴10 (

𝜕𝜑

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) +

1

2
𝐴10

𝜕2𝑤

𝜕𝑥2
] 𝑑𝑥

𝐿

0

𝛿(𝑤) − (
1

2
𝐴10

𝜕2𝑤

𝜕𝑥2
)|
0

𝐿

𝛿(𝜑)
}
 
 
 
 
 

 
 
 
 
 

 

(10) 

[
 
 
 
 
 
 
 
 
 
 
∑𝑄𝑖𝑗

(1)

𝑛

𝑗=1

(𝐴∑𝑄𝑖𝑗
(1)

𝑛

𝑗=1

) 0 0

0
𝜕

𝜕𝑥
(𝐶10∑𝑄𝑖𝑗

(1)

𝑛

𝑗=1

)−
1

4
𝑙2
𝜕2

𝜕𝑥2
(𝐴10∑𝑄𝑖𝑗

(2)

𝑛

𝑗=1

)
𝑑𝐶10
𝑑𝑥

+ 𝐶10∑𝑄𝑖𝑗
(1)

𝑛

𝑗=1

+
1

4
𝑙2
𝜕2

𝜕𝑥2
(𝐴10∑𝑄𝑖𝑗

(1)

𝑛

𝑗=1

)

0 𝐶10∑𝑄𝑖𝑗
(1)

𝑛

𝑗=1

−
1

4
𝑙2𝐴10∑𝑄𝑖𝑗

(2)

𝑛

𝑗=1

𝐶10 −
1

4
𝑙2𝐴10∑𝑄𝑖𝑗

(1)

𝑛

𝑗=1

−
𝜕

𝜕𝑥
(𝐷∑𝑄𝑖𝑗

(1)

𝑛

𝑗=1

)

]
 
 
 
 
 
 
 
 
 
 

{

𝑢
𝑤
𝜑
}

= 𝐹

[
 
 
 
 

0

∑𝑄𝑖𝑗
(2)

𝑛

𝑗=1

0 ]
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